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Qryhpehu 44/ 4<<;

Devwudfw1 Ehujlq dqg Olspdq +4<<9, vkrz wkdw wkh uh�qhphqw h�hfw

iurp wkh udqgrp pxwdwlrqv lq wkh dgdswlyh g|qdplfv lq Ndqgrul/ Pdlodwk dqg

Ure +4<<6, dqg \rxqj +4<<6, lv gxh wr uhvwulfwlrqv rq krz wkhvh pxwdwlrq udwhv

ydu| dfurvv srsxodwlrq vwdwhv1 Zh khuh prgho wkhvh pxwdwlrq udwhv dv hqgrjh0

qrxvo| ghwhuplqhg plvwdnh suredelolwlhv/ e| dvvxplqj wkdw sod|huv dw vrph frvw

ru glvxwlolw| fdq frqwuro wkhlu plvwdnh suredelolw|/ l1h1/ wkh suredelolw| ri lpsoh0

phqwlqj dqrwkhu sxuh vwudwhj| wkdq lqwhqghg1 Wklv lv vkrzq wr fruurerudwh wkh

uhvxow lq Ndqgrul0Pdlodwk0Ure dqg \rxqj wkdw wkh ulvn0grplqdqw htxloleulxp

lv vhohfwhg lq 5� 50frruglqdwlrq jdphv1 Grf= pxwh:1wh{1

41 Lqwurgxfwlrq

Lw kdv ehhq vkrzq e| Ndqgrul/ Pdlodwk dqg Ure +4<<6,/ khqfhiruwk �NPU/� dqg
\rxqj +4<<6,/ khqfhiruwk �\rxqj/� wkdw dgglqj vpdoo qrlvh wr fhuwdlq dgdswlyh g|0
qdplfv lq jdphv fdq ohdg wr uhmhfwlrq ri vwulfw Qdvk htxloleuld1 Vshfl�fdoo|/ lq 2� 2

frruglqdwlrq jdphv wkhvh g|qdplfv doorz rqh wr frqfoxgh wkdw lq wkh orqj uxq wkh
ulvn0grplqdqw htxloleulxp +Kduvdq|l dqg Vhowhq/ 4<;;, zloo uhvxow1 Wklv vxusulvlqjo|
vwurqj uhvxow kdv uhfhqwo| ehhq fkdoohqjhg e| Ehujlq dqg Olspdq +4<<9, zkr vkrz
wkdw lw ghshqgv rq vshfl�f dvvxpswlrqv derxw wkh pxwdwlrq surfhvv/ qdpho| wkdw wkh
pxwdwlrq udwh grhv qrw ydu| �wrr pxfk� dfurvv wkh gl�huhqw vwdwhv ri wkh dgdswlyh
surfhvv1 Wkh| vkrz wkdw/ li pxwdwlrq udwhv dw gl�huhqw vwdwhv duh qrw wdnhq wr }hur
dw wkh vdph udwh/ wkhq pdq| gl�huhqw rxwfrphv duh srvvleoh1 Lqghhg/ e| fkrrvlqj wkh
pxwdwlrq udwhv dssursuldwho|/ dq| ghvluhg vwulfw htxloleulxp pd| eh vhohfwhg lq wkh
orqj uxq1

Ehujlq dqg Olspdq frqfoxgh iurp wklv odfn ri urexvwqhvv wkdw wkh qdwxuh ri wkh
pxwdwlrq surfhvv pxvw eh vfuxwlql}hg pruh fduhixoo| li rqh lv wr ghulyh hfrqrplfdoo|
phdqlqjixo suhglfwlrqv/ dqg wkh| r�hu wzr vxjjhvwlrqv iru grlqj vr1 Dv vxjjhvwhg
douhdg| lq wkh ruljlqdo NPU dqg \rxqj sdshuv/ wkhuh duh wzr zd|v ri lqwhusuhwlqj wkh
pxwdwlrqv lq wkhvh prghov= Pxwdwlrqv pd| eh wkrxjkw ri dv dulvlqj iurp lqglylgxdov*
h{shulphqwv ru iurp wkhlu plvwdnhv1 Lq wkh �uvw fdvh/ lw lv qdwxudo wr h{shfw wkh
pxwdwlrq udwh wr ghshqg rq wkh vwdwh 0 lqglylgxdov pd| eh h{shfwhg wr h{shulphqw
ohvv lq vwdwhv zlwk kljkhu sd|r�v1 Dovr lq wkh vhfrqg fdvh vwdwh0ghshqghqw pxwdwlrq
udwhv dsshdu uhdvrqdeoh 0 h{sorulqj dq lghd sursrvhg lq P|huvrq +4<:;, rqh pljkw
dujxh wkdw plvwdnhv dvvrfldwhg zlwk odujhu sd|r� orvvhv duh ohvv olnho|1

�Fhqwhu iru Hfrqrplf Uhvhdufk/ Wloexuj Xqlyhuvlw|1
|Vwrfnkrop Vfkrro ri Hfrqrplfv dqg wkh Uhvhdufk Lqvwlwxwh ri Lqgxvwuldo Hfrqrplfv/ Vwrfnkrop1

Wkh dxwkruv wkdqn Pduld Vdh}0Pduwl iru khosixo frpphqwv1
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Zkloh Ehujlq dqg Olspdq duh uljkw wr srlqw rxw wkdw wkhvh frqvlghudwlrqv pljkw
ohdg wr vwdwh0ghshqghqw pxwdwlrq udwhv/ wkh| gr qrw hoderudwh ru irupdol}h wkhvh
lghdv1 Khqfh/ lw lv qrw fohdu zkhwkhu wkhlu frqfhuqv uhdoo| pdwwhu iru wkh frqfoxvlrqv
gudzq e| NPU dqg \rxqj1 Wkh dlp ri wklv vwxg| lv wr vkhg oljkw rq wklv lvvxh e|
phdqv ri d vwudljkw0iruzdug prgho ri pxwdwlrqv dv plvwdnhv1 Wkh prgho lv edvhg rq
wkh dvvxpswlrq wkdw sod|huv �udwlrqdoo| fkrrvh wr pdnh plvwdnhv� ehfdxvh lw lv wrr
frvwo| wr dyrlg wkhp frpsohwho|1 Lw wxuqv rxw wkdw rxu prgho/ zkhq dssolhg wr 2 � 2

frruglqdwlrq jdphv/ surgxfhv plvwdnh suredelolwlhv wkdw gr qrw ydu| �wrr pxfk� zlwk
wkh vwdwh ri wkh v|vwhp1 Khqfh/ wkh frqfhuqv ri Ehujlq dqg Olspdq duh luuhohydqw lq
wklv fdvh1

Vshfl�fdoo|/ zh exlog rq wkh frqwuro0frvw prgho ri ydq Gdpph +4<;:/ fkdswhu 7,1
Lq hvvhqfh/ lqglylgxdov duh dvvxphg wr kdyh d wuhpeolqj kdqg/ dqg e| frqwuroolqj lw
pruh fduhixoo|/ zklfk lqyroyhv vrph glvxwlolw|/ wkh dprxqw ri wuhpeohv fdq eh uhgxfhg1
Vlqfh d udwlrqdo sod|hu zloo wu| kdughu wr dyrlg pruh vhulrxv plvwdnhv/ l1h1 plvwdnhv
wkdw ohdg wr odujhu sd|r� orvvhv/ vxfk plvwdnhv zloo eh ohvv olnho|1 Krzhyhu/ wkh| zloo
vwloo rffxu zlwk srvlwlyh suredelolw| vlqfh/ e| dvvxpswlrq/ lw lv lq�qlwho| frvwo| wr dyrlg
plvwdnhv frpsohwho|1 Dowkrxjk plvwdnh suredelolwlhv wkxv ghshqg rq wkh dvvrfldwhg
sd|r� orvvhv/ dqg wkhuhiruh dovr rq wkh vwdwh ri wkh surfhvv/ zh vkrz wkdw/ xqghu
plog uhjxodulw| frqglwlrqv/ wkh| doo jr wr }hur dw wkh vdph udwh zkhq frqwuro frvwv
ehfrph ydqlvklqjo| vpdoo lq frpsdulvrq zlwk wkh sd|r�v lq wkh jdph1 Frqvhtxhqwo|/
wkh whfkqltxhv ghyhorshg e| NPU dqg \rxqj fdq eh hpsor|hg wr vkrz wkdw/ lq
2� 20jdphv/ rqo| wkh ulvn0grplqdqw htxloleulxp vxuylyhv lq wkh orqj uxq1

