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� W?|hL_�U|�L?

Lw kdv dozd|v dpxvhg ph wkdw

zkdw wkh hfrqrplvw fdoov dq htxloleulxp ri ehkdylru/

sv|fkrorjlvwv whqg wr fdoo iuxvwudwlrq1

Nhqqhwk H1 Erxoglqj/ Wkh Zhoiduh Hfrqrplfv ri Judqwv1

Wkh olwhudwxuh rq wkh irxqgdwlrqv ri vroxwlrq frqfhswv lq jdph wkhru| kdv

h{whqvlyho| dqdo|vhg wkh srvvleoh uhdvrqv iru Ed|hvldq udwlrqdo sod|huv wr sod|

Qdvk htxloleuld1 Iurp wklv olwhudwxuh zh kdyh ohduqhg wkdw wkh Qdvk htxloleulxp

+ru wkh Fruuhodwhg htxloleulxp, ehkdylrxu lv mxvwl�hg xqghu uhvwulfwlyh frpprq0

nqrzohgjh dvvxpswlrqv +vhh h1j1 Dxpdqq0Eudqghqexujhu 4<<8,1 Dowhuqdwlyh

uhdvrqv wr sod| Qdvk htxloleuld kdyh wkhq ehhq vhdufkhg iru orrnlqj dw Qdvk

htxloleuld dv srvvleoh vwhdg| vwdwhv ri sodxvleoh ohduqlqj prghov1 Exw li rxu dw0

whqwlrq lv gulyhq wrzdugv wklv htxloleulxp qrwlrq/ wkhq pruh jhqhudo htxloleulxp

frqfhswv ehfrph uhohydqw dqg wkh fuxfldo dvshfw ehfrphv wkh sod|huv* lqirupd0

wlrq derxw rssrqhqwv* ehkdylrxu/ vlqfh wkh fkdudfwhulvdwlrq ri d vwudwhj| sur�oh

dv dq htxloleulxp ghshqgv rq wkh lqirupdwlrq dydlodeoh wr wkh sod|huv lq wkdw

vwdwh1 Wkhuhiruh wr vwxg| wkh qrwlrq ri htxloleulxp lq jdph wkhru|/ zh vkrxog

vwxg| wkh uroh ri sod|huv* lqirupdwlrq lq vwudwhjlf vlwxdwlrqv1

Wklv dqdo|vlv fdq eh dssurdfkhg iurp wzr srlqw ri ylhz= wkh �uvw lv d g|0

qdplf dssurdfk vwxg|lqj krz ohduqlqj ohdgv wr gl�huhqw lqirupdwlrq sdwwhuqv

lq htxloleulxp/ wkh vhfrqg lv d vwdwlf dssurdfk/ zklfk wdnhv dv jlyhq wkh lqiru0
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pdwlrq sduwlwlrq dqg fkdudfwhulvhv wkh srvvleoh vwhdg| vwdwhv ri jhqhulf ohduqlqj

surfhvvhv/ dqdo|vlqj krz gl�huhqw lqirupdwlrq sdwwhuqv ohdg wr gl�huhqw htxlole0

ulxp frqfhswv1 Lq wklv sdshu L iroorz wklv vhfrqg vwudwhj| vkrzlqj krz wkh fkrlfh

dprqj gl�huhqw htxloleulxp frqfhswv ghshqgv rq wkh lqirupdwlrq wkh dqdo|vw

wklqnv wkh sod|huv kdyh1 Vlploduo| wr zkdw lv grqh e| vwdqgdug hfrqrplf wkhru|

zlwk pdunhw htxloleuld/ d g|qdplf prgho lv lqirupdoo| lq wkh edfnjurxqg dqg L

dooxgh wr lw rqo| wr prwlydwh gh�qlwlrqv dqg uhvxowv1 Wkh jhqhudo qrwlrq ri htxl0

oleulxp L xvh lq wklv dqdo|vlv lv wkh frqfhsw ri Frqmhfwxudo Htxloleulxp +FH, dqg

ri Udwlrqdol}deoh Frqmhfwxudo Htxloleulxp +UFH, +Uxelqvwhlq0Zrolqvn| 4<<7,1

Wkh dlp ri wklv sdshu lv wr dujxh iru d uh�qhphqw ri UFH dqg wr vkrz wkh zlgh

dssolfdelolw| ri wklv dssurdfk wr wkh dqdo|vlv ri vwudwhjlf vlwxdwlrq1 Wklv doorzv

wr vkrz wkdw Uxelqvwhlq0Zrolqvn| 4<<7 gh�qlwlrq ri UFH vkrxog eh vwuhqjwkhq

dqg wkdw vrph ri wkhlu vwdwhphqwv vkrxog eh �wwhg wr wkh qhz frqwh{w1

Wkh jhqhudo qrwlrq ri FH kdv ehhq gh�qhg lq wkh vhyhqwlhv e| Kdkq iru

jhqhudo htxloleulxp prghov +Kdkq 4<:: dqg 4<:;,/ exw rqo| yhu| uhfhqwo| jdph

wkhrulvwv kdyh uhglvfryhuhg wklv lghd lq ohduqlqj prghov +Ixghqehuj0Ohylqh 4<<6

dqg Ndodl0Ohkuhu 4<<6, ru lq wkh dqdo|vlv ri htxloleulxp frqfhswv +Uxelqvwhlq0

Zrolqvn| 4<<7,1 Hduolhu jdph wkhruhwlf gh�qlwlrq fdq eh irxqg lq Edwwljdool

4<;:/ lq Jlool 4<;: dqg lq Edwwljdool0Jxdlwrol 4<;;1 Diwhu d �uvw yhuvlrq ri wklv

sdshu zdv zulwwhq/ L ehfdph dzduh ri Ghnho0Ixghqehuj0Ohylqh 4<<9 wkdw vwxglhv

d yhu| vlplodu htxloleulxp qrwlrq/ hyhq li wkhlu irfxv lv rq sd|r� xqfhuwdlqw|1

Wkh uhvw ri wklv sdshu lv rujdqlvhg dv iroorzv1 Lq vhfwlrq 5/ L jlyh wkh edvlf
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jdph wkhruhwlf qrwlrqv xvhg lq vhfwlrq 6 wr gh�qh Frqmhfwxudo Htxloleulxp dqg

lwv uh�qhphqwv1 Vhfwlrq 7 surylghv dq h{lvwhqfh wkhruhp1 Lq vhfwlrq 8/ L vkrz wkh

uhodwlrqv ehwzhhq +Vwurqj Udwlrqdol}deoh, Frqmhfwxudo Htxloleulxp dqg vroxwlrqv

frqfhswv h{whqvlyho| xvhg lq jdph wkhru|1

2 W4TihuiU| �L?�|Lh�?} B@4it

Iluvw wkh qrwdwlrq= �+�, lv wkh vhw ri doo suredelolw| phdvxuhv rq +�,/ wkh vxevfulsw

