


Introduction

We reconsider competitive general equilibrium theory with constant returns as a framework for
studying technological innovation and its effect upon growth. Asin Aghion and Howitt [1992],

Grossman and Helpman [1991] and Romer [1990] new goods and new technologies are introduced
because of the role of individual entrepreneursin seeking out profitable opportunities. Unlike those
models we do not assume monopolistic competition or increasing returns to scale: the technology set
faced by our economic agentsis a convex cone and competitive equilibria are efficient. We suppose
there are a countably infinite number of produceable commaodities. Technological progress takes

place because entrepreneurs find it advantageous to introduce new activities that produce new
commodities, and these new commaodities themselves make profitable the employment of other
activities that make use of them. Although, in the ensuing equilibrium, entrepreneurs do not actually

end up with a profit, it istheir pursuit of profit that drivesinnovation. The result is an abstract,

dynamic model in the spirit of Schumpeter’s Theory of Economic Development in which relative
prices are altered by the action of entrepreneurs and economic growth takes place in a fluctuating as
opposed to a balanced way. Despite the existence of infinitely many commodities and activities,
efficient allocations can be decentralized in the classical way using the first and second welfare
theorems, and a transversality condition.

At any point in time a finite number of goods are produced through a finite number of activities.
Barring adoption of new goods or activities, this defines a neoclassical production economy in the
style of McKenzie [1981, 1986], the most popular example of which is the AK model of Jones and
Manuelli [1990] and Rebelo [1991]. The AK model has a simple dynamics: convergence to the
balanced growth path ocurrs in one period, after which the economy grows at a constant rate.
Modulo technical complications, a similar result holds true for more general, multisector versions of
the AK model such as those of Bewley [1982], McKenzie [1995] and Yano [1984] in which growth
at a constant rate is driven by accumulation of the capital. In our framework we can meaningfully
distinguish between thisvo main sources of economic growth: (i) capital accumulation; (ii)
adoption of more efficient techniques and new goods. The first is a well understood property of
economies with linear technologies, to which we have nothing additional to contribute. Contrary to
previous models, though, in ours adoption of more efficient techniques and of new goods is
continuously undertaken by entrepreneurs searching for profitable opportunities. The article
concentrates on this largely unexplored feature of the theory: endogenous technological innovation
under perfect competition.

The most elementary example of our theory is a simple vintage capital formulation of the AK
model, which we discuss in Section 2. This exhibits the two basic sources of growth mentioned
above. However, this type of model does not allow for the study of important issues associated with
innovative activity. Three stand out in particular: (1) the relation between the social value of an
innovation and the gains accruing to the innovator; (2) the pricing of “ideas” or, more generally, of
goods for which the initial set up cost is large compared to the marginal cost of reproduction; and,
(3) long run dependence upon initial conditions, or what we might describe as “growth anomalies”:
that an initially poorer country may in the long-run wind up using a superior technology, or the
possibility that a modest increase in savings may lead to a dramatic increase in growth. Models of
technology adoption with fixed costs or other increasing returns, in which some economic agents
enjoy monopoly power, provide clearcut answers to these problems. Previous models of growth
under constant returns are unable even to formulate them. In this sense, our model is both a
contribution to dynamic competitive theory, and an alternative tool to increasing returns and
monopoly power for modelling economic innovation.

The setting we examine has a continuum of infinitely lived identical households. They derive
utility from being able to enjoy a (possibly ever-increasing) amount of “characteristics”, as in



Lancaster [1966] and Stokey [1988]. There are a finite number of such characteristics and each
commodity is identified with a vector of them. So while the number of potential commoditiesis
infinite and viable ones change from period to period, the number of characteristics they produceis
finite and time-invariant. Our utility functions are standard, additively separable utility functions,
with a period utility afunction on afixed finite dimensional space. In the spirit of von Neumann we
study an environment with an activity analysis technology. However, as for produceable
commodities, the number of potential activitiesis allowed to be countably infinite. An activity is
characterized by a pair of input and output vectors and displays constant returns to scale. The input
goods used in production come from output in the previous period. The level at which an activity is
operated is limited by the availability of inputs and by aggregate demand and, therefore, relative
prices. It iswell known that arbitrary diminishing returns technol ogies can be approximated by
activity analysistechnologies. In addition, activities have a convenient interpretation as “inventions”,
“blueprints” or “ideas” and provide a convenient way of modelling changes in the production
possibilities set over time.

We concentrate on the factors determining the adoption of new activities. We do this because we
share the view that “it is entirely immaterial whether an innovation implies scientific novelty or not.
Although most innovations can be traced to some conquest in the realm of either theoretical or
practical knowledge, there are many which cannot. Innovation is possible without anything we
should identify as invention and invention does not necessarily induce innovation, but produces of
itself no economically relevant effect at all. The economic phenomena which we observe in the
special case in which innovation and invention coincide do not differ from those we observe in cases
in which preexisting knowledge is made use of.” (Schumpeter [1939, III.A]).

The remaining of the paper is organized as follows. Section 2 introduces the abstract theory and
illustrate its operation by means of the vintage/AK model. Section 3 decentralizes the optimal
allocation, proves the two welfare theorems and show, by means of examples, how entrepreneurs
compete and receive their reward. In so doing we also show how new goods, ideas in particular, are
priced and how this may affect the distribution of income. Section 4 concentrates on growth
anomalies and show that joint production can play the same role that fixed costs and externalities
play in other models. Section 5 concludes.

The Model

Households

We consider an infinite horizon economys 0,1, 2,... with a continuum of homogeneous
consumers. Consumers value characteristiecs RJ wherel is the number of characteristics. The
period utility provided by the consumption of characteristics during an interval of time, is denoted
u(cy).

Assumption 1 The period utilityu(e) is strictly increasing, concave, smooth, and bounded below.

Total lifetime utility is given byU(c) = 2:1 6%u(cy), where 0< § < 1 is the common
subjective discount factor.

The assumptions that the utility function is strictly increasing and concave are standard. The
smoothness of the period utility function is convenient and, for a concave function, not terribly
restrictive. The assumption that the period utility function is bounded below is technically useful. It
insures thatJ(c) is well defined (although possibly infinite). As we are concerned with the theory of
growth, not the theory of subsistence, we are primarily interested in the behau@ &br large
and possibly growing quantities of consumption, so the behavior of the utility functiorcneéris
rather secondary to our ends. Moreover, from an intellectual perspectid®) i= —o this has the
counterfactual implication that no amount of consumption, however large, will compensate for any



probability of ¢ = 0, no matter how small this probability might be. footnote

Characteristics ¢; are acquired through the consumption of commodities. The potential number
of commoditiesis countably infinite although, at each point in time, only afinite number of them
will be produced or consumed. The period commodity space consists of the set X < (2 composed of
sequences (X1, X2, ..., Xn, ...) > 0 for which x, = 0 for all but finitely many n. The overall commodity
spaceisthen

X = x2o X

The vector of characteristics acquired by the consumption of a single unit of commodity nis
denoted by C, € RJ. Theseinduce alinear map C : X — R3J. So, if x; denotes the vector of
commodities consumed at time t the characteristics enjoyed by the agent are ¢; = Cx;. We aso
denote by Cl themap CI : X - 9%, from commaodity vectors to the amount of characteristic
j =1,...,J acquired. footnote

Production

Production takes place through linear activities. An activity aisapair of vectors (k(a); y(a))
where k(a) € X denotes the input of commaodities entering the activity at the end of period t, and
y(a) € Xthe output of commodities made available by the activity at the beginning of the following
period. During period t + 1 the outputs can either be consumed or used as inputs for further
production.