Zh gr qrw nqrz ri dq| hduolhu zrun dorqj wkh deryh olqhv1 Eoxph +4<<6, vwxglhv
vwudwhjlf lqwhudfwlrq ehwzhhq lqglylgxdov zkr duh orfdwhg rq d odwwlfh dqg uhfxuuhqwo|
lqwhudfw zlwk wkhlu qhljkeruv1 Wkhvh lqglylgxdov sod| vwrfkdvwlfdoo| shuwxuehg p|rslf
ehvw uhvsrqvhv/ lq wkh vhqvh wkdw wkh fkrlfh suredelolw| iru hdfk sxuh vwudwhj| lv dq
lqfuhdvlqj srvlwlyh ixqfwlrq ri lwv fxuuhqw sd|r�1 Dv d frqvhtxhqfh/ pruh frvwo| plv0
wdnhv duh dvvljqhg orzhu fkrlfh suredelolwlhv1 Eoxph +4<<7, hoderudwhv dqg h{whqgv
wklv prgho wr d pruh frqyhqwlrqdo udqgrp0pdwfklqj vhwwlqj lq zklfk fkrlfh sured0
elolw| udwlrv duh dq lqfuhdvlqj ixqfwlrq ri wkh dvvrfldwhg sd|r� gl�huhqfhv1 Pduxwd
+4<<:, jhqhudol}hv Eoxph*v prghov e| ohwwlqj fkrlfh suredelolw| udwlrv eh d ixqfwlrq
ri erwk sd|r�v 0 qrw qhfhvvdulo| rqo| ri wkhlu gl�huhqfh1 Zkloh wkhvh vwxglhv wdnh udq0
grp fkrlfh ehkdylru dv d vwduwlqj srlqw iru wkh dqdo|vlv/ zh khuh ghulyh vxfk ehkdylru
iurp dq h{solflw ghflvlrq0wkhruhwlf prgho lq zklfk lqglylgxdov wdnh dffrxqw ri wkhlu
rzq plvwdnh suredelolwlhv1 Ureohv +4<<;, h{whqgv wkh NPU dqg \rxqj prghov e|
ohwwlqj pxwdwlrq udwhv ghfolqh wr }hur ryhu wlph/ lq rqh sduw ri wkh vwxg| dovr doorzlqj
iru vwdwh0ghshqghqw pxwdwlrq udwhv1 Dovr klv zrun lv frpsohphqwdu| wr rxuv lq wkh
vhqvh wkdw zkloh kh wdnhv wkh vwdwh0ghshqghqfh iru jlyhq dqg dqdo|}hv lpsolfdwlrqv
wkhuhri/ zh vxjjhvw d prgho wkdw h{sodlqv zk| dqg krz pxwdwlrq udwhv ydu| dfurvv
srsxodwlrq vwdwhv1

Wkh uhpdlqghu ri wkh wh{w lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh rxwolqh wkh
prghov ri NPU dqg \rxqj1 Vhfwlrq 6 glvfxvvhv wkh Ehujlq0Olspdq fulwltxh ri wkhvh
prghov dqg dujxhv iru wkh qhhg wr ghwhuplqh wkh suredelolw| ri pxwdwlrqv2plvwdnhv
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hqgrjhqrxvo|1 Vhfwlrq 7 surylghv vxfk d prgho/ lq zklfk plvwdnhv dulvh rxw ri ud0

wlrqdo gholehudwlrq1 Vhfwlrq 8 dqdo|}hv wklv prgho/ dqg suryhv wkdw lw vhohfwv wkh

ulvn0grplqdqw htxloleulxp lq 2�20frruglqdwlrq jdphv1 Vhfwlrq 9 glvfxvvhv d frxqwhu0

h{dpsoh lq wkh frqwh{w ri \rxqj*v prgho/ dqg vhfwlrq : frqfoxghv1

51 Dgdswlyh G|qdplfv

Ohw dq ?0shuvrq jdph C '	 7�c ���c 7?c ��c ���c �? : eh jlyhq dqg/ iru hdfk sod|hu

srvlwlrq � ' �c ���?/ ohw �� eh d �qlwh srsxodwlrq ri lqglylgxdov1 Lq wkh NPU dqg

\rxqj prghov/ wkh jdph lv sod|hg uhfxuuhqwo| ehwzhhq lqglylgxdov gudzq iurp wkhvh

srsxodwlrqv1 Wkh vr gudzq lqglylgxdov kdyh vrph lqirupdwlrq derxw wkh sdvw sod|

ri wkh jdph1 Edvhg rq wklv lqirupdwlrq/ wkh lqglylgxdov irup eholhiv derxw krz wkhlu

rssrqhqwv zloo sod| dqg fkrrvh d ehvw uhvsrqvh wr wkhvh eholhiv14 Wkh fkrvhq dfwlrqv

dgg wr wkh klvwru| ri sod| iru wkh qh{w urxqg/ dqg vr rq1

Zh uhvwulfw prvw ri wkh vxevhtxhqw dqdo|vlv wr 2� 20frruglqdwlrq jdphv zlwk wzr

vwulfw htxloleuld/ wkh uhdvrq ehlqj wkdw \rxqj jhwv klv vwurqjhvw uhvxowv iru wklv fodvv/
dqg wkdw NPU uhvwulfw wkh pdlq sduw ri wkhlu dqdo|vlv wr v|pphwulf vxfk jdphv1
Irupdoo|/ zh wkhq frqvlghu wzr0sod|hu jdphv zlwk sd|r� el0pdwulfhv

� �

� @�c @2 K�c K2

� S�c S2 _�c _2

+4,

zkhuh @� : S�c @2 : K2c _� : K� dqg _2 : S21 Khqfh/ wkh sxuh Qdvk htxloleuld duh vwulfw
dqg vlw rq wkh pdlq gldjrqdo ri wkh el0pdwul{1

Lq \rxqj*v prgho/ d sdlu ri lqglylgxdov/ rqh iurp srsxodwlrq �� dqg rqh iurp
srsxodwlrq �2/ duh udqgrpo| gudzq lq hdfk shulrg wr sod| wkh jdph1 Wkh vwdwh w

ri wkh v|vwhp lq klv prgho lv d ixoo ghvfulswlrq ri wkh sxuh0vwudwhj| sur�ohv sod|hg
lq wkh odvw 6 vxfk urxqgv1 Hdfk lqglylgxdo gudzq wr sod| lq srvlwlrq � ri wkh jdph
lv dvvxphg wr pdnh d vwdwlvwlfdoo| lqghshqghqw vdpsoh ri & ri wkhvh 6 sur�ohv/ dqg

sod|v d ehvw uhso| wr wkh rssrqhqw srsxodwlrq*v hpslulfdo iuhtxhqf| ri dfwlrqv +sxuh

vwudwhjlhv, lq wkh vdpsoh1
NPU uhvwulfw wkhlu dqdo|vlv wr v|pphwulf jdphv/ l1h1 zkhuh @2 ' @�/ K2 ' S�/

S2 ' K� dqg _2 ' _�1 Rqh pd| wkhq uhsuhvhqw wkh jdph e| wkh sd|r� pdwul{ ri sod|hu
4/

� �

� @ K

� S _

/ +5,

zkhuh @ : S dqg _ : K1 Pruhryhu/ NPU dvvxph wkdw wkhuh lv rqo| rqh srsxodwlrq/
�� ' �2/ dqg wkh| dvvxph wkdw lq hyhu| shulrg hdfk lqglylgxdo lq wklv srsxodwlrq