l phdqv wkdw wkh remhfw uhihuv wr sod|hu l/ li rplwwhg lw ghqrwhv d frpsohwh

sur�oh/ �l lqglfdwhv wkh sod|huv gl�huhqw iurp l/ dqg �l> l ghqrwhv d frpsohwh

sur�oh zlwk wkh l frpsrqhqw vwuhvvhg1 L zloo uhphpehu wkh qrwdwlrq dqg wkh

lqwhusuhwdwlrqv ri wkh edvlf gh�qlwlrqv iru h{whqvlyh jdphv +HJv, dv jlyhq e|

Rveruqh0Uxelqvwhlq 4<<7/ zklfk duh voljkwo| pruh jhqhudo ri wkdw lq Nuhsv0

Zlovrq 4<;51 Dq H[WHQVLYH JDPH +HJ, lv gh�qhg e|=

HJ =@ +K> �> Ll> �xl,
Q
l@4 zkhuh

� Q ghqrwhv wkh vhw ri sod|huv dqg wkh fduglqdolw| ri wkh vhw lwvhoi/

� K lv wkh vhw ri klvwrulhv k/ zklfk duh vhtxhqfhv ri sod|huv* dfwlrqv= k @

+dn,Nn@4/ zkhuh d
n lv wkh dfwlrq wdnhq diwhu wkh klvwru| +do,n�4o@4 1

� � lv wkh ixqfwlrq wkdw dvvljq wr hdfk qrqwhuplqdo klvwru| wkh sod|hu zkrvh

wxuq lw lv>
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� Ll lv d sduwlwlrq ri ik 5 Km�+k, @ lj dqg lv wkh vhw ri sod|hu l*v lqirupdwlrq

vhwv Ll>

� �xl lv l*v sd|r� ixqfwlrq= �xl = �+],$ U1

Iurp wkh suhylrxv gh�qlwlrqv/ zh fdq ghulyh wkh iroorzlqj vhwv dqg ixqfwlrqv=

� sod|hu l*v vhw ri sxuh vwudwhjlhv Vl/ wkh vhw ri sod|hu l*v pl{hg vwudwhjlhv

	l =@ �+Vl,/ dqg wkh vhw ri pl{hg vwudwhj| sur�ohv 	 =@ l5Q	l/ zkhuh

l lqglfdwhv wkh surgxfw ri phdvxuhv>

� wkh rxwfrph ixqfwlrq wkdw lghqwl�hv wkh whuplqdo klvwrulhv lqgxfhg e| dq

q0wxsoh ri vwudwhjlhv v 5 V= � = V $ ]>

� l*v sd|r� ixqfwlrq gluhfwo| gh�qhg ri wkh vhw ri sod|huv* srvvleoh vwudwhjlhv=

xl =@ �xl � � l1h1 xl = �+V,$ U1

D VWUDWHJLF JDPH +VJ, lv wkhq gh�qhg e|

VJ =@ +Vl> xl,
Q
l@4=

Wkh xvxdo lqwhusuhwdwlrq ri VJv lv dv vlpxowdqhrxv pryhv jdphv/ l1h1 jdphv

zlwk d elmhfwlyh rxwfrph ixqfwlrq +lw lv hdv| wr vhh wkdw dq h{whqvlyh jdph kdv

vlpxowdqhrxv pryhv li dqg rqo| li wkh rxwfrph ixqfwlrq lv elmhfwlyh,1 Uxelqvwhlq0

Zrolqvn| 4<<7 hqulfk wkh hqylurqphqw gh�qhg e| d VJ e| phdqv ri d vljqdo

ixqfwlrq= �l = V $Pl> zlwk wkh iroorzlqj lqwhusuhwdwlrq= �l+v, @ pl 5 Pl

lv wkh vljqdo sulydwho| revhuyhg e| l 5 Q zkhq v 5 V lv sod|hg1 Lq rwkhu zrugv

wkh pdsslqj �l uhsuhvhqwv sod|hu l*v lqirupdwlrq rq rssrqhqwv* ehkdylrxu/
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zklfk e| gh�qlwlrq frxog ghshqg rq sod|hu l*v ehkdylrxu lwvhoi1 Ri frxuvh wkh

ixqfwlrqdo irup ri �l pxvw eh �wwhg wr wkh fdvh xqghu dqdo|vlv= wkh vshfl�fdwlrq

ri �l uh�hfwv sod|hu l*v lqirupdwlrq sduwlwlrq dv vhhq e| wkh jdph wkhrulvw1 Dq

LPSHUIHFW PRQLWRULQJ JDPH +LPJ, lv gh�qhg e|

J =@ +Vl> xl> �l,
Q
l@4=

D jhqhudo dqdo|vlv ri LPJv lv lq Jlool 4<<7/ zkloh d yhu| vlplodu prgho iru

uhshdwhg jdph lv wkh remhfw ri pdq| Ohkuhu*v sdshuv +vhh h1j1 Ohkuhu 4<;</

4<<3/ 4<<4/ 4<<5,1 Lq Jlool 4<<7 L kdyh vkrzq wkdw lw lv srvvleoh wr gh�qh dq

rxwfrph ixqfwlrq zlwkrxw dq| gluhfw uhihuhqfh wr dq HJ dqg wkdw vxfk ixqfwlrq

lv ruljlqdwhg e| d _xqltxh% HJ +vxlwdeo| gh�qhg,1 Wkhuhiruh lw lv phdqlqjixo

wr frqvlghu wkh LPJ +Vl> xl> �,/ zkhuh � lv wkh rxwfrph ixqfwlrq ri wkh xqltxh

HJ zklfk jlyhv ulvh wr lw1

Wr vlpsoli| wkh dqdo|vlv L pdnh wkh iroorzlqj VWUXFWXUDO DVVXPS0

WLRQV=

Dvvxpswlrq 4 Wkh dqdo|vlv lv uhvwulfwhg wr wkh vxefodvv ri �qlwh lpshuihfw

prqlwrulqj jdphv/ wkdw lv wkh vhwv Q> Vl> Pl duh �qlwh1

Dv xvxdo/ wklv dvvxpswlrq lv xvhixo wr dyrlg ixuwkhu frpsolfdwlrq lq wkh pdwkh0

pdwlfdo wrrov xvhg iru wkh dqdo|vlv1 D �uvw frqvhtxhqfh ri dvvxpswlrq 4 lv wkh

iroorzlqj1 Il{ d �qlwh qxpehu ri sod|hu Q dqg wkhlu sxuh vwudwhjlhv V1 Wkhq

wkh vsdfh ri LPJv ryhu wklv irup lv jlyhq e| J/ dqg L wdnh J @ UQ�V �UQ�V

zkhuh iru +{> |, 5 J/ {+l> v, lv wkh sd|r� wr sod|hu l xqghu vwudwhj| v dqg |+l> v,
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lv wkh vljqdo wr sod|hu l xqghu vwudwhj| v1 Li d vshfl�f vljqdo ixqfwlrq �l iru hdfk

sod|hu lv vshfl�hg/ wkhq wkh vsdfh J+�l, lv rewdlqhg/ dqg L wdnh J+�l, @ UQ�V

zkhuh iru { 5 J+�l,/ {+l> v, lv wkh sd|r� wr sod|hu l xqghu vwudwhj| v1

Dvvxpswlrq 5 Wkh vljqdo lv gh�qhg wr frqwdlq doo ri wkh lqirupdwlrq sod|hu l

uhfhlyhv derxw rssrqhqwv* vwudwhjlf ehkdylrxu1 Wkhuhiruh

�l+vl> v�l, @ �l+vl> v
3
�l, , xl+vl> v�l, @ xl+vl> v

3
�l,=

Wklv dvvxpswlrq phdqv wkdw diwhu wkh jdph hdfk sod|hu uhfhlyh khu sd|r� dqg

khqfh wkh vljqdo surylghv qrq ohvv lqirupdwlrq wkdq wkh sd|r�> hdfk sod|hu uhfdoov