The set of potential activitiesis countable and denoted by A.

Assumption 2 A+0.

Any collection of activitiesA < A can be simultaneously operated at every non negative level
A(a) aslong as inputs ZaeA A(a)k(a) are available. We assume also that .4 satisfies no-free-lunch

and it allows for free disposal. footnote
Assumption 3For all a € Aif k(a) = 0, theny(a) = 0; if (k(a),y(a)) isan activity in A with

y(a) = 0, then the activity (k(a); 0) isalsoin A.
Denote the vector of activity levelsat timet as A; € R+ and define the aggregate stock of capital
attimetaske =D 1 Aea(@)y(@) — xi, where x; is aggregate consumption at timet.

Definition Apair A € (x2, R),k € Xiscalled a production plan and x € X iscalled a
consumption plan. Together they determine an allocation.

Definition Theallocation A € (x2, R),k € X,x € Xisa feasible allocation for the initial
condition Ko if

D" (@)y(@) > ke + Xea
ac. 4

ki > " A(@)k(a),
ac. 4
forallt=0,1,...

Wecall an activity a € A viableat t for initial condition Ko, if there exists asocially feasible
alocation starting from ko and such that A¢(a) > 0. We denote the set of viable activities at timet
from ko by Ai(ko). Note that Ai(ko) will, in general, be a proper subset of 4. This occurs whenever,
for some a € A and some index n denoting a commaodity, we have kn(a) > 0 and there is no feasible
allocation from ko such that the vector of outputsyi-1 hasynt-1 > 0. Similarly, we call a commodity
nviable at timet for the initial condition ko if there exists a socially feasible alocation starting from



Ko and such that y,: > 0. Our analysisis greatly smplified by assuming that, for any initial vector of
capital stocks ko, the set of viable activitiesisfinite.
Assumption 4 For all ko € X, Ai(ko) isfinite.

Finally, we assume that it is possible to produce all characteristicsin every period.
Assumption 5 For all ko there exists a feasible allocation with Cix; > Oforal 1 <j < Jand
t>0.

Example — Vintage Capital and AK Models

We illustrate the model with a ssimple class of economies. There is a single Characteristic, so that
J = 1. The period utility function hasthe CES form u(c) = —(1/6)[c]™?, § > 0. There are two types
of commodities, a single consumption good and an infinite sequence of different vintages of capital,
indexed by i = 0,1,... . The consumption good may be converted into the desired characteristic on
al-1 basis. We write a commodity vector= (z,x) wherezis a scalar denoting the consumption
good andk is an infinite vector of capital stocks of different vintages, and we let the symbol
denote the vector consisting of one unit of vintagapital and zero units of all other vintages. So,
for example (0, y2) is a commaodity vector with 0 units of consumption, 1 unit of vintage 2 capital
and zero units of everything else.

There are 2 sequences of activities. One sequence of actiyligs;y', 0] with y > 1, produces
consumption from vintagecapital. Notice that different vintages of capital differ in how effective
they are at producing consumption. The second sequence of actidtigs0, pyi1] with p > 0,
produce$ units of vintagea + 1 capital from 1 unit of vintage capital.

The endowmerikg is a single unit of vintage 0 capital. Notice that in this setup, at tithere
can only be capital of vintage so that this is a vintage capital model, as in Solow [1960], Benhabib
and Rustichini [1991] or Chari and Hopenhayn [1991].

We look for a social optimum where capital grows exponentially from one vintage to the next,
and a constant fractiof of the stock of current vintage capital is used in the production of the
consumption good. Lat; denote the amount of vintageapital at timet. One unit of this capital
can be used to produg units of consumption good, yielding a marginal present value utility of
Sty (dytcw) ® 1. Alternatively it can be used to produpeunits of vintaget + 1 capital for timet + 1,
leading to a present value marginal utility @1y " (¢y "l 141) %2, wherex it = p(1 - @)k
Equating payoffs from the two alternative uses of capital we get

p(L-¢) = (Spy?)Y?

Notice thatp(1 — ¢) is the growth rate of the capital stock. The corresponding growth rate of
consumption is

9e=yp(1- @) = (Spy)'™?

If 5(5py)™"*® > 1 this yields an infinite present value of utility; otherwise total lifetime utility is
finite, which is the interesting case.

Notice that while this example is based upon the most primitive form of technological
innovation, in which technology improves in each period and at a rate that is exogenously fixed, the
growth rate of the economy is endogenous, since it depends on the rate of capital accumulation. In
particular, if the economy becomes more productive (as measureaiy), or more patient (as
measured by or 671), it grows faster.

It is easy to modify this example to endogenize the technology choice. If we introduce the
activity [0,xi;0,Bxi] , then it becomes possible to reproduce the current vintage of capital. Now
there is a choice: reproduce the existing vintage of capital and remain technologically stagnant, or



move on to the next vintage of capital?

If B > 1 growth, in the sense of an unbounded accumulation of physical capital and ever
growing flows of output, isfeasible even in the absence of technological innovation. Assume,
moreover, that f > p so that aunit of current capital is more productive at reproducing itself than at
producing the next quality. In other words, technological innovations are costly. Nevertheless, it is
easly seen that when yp > S the new technology is sufficiently productive that the only vintage of
capital produced is the latest possible one.

This example shows how to distinguish between the two main sources of economic growth
(Schumpeter [1911, 1934]): (i) unbounded accumulation of reproducible inputs, due to constant
returnsto scale; (ii) adoption of more efficient methods of production, as embodied in new activities
or goods. In this case, when yp > 3 the choice between unbounded accumulation and introduction
of anew, superior machine is solved once and for all in favor of the second option.

Decentralization

The model presented so far, is one of optimal growth. Much of our interest, though, isin therole
played by individual entrepreneursin inducing technological change. As usual, these two aretied
together by the welfare theorems describing how optimal allocations may be decentralized by
competitive pricing schemes. After proving the relevant welfare theorems for this model, we
examine the role of profits, competition and entrepreneurship in the introduction of new
technol ogies and commodities.

Optimality and Supporting Prices
Definition Theallocationa® ={A* e (x; R, k* € X, x* € X} solvesthe social planner
problem for initial condition ko if it solves

Tka’XX U(c)

subject to: c; = Cx;, and feasibility of the production plan.

Let pr € R bethe price of commoditiesat timetand p € P = (xi2y RY) awhole sequence of
prices from time zero to infinity. In a competitive equilibrium these prices must satisfy two
conditions: they should yield zero profits and support the preferences.