4NPUdoorz lqglylgxdov pruh iuhhgrp> wkh| vkrxog mxvw pryh/ dv dq djjuhjdwh/ wr ehwwhu uhvsrqvhv

wkdq lq wkh odvw urxqg1 Doorzlqj iru wklv khuh zrxog frpsolfdwh wkh qrwdwlrq zlwkrxw dgglqj pruh

lqvljkw1
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sod|v djdlqvw doo rwkhu lqglylgxdov1 Wkh vwdwh w ri wkh v|vwhp lv gh�qhg dv wkh qxpehu

ri lqglylgxdov zkr sod|hg wkh �uvw dfwlrq +sxuh vwudwhj| �, lq wkh odvw urxqg1 Doo

lqglylgxdov duh dvvxphg wr sod| d ehvw uhso| wr wkh fxuuhqw vwdwh15

Wr rewdlq vhohfwlrq ri dq htxloleulxp/ qrlvh lv dgghg wr wkhvh prghov1 Edvlfdoo|/

dq lqglylgxdo lq sod|hu srvlwlrq � sod|v d ehvw uhvsrqvh zlwk suredelolw| � � b�01 D

plvwdnh ru h{shulphqw rffxuv zlwk srvlwlyh suredelolw| b�0/ zlwk plvwdnhv +h{shul0

phqwv, ehlqj vwdwlvwlfdoo| lqghshqghqw dfurvv wlph/ vwdwhv dqg lqglylgxdov1 Khqfh/ doo

plvwdnh suredelolwlhv duh srvlwlyh/ dqg wkh udwlrv ehwzhhq plvwdnh suredelolwlhv dfurvv

vwdwhv dqg sod|hu srvlwlrqv duh frqvwdqw dv 0$ f1

Zlwk wkhvh plvwdnhv dv sduw ri wkh surfhvv/ hdfk vwdwh ri wkh v|vwhp lv uhdfkdeoh

zlwk srvlwlyh suredelolw| iurp hyhu| rwkhu vwdwh1 Khqfh/ wkh ixoo surfhvv lv dq luuh0

gxfleoh Pdunry fkdlq rq wkh �qlwh vwdwh vsdfh X/ zkhuh X � E7� � 72�
6

lq \rxqj*v

prgho dqg X ' ifc ���m��mj lq wkh NPU0prgho1 Frqvhtxhqwo|/ wkhuh h{lvwv d xqltxh

vwdwlrqdu| glvwulexwlrq >0 iru hdfk 0 : f1 NPU dqg \rxqj hvwdeolvk wkh h{lvwhqfh ri

wkh olplw glvwulexwlrq >W ' *�40<f >0/ dqg vwxg| lwv surshuwlhv1 Wkh| fdoo dq htxlole0

ulxp ri wkh xqghuo|lqj jdph C vwrfkdvwlfdoo| vwdeoh li >W sodfhv srvlwlyh suredelolw|

zhljkw rq wkh vwdwh lq zklfk wklv htxloleulxp lv sod|hg +lq wkh odvw shulrg lq NPU/ lq

wkh odvw6 shulrgv lq \rxqj,1 Wkh pdlq uhvxow rewdlqhg lv wkdw/ iru jhqhulf 2�20jdphv

zlwk wzr vwulfw htxloleuld/ wkh ulvn0grplqdqw htxloleulxp lv wkh xqltxh vwrfkdvwlfdoo|

vwdeoh htxloleulxp1

Ulvn grplqdqfh +Kduvdq|l dqg Vhowhq/ 4<;;, lq d jdph zlwk sd|r� el0pdwul{ +4,

pd| eh fkdudfwhul}hg dv iroorzv1 Ohw R� eh wkh suredelolw| wkdw sod|hu � dvvljqv wr klv

�uvw sxuh vwudwhj|/ �/ lq wkh xqltxh pl{hg0vwudwhj| htxloleulxp ri wkh jdph1 Wkhq

E�c��/ l1h1 hdfk sod|hu fkrrvlqj klv �uvw dfwlrq/ lv wkh ulvn0grplqdqw htxloleulxp li

dqg rqo| li

R� n R2 	 � +6,

Li wkh uhyhuvhg vwulfw lqhtxdolw| krogv/ wkhq E�c�� 0 hdfk sod|hu fkrrvlqj klv vhfrqg

dfwlrq 0 lv wkh ulvn0grplqdqw htxloleulxp1

Lq wkh v|pphwulf yhuvlrq +5, ri wkh jdph/ zh kdyh R� ' R2/ dqg frqglwlrq +6, lv

htxlydohqw wr wkh frqglwlrq wkdw sod|hu 4 zrxog vwulfwo| suhihu sxuh vwudwhj| � li klv

rssrqhqw zhuh wr sod| erwk sxuh vwudwhjlhv zlwk wkh vdph suredelolw|1 Khqfh/ E�c��

lv wkh ulvn grplqdqw htxloleulxp ri wkh v|pphwulf jdph +5, li dqg rqo| li

@n K : Sn _ 1 +7,

Wkh lqwxlwlrq iru wkh pdlq uhvxow fdq prvw hdvlo| eh vhhq lq wkh NPU0prgho1 Li

+7, lv vdwlv�hg dqg li wkh v|vwhp lv lq vwdwh ���/ l1h1/ doo lqglylgxdov lq wkh srsxodwlrq

sod|hg sxuh vwudwhj| � lq wkh odvw urxqg/ wkhq wkh vwdwh lv xsvhw rqo| li pruh wkdq

kdoi wkh srsxodwlrq vlpxowdqhrxvo| pdnh d plvwdnh +h{shulphqw,1 Lq frqwudvw/ vwdwh

��� lv xsvhw li ohvv wkdq kdoi wkh srsxodwlrq vlpxowdqhrxvo| pdnh d plvwdnh1 Vlqfh/ lq

5Vhh irrwqrwh 41
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wkh olplw/ wkh vhfrqg srvvlelolw| lv lq�qlwho| pruh olnho| wkdq wkh �uvw/ wkh surfhvv zloo

vshqg +yluwxdoo|, doo wlph lq vwdwh ���/ l1h1 dw wkh ulvn0grplqdqw htxloleulxp E�c��16

61 Urexvwqhvv dqg Hqgrjhqrxv Pxwdwlrq Udwhv

Wkh uhdvrqlqj lq wkh suhfhglqj sdudjudsk uholhv rq wkh dvvxpswlrq wkdw wkh plv0

wdnh2pxwdwlrq suredelolw| lv wkh vdph lq doo vwdwhv1 Pruh jhqhudoo|/ NPU dqg \rxqj

ghulyh wkhlu uhvxowv xqghu wkh dvvxpswlrq wkdw wkh udwlr ehwzhhq dq| sdlu ri pxwdwlrq

suredelolwlhv lv nhsw frqvwdqw dv 0 $ f1 Ehujlq dqg Olspdq +4<<9, qrwh wkdw wkhlu

uhvxowv frqwlqxh wr krog hyhq zlwk vwdwh0ghshqghqw pxwdwlrq suredelolwlhv li wkh udwlr

ehwzhhq dq| sdlu ri pxwdwlrq suredelolwlhv/ dfurvv doo srsxodwlrq vwdwhv dqg sod|hu

srvlwlrqv/ kdv d qrq0}hur olplw zkhq 0$ f1 Krzhyhu/ Ehujlq dqg Olspdq +4<<9, dovr

vkrz wkdw li wkh pxwdwlrq suredelolwlhv lq gl�huhqw vwdwhv duh doorzhg wr jr wr }hur

dw gl�huhqw udwhv/ wkhq dq| vwdwlrqdu| glvwulexwlrq lq wkh pxwdwlrq0iuhh surfhvv fdq

eh wxuqhg lqwr wkh xqltxh olplwlqj glvwulexwlrq >W ' *�40<f >0 ri wkh surfhvv zlwk

pxwdwlrqv1

Iru h{dpsoh/ wkh| vkrz wkdw wkh olplwlqj glvwulexwlrq >W lq wkh NPUprgho sodfhv

xqlw suredelolw| rq wkh ulvn0grplqdwhg htxloleulxp E�c�� lq wkh jdph +5, zlwk sd|r�v