khu rzq pryh lq dgglwlrq wr khu vljqdo/ dqg jlyhq khu pryh dqg vljqdo/ sod|hu

l fdq frpsxwh khu sd|r�1

Xvlqj �l lw lv srvvleoh wr gh�qh dq LQIRUPDWLRQ SDUWLWLRQ iru

sod|hu l dv iroorzv= ohw eh Vl+pl> vlm�l, =@ iv�l 5 V�lm�l+vl> v�l, @plj/ wkhq

Vl+vlm�l, =@ +Vl+pl> vlm�l,,pl5Pl
= +4,

Wkxv Vl+pl> vlm�l, lv l*v lqirupdwlrq derxw rssrqhqwv* vwudwhjlhv zkhq vkh uh0

fhlyhv wkh phvvdjh pl dqg sod|v wkh vwudwhj| vl/ Vl+vlm�l, lv wkh lqirupdwlrq

derxw rssrqhqwv* ehkdylrxu wkdw sod|hu l fdq srvvleo| froohfw sod|lqj vl1 Wklv

h{suhvvlrq ghshqgv rq wkh vwudwhj| sod|hg e| l/ ehfdxvh vkh fdq froohfw gl�hu0

hqw lqirupdwlrq sod|lqj gl�huhqw vwudwhj|1 Li +4, grhv qrw ghshqg rq vl/ wkh

lqirupdwlrq lv vdlg wr eh qrq pdqlsxodeoh/ h1j1 wklv lv wkh fdvh ri VJv zlwk

rqh0wr0rqh vljqdo ixqfwlrqv/ ru ri HJv zlwk vlpxowdqhrxv pryhv dqg �l @ �1
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EUl+�l, lv sod|hu l*v fruuhvsrqghqfh ri ehvw uhso| wr �l 5 �+V�l,1

Gh�qlwlrq 4 Wkh vhw ri Frqmhfwxudo Htxloleulxp lq sxuh vwudwhjlhv +FHS ,

iru dq LPJ J lv lqglfdwhg e| FHS +J,1 Wkhq dq q0wxsoh v3 5 V ehorqjv wr wkh

vhw FHS +J, li dqg rqo| li lq wkh jdph J ;l 5 Q> <�l 5 �+V�l, =

v3l 5 EUl+�l, +5,

dqg

�l+Vl+�l+v
3,> v3lm�l,, @ 4= +6,

Uhpdunv=

41 Lq d FHS wkh sod|huv duh Ed|hvldq udwlrqdo zlwk uhvshfw wr d frqmhfwxuh

�l/ zklfk lq htxloleulxp lv qrw idovl�hg e| wkh sod|hu*v lqirupdwlrq/ l1h1

hdfk sod|hu*v frqmhfwxuh jlyhv suredelolw| 4 wr wkh hyhqw vkh dfwxdoo| re0

vhuyhv1 Wkhuhiruh wkh rxwfrph ri vwudwhjlf lqwhudfwlrq grhv qrw surylgh

dq| lqirupdwlrq wkdw lqgxfhv wkh sod|huv wr fkdqjh wkhlu ehkdylrxu= lq

wklv fdvh L dp dfwxdoo| dvvxplqj wkdw iru hdfk sod|hu l doo wkh uhohydqw

lqirupdwlrq lv surylghg e| �l+�,1

51 Wkh frqfhsw ri FH grhv qrw h{sodlq zk| wkh sod|huv fkrrvh d vwudwhj|

sur�oh v3/ exw/ dv xvxdo lq vwdwlf dssurdfkhv/ lw vd|v rqo| wkdw li iru vrph
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uhdvrq d vwudwhj| sur�oh v3 5 FHS lv sod|hg/ wkhq wkh sod|huv* h{ srvw

lqirupdwlrq lv vxfk wkdw wkhuh lv qr lqfhqwlyh wr fkdqjh ehkdylrxu1

61 Qr k|srwkhvlv derxw wkh sod|huv* nqrzohgjh ri wkh vwudwhjlf lqwhudfwlrq*v

vlwxdwlrq lv vshfl�hg e| �l> wkhuhiruh wklv lqirupdwlrq vkrxog eh frqvlghuhg

dv lpsolflw lq wkh gh�qlwlrq ri wkh htxloleulxp frqfhsw= lw lv srvvleoh wr

uh�qh wkh htxloleulxp qrwlrq li frpprq nqrzohgjh +FN, ri wkh jdph dqg

ri udwlrqdolw| lv dvvxphg1

Wkh qrwlrq ri FHS zloo eh h{sodlqhg e| phdqv ri dq h{dpsoh1 Frqvlghu wkh

jdph ri �jxuh 4=

Ilj1 4 derxw khuh

D srvvleoh vwru| ehklqg wklv jdph lv wkh iroorzlqj= �up 4 pd| vwd| rxw

+R, ru hqwhu lq d pdunhw zlwk hlwkhu d vpdoo +V, ru d elj +E, lqyhvwphqw/ zkloh

�up 5 revhuyhv rqo| li 4 hqwhuv ru qrw dqg wkhq ghflghv zkhwkhu wr dffrp0

prgdwh +D, ru wr �jkw +I,1 Li 5 ghflghv wr dffrpprgdwh/ wkhq lw lv sodxvleoh

wr vxssrvh wkdw lw fdq qrw glvwlqjxlvk ehwzhhq V dqg E/ dowkrxjk wkh| duh

gl�huhqw rxwfrphv1 Wkhuhiruh vxssrvh wkdw �l+v, @ Ll+�+v,,/ zkhuh Ll+�+v,,

lv l*v lqirupdwlrq rq wkh rxwfrph �+v,/ l1h1 lw lv wkh odvw lqirupdwlrq vhw iru

sod|hu l furvvhg e| wkh rxwfrph sdwk zkhq v lv sod|hg1 Wkhq +R/D, lv d FHS =

R lv d ehvw uhso| wr �4+iIj, @ 4/ D lv d ehvw uhso| wr �5+iRj, @ 4 dqg

;