Definition Givenk € Xand A € (x, RZ) the pricesp € 7 satisfy the zero profit condition if,
puay(a) — pik(a) < 0,vVa € Ai(ko), t=0,1,...
with equality if A¢(a) > 0. That is profits
ru1(a) = L(a)[pr1y(@) — pik(@)] = 0

Definition Given pricesp € 7, the sequence x* € X solves the consumer’ s maximization
problem if x* is the argmax of

max U(c)

subject to 1 Ci=Cxi, D Pt < D Poq
t=1 t=1

Definition Thepair p € Zandx* € X satisfy the first order conditions for consumer’s
maximization if
Pr > 671DU(Cx{)Cn



with equality unless xj; = 0.

Definition Thepair p € Pand k* € X satisfy the transversality condition if
limprk; =0

Definition Thefeasibleallocation A € (x2, R<),k € X,x € X and the price sequencep € 2 are
a competitive equilibrium if they satisfy the zero profits condition and solve the consumer’s
maximization problem.

Decentralization Theorem

We give a statement of the first and second welfare theorems that fit our purpose. A proof can be
found in the Appendix.

Theorem Suppose assumptions 1, 2, 3, 4and 5 hold. Suppose that 1*, k*, x* isa feasible
allocation given ko and that 221 0" tu(Cx;) < oo. Then the following three conditions are
equivalent:

(1) A*, k*, x* solve the planner’ s problem for initial condition Ko.

(2) There exist prices p* satisfying the zero profit condition and such that x* solves the
consumer maximization problemgiven p* with > ° pix{ < c.

(3) There exist prices p* satisfying the zero profit condition such that the pair p* and x*
satisfiesthe first order conditions and the pair p* and k* satisfies the transversality condition.

Entrepreneurship, Profits and Competition

Almost always, general equilibrium discussions of product innovation begins with some type of
market imperfection, such as monopolistic competition, increasing returns or externalities. Our
theory of innovation abstracts from these imperfections: entrepreneurs have well defined property
rights to the full proceeds from their innovations; individual production processes display constant
returns; there are no fixed costs and no unpriced spillover effects from innovation. Does this lead to
an interesting theory of innovation? We believe it leads to a theory that, while more parsimonious
than established ones, is more versatile and has at least the same amount of explanatory power.
Although the basic ingredients of fixed factors, rents and sunk costs are familiar from the standard
theory of competitive equilibrium, the way in which they fit together in an environment of growth
and innovation is apparently not well understood. A review will serve to explain our claim that
traditional theory can go a long way toward explaining endogenous technological innovation and
entrepreneurial activity.

Consider a single entrepreneur who is contemplating introducing a new activity, either to
produce an existing good more efficiently or to produce a brand new good. He anticipates the prices
at which he will be able to buy inputs and sell his output, and introduces the innovation if, at those
prices, he can command a premium over alternative uses of his endowment. He owns the rights to
his innovation, meaning that he expects to be able to collect the present discounted value of
downstream benefits.

To see specifically how this works, consider the vintage capital model from the previous section
with yp > B. Recall, that the growth of consumption was givergby= (6py)Y . The first order
condition is that the consumer must be indifferent between consuming in penat + 1.

Consequently, the relative price of the consumption commodity between two periods must be



and the equilibrium present value price p3 of the consumption commodity is

Py < (yp) ™.

A unit of vintaget capital can produce y! units of the consumption commodity at timet + 1. The
entrepreneur who introduces this new kind of capital has a claim to its entire output. Competition
between different entrepreneurs forces profit to zero, so the price of vintage t capital at timet, p,, is

—t-1
Pee = p'y

An entrepreneur who attempted to reproduce his existing vintage of capital, would make a negative
profit at these equilibrium prices. In this sense, the competitive pressure from other entrepreneurs
forces each one to innovate in order to avoid aloss.

Asin theories of monopolistic competition and other theories of innovation, new technologies
are introduced because of the role of individual entrepreneursin seeking out profitable opportunities.
Unlike those theories, the entrepreneur does not actually end up with a profit. Because of
competition, only the owners of factors that are in fixed supply can earn arent in equilibrium. When
avaluable innovation isintroduced, it will use some factorsthat arein fixed supply in that period.
Those factors are likely to earn rents. If you are good at writing operating systems code when the PC
technology isintroduced, you may earn some huge rents, indeed. In principle, this model allows a
separation between the entrepreneurs who drive technological change by introducing new activities,
and the owners of fixed factors who profit from their introduction. However, it islikely in practice
that they are the same people.

Pricing of New Commodities

Recursive Arbitrage Pricing
We turn now to a broader examination of pricing. Recall our definition of supporting prices for
consumption goods. We used their characteristics’ content and the marginal utilities of those
characteristics at an allocatian € X. The pricepy; of goodn at timet, whenxj; > 0 is

P > 671DU(Cx;)Cn.

These supporting prices can be used to derive “no arbitrage prices” for new goods that are
exclusively consumed: these goods are priced according to the characteristics they contain.
Similarly, goods which produce characteristics and can also be used as inputs, can be priced
according to the characteristics they contain, provided that it is optimal to consume these goods in
equilibrium. Such pricing by arbitrage puts a natural bound on the equilibrium prices of new goods
and, through it, on the size of the rents accruing to their owners. To summarize:

Theorem Let A*,k*,x* be a competitive equilibrium supported by the price sequence p*.
Consider aperiodt € {1,2,...} and a good n whichisviable at t. Let C,, be its characteristic
vector and denote with pyy the price of this good at time t. Assume there exists a collection of goods
{n1,...,ny}, which are consumed in positive quantity at time t and have characteristic vectors C,
such that

n
Cn:Zaj.an, (XjEER, VJ.
=1

Then



n/
Pnt = Zaj * Prjt
-1

with equality if good nis consumed in positive quantity at timet.
Proof: Follows directly from the supporting prices condition. QED

We are left with pure intermediate or capital goods. In the simple case in which the intermediate
good isthe sole input of an activity with an output that can be priced by arbitrage, the zero profit
condition provides a straightforward pricing equation. In general, though, by means of the zero profit
condition one, can only price bundle of inputsin terms of bundles of outputs, as more than one input
isused in any given activity and we are also allowing for joint production. Then a set of
simultaneous equations, one for each activity, must be solved to yield the prices of the intermediate
goods. Thisisthe general case, which needs to be considered in some detail.

Let us assume that in equilibrium all characteristics are consumed. In period t, consider the
vector of M inputs k¢ € Mt which are pure intermediate goods: that isthey can be used asinputs,
but do not directly produce characteristics. Let ry € )Mt be their price vector, to be determined.
Denote with z; € R} the vector of inputs which are also consumption goods. Let their prices be
g: € R, which we take as given in the light of the previous discussion. Assume A; linearly
independent activities are operated. Partition the input vector of activity a ask(a) = (k(a),z(a)).The
zero profit condition requires that

ree k(@) = (M1, Q) (@) — o » z(a)

fora=1,...,A:. Clearly, when A; > M;, the solution is a straightforward matrix inversion. In this
case

re = Birgs + B?qua — Biqe, g: = 671Du(Cx;)C.

where B, B, Bf can be calculated by matrix inversion. The former equation can be iterated forward.
By making appropriate use of the transversality condition, we recover the traditional “net present
value of future utilities flow” formula for pricing capital goods

re= Y [(TT3BL; 1) (B2, — B, 1B?) Jqu-
7=0

whereB} ; is understood to be the identity matrix aBgl, is zero.