@ ' S/ K ' e/ S ' f dqg _ ' H/ li wkh pxwdwlrq udwh lq vwdwh ��� lv 0q/ dqg wkh pxwdwlrq

udwh lq vwdwh ��� lv 0/ iru dq| q : ��D17 Dv 0 jrhv wr }hur/ pxwdwlrqv lq vwdwh ���

ehfrph lq�qlwho| uduhu wkdq pxwdwlrqv lq ���1 Frqvhtxhqwo|/ lw lv pruh gl!fxow iru

wkh srsxodwlrq vwdwh wr jhw rxw ri wkh edvlq ri dwwudfwlrq ri ���/ dowkrxjk ��� kdv d

odujhu edvlq ri dwwudfwlrq +lq wkh vhqvh ri frqwdlqlqj pruh srsxodwlrq vwdwhv,1 Wkh|

frqfoxgh= �Lq rwkhu zrugv/ dq| uh�qhphqw h�hfw iurp dgglqj pxwdwlrqv lv vroho| gxh

wr uhvwulfwlrqv ri krz pxwdwlrq udwhv ydu| dfurvv vwdwhv1� +Ehujlq dqg Olspdq/ s1

<77,1

Zkdw lv plvvlqj lq wkhvh dqdo|vhv/ dqg wklv lv Ehujlq*v dqg Olspdq*v pdlq phvvdjh/

lv d wkhru| ri zk| dqg krz pxwdwlrqv rffxu1 Iru lqvwdqfh/ wkhlu frxqwhu0h{dpsoh

fdqqrw eh glvfdughg li pxwdwlrqv lqghhg duh +dw ohdvw kdoi, dq rughu ri pdjqlwxgh uduhu

lq vwdwh ��� wkdq lq vwdwh ���1 Rqh uhdvrq zk| wklv pd| eh wkh fdvh/ vxjjhvwhg e|

Ehujlq dqg Olspdq/ lv wkdw pxwdwlrq udwhv pljkw eh orzhu lq kljk0sd|r� vwdwhv wkdq

lq orz0sd|r� vwdwhv/ zklfk pljkw eh h{shfwhg li pxwdwlrqv duh gxh wr lqglylgxdov*

h{shulphqwdwlrq +vhh Ehujlq dqg Olspdq/4<<9/ ss1 <77/ <78 dqg <7:,1 Dqrwkhu

uhdvrq zk| pxwdwlrq suredelolwlhv pd| gl�hu dfurvv srsxodwlrq vwdwhv/ dovr vxjjhvwhg

e| Ehujlq dqg Olspdq +ss1 <78 dqg <88,/ lv wkdw pxwdwlrqv ohdglqj wr odujhu sd|r�

orvvhv pljkw kdyh orzhu suredelolwlhv wkdq pxwdwlrqv ohdglqj wr vpdoohu sd|r� orvvhv/

iru uhdvrqv vlplodu wr wkrvh jlyhq lq P|huvrq*v +4<:;, prwlydwlrq ri wkh frqfhsw ri

surshu htxloleulxp1 Ehujlq dqg Olspdq gr qrw lqyhvwljdwh wkh frqvhtxhqfhv ri hlwkhu

ri wkhvh wzr lghdv1 Zh qrz iroorz xs rq wkhlu odwwhu vxjjhvwlrq dqg vkrz wkdw lw ohdgv

wr d frq�updwlrq ri wkh hduolhu uhvxowv ri NPU dqg \rxqj1

6Iru d frpsohwh dqdo|vlv rqh dovr qhhgv wr frqvlghu pxwdwlrqv lq lqwhuphgldwh vwdwhv1
7Pruh h{dfwo|/ wkh ehvw0uhso| fruuhvsrqghqfh glylghv wkh vwdwh vsdfh lqwr wzr edvlqv ri dwwudfwlrq/

rqh iru vwdwh %D% dqg rqh iru vwdwh %E%1 Ehujlq dqg Olspdq dvvxph wkdw wkh pxwdwlrq udwh lv %� lq

doo srsxodwlrq vwdwhv lq E*v edvlq/ dqg % lq doo srsxodwlrq vwdwhv lq D*v edvlq1
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Lqghhg/ lq wkh fdvh ri d v|pphwulf jdph/ lw lv vwudljkwiruzdug wr vhh zk| vxfk d

uhvxow vkrxog frph derxw lq wkh NPU prgho1 Qdpho|/ frqglwlrq +7, lv htxlydohqw wr

@ � S : _ � K/ zklfk vd|v wkdw plvwdnhv dw E�c�� duh pruh vhulrxv 0 lqyroyh odujhu

sd|r� orvvhv 0 wkdq plvwdnhv dw E�c��1 Khqfh/ dq| �uhdvrqdeoh� wkhru| ri hqgrjhqrxv

plvwdnhv vkrxog lpso| wkdw plvwdnhv dw E�c�� duh ohvv olnho| wkdq plvwdnhv dw E�c��1

Lq rwkhu zrugv/ wkh edvlq ri dwwudfwlrq ri vwdwh ��� vkrxog qrw rqo| eh �odujhu�

wkdq wkdw ri ���/ lw vkrxog dovr eh �ghhshu�/ wkxv pdnlqj lw hyhq pruh gl!fxow wr

xsvhw wklv htxloleulxp18 Lq wkh qh{w vhfwlrq zh irupdoo| ghprqvwudwh wklv uhvxow iru

v|pphwulf jdphv sod|hg e| d vlqjoh srsxodwlrq/ lq d prgho zkhuh plvwdnhv dulvh iurp

frqwuro0frvw frqvlghudwlrqv1 Krzhyhu/ zh ghyhors wkh prgho lq d pruh jhqhudo vhwwlqj

wkdw lqfoxghv dv|pphwulf jdphv sod|hg e| wzr srsxodwlrqv1 Lq vxfk vhwwlqjv/ wkh

lqwxlwlyh dujxphqw deryh lv qrw dydlodeoh= Lq wkh ulvn0grplqdqw htxloleulxp rqh ri

wkh wzr ghyldwlrq orvvhv pd| eh txlwh vpdoo/ wkxv lqgxflqj uhodwlyho| odujh plvwdnh

suredelolwlhv lq rqh ri wkh sod|hu srvlwlrqv dw wkdw htxloleulxp1

71 Dgdswlyh G|qdplfv zlwk Frqwuro Frvwv

Ydq Gdpph +4<;:/ fkdswhu 7, ghyhorsv d prgho zkhuh plvwdnhv dulvh lq lpsohphqwlqj

sxuh vwudwhjlhv lq jdphv1 Wkh edvlf lghd lv wkdw sod|huv pdnh plvwdnhv ehfdxvh lw lv

wrr frvwo| wr suhyhqw wkhvh frpsohwho|1 Hdfk sod|hu kdv d wuhpeolqj kdqg/ dqg e|

frqwuroolqj lw pruh fduhixoo| +zklfk lqyroyhv kljkhu frvwv, wkh dprxqw ri wuhpeohv fdq

eh uhgxfhg1 Lw lv dvvxphg wr eh lq�qlwho| frvwo| wr holplqdwh wuhpeohv frpsohwho|1

Iru d jhqhudo ?0shuvrq qrupdo0irup jdph/ zlwk sxuh vwudwhj| vhwv 7�/ 111/ 7
?
/

pl{hg0vwudwhj| sur�ohv j ' Ej�c ���c j?�/ dqg sd|r�v Z�Ej�/ wkhvh lghdv duh irupdol}hg

dv iroorzv1 Li j lv sod|hg/ sod|hu �*v sd|r� lv qrw mxvw Z�Ej�> lq dgglwlrq wr wklv �uhj0

xodu� sd|r�/ � lqfxuv frvwv +glvxwlolw|, wr frqwuro klv wuhpeolqj kdqg dqg wr dfwxdoo|

lpsohphqw j
�
1 Dv d uhvxow/ wkh sod|hu*v sd|r� lv jlyhq e| �

�
Ej� ' Z

�
Ej��B�

�
Ej

�
�/ zkhuh

B : f lv d vfdolqj sdudphwhu wkdw phdvxuhv wkh lpsruwdqfh ri frqwuro frvwv +glvxwlolw|

ri frqwuro h�ruw, uhodwlyh wr wkh ruljlqdo sd|r�v/ dqg ��Ej�� lv wkh frvw ru glvxwlolw|

sod|hu � lqfxuv lq rughu wr lpsohphqw wkh pl{hg vwudwhj| j� 5 {E7��1 Wkh ixqfwlrq