�l+R>I , @ Ll+�+R>I ,, @ �l+R>D, @ Ll+�+R>D,, @ }41 Qrwh wkdw +R/D, lv qrw

d Qdvk htxloleulxp +QH,/ exw wkdw �+R>D, @ }4 lv d QH rxwfrph +wkh uhodwlrq

ehwzhhq FH dqg QH rxwfrphv zloo eh h{sodlqhg e| wkhruhp 7,1 Wklv vwudljkw0

iruzdug h{dpsoh vkrzv dq lpsruwdqw fkdudfwhulvwlf ri FHS = lw grhv qrw dvvxph

FN ri udwlrqdolw| +dqg ri wkh jdph,1 Lqghhg wkh frqmhfwxuh ri �up 4 lq wkh suh0

ylrxv h{dpsoh lv qrw frpsdwleoh zlwk FN ri udwlrqdolw|= vlqfh V lv grplqdwhg

e| E/ li �up 5*v lqirupdwlrq vhw lv uhdfkhg/ wkhq 5 vkrxog frqmhfwxuh wkdw d

udwlrqdo �up 4 kdv sod|hg E dqg wkhuhiruh dffrpprgdwh1 Exw wkhq li wkhuh lv

FN ri udwlrqdolw| dqg ri wkh jdph/ d udwlrqdo �up 4 vkrxog nqrz wklv uhdvrqlqj

dqg wkxv kdyh �4+iDj, @ 4= wkhuhiruh 4 vkrxog sod| E dqg d udwlrqdo �up 5

vkrxog dqvzhu zlwk D1 Vr wkh FH +R/I, lv ghvwur|hg e| FN ri udwlrqdolw|/ zkloh

+E/D, lv d FHS zklfk vdwlvi| FN ri udwlrqdolw|1 Ri frxuvh +E/D, lv dovr d QH1

Exw wkhuh lv dqrwkhu fkdudfwhulvwlf ri FHS = frqvlghu wkh yhuvlrq ri wkh jdph ri

�jxuh 4 uhsruwhg lq �jxuh 5

Ilj1 5 derxw khuh

Lq wklv fdvh V lv qrw grplqdwhg e| E/ vr wkh suhylrxv dujxphqw grhv qrw

zrun1 Zlwk wkh vdph vljqdo ixqfwlrq dv ehiruh +V/D, lv d FHS 1 Lq idfw D lv

d ehvw uhso| wr �5+iVj, @ �5+iEj, @ 4@5/ V lv d ehvw uhso| wr �4+iDj, @ 4

dqg �4+V>D, @ L4+�+V>D,, @ }5/ �5+V>D, @ �5+E>D, @ L5+�+V>D,, @ i}5> }7j1

Exw li wkh jdph lv FN/ wkhq 4 nqrzv wkdw 5 zloo revhuyh i}5> }7j dqg 5 nqrzv
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wkdw 4 zloo revhuyh hlwkhu }5 ru }7 dqg doo wklv lv FN1 Wkxv d udwlrqdo �up 4/

nqrzlqj wkdw 5 fdq*w glvwlqjxlvk ehwzhhq V dqg E/ vkrxog sod| V/ exw wkhq

ehfdxvh ri FN ri udwlrqdolw| dqg ri wkh jdph d udwlrqdo �up 5 vkrxog kdyh d

frqmhfwxuh frqfhqwudwhg rq V/ l1h1 �5+iVj, @ 4 dqg wkhuhiruh 5 zloo fkrrvh I1 Vr

wkh FHS +V/ D, lv ghvwur|hg e| FN ri udwlrqdolw| dqg ri wkh jdph/ lq sduwlfxodu

ri rssrqhqw*v vljqdo ixqfwlrq1 Lqghhg lw vkrxog eh vwuhvvhg wkdw wkh FN ri wkh

jdph lpsolhv wkh FN ri wkh vljqdo ixqfwlrqv/ dowkrxjk wkhlu uhdolvdwlrqv fdq eh

sulydwh lqirupdwlrq1 Exw wkh phuh FN ri wkh ixqfwlrqv lv hqrxjk wr uhvwulfw

sod|huv* srvvleoh frqmhfwxuhv1

Wkh qrwlrq ri Vwurqj Udwlrqdol}deoh Frqmhfwxudo Htxloleulxp prgl�hv wkh

gh�qlwlrq ri FH dvvxplqj FN ri udwlrqdolw| dqg ri wkh jdph1 Gh�qhPm+�vl>plm�, �

Pm dv iroorzv= Pm+�vl>plm�, =@ ipm 5Pmm�m+�vl> v�l, @pm> v�l 5 Vl+�vl>plm�l,j=

Wkxv Pm+�vl>plm�, lv wkh vhw ri vljqdov wkdw m frxog uhfhlyh dffruglqj wr l*v lq0

irupdwlrq dqg jlyhq wkh FN ri wkh jdph1 Qrwh wkdw Pl+�vl>plm�, @ iplj1

Gh�qlwlrq 5 Il{ d jdph J 5 J1 Wkh vhw ri Vwurqj Udwlrqdol}deoh Frq0

mhfwxudo Htxloleuld lq sxuh vwudwhjlhv +VUFHS , ri jdph J lv ghqrwhg e|

VUFHS +J,1 Iru dq| l 5 Q / ohw ES
l +pl>J, � Vl eh gh�qhg dv iroorzv=

�vl 5 ES
l +pl> J, li dqg rqo| li

<�l^�vl` 5 �+^p�l5P�l+�vl >plm�,E
S
�l+p�l>J,, = +7,

�vl 5 EUl+�l^�vl`, +8,

�l^�vl`+Vl+�vl>plm�l,, @ 4= +9,
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Wkhq dq q0wxsoh v3 5 V ehorqjv wr wkh vhw VUFHS +J, li dqg rqo| li lq wkh jdph

J ;l 5 Q <ES
l +pl>J, vxfk wkdw=

v3l 5 ES
l +�l+v

3,>J, dqg pl @ �l+v
3,= +:,

Uhpdunv=

41 Wkh h{suhvvlrqv +7, dqg +8, duh frqglwlrqv ri Ed|hvldq udwlrqdolw| xqghu

wkh dvvxpswlrq ri FN ri wkh jdph dqg ri Ed|hvldq udwlrqdolw|/ zkloh h{0

suhvvlrqv +9, dqg +:, duh wkh xvxdo htxloleulxp frqglwlrq1

51 Qrwh wkdw lq vrph vhqvh wkhuh duh wkuhh �{hg srlqwv lqyroyhg lq gh�qlwlrq

5= wzr duh h{solflw lq frqglwlrqv +8, dqg +:,/ exw vlqfh wkh vhwv El duh

gh�qhg wkurxjk wkh vhwv E�l/ wkhuh lv d flufxodulw| wr eh vroyhg hlwkhu

e| phdqv ri d �{hg srlqw dujxphqw ru wkurxjk dq htxlydohqw lwhudwlyh

gh�qlwlrq +vhh gh�qlwlrq 9 dqg wkhruhp 4,1 Frqvhtxhqwo| wkh vhwv ES
l dqg

wkxv VUFHS pd| hdvlo| eh hpsw|= h{lvwhqfh lv suryhg iru pl{hg VUFH

lq wkhruhp 51

Wkh qrwlrq ri Udwlrqdol}deoh Frqmhfwxudo Htxloleulxp +UFH, kdv ehhq �uvw sur0

srvhg e| Uxelqvwhlq0Zrolqvn| 4<<7/ exw lq wkhlu sdshu wkh| gr qrw vwuhvv wkdw

xqghu wkh dvvxpswlrq ri FN ri wkh jdph dqg ri udwlrqdolw|/ wkh sod|huv* frqmhf0

wxuhv vkrxog eh ixqfwlrqv ri wkh vwudwhj| wkh sod|huv wkhpvhoyhv fkrrvh1 UFH

fdq eh gh�qhg dv iroorzv4=

�A�i _i�?�|�L? }��i? M) +�M�?t|i�?� L̀*�?t!) �bbe �t _�gihi?|c M�| i^���@*i?|�
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Gh�qlwlrq 6 Il{ d jdph J 5 J1 Wkh vhw ri Udwlrqdol}deoh Frqmhfwxudo