WhenA:; < M; only A; bundles of pure intermediate goods can be uniquely priced by the same
method. This implies a certain “indeterminacy” of individual prices. Such indeterminacy concerns
only prices of pure intermediate goods during the initial period. It is the outcome of the interaction
between the input-output nature of linear activities and the completely inelastic supply of the pure

intermediate goods in any given period.

Example: Arbitrage Pricing
Consider an economy in which there are two characteristict =@, three consumption

commodities and one type of labor. The utility function over the two characteristics is a symmetric

Cobb Douglas, i.eu(c1,cz) = (c1)Y?(c2)Y2. The three consumption goods, z> andzs, have the
following vectors of characteristics:

C = [1,0] C, = [0,1] Cs; = [6, 1]; €e>0

The commodity vector is therefore= [z1,2,,73,(]. To economize on notation lgf denote the



three-dimensional vector with one in the position of consumption good i and zero elsewhere. There
are three potential activities, one for each consumption good. They are

az; =[0,1; x%,1] =123

In words: labor can produce any of the three consumption goods, on a 1-1 basis while also
reproducing itself.
Let this economy begin with an endowment of 2 units of labor. The set of initially available
activitiesis Ag = {az,az,. S0, at the beginning, the third consumption good is not viable.
Aslong as A; = Ao the optimal production planis

Mag) = Mag,) = 1.

The supporting prices for the two consumption goods are
6t
Pz t+1 = Pzl = o t=0,1,....

The zero profit condition can be applied to derive the equilibrium prices of labor
W1 = Wt_pzi,t+1, i = 1,2, t= 0,1,....

The transversality condition or, which is the same, the intertemporal budget constraint, yields

5 ) _ 8t+l
21-3)" fromwhich  w; = 21-3)

Wp =

Now consider what happens when the set of available activitiesis enlarged. Our interest here is not
in the transition path and the oscillations in the value of aggregate output innovations may bring
about (which, we note, is also interesting and | eft to the reader). We will look directly at the new
steady state. Let At = {a,,,8;,,8z, - There are still only two units of labor available, which implies
that, in total, at most two units of the three consumption goods can be produced. In equilibrium, we
will have z; = 0 asthe third consumption good costs as much labor as the second but provides a
strictly greater vector of characteristics. Hence, after the transition period, A(az,) = 0 and the two
units of labor are allocated to the production of z; and zs.

Maximization of steady state utility gives the optimal production plan. Along this, an amount
equal to 1 of the first characteristic and an amount equal to 1/(1 — €) of the second are produced and
consumed ineach periodt = T+ 1, T+ 2,...

Maz) = 525,
k(azz) =0,
l(az?’) = 1+€

The supporting prices for the three consumption goods, and the labor input can be computed once
again by straightforward application of our decentralization theorem. Writenp = (1-¢€)¥? < 1.
Then,fort =T, T+1,...

t

le,t+l = ng,t+l = g_nv



W1 = Wt — pzi,t+1; I = 11 2! 3'

The price of the second consumption good is alittle tricker, because it is not actually produced or
consumed. From the first order condition for consumers, alower bound on the priceis

St
pZz,tJrl Z Tn!

otherwise consumers would demand to consume good 2. However, the price could be higher than
this, and the activity producing the second good we still earn a negative profit, so we would till
have an equilibrium. If we adopt the standard convention that for pure consumption goods, priceis
equal to the lowest equilibrium price, then the inequality becomes and equality, and in addition, the
arbitrage pricing theorem holds. We will adopt this convention for the remainder of the paper.

From the latter and the intertemporal budget constraint, an explicit wage rate is obtained in each
period

8t+1

W= na =)

At the new equilibrium prices the activity a,, makes negative profits

z _ Om _ &

Tt 5 2 <0, asnp< 1

which justifies the choice of A(az,) = O.
Notice also that

Pztr1 = €@ (pzl,t+l) +1e (pzz,t+l)

The price of the third consumption good is alinear combination of the supporting prices of the other
two goods, with weights equal to the coordinates of its characteristics vector.

Profits Versus Rents

The previous example is agood starting point for discussing the way in which entrepreneurial
innovations generate changes in the relative prices that may appear as rents to certain factors, how
this affects income distribution across factors and in what sense these changes in relative prices
should be considered as the “appropriate” competitive equilibrium rewards to entrepreneurial
activity.

The assumption that there is only one type of labor, which is equally effective in producing any
of the three kinds of consumption, implies that the social surplus generated by the introduction of the
third consumption good is immediately appropriated by every member of society. The channel
through which this productive surplus flows to the households, is the equilibrium price of labor
which increases fronit*/2(1 — §) to §*1/2n(1 - §). The labor input employed ia,, is perfectly
substitutable with the labor input employeday, hence they must earn the same wage rate and the
two capital goods must also be equally priced.

Nevertheless, the innovation is readily implementeevasyone has a private incentive to do so
and constant returns to scale allow everyone to do so, arbitraging away profit opportunities.

Example: Profits, Rents and Income Inequality
We now examine what happens when we have differentiated labor. One type of labor may
benefit from the introduction of a new technology, while the other does not.
Specifically, assume that there are two types of lahet, 1, 2, in equal amount$! = 1 and



(? = 1. The difference between (* and (2 isthat only the | atter is able to produce zz Hence (? can be
used in any of the three activities a,, a,,, a,, with unchanged productivity, while usage of (* is
limited to the first two.

The competitive equilibrium when A; = {a,,,a,} isthe same as before: the two inputs are
perfect substitutes, given the viable technology set, and earn the same income. When the set of
viable activities expands to Ar = {az,,az,,az}, the equilibrium allocation now becomes

i'(aZl) =1- %!
1(azz) = %!
Maz) = 1.

Thisis substantially different from the one we obtained before when the innovation was
implemented. Thisis because the limited supply of (? constrainsthe level at which the third activity
can be operated. Thisimpliesit is now efficient to operate also the second activity. The different
production plan is reflected in the equilibrium consumption of the two characteristics, which is now
Ci =1+ 5 fori = 1,2 Equilibrium prices now yield strictly zero profits for al three activities:

o o St
pzl,t+1 = pzz,t+1 = 7,

t
Pratit = 6(1—24‘6)

foralt=T,T+1,.... Our theorem on the pricing of new goods by arbitrage holds, and
Pzsts1 = € @ (r)zl,t+1) + 1 e Pgptea.

The combination of innovation and lack of substitutability between (* and (? drastically altersthe
distribution of income among factors of production. The wage of the first type of labor, (* remains at
its pre-innovation level

6t+1

*1l
W= 200 7%)

while that of (2 increasesto

o 5H(1+4e)
2 == ————————————
W= 0%

With heterogeneous labor, technological progress altersincome distribution and, in this example,
increases income inequality. Contrary to the previous case in which all inputs were perfect
substitutes, the introduction of the new good generates a rent going to the only input which can
produce the new commodity. The effect of this changein relative pricesislarge, asit transfers to (2
the total increase in aggregate output €/2(1 — §). But, this additional income accruing to (2 is not too
large, at least if we look at it from the point of view of the incentives to innovate. Once the new
activities are discovered the difference between total output with (% and without (2 is exactly equal to
theincrreasein (?’s income. This corresponds to full private appropriatiori‘cocial contribution
and generates the correct incentives for implementing the innovation. Innovating is therefore fully
consistent with perfect competition and entrepreneurial rents are explained by changes in the relative



prices of scarce resources.