�� G �?| d{E7��o$ Un lv fdoohg wkh frqwuro0frvw ixqfwlrq1 Wklv ixqfwlrq lv dvvxphg wr

eh vwulfwo| frqyh{/ v|pphwulf/ dqg wzlfh gl�huhqwldeoh zlwk *�4
j
&

�
<f

�
�
Ej

�
� ' n4 iru

hyhu| sxuh vwudwhj| & 5 7
�
1 V|pphwu| khuh phdqv wkdw �

�
E�

�
� ' �

�
Ej

�
� iru hyhu| pl{hg

vwudwhj| j� dqg shupxwdwlrq �� ri wkh frpsrqhqwv ri j�1
9 Wkhvh dvvxpswlrqv lpso|

wkdw lw lv frvwo| wr nhhs grzq wkh suredelolw| wkdw d jlyhq sxuh vwudwhj| lv sod|hg/

wkdw wkh pdujlqdo frvw ri uhgxflqj wklv suredelolw| lv lqfuhdvlqj/ dqg wkdw wkh frvw ri

uhgxflqj vxfk d suredelolw| wr }hur lv surklelwlyh1

Zh qrz dsso| wkhvh lghdv wr wkh NPU dqg \rxqj prghov1 Ohw w ghqrwh wkh

fxuuhqw vwdwh ri wkh v|vwhp/ dv ghvfulehg deryh/ dqg ohw 
�
Ew� eh wkh lqirupdwlrq wkdw

dq lqglylgxdo gudzq wr sod| lq sod|hu srvlwlrq � kdv derxw wklv vwdwh1 Lq \rxqj*v

8Vhh irrwqrwh 61
9Qrwh wkdw v|pphwu| lpsolhv wkdw yl dfklhyhv lwv plqlpxp ydoxh zkhq doo sxuh vwudwhjlhv duh

dvvljqhg wkh vdph suredelolw|1 Lq ydq Gdpph +4<;:,/ wkh frvw ixqfwlrqv yl duh jlyhq lq wkh v|pphwulf

dgglwlyh irup yl+�l, @
S

n5Vl
il+�

n

l
,/ iru il vwulfwo| frqyh{ dqg wzlfh gl�huhqwldeoh1
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prgho/ �Ew� 5 E7� � 72�
&/ zkloh lq wkh NPU prgho �Ew� ' 2Ew� ' w 5 ifc ���m��mj1

Lq erwk prghov wklv lqirupdwlrq ghwhuplqhv d suredelolvwlf eholhi iru hdfk ri wkh wzr

lqglylgxdov derxw wkh dfwlrq wr eh wdnhq e| wkh rssrqhqw1 Vlqfh wkh vwdwh vsdfh X

lv �qlwh/ wkh vhw l ri srvvleoh eholhiv lq wkhvh prghov lv �qlwh +vhh vhfwlrq 5,1 Ohw

Z�Ej�c /� ghqrwh wkh h{shfwhg sd|r� wr dq lqglylgxdo zkr sod|v pl{hg vwudwhj| j�

lq sod|hu srvlwlrq � ' �c2/ zkhq klv eholhi lv /1: +Zh zulwh Z�E�c/� zkhq kh sod|v

sxuh vwudwhj| � hwf1, Lq wkh xqshuwxuehg surfhvv/ hdfk lqglylgxdo fkrrvhv d pl{hg

vwudwhj| j� 5 {E7�� lq rughu wr pd{lpl}h Z�Ej�c /�1 Wdnlqj frqwuro frvwv lqwr dffrxqw/
hdfk lqglylgxdo fkrrvhv j� 5 �?| d{E7��o wr pd{lpl}h

��Ej�c /� ' Z�Ej�c /�� B��Ej�� 1 +8,

Wkh uhvxowlqj vwrfkdvwlf surfhvv lv hujrglf dqg kdv d xqltxh vwdwlrqdu| glvwulexwlrq

>B1 Wkh olplwlqj fdvh B ' f uhsuhvhqwv d vlwxdwlrq lq zklfk doo lqglylgxdov duh shuihfwo|

udwlrqdo lq wkh vhqvh ri ehlqj deoh wr shuihfwo| frqwuro wkhlu dfwlrqv dw qr frvw ru h�ruw1

Zh duh lqwhuhvwhg lq wkh olplw dv B $ f/ l1h1 zkhq frqwuro frvwv ehfrph lqvljql�fdqw
lq frpsdulvrq zlwk wkh sd|r�v lq wkh jdph1

81 Wkh Uhvxow

Irfxvlqj rq 2 � 20jdphv zlwk sd|r� el0pdwulfhv +4,/ zh �uvw lqwurgxfh vrph vlp0
soli|lqj qrwdwlrq1 Iru dq| eholhi / 5 l ri dq lqglylgxdo lq sod|hu srvlwlrq � ' �c 2/
ohw

K�E/� ' 4@ iZ�E�c/�c Z�E�c/�j / ��E/� ' 4�? iZ�E�c/�c Z�E�c/�j / +9,

dqg ,�E/� ' K�E/����E/�1 Jlyhq wkh �qlwhqhvv ri l/ zh pd|/ zlwkrxw orvv ri jhqhudolw|/
dvvxph wkdw wkh sd|r� orvv ,�E/� lq fdvh ri d plvwdnh lv srvlwlyh iru erwk sod|hu
srvlwlrqv dqg doo eholhiv1;

Qrz frqvlghu wkh jdph zlwk sd|r� ixqfwlrqv vshfl�hg e| +8,1 Zh dvvxph wkdw wkh

frqwuro frvwv duh wkh vdph lq erwk sod|hu srvlwlrqv/ dqg vlpsoli| qrwdwlrq e| zulwlqj
�ER� iru ��ERc �� R� +' ��E�� Rc R� e| v|pphwu|,1 Zulwlqj 0 iru wkh suredelolw| zlwk

zklfk dq lqglylgxdo lq sod|hu srvlwlrq � e| plvwdnh sod|v wkh qrq0rswlpdo dfwlrq/ zh

fdq zulwh wkh jdph dv d jdph rq wkh rshq xqlw vtxduh/ zkhuh wkh lqglylgxdo lq hdfk
sod|hu srvlwlrq � fkrrvhv d plvwdnh suredelolw| 0 5 Efc �� lq rughu wr pd{lpl}h klv ru

khu h{shfwhg sd|r�/ K�E/� � 0,�E/� � B�E0�1 Wkh rswlpdo plvwdnh suredelolw| dw //
0�EBc /�/ lv wkxv ghwhuplqhg e| wkh �uvw0rughu frqglwlrq

���
E0� ' ,�E/�*B 1 +:,

Khuh ���
E0� lv wkh pdujlqdo frvw ri uhgxflqj wkh plvwdnh suredelolw| iurp 01 Rxu

dvvxpswlrqv lpso| wkdw wkh ixqfwlrq ��� lv ghfuhdvlqj rq Efc �
2
� iurp soxv lq�qlw| wr

:Lq wkh NPUprgho/ $ lv rqh ri wkh �qlwho| pdq| pl{hg vwudwhjlhv wkdw fruuhvsrqg wr d srsxodwlrq

glvwulexwlrq ryhu wkh vhw ri sxuh vwudwhjlhv lq wkh odvw urxqg1 Lq \rxqj*v prgho/ $ lv rqh ri wkh �qlwho|

pdq| hpslulfdo iuhtxhqf| glvwulexwlrqv ryhu wkh rssrqhqw sod|hu srvlwlrq*v vhw ri sxuh vwudwhjlhv wkdw

fruuhvsrqg wr d vdpsoh ri vl}h n iurp wkh rssrqhqw srsxodwlrq*v sdvw p sod|v1
;Pruh suhflvho|/ wklv lv wuxh iru dq| �qlwh srsxodwlrq vl}hv lq wkh \rxqj dqg NPU prghov/ iru

jhqhulf sd|r�v +4, ru +5,/ uhvshfwlyho|1
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}hur1 Iljxuhv 4 dqg 5 vkrz wkh judskv ri wkh frqwuro0frvw ixqfwlrq �ER� ' � *L} R�
*L}E� � R� dqg wkh dvvrfldwhg pdujlqdo0frvw ixqfwlrq1

p
10.80.60.40.20

5

4

3

2

Iljxuh 4= Wkh frqwuro0frvw ixqfwlrq �ER� ' � *L} dRE� � R�o1

p
10.80.60.40.20

30
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0

-10

-20

-30

Iljxuh 5= Wkh pdujlqdo0frvw ixqfwlrq ��� fruuhvsrqglqj wr wkh frqwuro0frvw ixqfwlrq