Htxloleuld lq sxuh vwudwhjlhv +UFHS , ri jdph J lv ghqrwhg e| UFHS +J,1

Iru dq| l 5 Q / ohw TS
l +pl>J, � Vl eh gh�qhg dv iroorzv= �vl 5 TS

l +pl>J,

li dqg rqo| li

<�l 5 �+^p�l5P�l
TS
�l+p�l>J,, = +;,

�vl 5 EUl+�l, +<,

�l+Vl+�vl>plm�l,, @ 4= +43,

Wkhq dq q0wxsoh v3 5 V ehorqjv wr wkh vhw UFHS +J, li dqg rqo| li lq wkh jdph

J ;l 5 Q <TS
l +pl>J, vxfk wkdw=

v3l 5 TS
l +�l+v

3,> J, dqg pl @ �l+v
3,= +44,

Wkhuhiruh UFHS duh gh�qhg dv VUFHS zkhuh wkh sod|huv* frqmhfwxuhv duh uh0

vwulfwhg wr eh frqvwdqw/ l1h1 ;l> ;vl �l^vl` @ �l1 Lq jhqhudo krzhyhu wkh udwlrqdo

ehkdylrxu ri l*v rssrqhqwv ghshqgv rq wkh vljqdov wkh| uhfhlyh zklfk lq wxuq

ghshqg rq wkh vwudwhj| l kdv fkrvhq1 Lq rwkhu zrugv lq jhqhudo P�l+�vl>plm�,

ghshqgv rq �vl dqg lw lv d vwulfw vxevhw ri P�l= zkhq J lv FN wklv lqirupdwlrq

lv dydlodeoh wr l dqg fdq eh xvhg wr uh�qh l*v frqmhfwxuhv/ wkxv hyhq sod|hu l*v

frqmhfwxuh vkrxog ghshqg rq l*v vwudwhj|1 Li wklv idfw lv wdnhq lqwr dffrxqw/ wkhq

wkh gh�qlwlrq ri UFH vkrxog eh uh�qhg dv lq gh�qlwlrq 51 Qrwh wkdw VUFHS

frlqflghv zlwk UFHS zkhq d qrq pdqlsxodeoh lqirupdwlrq sduwlwlrq lv gh�qhg/

exw lq jhqhudo VUFHS � UFHS 1 Wkhuhiruh zkhq VUFH lqvwhdg ri UFH lv frq0

vlghuhg/ wkh iroorzlqj Uxelqvwhlq0Zrolqvn| 4<<7 vwdwhphqw vkrxog eh fkdqjhg=
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_zkhq wkh vljqdo lv wkh dfwxdo sdwk ehlqj sod|hg/ lq dq| jdph dq| FH rxwfrph

lv dovr UFH rxwfrph 111 Wkh uhdvrq djdlq lv wkdw UFH grhv qrw lpsrvh dq| uh0

vwulfwlrqv r� wkh htxloleulxp sdwk dqg vr wkhuh lv qrwklqj wr glvwlqjxlvk lw iurp

d FH zkhq wkh sdwk lv nqrzq% +Uxelqvwhlq0Zrolqvn| 4<<7/ s1 639,1 Dfwxdoo|

dffruglqj wr gh�qlwlrq 5 wkh dvvxpswlrq ri FN ri wkh jdph dqg ri udwlrqdolw|

lpsrvhv vrph uhvwulfwlrq hyhq r� wkh htxloleulxp sdwk/ dv wkh iroorzlqj h{dp0

soh vkrzv1 Frqvlghu dv vljqdo ixqfwlrq wkh rxwfrph ixqfwlrq ri wkh zhoo nqrzq

Vhowhq jdph/ zklfk lv slfwxuhg lq �jxuh 61

Ilj1 6 derxw khuh

Li sod|hu 4 fkrrvhv O/ wkhq wkh rxwfrph iru erwk sod|hu lv O dqg wkxv hyhu|

vwudwhj| ri sod|hu 5 lv d udwlrqdo fkrlfh dqg wkxv �4^O` 5 �+iX>Gj,1 Li lqvwhdg

sod|hu 4 fkrrvhv U/ wkhq sod|hu 5 revhuyhv lw dqg khu udwlrqdo fkrlfh lv X / dqg

wklv lv FN1 Wkhuhiruh �4^U` 5 �+iXj,1 Frqvhtxhqwo| O 95 EU4+�4^O`, vlqfh

x4+O>�4^O`, @ 5 ? x4+U>�4^U`, @ 61 Wkxv +O>G, lv qrw d VUFHS / zkloh lw lv

reylrxvo| d FHS dqg hyhq d QH1 Wkh uhdvrq iru wklv uhvxow lv wkdw lq pdq|

fdvhv wkh dvvxpswlrq ri FN ri jdph dqg udwlrqdolw| lv vx�flhqw wr uh�qh wkh vhw

ri srvvleoh frqmhfwxuhv hyhq r� wkh htxloleulxp sdwk/ zkloh FH dqg QH gr qrw

ixoo| h{sorlw wklv dvvxpswlrq/ FH ehfdxvh lw grhv qrw dvvxph FN ri dq|wklqj

dqg QH ehfdxvh lw lv gh�qhg rq wkh vwudwhjlf irup dqg wkhuhiruh frqvlghu dq|

vwudwhjlf vlwxdwlrq dv li lw kdg vlpxowdqhrxv pryhv dqg shuihfw prqlwrulqj dqg
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wkxv d qrq pdqlsxodeoh lqirupdwlrq sduwlwlrq1

Wkh h{whqvlrq ri wkhvh gh�qlwlrqv wr wkh fdvh ri pl{hg vwudwhjlhv +dqg wkxv ri

glvwulexwlrqv ryhu vljqdov, lv hdv|1 Gh�qh dv iroorzv wkh suredelolw| glvwulexwlrq

lqgxfhg ryhu Pl e| d suredelolw| phdvxuh � 5 �+V, = ;pl 5Pl sl+pl>�, =@

S
ivm�l+v,@plj

�+v,= Ghqrwh d jhqhulf glvwulexwlrq ri suredelolw| rq Pl e| �l 5

�+Pl,1 Wkhq lw lv srvvleoh wr gh�qh l*v lqirupdwlrq sduwlwlrq ghulyhg iurp �l

dqg ��l=

Vpl +��l> �lm�l, =@ i��l 5 	�lmsl+��l> ��l, @ �lj � 	�l=

Qrwh wkdw sod|hu l*v sduwlwlrq lv gh�qhg wkurxjk wkh suredelolw| glvwulexwlrq

�l 5 �+Pl,/ exw wklv grhv qrw phdq wkdw wkh sod|huv qhfhvvdulo| revhuyh wkh

glvwulexwlrq ri vljqdov lqgxfhg e| wkh sod|huv* pl{hg vwudwhj|= wkh idfw lv wkdw

li wkh sod|huv frqmhfwxuhg glvwulexwlrq lv gl�huhqw iurp wkh dfwxdo rqh/ wkhq lq

wkh orqj uxq wkh sod|huv zloo �qg wkdw wkh| duh zurqj dgmxvwlqj frqvhtxhqwo|

wkhlu frqmhfwxuhv1 Pruhryhu qrwh wkdw 	�l lv d vlpsoh{ lq Un iru vrph �qlwh n/

dqg wkdw Vpl +��l> �lm�l, ehorqjv wr wkh Eruho vljpd0dojheud riU
n vlqfh sl+�l> ��l,

lv frqwlqxrxv lq ��l= wkhuhiruh lw lv phdqlqjixo wr zulwh derxw wkh suredelolw|

ri Vpl +��l> �lm�l,1 Gh�qh Pp
m +��l> �lm�, � �+Pm, dv iroorzv= Pp

m +��l> �lm�, =@

i�m 5 �+Pm,msm+��l> ��l, @ �m> ��l 5 Vpl +��l> �lm�l,j= Wkxv Pp
m +��l> �lm�, lv wkh

lqirupdwlrq wkdw m frxog uhfhlyh dffruglqj wr l*v lqirupdwlrq dqg jlyhq wkh FN

ri wkh jdph1

Gh�qlwlrq 7 Wkh vhw ri Frqmhfwxudo Htxloleuld lq pl{hg vwudwhjlhv +FH,

ri jdph J lv ghqrwhg e| FH+J,1 Wkhq dq q0wxsoh �� 5 	 ehorqjv wr wkh vhw
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FH+J, li dqg rqo| li lq wkh jdph J ;l 5 Q> <�l 5 �+	�l, =