A few extraremarks on the implications of this example may bein order. It should be obvious
how to generalize it to the case in which there are many heterogeneous agents, each one endowed
with avector of different skills. Index these skillswith s = 1,...,S and assume technol ogical
progress generates a sequence of consumption goods z;, withi = 1,2, ..., such that technology
requires skills of indices s > i to operate the activity a,. Then one has a model of increasing
specialization and division of labor in which the distribution of income changes over time because of
the endogenous flow of economic innovations.

Thistype of framework is useful to formalize the idea that trade is more beneficial, and its
volume increases, as individuals are made more heterogenous by technological progress. Assume
there are heterogeneous individual s endowed with the different factors. Due to the assumption of
constant returns to scale, agents are equally well off either altogether or in complete isolation when
only the most primitive technology is available, as anybody can operate all activities and produce all
viable goods. Thisisnot possible at a more advanced stage when certain goods become available
only by trading with other agents that either have the unique skill required to operate the new
machine or can operate the same machines we can operate but at alower unit cost. In this sense, the
example shows that, in the absence of fixed costs, the division of labor and the size of the market are
both limited by the degree of technological progress.

Pricing of Ideas
It isordinarily thought that ideas or creative works are produced with afixed cost, and that

consequently, are inconsistent with perfect competition. Thereis alarge literature on the appropriate
type of monopoly (copyright or patent) governments should provide to permit the production of
ideas and creations. It might seem then, that the competitive framework has little to contribute to the
understanding of the production of ideas and creative works. Surprisingly, thisis not the case: once
we carefully model the element of time in production, we see that the issue is not one of fixed cost,
but rather a sunk cost, and there is little reason to believe that competition is unable to deal with
sunk costs. Theissue, if thereis one, revolves not around fixed cost, but rather around an
indivisibility. Aswe shall see, even thisindivisibility need not pose a problem for our competitive
framework.

Our basic example is motivated by the production of music. The central ideaisthat theinitial
production of a song requires an investment of time over several periods. Following the initial
production, that is, the composition of the song, the song may be inexpensively reproduced.

Example — Competition in Ideas

In this example there isa single characteristic so that J = 1. The period utility function is
u(c) = —(1/0)[c]™ with & > 0. There are four commodities: raw labor, a single consumption good
(music), and two different kinds of capital: intermediate capital (a half finished song) and final
capital (afinished song). The consumption good may be converted into the desired characteristic on
al-1 basis. We write a commaodity vector= ((,z1,x) where the first entry is labor, the second
consumption, the third intermediate and the fourth final capital. Prices are labelled by the respective
commodity superscript. In the initial period the economy is endowed with one unit of labor and
nothing else.

There are two ways of obtaining consumption, together they comprise a grand total of 6
activities. The first way is from labor directly: one unit of labor today generates one unit of
consumption tomorrow. This may be thought of as performing an existing not terribly good song.
The corresponding activity, activity 1, has the forin0,0,0;0,1,0,0

The second way of obtaining consumption is more roundabout: it uses labor to obtain a half



finished song (the intermediate capital) from which afinished song (final capital) is derived. The
latter isan input both in reproducing itself and in producing the consumption good. We model the
former by specifying activity 2 as[1,0,0,0; 0,0, 1,0]. Activity 3 uses intermediate capital to produce
final capital, [0,0,1,0;0,0,0,1]. Activity 4 usesfinal capital to produce > 1 units of final capital
[0,0,0,1;0,0,0, B]. Activity 5 usesfinal capital to produce consumption [0,0,0, 1;0, p,0,0], where
p > 1. Finally, activity 6 alows for storage of raw labor from one period to the next
[1,0,0,0;1,0,0,0].

The interpretation is that p represents the quality of the song, and f the (inverse of the)
reproduction cost. The latter especially can be alarge number: once the song is written production of
additional copies may be relatively cheap.

For p and/or S large enough, the roundabout process dominates the direct one as away of
obtaining consumption from labor. Moreover, if thereis any final capital in the economy the
technology of producing final capital directly from itself dominates the roundabout method of
production. In other words, a song will be written only once, using labor first and then itsfirst draft
(intermediate capital) to obtain afinal version in period two. After that, additional copies of the
half-written song (intermediate capital) are not useful: final capital reproducesitself at arate g > 1,
while consumption is obtained, at arate p > 1, from that portion of final capital that is not
reproducing itself.

By the same token, activities 1 and 6 are used in parallel only during the first two periods: to
produce consumption for periods 1 and 2and to carry over labor from period zero to period one.
From period three onward, consumption produced from final capital, via activity 5, becomes
available. Thisimpliesthat there are only two important types of production decision. First, which
fractioni € [0,1] of initial labor to divert in the first period to the roundabout production of capital;
and, second, what fraction ¢ of final capital to devote to the production of consumption once final
capital becomes available. Naturally, we solve the second problem first.

Equilibrium quantities and prices
Because utility is CES the fraction ¢ < [0, 1] of final capital used to produce consumption does
not depend on the current stock of final capital. Asusual, we may solve

B(1-¢) = (3p)V M.

where (1 — ¢) isthe long run growth rate of both consumption and final capital. The later islarger
than one whenever B > 61, which we assume. For later use we compute

p=1- (5/;—9)1-/(1+9)) 1-— 5ﬂ_6

Therestriction ¢ > 6§, sufficesto guaranteethat ¢ € (0, 1). Altogether, weneed g% > 6 > B2,
which rulesout the case 6 = —1.

We now consider the tradeoff between labor used to produce consumption directly and
indirectly. Noticethat 1 — i isthe fraction of labor used to produce consumption directly in the first
two periods. Equalizing the marginal utility of consumption in the first two periods requires
C2 = dcy. Consequently, i = 1— (1+8)cy = 1—5cy. Note that ¢, units of labor invested in activity
1in period zero, yield, next period, an equal amount of consumption, with marginal utility equal to

8(c)™

Thefractioni = (1 - 6c1) yields, in period 3 consumption with marginal utility equal to

5[ pp(1-bc1) ]



Write p = p7s. We have

i B 52[)—9
1-i ¢S5
After substitution we get
S2~-0
= 9P
0(1-6B7) +0%p*

Again, therestriction p? > § suffices to guarantee that the fraction i isin (0, 1).
Next, we compute the supporting prices. In every period, the price of consumption is
proportional to marginal utility. In the first two periods

A ~~ ~ 1+0

S(L-6B7) +62p? J

zZ _ Z 5 . .