� lq Iljxuh 41

Vlqfh wkh pdujlqdo0frvw ixqfwlrq ��� lv ghfuhdvlqj/ odujhu srwhqwldo sd|r� orvvhv

duh dffrpsdqlhg e| orzhu rswlpdo plvwdnh suredelolwlhv1 Iru doo eholhiv / dqg / �=

,�E/� 	 ,�E/
�� , 0�EBc /

�� 	 0�EBc /� 1 +;,

Lw iroorzv wkdw rxu prgho vhohfwv wkh ulvn0grplqdqw htxloleulxp lq wkh NPU0

vhwwlqj1 Iru/ dv douhdg| qrwhg/ htxloleulxp E�c�� ehlqj ulvn0grplqdqw lq jdph +5, lv



Hyroxwlrq zlwk Pxwdwlrqv Gulyhq e| Frqwuro Frvwv <

htxlydohqw wr d plvwdnh lq vwdwh ��� uhvxowlqj lq d vpdoohu sd|r� orvv wkdq d plvwdnh

lq vwdwh ���1 Pruh suhflvho|/ ohw /R

�
ghqrwh wkh eholhi wkdw rqh*v rssrqhqw zloo sod|

sxuh vwudwhj| � zlwk suredelolw| R/ dqg ohw /R

�
ghqrwh wkh eholhi wkdw rqh*v rssrqhqw

zloo sod| sxuh vwudwhj| � zlwk suredelolw| R1 Vxfk eholhiv fruuhvsrqg lq wkh NPU

prgho wr vlwxdwlrqv zkhuh wkh srsxodwlrq vkduh R sod|hg sxuh vwudwhj| � +�, lq wkh

odvw urxqg1 Wkxv /R

� fruuhvsrqgv wr d srsxodwlrq vwdwh dw �glvwdqfh� ��R iurp vwdwh

���/ dqg /R

�
wr d srsxodwlrq vwdwh dw �glvwdqfh� � � R iurp vwdwh ���1 Iru hdfk R

vx!flhqwo| forvh wr rqh/ wkh sd|r� orvv iurp d plvwdnh dw wkh �uvw vwdwh lv odujhu wkdq

dw wkh vhfrqg vwdwh1 Khqfh/ e| +;,/ wkh rswlpdo plvwdnh suredelolw| dw wkh �uvw vwdwh

lv vpdoohu wkdq dw wkh vhfrqg1 Lq idfw=

R :
@� S

@� Sn _ � K
, ,E/R

�
� : ,E/R

�
� , 0�EBc /

R

�
� 	 0�EBc /

R

�
� / +<,

vkrzlqj wkdw wkh edvlq ri dwwudfwlrq ri vwdwh ��� lv qrw rqo| �odujhu� exw dovr +srlqw0
zlvh, �ghhshu� wkdq wkdw ri ���1

Xvlqj wklv revhuydwlrq dqg iroorzlqj wkh vwhsv ri wkh surri lq NPU rqh hvwdeolvkhv=

Sursrvlwlrq 41 Wkh ulvn0grplqdqw htxloleulxp lv wkh xqltxh vwrfkdvwlfdoo| vwdeoh

htxloleulxp lq wkh NPU0prgho1

Ehorz zh hvwdeolvk d vlplodu uhvxow iru \rxqj*v prgho1 Zh gr wklv e| zd| ri

lghqwli|lqj d plog uhjxodulw| frqglwlrq xqghu zklfk wkh plvwdnh suredelolwlhv dw doo

lqirupdwlrq vwdwhv duh ri wkh vdph rughu ri pdjqlwxgh zkhq B lv wdnhq wr }hur lq wkdw

prgho1 Iru wklv sxusrvh/ ohw ) G Un $ Un ghqrwh wkh lqyhuvh ri ���1 Ehiruh vwdwlqj

wkh uhjxodulw| frqglwlrq/ krzhyhu/ zh qrwh wkdw iru qr frqwuro0frvw ixqfwlrq � dqg

vfdodu b : � lv lw wkh fdvh wkdw wkh udwlr )Eb%�*)E%� frqyhujhv wr }hur dv % jrhv wr

soxv lq�qlw|=

Sursrvlwlrq 51 *�4 t�T%<" )Eb%�*)E%� : f iru doo b : ��

Surri= Vxssrvh wkh frqwudu|/ l1h1/ *�4 t�T%<" )Eb%�*)E%� ' f iru vrph b : �1

Wkhq *�4%<" )Eb%�*)E%� ' f iru wklv b/ vlqfh ) lv srvlwlyh1 Wkxv )Eb%�*)E%� � �

2
b3�

iru doo % vx!flhqwo| odujh/ vd| % : %f1 Khqfh/

]
"

%f

)E%�_% � Eb � ��%f)E%f�

"[
|'f

23| 	4 /

dqg wkxv
U
"

f
)E%�_% 	4 vlqfh ) lv ghfuhdvlqj zlwk )Ef� ' �

2
1 Exw zh dovr kdyh

]
"

f

)E%�_% ' �

] �

2

f

��ER�_R '*�4
R<f

�ER�� �E
�

2
� /

zklfk frqwudglfwv wkh dvvxpswlrq wkdw *�4
R<f

�ER� ' n41 �
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Zh gh�qh � wr eh qlfh li *�4 �?u%<" )Eb%�*)E%� : f iru vrph b : �1 Lw iroorzv
iurp sursrvlwlrq 5 wkdw d frqwuro0frvw ixqfwlrq lv qlfh li *�4%<" )Eb%�*)E%� h{lvwv iru
vrph b : �1 Pruhryhu/ lw lv hdvlo| vhhq wkdw li � lv qlfh wkhq *�4 �?u%<" )E#%�*)E%� :

f iru doo # � �1< Dq h{dpsoh ri d qlfh frqwuro0frvw ixqfwlrq lv wkh rqh xvhg lq Iljxuhv
4 dqg 51 Wkdw ixqfwlrq � lv fohduo| vwulfwo| frqyh{/ v|pphwulf dqg wzlfh gl�huhqwldeoh
zlwk *�4R<f �ER� ' n4/ dqg lw lv hdvlo| yhul�hg wkdw *�4%<" )Eb%�*)E%� ' �*b iru
dq| b : f143 Vhh Iljxuhv 6 dqg 71

x
3020100-10-20-30

1

0.8

0.6

0.4

0.2

0

Iljxuh 6= Wkh lqyhuvh ) ri wkh pdujlqdo0frvw ixqfwlrq ��� lq Iljxuh 51

Rxu pdlq uhvxow lv wkdw li wkh frqwuro0frvw ixqfwlrq � lv qlfh/ wkhq doo plvwdnh
suredelolwlhv duh ri wkh vdph rughu ri pdjqlwxgh dw doo vwdwhv=

Sursrvlwlrq 61 Li wkh frqwuro0frvw ixqfwlrq � lv qlfh dqg ,�E/� : ,�E/
�

�/ wkhq

f 	 *�4 �?u
B<f

0�EBc /�*0�EBc /
�

� � *�4 t�T
B<f

0�EBc/�*0�EBc/
�

� � �

1

Surri = Uhzulwlqj +:,/ zh kdyh 0�EBc /� ' ) d,�E/�*Bo/ dqg wkh �uvw lqhtxdolw|
iroorzv iurp wkh revhuydwlrq diwhu wkh gh�qlwlrq ri qlfhqhvv1 Wkh vhfrqg lqhtxdolw|
iroorzv iurp +;,1 �

<E| fkrvlqj k vxfk wkdw �
k

� �/ rqh rewdlqv olp lqi{$4 *+�{,@*+{, �

+olp lqi{$4 *+�{,@*+{,,k A 31
43Khuh �y3+s, @ 4@s� 4@+4 � s,/ dqg khqfh *+{, @ 4@5 . 4@{ � vljq+{,

s
4@7 . 4@{5 iru { 9@ 3/

dqg *+3, @ 4

5
1 Dq dssolfdwlrq ri o*Krslwdo*v uxoh jlyhv wkh vrxjkw olplw udwlr1
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Iljxuh 7= Wkh udwlr )E2%�*)E%� iru wkh pdujlqdo0frvw ixqfwlrq ��� lq Iljxuh 51