��l 5 EUl+�l, +45,

�l+V
p
l +��l> sl+��,m�,, @ 4> +46,

zlwk wkh reylrxv phdqlqj ri wkh dexvh ri qrwdwlrq lq EUl+�,1

Gh�qlwlrq 8 Il{ d jdph J 5 J1 Wkh vhw ri Vwurqj Udwlrqdol}deoh Frq0

mhfwxudo Htxloleuld lq pl{hg vwudwhjlhv +VUFH, ri jdph J lv ghqrwhg

e| VUFH+J,1 Iru dq| l 5 Q / ohw El+�l>J, � 	l eh gh�qhg dv iroorzv=

��l 5 El+�l>J, li dqg rqo| li

<�l^��l` 5 �+^��l5Pp

�l
+��l>�lm�,E�l+��l> J,, = +47,

��l 5 EUl+�l^��l`, +48,

�l^��l`+V
p
l +��l> �lm�l,, @ 4= +49,

Wkhq dq q0wxsoh �3 5 	 ehorqjv wr wkh vhw VUFH+J, li dqg rqo| li lq wkh jdph

J ;l 5 Q <El+�l>J, vxfk wkdw=

�3l 5 El+sl+�
3,>J, dqg �l @ sl+�

3,= +4:,

Dv lq gh�qlwlrq 5/ VUFH duh gh�qhg wkurxjk wkuhh �{hg srlqwv/ wkhuhiruh qrq

hpswlqhvv lv qrw wulyldo wr suryh/ dv wkhruhp 5 zloo vkrz1
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e , �t|i?Ui Lu 5|hL?} +@|�L?@*�3@M*i �L?�iU|�h@*

,^��*�Mh�@

Dv vkrzq e| wkh h{dpsoh ri �jxuh 6 lw lv qrw wuxh wkdw lq jhqhudo QH � VUFH/

zkloh QH � UFH1 Wkhuhiruh lw lv qrw srvvleoh wr xvh wkh Qdvk h{lvwhqfh wkhr0

uhp wr suryh wkdw VUFH lv qrw hpsw| dqg L vkrxog iroorz dq dowhuqdwlyh urxwh1

Iluvw L suryh wkdw wkh gh�qlwlrq ri VUFH lv htxlydohqw wr wkh uhtxluhphqw wkdw

hdfk sod|hu fdq frqvwuxfw d klhudufk| ri vwudwhj| vhwv vxfk wkdw hdfk vwudwhj| lv

udwlrqdolvhg e| wkh qh{w ohyho eholhiv/ jlyhq wkh vljqdo uhfhlyhg dqg jlyhq FN ri

wkh jdph dqg ri Ed|hvldq udwlrqdolw|1 Wkhq L xvh wklv dowhuqdwlyh gh�qlwlrq ri

VUFH wr vkrz wkdw VUFH 9@ >1

Gh�qlwlrq 9 Gh�qh= E3
l+�l> J, =@

W
w�4E

3
l+w> �l> J, zkhuh E3

l+3> �l> J, =@

	l dqg ;w � 4 ��l 5 E3
l+w> �l> J, li dqg rqo| li

��l 5 E3
l+w� 4> �l>J, dqg <�l^��l` 5 �+^��l5Pp

�l
+��l>�lm�,E

3
�l+w� 4> ��l>J,, =

��l 5 EUl+�l^��l`, dqg �l^��l`+V
p
l +��l> �lm�l,, @ 4=

Wkhruhp 4

;J 5 J> ;l 5 Q ;�l 5 �+Pl, El+�l> J, @ E3
l+�l>J,=

SURRI= �{ d J 5 J dqg/ iru hyhu| l 5 Q / d �l 5 �+Pl,1 Wr vlpsoli| wkh

qrwdwlrq rplw J1

Iluvw L suryh wkdw El+�, � E3
l+4> �,1 Vxssrvh wkdw �3l 5 El+�,/ wkhq <�l^�3l` 5

�+^��l5Pp

�l
+�3
l
>�lm�,E�l+��l,, = �3l 5 EUl+�l^�

3
l`,1 Vlqfh e| gh�qlwlrq El+�l, �
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	l dqg �+^��l5Pp

�l
+�3
l
>�lm�,E�l+��l,, � �+	�l,/ wkhq gh�qlwlrq 9 lpsolhv wkdw

�3l 5 E3
l+4> �l,1 Qrz dvvxph wkdw iru doo l El+�, � E3

l+w> �,1 Wkhq �
3
l 5 El+�l,/ lp0

solhv wkdw <�l^�
3
l` 5 �+^��l5Pp

�l
+�3
l
>�lm�,E�l+��l,, � �+^��l5Pp

�l
+�3
l
>�l m�,E

3
�l+w> ��l,,

vxfk wkdw= �3l 5 EUl+�l^�
3
l`, dqg �l^�

3
l`+V

p
�l+�

3
l> �lm�l,, @ 4> zkhuh wkh lq0

foxvlrq iroorzv iurp wkh lqgxfwlrq k|srwkhvlv1 Wkhuhiruh �3l 5 E3
l+w . 4> �l, dqg

wkxv El+�l, � E3
l+�l,1

Qrz vxssrvh wkdw �3l 5 E3
l+�,1 Qrwh wkdw ;l> ;w3 5 Q> E3

l+�, � E3
l+w

3 .