P1 =Pz = |: 1-3p "
For the early periods, the zero profit conditions imply

pb=pi=pi=ps ps=pi=ph ps= b2 =2

For the other periodst > 2, zero profitsimply

pi( = ﬁp’t(+1; pi( = pptz+1
and, therefore,

P _ B

p’t(+1 B P
Both the present value price of capital and consumption decreases at arate 1/ per period, with the

relative price determined by the ratio /p. Further, p{ = Ofor all t > 2, asit is not needed anymore.
The usua condition > § is enough to guarantee that both the transversality condition

impt, = 0,

and boundedness of total utility along the optimal path
ZSt‘lu(ct) < o
t=1

obtain.
Let us now discuss the, implications of the model. To do this, it is useful to distinguish the case
0 € (-1,0] fromthecase6 > O.

Elastic demand
Thisocurswhen @ € (-1,0]. Notice first that the condition 8¢ > & is more restrictive the closer
0 isto —1. This makes sense: a high growth rate of consumption and capital together with high
elasticity of intertemporal substitution in consumption lead to unbounded utility.
We now study the impact of an increase in the value of either p or § on the competitive
equilibrium. We are especially interested in the impact of increasing 8. This corresponds to lowering
the reproduction cost, as would be the case, for example with modern digital technology for



distributing music over the internet.
Consider first the case B — V9. The share of labor going into the production of intermediate
capital is
32~_9
o 0P
o(1-6B79) +0%p~

which converges to one, while the price of that |abor (and the corresponding consumption) in period
one (and two) convergesto infinity. This case is especially significant, because it defies conventional
wisdom: as the cost of reproduction declines, the competitive rents increase, despite the fact that
many more copies are distributed. Y et the basic assumption is simply that it take some (small)
amount of time to redistribute copies, and that demand is elastic. Notice that music producers and
others have argued that with the advent of atechnology for cheap reproduction their profits are
threatened and increased legal monopoly powers are required. Y et this model shows that quite the
opposite is possible: decreasing the reproduction cost makes it easier, not harder, for a competitive
industry to recover production costs. Notice also that competition (unlike monopoly) does not
require downstream licensing provisions: if each purchaser of music is permitted to freely reproduce
and sell it makes no difference to the competitive equilibrium. The only “copyright” protection
needed in this competitive industry is the right of first sale. The value of all subsequent sales is
simply capitalized into the price of the first sale.

Similar comparative statics hold in the case where «, in which case, againgoes to one and
the initial price of labor goes to infinity

Inelastic demand
This case ocurrs whehe (0,0). We will examine it briefly, because it is of less practical
relevance and because, in light of the previous discussion, most results should be obvious.
We now find that ap - =, i - 0. However, ag - « we have approaching a finite limit

o
imi = -2P
B 32544

Even with inelastic demand, as the cost of reproduction falls, rent remains bounded away from zero.
Indivisibility

Our basic observation is that the fact that production is roundabout does not imply that there is a
fixed cost. The initial capital must be produced; once it has been produced, production of the
consumption good is relatively inexpensive. This means a sunk cost, as the cost of producing the
initial capital is sunk at the time the consumption good is produced. But it is not a fixed cost, in the
sense that we can maintain the assumption of constant returns to scale. Moreover, the fact that a
good is an input into its own production, as is the case with the reproduction of music (or other
creations or ideas) has no particular implication for competition.

Our constant returns to scale assumption does, however, have one implication, which may be
thought of as less than realistic. We assume that if half as much labor is initially invested in the
production of the initial song, it is the same as having half as many songs throughout the lifetime of
the song. It may reasonably be argued that a song produced at half the effort is much less than half as
many songs. This however, and despite appearances, is not an example of increasing returns to scale,
but simply an indivisibility. That is, if less than a minimum initial amount of labas invested, then
no song is produced at all. (If desired, an upper bound on the amount of labor can be added as well,
but this does not imply an indivisibility, and can easily be modelled by adding a fixed factor.) Does
this not invalidate our analysis, perhaps necesitating government grants of monopoly to operate this
market?



A moment of reflection will show that our model is still quite relevant. The mere fact that we
introduce an integer constraint into the model does not imply that it binds. Provided that

) SZIJ—(—)
I = = == <
S(1—3B9) +5%p°
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our analysis remains unchanged. Moreover, in the case of most relevance to modern policy

discussions — elastic demand and large— we observed thatis likely to be quite large. This means

that the advent of cheap modern digital copying makes integer constraints on production of ideas and
creations less likely to bind, and so weakens the case for government enforced monopoly.

Patterns of Innovation

The simple vintage capital model exhibits two basic sources of growth: capital accumulation and
the introduction of new technologies. A basic feature of this model and our framework more broadly
is efficiency: the competitive equilibrium maximizes the welfare of the representative individual.

Can such a class of models capture growth anomalies: an initially poorer country in the long-run
using a superior technology, or a modest increase in savings leading to a dramatic increase in
growth? Certainly, models with fixed costs or other increasing returns can. A country that is far

along the learning curve for an inferior technology may not wish to pay the fixed cost of introducing

a completely different technology. A modest increase in savings can lower the marginal cost of
investment leading to even greater investment. However, it is by no means the case that increasing
returns are necessary for such conclusions, and insofar as there is empirical support for conclusions
of this type, it cannot be taken as evidence of increasing returns to scale.

Our basic observation is that joint production can link the level of current consumption to the
kind as well as level of future capital stock. As a result, joint production can play much the same role
in our theory that fixed costs do under monopolistic competition: the need to produce a second
commodity in order to use a particular technology acts as a kind of fixed cost, although it is
consistent with constant returns, competitive decentralization and efficiency.

Savings and Innovation

We begin by examining the theoretical relationship between savings and growth. The basic result
is that pattern of technological adoption in competitive equilibrium maximizes the long-term growth
rate for each savings rate. An important corollary is that in the absence of joint production the
technologies that lead to the most rapid rate of growth must be adopted. This is a kind of generalized
convergence result: even in the presence of endogenous technological innovation all countries with
the same technological possibilities wind up using the same technologies in the same sequence.
After establishing these basic theoretical results, we illustrate through example how joint production
can lead to growth anomalies through their counterintuitive consequences for savings rates.

Theorem If a solution to the social planner problem A*,k*,x* is decentralized by prices p* and a

socially feasible plan 4, k, x satisfies
prke  _ _ prkt
pt (ke +x0) — piki +x¢)

then
D Plak@y@ < D piadi(@y(@)

Proof: From the initial conditiorpgko = pgks. From the hypothesis on savings and the zero
profit conditionp{,,y(a) — pik(a), it follows recursively thapfk: = p{k¢, that is, a plan that devotes



no greater fraction of the value of output to savings never has amore valuable capital stock. From
the zero profit condition we also have Zag AA(@)[piay(@ — ptk(@)] < Oand
Zag A At (@)[PEaY(@) — pik(@)] = 0, from which the conclusion now follows directly.