Fruroodu| 41 Li wkh frqwuro0frvw ixqfwlrq � lv qlfh/ wkhq wkh ulvn0grplqdqw htxlole0

ulxp lv wkh xqltxh vwrfkdvwlfdoo| vwdeoh htxloleulxp dovr lq \rxqj*v prgho1

Surri= Wklv iroorzv iurp sursrvlwlrq 6 frpelqhg zlwk wkh dujxphqwv xvhg lq

\rxqj1 Zkloh \rxqj hvwdeolvkhv wkh uhvxow irupdoo| rqo| iru wkh fdvh zkhuh doo plv0

wdnhv duh d srvlwlyh pxowlsoh ri 0 +dw hdfk vwdwh w sod|hu � pdnhv d plvwdnh zlwk

suredelolw| b�0,/ lw lv hdvlo| yhul�hg wkdw klv dujxphqwv uhpdlq ydolg lq wkh voljkwo|

pruh jhqhudo fdvh frqvlghuhg khuh/ zkhuh wkh plvwdnh suredelolwlhv duh ri wkh vdph

rughu ri pdjqlwxgh lq doo vwdwhv1 Wkh lqwhuhvwhg uhdghu pd| frqvxow Vdpxhovrq +4<<7/

Wkhruhp 7, iru wkh pruh jhqhudo fdvh1 �

91 D Frxqwhu0H{dpsoh

Khuh zh eulh | wxuq wr wkh fdvh ri frqwuro0frvw ixqfwlrqv wkdw duh qrq0qlfh1 Lw lv

qrw gl!fxow wr vhh wkdw vxfk frvw ixqfwlrqv gr h{lvw144 Iru wklv sxusrvh/ gh�qh wkh

vhtxhqfh 	 E%?c +?� :"

?'�
lq U2

n
e| %� ' �/ +� '

�

�
/ dqg iru doo lqwhjhuv ? : �/

;AA?
AA=

%? ' 2%?3� li ? lv hyhq

+? ' +@
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li ? lv hyhq

%? ' �%?3� n 2*+?3� li ? lv rgg

+? ' +?3�*2 li ? lv rgg

+43,

zkhuh @ : �1 Fohduo|	 %? : lv dq lqfuhdvlqj vhtxhqfh lqUn jrlqj wr soxv lq�qlw|/ dqg

	 +? : lv d ghfuhdvlqj vhtxhqfh lq Un jrlqj wr }hur1 Khqfh/ wkhuh h{lvw gl�huhqwldeoh

+wr dq| rughu, dqg vwulfwo| ghfuhdvlqj ixqfwlrqv ) G Un $ Un vxfk wkdw )Ef� ' �

2
/

44Wkh iroorzlqj frqvwuxfwlrq ri ixqfwlrqv * lv dq dgdswdwlrq ri dq h{dpsoh vxjjhvwhg wr xv e|

Khqn Qrugh/ Wloexuj Xqlyhuvlw|1
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dqg )E%?� ' +? iru doo srvlwlyh lqwhjhuv ?1 Dq| vxfk ixqfwlrq ) ghfuhdvhv vx!flhqwo|

rq lqwhuydov E%?c %?n�� zlwk ? rgg lq rughu iru )E2%?�*)E%?�$ f wr krog iru ? rgg/

dv ? $ 41 Rq rwkhu lqwhuydov/ krzhyhu/ ) ghfuhdvhv vx!flhqwo| olwwoh lq rughu iru

lwv wrwdo lqwhjudo wr eh lq�qlwh +wkh lqwhjudo ri ) ryhu dq| lqwhuydo E%?c %?n�� zlwk ?

hyhq lv dw ohdvw �,1 Wkh htxdwlrq �� ' �)3� gh�qhv d frqwuro0frvw ixqfwlrq � wkdw lv

qrq0qlfh1

Zkdw pljkw kdsshq lq fdvh ri vxfk d frqwuro0frvw ixqfwlrq lv wkdw d vwrfkdvwlfdoo|

vwdeoh htxloleulxp qhhg qrw h{lvw lq \rxqj*v prgho1 Frqvlghu wkh iroorzlqj vshfldo

fdvh ri wkh sd|r� el0pdwul{ +4,=

� �

� Dc� fc f
� fcf 2c 2

+44,

Zlwk R� ghqrwlqj wkh suredelolw| wkdw sod|hu � dvvljqv wr klv sxuh vwudwhj| � lq

wkh xqltxh pl{hg htxloleulxp ri wklv jdph/ zh kdyh R� ' 2

�
dqg R2 ' 2

.
1 Khqfh

R�nR2 	 �/ vr E�c�� lv wkh ulvn0grplqdqw htxloleulxp1 Krzhyhu/ d plvwdnh e| sod|hu

2 dw wklv htxloleulxp lqfxuv wkh vpdoohvw sd|r� orvv lq wkh wzr htxloleuld 0 wklv sod|hu

orvhv rqo| � sd|r� xqlw/ zkloh doo rwkhu htxloleulxp sd|r� orvvhv duh dw ohdvw 2 xqlwv1

Frqvhtxhqwo|/ wkh odujhvw plvwdnh suredelolw| rffxuv lq vwdwh �E�c���1
Ohw ) eh dv frqvwuxfwhg deryh/ dqg ohw B? ' �*%? iru hyhu| rgg srvlwlyh lqwhjhu

?1 E| gh�qlwlrq ri )/

02EBc�� ' +?/ 0�EBc�� ' 02EBc�� ' +
@

?
/ dqg 0�EBc�� ' RE+@

?
� / +45,

zkhuh +? $ f dv ? $ 4145 Khqfh/ zkhq lqglylgxdov* phpru| vl}h 6 lv �/ wkhq
wkh htxloleulxp E�c�� lv pruh hdvlo| xsvhw wkdq htxloleulxp E�c�� 0 ehfdxvh ri 2*v
wuhpeohv lq vwdwh �E�c���= Vwdwh �E�c��� lv lq�qlwho| pruh hdvlo| xsvhw wkdq vwdwh

�E�c��� lq wkh olplw dv ? $ 4/ judqwhg @ : �1 Pruh jhqhudoo|/ iru dq duelwudu|

phpru| vl}h 6/ vwdwh �E�c��� lv xsvhw li srsxodwlrq � pdnhv d6*�o
n
plvwdnhv/ wkh

suredelolw| iru zklfk lv 0�EBc��
d6*�o

n / ru li srsxodwlrq 2 pdnhv dD6*.o
n
plvwdnhv/

wkh suredelolw| iru zklfk lv 02EBc��
dD6*.o

n146 Olnhzlvh/ vwdwh �E�c��� lv xsvhw li

srsxodwlrq � pdnhv d26*�o
n
plvwdnhv/ wkh suredelolw| iru zklfk lv 0�EBc��d26*�o

n / ru

li srsxodwlrq 2 pdnhv d26*.o
n
plvwdnhv/ wkh suredelolw| iru zklfk lv 02EBc��d26*.o

n1

Xvlqj wkh revhuydwlrqv lq +45, rqh �qgv wkdw/ dv ? $4/ vwdwh �E�c��� lv lq�qlwho|

pruh hdvlo| xsvhw wkdq vwdwh �E�c���/ iru dq| 6/ judqwhg @ : �147

Zh frqfoxgh wkdw wkhuh h{lvwv d vhtxhqfh ri B�v frqyhujlqj wr }hur vxfk wkdw wkh

dvvrfldwhg vxevhtxhqfh ri vwdwlrqdu| glvwulexwlrqv lq wkh olplw sodfhv doo suredelolw|

45
Wr vhh wklv/ qrwh wkdw li � @ 4@{q wkhq %l+�>$, @ * ^ol+$,{q`1 Khqfh/ %5+�>D, @ * +{q, @ |q/

dqg %4+�>E, @ %5+�>E, @ * +5{q, @ * +{q.4, @ |d
q
1 Pruhryhu/ %4+�>D, @ * +8{q, � *+{q.5, @

|q.5 @ |d
q
@5/ vlqfh * lv ghfuhdvlqj dqg 8{q ? {q.5 @ 6{q.4 . 5@|q.4 A 9{q1
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Khuh ^}`