4> �, � E3
l+w

3> �,1 Wkhuhiruh �3l 5 E3
l+�, lpsolhv �

3
l 5 E3

l+w
3 . 4> �l, � E3

l+w
3> �l,1

Wkhq e| gh�qlwlrq <�l^�3l` 5 �+^��l5Pp

�l
+�3
l
>�lm�,E

3
�l+w

3> ��l,, vxfk wkdw=

�3l 5 EUl+�l^�
3
l`, dqg �l^�

3
l`+V

p
l +�3l> �lm�l,, @ 4=

Exw wklv lv htxlydohqw wr wkh gh�qlwlrq ri El+�l,/ zlwk E
3
�l+w

3> �, dv E�l+�,1 �

Uhpdun= iurp wkhruhp 4 lw lv lpphgldwh wkdw ;J 5 J �3 5 VUFH+J,

li dqg rqo| li ;l 5 Q <E3
l+�l>J, = �3l 5 E3

l+sl+�
3,>J,=

Wkhruhp 5

;J 5 J VUFH+J, 9@ >=

SURRI= �{ d jdph J 5 J dqg rplw J lq wkh qrwdwlrq1 Wkh surri lv rujdqlvhg

dv iroorzv= �uvw L suryh wkdw ;l> ;�l E3
l+�l, 9@ >/ wkhq L suryh wkdw <�3 vxfk

wkdw �3 5 E3+s+�3,,1 Erwk uhvxowv duh edvhg rq �{hg srlqw wkhruhpv/ wkhuhiruh

wkh surri ghshqgv rq wkh surshuwlhv ri wkh rssruwxqh fruuhvsrqghqfhv1

Qrwh wkdw ;l E3
l+w.4> �, � E3

l+w> �,1 Wkhuhiruh li L suryh +e| lqgxfwlrq, wkdw

;w E3
l+w> �, lv qrqhpsw| dqg frpsdfw/ wkhq E3

l+�, 9@ > zrxog iroorzv iurp wkh
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surshuw| ri d ghfuhdvlqj vxffhvvlrq ri qrqhpsw| frpsdfw vhwv1 E| gh�qlwlrq

E3
l+3> �, @ 	l zklfk lv qrqhpsw| dqg frpsdfw1 Vxssrvh wkdw ;l E3

l+w> �, 9@ >

dqg frpsdfw1 Wkhq E3
l+w . 4> �, 9@ > l� <�3l 5 E3

l+w> �l, +zklfk lv qrqhpsw| e|

wkh lqgxfwlrq k|srwkhvlv, vxfk wkdw

<�l^�
3
l` 5 �+^��l5Pp

�l
+�3
l
>�lm�,E

3
�l+w> ��l,, = +4;,

�l^�
3
l`+V

p
l +�

3
l> �lm�l,, @ 4 +4<,

�3l 5 EUl+�l^�
3
l`,= +53,

Qrz li wkhuh h{lvwv d frqwlqxrxv ixqfwlrq �l^�l` vdwlvi|lqj frqglwlrqv +4;, dqg

+4<,/ wkhq wkh pd{lpxp wkhruhp zrxog lpso| wkdw wkh fruuhvsrqghqfh

EUl+�l, = 	l $$ 	l

lv xsshu khpl0frqwlqxrxv zlwk qrqhpsw| frqyh{ frpsdfw ydoxhv1 Wkxv Ndnx0

wdql wkhruhp zrxog lpso| wkh h{lvwhqfh ri wkh �{hg srlqw +53, dqg wkxv wkdw

E3
l+w.4> �, lv qrqhpsw| +dqg frpsdfw,1 Wkhuhiruh wkh fuxfldo srlqw lv wr suryh

wkdw wkh fruuhvsrqghqfh �l = 	l $$ �+	�l, vdwlvi|lqj frqglwlrqv +4;, dqg

+4<, kdv d frqwlqxrxv vhohfwlrq1 Qrz frqvlghu wkh iroorzlqj idfwv=

41 Vpl +�l> �lm�l, lv orzhu khpl0frqwlqxrxv +o1k1f1, lq �l dqg lq �l vlqfh sl+�l> ��l,

lv frqwlqxrxv lq �l> ��l>

51 i�mmsm+�l> ��l, @ �mj lv o1k1f1 lq ��l vlqfh sm+�l> ��l, lv frqwlqxrxv lq ��l>

61 Pp
m +�l> �lm�, fdq eh zulwwhq dv iroorzv=

Pp
m +�l> �lm�, @ ^��l5Vp

l
+�l>�l m�l,i�mmsm+�l> ��l, @ �mj=

4;



Wkhuhiruh idfwv 4 dqg 5 dqg sursrvlwlrq 44156 lq Erughu 4<;8 lpso| wkdw

Pp
m +�l> �lm�, lv o1k1f1 lq �l dqg lq �l>

71 idfw 6 dqg sursrvlwlrq 44158 lq Erughu 4<;8 lpso| wkdw Pp
�l+�l> �lm�, lv

o1k1f1 lq �l dqg lq �l>

81 idfw 7 dqg sursrvlwlrq 44156 lq Erughu 4<;8 lpso| wkdw E3
l+w> �l, lv o1k1f1

lq �l>

91 idfwv 7/ 8/ sursrvlwlrq 44156 lq Erughu 4<;8 lpso| wkdw ^��l5Pp

�l
+�l>�lm�,E�l+w> ��l,

lv o1k1f1 lq �l1

Wkhuhiruh wkh fruuhvsrqghqfh �l = 	l $$ �+	�l, vdwlvi|lqj frqglwlrqv +4;,

dqg +4<, lv o1k1f1 Pruhryhu lw kdv forvhg frqyh{ ydoxhv= wkxv e| wkhruhp 471:

lq Erughu 4<;8 +vhh dovr Plfkdho 4<89, kdv d frqwlqxrxv vhohfwlrq1 Wkhuhiruh

E3
l+�l, lv qrqhpsw| dqg frpsdfw1 Pruhryhu E3+�, =@ �l5QE

3
l+�, lv reylrxvo|

frqyh{1 Ilqdoo| idfw 8/ sursrvlwlrqv 44156 dqg 44158 lq Erughu 4<;8 dqg wkh

frqwlqxlw| ri sl+�, lpso| wkdw wkh fruuhvsrqghqfh

E3+s, = 	$$ 	

lv o1k1f lq � dqg kdyh forvhg frqyh{ ydoxhv1 Wkhuhiruh wkhruhp 4817 lq Erughu

4<;8 lpsolhv wkdw lw kdv d �{hg srlqw= <�3 = �3 5 E3+s+�3,, dqg wkhuhiruh

VUFH 9@ >1 �

4<



D W?uLh4@|�L? �@h|�|�L?t @?_ ,^��*�Mh��4 �L?�

UiT|t

Lq wklv vhfwlrq L zloo frqvlghu wkh uhodwlrqvklsv ehwzhhq wkh qrwlrqv ri +Vwurqj

Udwlrqdol}deoh, Frqmhfwxudo Htxloleulxp dqg wkh fodvvlf vroxwlrq frqfhswv/ vxfk

dv QH dqg H{whqvlyh Irup Udwlrqdol}delolw| +HIU,1 Wkhvh sursrvlwlrqv vkrz

wkh surplqhqw uroh ri sod|huv* lqirupdwlrq sduwlwlrq zkhq zh zdqw wr dqdo|vh

d vwudwhjlf vlwxdwlrq1 Lw lv wulyldo wr vhh wkdw ;J 5 J> QH+J, � UFH+J, �

FH+J, +Uxelqvwhlq0Zrolqvn| 4<<7,1 Pruh frpsoh{ duh wkh uhodwlrqvkls ehwzhhq

VUFH dqg QH1 Wkh suhylrxv h{dpsoh ri �jxuh 6 vkrzv wkdw lq d vxefodvv ri

J VUFH lv dfwxdoo| d uh�qhphqw ri QH/ zkloh wkh iroorzlqj wkhruhp 6 vkrzv

wkdw zkhq wkh lqirupdwlrq sduwlwlrq lv qrq pdqlsxodeoh/ h1j1 zkhq wkh vljqdo

ixqfwlrq lv rqh0wr0rqh/ VUFH dqg QH frlqflghv1

Iru �{hg Q dqg V/ ghqrwh wkh vhw ri vljqdo ixqfwlrqv lqgxflqj d qrq pdqls0

xodeoh lqirupdwlrq sduwlwlrq e| QP �UQ�V 1

Wkhruhp 6

;J 5 J+� 5 QP, QH+J, @ VUFH+J, @ FH+J,=

SURRI= iru wklv fodvv ri jdphv lw lv lpphgldwh wkdw QH+J, � VUFH+J, �

FH+J,/ vlqfh lq wklv fdvh VUFH+J, @ UFH+J,1 Wkhuhiruh wkh uhvxow lv suryhg

vkrzlqj wkdw iru wklv fodvv ri jdphv FH+J, � QH+J,1 Ghqrwh wkh vxssruw ri

d suredelolw| phdvxuh e| VXSS ^�`1 Vxssrvh wkdw �3 5 FH+J,1 Wkhq ;l 5
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Q <�l 5 �+	�l, vxfk wkdw=