QED

This theorem shows that higher total output than that from the socially optimum plan is possible
only by a higher savings and investment rate. However, the measure of output is GNP plus the
market value of the stock of capital after depreciation. Since the measurement of GNP requires some
arbitrary conventions about what constitutes “new” capital, we cannot state an equivalent result for
GNP. Moroever, an equivalent theorem cannot hold for consumption, it would always be possible to
consume a great deal in a single period by diverting production out of the capital sectors. The next
theorem shows, however, that the only way to increase consumption over the social optimum is to
overinvest, or periodically divert production into consumption. In particular, if the investment rate is
fixed, then no plan can have a higher long-run rate of consumption growth than the competitive
equilibrium plan.
Theorem If a solution to the social planner problem A*,k*, x* is decentralized by prices p* and a

socially feasible plan 2, k, x satisfies
pr ki < peki
pi (ke + %) — pECke +x¢)

then, for all z:

D pixe <) pix
=T =T
Proof: As in the previous theorempik; < p{k{ at allt. For any feasible plan, the zero profit
condition impliesp;, 1 X1 + Pk < piki, with equality for an optimal plan. Together with the
tranversality condition, this implies thEiT pix; < pikr, with equality for the optimal plan. This
now yields the desired conclusion. QED

The previous two theorems show that the competitive equilibrium maximizes the growth rate for
a given savings rate. What consequences does competitive equilibrium have for the rate at which
new goods and technologies are introduced? To see how quickly new technologies are introduced,
we consider using the same technologies as used in the competitive equilibrium, but diverting all
output into investment. If this is possible, then our next theorem shows that this yields the highest
possible level of output at each moment of time. It follows that no alternative method of introducing
new technologies can yield a higher growth rate, and consequently that the competitive equilibrium
introduces new technologies as quickly as is “desirable.”

Theorem If a solution to the social planner problem A*,k*,x* is decentralized by prices p* and if
there exists a socially feasible plan A such that A;(a) = Oimplies A((a) = 0 and satisfies
pi D, @K@ =pi Y Ac(@y@)
then for any socially feasible plan 4, k, x

D Plak@Y@<) ] Piik(@y(@)

Proof: Consider any feasible plank, x and a solution to the social planner problemk*, x*.
Then 2 e M@[PE1Y(@) - pik(@)] < 0 A and
Zae A M@)[piay(@) — prk(@)] = 0 follows from the assumption ti]atdiverts all output to
investment. The desired inequal}y_, pi.iA(@y(@) < 3°__, pliA(@)y(a) follows.



QED

Like the previous two theorems, this theorem seems to point in the direction of convergence.
However, it isas significant for what it does not say as for what it does say. It requiresthat it be
possible to divert all output to investment using only the activities that are actually used in the
competitive equilibrium. A moment’s reflection will show that with joint production this may not be
possible. To switch output into investment, it is necessary to replace activities that produce both
capital and consumption goods with activities that produce only capital. If the activities that produce
only capital were not used in the original equilibrium, the conclusion of the theorem can fail. We
now explore by example the way in which this type of joint production can play a role in competitive
theory very like the role that fixed costs do under monopolistic competition.

Joint Production and Innovation

Example—Comparative Advantage of Backwardness

We first construct an example in which we compare two countries facing the same technological
possibilities, but with different starting conditions. Our goal is to give conditions under which the
more advanced country, by being locked into an existing technology, actually grows more slowly in
the long-run than the less advanced country. Notice that if the technology allows the diversion of all
output into investment using the competitive activities, such an example isimpossible.

Thereis one characteristic, preferences are CES, and, asin the simple vintage capital model,
there are no fixed factors. There are three kinds of commaodities: the consumption good, which
provides the characteristic on a one-to-one basis, and two kinds of capital goods, each of which
comesin many different qualities. Denote the infinite vectors containing the quality ladders for these
two kinds of capital goods as k! and k2 and write a commaodity vector asx = [z k1, x2]. We still use
the indicator function y; to represent aunit of quality i capital stock; the position of y; in the
commodity vector will tell if it is of type one or type two. So for, example, [0, 0, y3] isavector with
zero consumption, zero amount of x* and one unit of x2 of the 3rd quality.

The set of activitiesis composed by the following triplets, fori = 0,1, ...

o = [O,O,Xi;,ui,O,)CHl] u>1

The first two activities represent the production possibilities of the first and second quality ladders;
here each kind of capital reproduces itself and produces either y' or ' units of the consumption
commodity at the same time. We assumethat 1 > y so that 2 is a better kind of capital stock than
x1: asit moves from one quality to the next the rate at which its ability to produce consumption
increases is higher than that of x*. Hence, in the long run, the growth rate of consumption generated
by the second quality of capital will always dominate the one generated by the first quality. Thereis
also atechnology that allows the conversion of the poor capital k! into the better capital k2.
Regardless of what quality of type 1 capital is available, aunit of k! always convertsinto S units of
k2, of quality i = 1.

We assume that the endowment at timet = Oisinitially 1 unit of quality i capital of the first
type. The only decision iswhat fraction ¢ € [0, 1] of this capital to convert to x2 by means of aiz.
Total utility, for given ¢, isgiven by



— (1/0) Y 81— )yt + pBut] .
t=1

The derivative of this expression with respectto ¢ is

o0

20 A= )rt + g [But - )

t=1

and if any capital isto be converted, it must be that for ¢ = O this expression is positive, or
equivalently

Z 5t71[},t]—9—1[ﬂ,ut _ },Hi] > 0.
t=1

Lettingi — oo this expression approaches —o s0 if the existing quality of capital of type 1is
sufficiently advanced, the superior kind of capital, type 2, will never be introduced. On the other
hand, for S sufficiently large, this expression will be positive for i = 0, so that aless advanced
starting point will result in along run more advanced kind of capital stock and higher growth rate of
consumption forever. An implication of this simple observation is that both catch-up and jumping
ahead phenomena are easily modelled with constant returns and perfect competition.

This example also answers the question of whether initial conditions may matter for long-term
growth when there is perfect competition. In this model, despite assuming that exactly the same
technologies are feasible and that preferences are identical, the different initial conditionslead to
diverging long-term growth rates. It is easy to tilt the example around showing that, under
appropriate circumstances, poorer countries may be the loser and grow at alower growth rate for
extended periods of time or even forever. For the sake of brevity we will only sketch the intuition
here. Assume that the switch-over activity satisfies

aitz = [o, ﬁ(’i{'M) 0; o,o,;(i_LJ.
with 8 > 1 M,L > 0. That isto say: more advanced countries have lower transition costs and/or can
switch to amore advanced quality of the new technology. Given avalue for the quality index i in the
initial period, one can select triples B, M, L to obtain any pattern of behavior: from immediate
adoption, to fast adoption, slow adoption or no adoption for a number of periods. The latter
technology can be modified further by introducing alabor saving mechanism and an activity that
allows for endogenous growth of the labor force. Then a less advanced country, with a high enough
growth rate of the labor force, will postpone forever the adoption of the more advanced type of
capital. footnote
Finally, we should also point out that this example can be generalized to explain phenomena
which, in the literature, are often attributed to the existence of externalities and market
inefficiencies. What we have in mind is the so-called “path dependence” literature, (see Arthur
[1989], David [1985] or Krugman [1991]). The latter posits that a number of historical
episodes footnote can only be explained by appealing to external effects, increasing returns and, as a
consequence, allocational inefficiencies. In Boldrin and Levine [1997] we study various versions of
our abstract model to argue that, as a matter of theory, those episodes are consistent with constant
returns, no externalities and allocational efficiency.