.
ghqrwhv wkh vpdoohvw lqwhjhu h{fhhglqj }1

47
Wkh frqglwlrq lv wkdw d h{fhhgv i+p, @ ^8p@:`

.
@ ^5p@:`

.
1 Wkh ixqfwlrq i dfklhyhv lwv pd{l0

pxp ydoxh/ 6/ dw p @ 6/ dqg dssurdfkhv
8

5
dv p$41
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pdvv rq vwdwh �E�c���1 Dw wkh vdph wlph/ sursrvlwlrq 5 lpsolhv wkdw wkhuh h{lvwv dq0

rwkhu vhtxhqfh ri B�v vxfk wkdw wkh dvvrfldwhg vxevhtxhqfh ri vwdwlrqdu| glvwulexwlrqv

sodfhv doo suredelolw| pdvv rq vwdwh �E�c��� lq wkh olplw1 Khqfh/ wkh ryhudoo olplw ri

vwdwlrqdu| glvwulexwlrqv grhv qrw h{lvw iru wklv frqwuro0frvw ixqfwlrq1

Dqrwkhu zd| ri irupxodwlqj rxu uhvxow wkxv lv wkdw/ iru hyhu| frqwuro0frvw ixqf0

wlrq/ wkh ulvn0grplqdqw htxloleulxp ehorqjv wr wkh olplw vhw ri vxssruwv ri vwdwlrqdu|

glvwulexwlrqv/ dqg wkdw wklv olplw vhw lv d vlqjohwrq li wkh frqwuro0frvw ixqfwlrq lv qlfh148

:1 Frqfoxvlrq

Ehujlq dqg Olspdq +4<<9, vkrzhg wkdw li pxwdwlrq udwhv duh vwdwh ghshqghqw/ wkhq

wkh orqj0uxq htxloleulxp ghshqgv rq h{dfwo| krz wkhvh udwhv gr ghshqg rq wkh vwdwh1

Wkh| frqfoxgh wkdw wkh fdxvhv ri pxwdwlrqv qhhg wr eh prghohg lq rughu wr ghulyh

mxvwl�deoh uhvwulfwlrqv rq krz pxwdwlrq udwhv ghshqg rq wkh vwdwh1 Lq sduwlfxodu/

wkh| vxjjhvw wkdw rqh pljkw lqyhvwljdwh wkh frqvhtxhqfhv ri ohwwlqj wkh suredelolw| ri

plvwdnhv eh uhodwhg wr wkh sd|r� orvvhv uhvxowlqj iurp wkhvh plvwdnhv1 Wklv lv h{dfwo|

zkdw zh kdyh grqh lq wklv sdshu1 Zh kdyh ghyhorshg d prgho lq zklfk plvwdnhv duh

hqgrjhqrxvo| ghwhuplqhg/ dqg vkrzq wkdw wklv prgho ylqglfdwhv wkh ruljlqdo uhvxowv

rewdlqhg e| Ndqgrul/ Pdlodwk dqg Ure +4<<6, dqg \rxqj +4<<6,= wkh ulvn0grplqdqw

htxloleulxp lv vhohfwhg lq wkh orqj uxq lq doo jhqhulf 2� 20frruglqdwlrq jdphv1

Wkh prgho dqdo|}hg lq wklv sdshu/ dowkrxjk doorzlqj iru plvwdnhv/ lv edvhg rq

vwurqj udwlrqdolw| dvvxpswlrqv1 Plvwdnhv dulvh ehfdxvh sod|huv fkrrvh wr pdnh wkhp

+vlqfh lw lv wrr frvwo| wr dyrlg wkhp,1 Rxu lqglylgxdov duh khqfh xqerxqghgo| udwlrqdo

zkhq lw frphv wr ghflvlrq pdnlqj1 Wkhlu odfn ri udwlrqdolw| lv rqo| surfhgxudo= Dw qr

frvw ru glvxwlolw| fdq wkh| fkrrvh wkhlu rzq plvwdnh suredelolwlhv lq hyhu| srsxodwlrq

vwdwh1 Wklv lv d yhu| vwurqj udwlrqdolw| dvvxpswlrq1 Krzhyhu/ zh eholhyh wkdw rxu

frqfoxvlrq lv urexvw lq wklv uhvshfw1 Iru zh rewdlq wkh vdph olplw uhvxow dv lq wkh NPU

dqg \rxqj prghov/ lq zklfk qr lqglylgxdo wdnhv dq| dffrxqw ri frqwuro frvwv1 Wkh

h�hfw ri lqwurgxflqj frqwuro0frvwv zdv vhhq wr rqo| �ghhshq� wkh �edvlq ri dwwudfwlrq�

ri wkh ulvn0grplqdqw htxloleulxp/ dqg khqfh vshhglqj xs wkh frqyhujhqfh wr lw1 Wkh

olplw uhvxow vkrxog wkhuhiruh dovr eh ydolg lq lqwhuphgldwh fdvhv ri udwlrqdolw|1

Uhihuhqfhv

^4` Ehujlq M1 dqg E1 Olspdq +4<<9,= �Hyroxwlrq zlwk vwdwh0ghshqghqw pxwdwlrqv�/

Hfrqrphwulfd 97/ <760<891

^5` Eoxph O1 +4<<6,= �Wkh vwdwlvwlfdo phfkdqlfv ri vwudwhjlf lqwhudfwlrq�/ Jdphv

dqg Hfrqrplf Ehkdylru 8/ 6;:07571

^6` Eoxph O1 +4<<7,= �Krz qrlvh pdwwhuv�/ plphr1/ Fruqhoo Xqlyhuvlw|1

48
E| wkh olplw vhw ri vxssruwv ri vwdwlrqdu| glvwulexwlrqv/ iru d jlyhq frqwuro0frvw ixqfwlrq/ zh

khuh phdq wkh xqlrq ri wkh vxssruwv ri suredelolw| glvwulexwlrqv �/ hdfk ri zklfk lv wkh olplw wr

vrph vxevhtxhqfh ri vwdwlrqdu| glvwulexwlrqv +l1h1/ dvvrfldwhg zlwk vrph vhtxhqfh ri srvlwlyh �
3
v

frqyhujlqj wr }hur,1
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^7` ydq Gdpph/ H1 +4<;:,= Vwdelolw| dqg Shuihfwlrq ri Qdvk Htxloleuld1 Vsulqjhu

Yhuodj +Ehuolq,1

^8` Kduvdq|l M1 dqg U1 Vhowhq +4<;;,= D Jhqhudo Wkhru| ri Htxloleulxp Vhohfwlrq lq

Jdphv1 PLW Suhvv +Fdpeulgjh/ XVD,1

^9` Ndqgrul P1/ Pdlodwk J1 dqg U1 Ure +4<<6,= �Ohduqlqj/ pxwdwlrq/ dqg orqj uxq

htxloleuld lq jdphv�/ Hfrqrphwulfd 94/ 5<0891

^:` Pduxwd W1 +4<<:,= �Elqdu| jdphv zlwk vwdwh ghshqghqw vwrfkdvwlf fkrlfh�/

plphr1/ Rvdnd Suhihfwxuh Xqlyhuvlw|1

^;` P|huvrq U1 +4<:;,= �Uh�qhphqwv ri wkh Qdvk htxloleulxp frqfhsw�/ Lqwhuqd0

wlrqdo Mrxuqdo ri Jdph Wkhru| :/ :60;31

^<` Ureohv M1 +4<<;,= �Hyroxwlrq zlwk fkdqjlqj pxwdwlrq udwhv�/ Mrxuqdo ri Hfr0

qrplf Wkhru| :</ 53:05561

^43` Vdpxhovrq O1 +4<<7,= �Vwrfkdvwlf vwdelolw| lq jdphv zlwk dowhuqdwlyh ehvw

uhsolhv�/ Mrxuqdo ri Hfrqrplf Wkhru| 97/ 68098

^44` \rxqj S1 +4<<6,= �Wkh hyroxwlrq ri frqyhqwlrqv�/ Hfrqrphwulfd 94/ 8:0;71