Example: Role of Investment in Technological Progress



A phenomenon related to the issue of whether it is“too expensive” to introduce a new
technology, is the question of the impact of a small change in preferences on growth. For example,
with increasing returns to scale, a small increase in patience can lead to a large increase in long-run
consumption, as the small initial increase in savings lowers the marginal cost of further investment
through economies of scale. However, the previous example shows that in the competitive
environment, similar “ratcheting up” effects are possible when a small increase in the savings rate
allows a jump to an entirely different technology. Once again, increasing returns to scale are seen to
play no essential role in explaining “growth anomalies” such as the dependence of growth rates (and
growth rates of productivity and TFP as well) on saving/investment rates.

Recall from the previous example, the condition

Z 5t—1[yt]—9—1[ﬁut _ 7,t+i] > 0.
=1

determining whether the new higher growth technology will be introduced. Notice that for low
values oft But < y* holds, while the opposite is true for largebecausg: > y. Suppose that the
parameters*,y*, p*, u* are such that the overall expression is equal to zero. Notice that the long
run growth rate of the “old technology” economyyisince capital simply produces its next
generation plus an ever increasing amount of consumptioimilarly, the growth rate of the “new
technology” economy ig. Consequently, a small increase in the subjective discount fadtom a
number slightly smaller thaé* to a number slightly larger thafr causes the long-run growth rate
to discontinuously change fromto p.

Conclusion

This paper studies a model of perfect competition in which endogenous technological
innovations and entrepreneurial activity make sense. It is based on the idea that innovative activity
takes places because, under competitive pricing, entrepreneurs appropriate the social value of their
innovations. Changes in the relative prices of inputs and outputs are the channels through which the
increase in social welfare is funnelled into private benefits. Technological change is neither
exogenous to individual choices, nor constant, nor dependent upon the existence of external effects,
increasing returns or monopoly power. It is the product of tireless search for profitable opportunities
on the part of a large number of agents. It depends upon initial conditions and relative prices. Its
adoption changes relative prices, income distribution, relative factor productivities and growth rates.
In this sense, we provide here a theory of Total Factor Productivity, as advocated in Prescott [1998].

In this paper our focus has been on the theoretical determinants of the introduction of new
technologies. Key to our finding is the role of joint production, which plays a role in competitive
theory similar to that of a fixed cost in the theories of monopolistic competition. When capital and
consumption are jointly produced, as for example when the production of consumption goods leads
to new human capital, then initial conditions matter in the long run. As a consequence of the
importance of initial conditions, we can have poverty traps, catch-up and falling-behind types of
phenomena.

An important extension of this work is to adapt our examples to show how growth can be
cyclical and that a balanced growth rate arises only as a statistical average among different,
oscillatory, growth rates. To us this suggests, among other things, that a theory of long-run and
short-run oscillations in aggregate and individual factors productivity may be built within the general
framework we have proposed here.

We also show how competitive equilibrium prices ideas and inventions, and more generally,
goods for which prototypes are produced only once followed by reproduction at low and constant
marginal costs. It does not appear that fixed costs do or should play any role in this analysis. If there



isanissue, it iswith theindivisibility of ideas, and we point out that despite thisindivisibility,
perfect competition may well be able to deliver the goods, that is, a steady supply of new inventions,
creations and ideas.

Appendix
We provide here the proof of the decentralization theorem

Theorem Suppose assumptions 1, 2, 3, 4 and 5 hold. Suppose that 1%, k*, x* isa feasible
allocation given ko and that Z:il 0" U(Cx;) < co. Then the following three conditions are

equivalent:
(1) A*, k*, x* solve the planner’s problem for initial condition ko.

(2) There exist prices p* satisfying the zero profit condition and such that x* solves the
consumer maximization problemgiven p* with > ° pix{ < .

(3) There exist prices p* satisfying the zero profit condition such that the pair p* and x*
satisfiesthe first order conditions and the pair p* and k* satisfies the transversality condition.

Proof: First we observe that if the zero profit condition holds then the transversality condition is
true if and only ifZiil piX;i < . Indeed from the zero profit condition

T T
P5ks — Pkt = D (Prki — prakia) = D PraXia
t=0

t=0

(3)implies(2) Suppose that these first order conditions and the tranversality condition are
satsified. Under Assumption 4 there isldi{ko) such that ifn > Ni(ko) the commodityn is not
viable. LetN; > Ni(ko). Define theT truncated utility function byJT(c) = Zthl 5%u(cy). Consider
the problem of maximizing df)7(c) + p%,,k%,; subject to

T T
Cu=Cxi, D PiXi+Prakra < D PIX +Phakha.
t=1 t=1

andx, = 0 forn > N:. The truncated first order conditions
P > 8Du(Cx;)Cn with equality unless; = 0

are sufficient for a solution to this problem. Since this is true for arbitrarily |&ige* is also a
solution to the truncated problem whetge X. Suppose that* does not solve the infinite problem.
Then there is a budget feasid¢hat yields more utility. The budget feasibility &implies that the
pair {Xo,X1, ..., X1}, krs1 = 0 is budget feasible in the truncated consumer problem. Sihisethe
optimum in the truncated problem, this in turn means that

UT(Cx*) + Pk = UT(CR)
However,UT(Cx*) - U(Cx*) and from the transversality conditigeiks — 0. It follows that
U(Cx*) > QIDO UT(Cx),
which is the desired contradiction.

(2) implies (1) This is a standard first welfare theorem proof.
(2) implies (3) Suppose that*, k*, x* is a solution to the planner problem for the initial



condition ko. For pT € (x{y R?), let pT(ko) denote the vector of prices of viable commodities only.
Observe that 1*, k*, x* solves the problems of maximizing UT(Cx) subject to social feasibility and
Kti1 > ki,4. Since by Assumption 4 A:(ko) isfinite thisisafinite dimensional problem over the
viable commodity space. By standard finite dimensional arguments, we can find a price vector
pT(ko) over the viable commodities so that the first order conditions are satisfied for those
commodities and the zero profit conditions are satisfied. Note that the zero profit conditions need
only hold for viable activities, and such activities can only use and produce viable commoditiesin
positive amounts, so the prices of non-viable commodities are irrelevant to the zero profit condition.
For non-viable commodities, we smply define

PR = 651Du(Cx;)Ch.

Our proof will be complete if we can show that as T — oo, p" has alimit point (in the product
topology), and that this limit point satisfies the tranversality condition. Since the prices of non-viable
commodities do not depend on T they obviously converge. The components of pd corresponding to
non-zero elements of ko are bounded above by some By and below by zero. From the zero profit
condition, it follows that for each t there is a number B; such that the Iargest component of p{
corresponding to acommodity viable at timet is less than or equal to Hi:O Bi. This showsthe
existence of alimit point p* in the product topology; by construction, this limit point satisfies the
first order conditions; it remains to show it satisfies the tranversality condition. Recall that it is
enough to check that 221 pixi < oo . From the first-order condition, thiswill be true if

o0

D 8-1DU(Cx)CX; < oo

t=1
Since u is concave and bounded below by u(0) we have that u(Cx;) > u(0) + Du(Cx{ )Cxi, and so
D 5DU(Cx)Cx; < D SHU(CK) —u(0)] < o0
t=1 t=1

QED
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