�3l 5 EUl+�l, +54,

�l+i��lmsl+�>�
3
l> ��l, @ sl+�>�

3
l> �

3
�l,j, @ 4= +55,

Frqvlghu frqglwlrq +54,/ zklfk lpsolhv wkdw ;v3l 5 VXSS ^�3l`> ;vl 5 Vl

]
^
[
v�l

xl+v
3
l> v�l,��l+v�l,`�l+g��l, �

]
^
[
v�l

xl+vl> v�l,��l+v�l,`�l+g��l,=

Exw
U
^
S

v�l
xl+v

3
l> v�l,��l+v�l,`�l+g��l, @

S
v�l

xl+v
3
l> v�l,

U
��l+v�l,�l+g��l, @

S
v�l

xl+v
3
l> v�l,a��l+v�l, zkhuh

a��l+v�l, =@

]
��l+v�l,�l+g��l,= +56,

Wkhuhiruh wkh suhylrxv lqhtxdolw| fdq eh uhzulwwhq dv iroorzv= ;v3l 5 VXSS ^�3l`> ;vl 5

Vl
S

v�l
xl+v

3
l> v�l,a��l+v�l, �

S
v�l

xl+vl> v�l,a��l+v�l, l1h1

;�l 5 	l xl+�
3
l> a��l, � xl+�l> a��l,= +57,

Qrwh wkdw uhodwlrqv +55, dqg +56, lpso| wkdw sl+�>�3l> a��l, @ sl+�>�3l> �
3
�l,1 Wkhuh0

iruh dvvxpswlrq 5 lpsolhv xl+�
3
l> �

3
�l, @ xl+�

3
l> a��l, � xl+�l> a��l, ;�l 5 	l

ehfdxvh ri lqhtxdolw| +57,1 Pruhryhu vlqfh wkh lqirupdwlrq sduwlwlrq lv qrq pd0

qlsxodeoh dqg uhodwlrqv +55, dqg +56, krog/ wkhq sl+�>�l> a��l, @ sl+�>�l> �3�l,1

Wkhuhiruh dvvxpswlrq 5 lpsolhv xl+�l> a��l, @ xl+�l> �
3
�l, dqg wkxv

;�l 5 	l xl+�
3
l> �

3
�l, � xl+�l> �

3
�l, l=h= �3 5 QH+J,=

�
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Wkh qrwlrq ri FH uhtxluhv pxfk ohvv lqirupdwlrq derxw rssrqhqwv* ehkdylrxu

wkdq wkh qrwlrq ri QH1 Lw lv wkhuhiruh vxusulvlqj wkdw erwk wkhvh frqfhswv surylgh

wkh vdph uhvwulfwlrqv rq revhuydeoh ehkdylrxu iru d txlwh frpsuhkhqvlyh fodvv

ri jdphv1 D yhuvlrq ri wklv wkhruhp lv suryhg iru HJv lq Edwwljdool 4<<3 dqg

lq Ixghqehuj0Ohylqh 4<<6/ khuh zh surylgh wkh rssruwxqh yhuvlrq iru wklv pruh

jhqhudo vhwwlqj1

Wkhruhp 7 Ohw Q @ i4> 5j1 Wkhq

;J 5 J+�l @ �, �+QH+J,, @ �+FH+J,,

zlwk wkh reylrxv phdqlqj ri wkh dexvh ri qrwdwlrq1

SURRI= vlqfh ;J 5 J = QH+J, � FH+J, wkhq lw lv lpphgldwh wkdw ;J 5 J =

�+QH+J,, � �+FH+J,,1 Wkhuhiruh L qhhg wr suryh wkdw xqghu wkh dvvxpswlrq

ri wkh wkhruhp �+FH+J,, � �+QH+J,,1 Ohw +��4> ��5, 5 FH+J,1 Wkhq L vkrxog

suryh wkdw <+a�4> a�5, 5 QH+J, = �+��4> ��5, @ �+a�4> a�5,1 E| gh�qlwlrq +��4> ��5, 5

FH+J, , <�4 5 �+	5, dqg <�5 5 �+	4, vxfk wkdw=

;�v4 5 VXSS ^��4` �v4 5 EU4+�4, +58,

�4+i�5ms4+�> ��4> �5, @ s4+�> ��4> ��5,j, @ 4 +59,

;�v5 5 VXSS ^��5` �v5 5 EU5+�5, +5:,

�5+i�4ms5+�> ��5> �4, @ s5+�> ��5> ��4,j, @ 4= +5;,

Qrz gh�qh a�5 =@
U
�5g�4 dqg a�4 =@

U
�4g�51 Wkhq +58, dqg +5:, lpso|=
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��4 5 EU4+a�5, dqg ��5 5 EU5+a�4, ehfdxvh

]
	6�l

[
V6�l

xl+vl> v6�l,�6�l+v6�l,g�l @
[
V6�l

xl+vl> v6�l,

]
	6�l

�6�l+v6�l,g�l @

e| wkh suhylrxv gh�qlwlrq @
S

V6�l
xl+vl> v6�l,a�6�l+v6�l, l 5 i4>5j= Exw

wkhq a�4 5 EU4+a�5, dqg a�5 5 EU5+a�4, vlqfh dffruglqj wr +59,/ +5;,

dqg wkh k|srwkhvlv ri wkh wkhruhp a�l gl�huv iurp ��l rqo| rxw ri wkh htxlole0

ulxp sdwk dqg wkh dfwlrqv rxw ri htxloleulxp gr qrw d�hfw wkh h{shfwhg xwlo0

lw|1 Wkhuhiruh +a�4> a�5, 5 QH+J,1 Pruhryhu e| frqvwuxfwlrq a�l dqg ��l gl�hu

rqo| rxw ri wkh htxloleulxp sdwk dqg wkhuhiruh wkh rxwfrphv vkrxog frlqflgh=

�+a�4> a�5, @ �+��4> ��5,1 �

Qrwh wkdw wkh frqglwlrqv Q @ i4> 5j dqg �l @ � duh erwk uhohydqw= wkh

�uvw jxdudqwhhv wkdw a�6�l lv zhoo gh�qhg/ zkloh li zh grq*w uhvwulfw wkh srvvleoh

lqirupdwlrq sduwlwlrqv wkhq wkh wkhruhp lv wulyldoo| idovh= wklqn h1j1 ri �l @

�n1 Rq wkh rwkhu kdqg wkhvh duh qrw wkh prvw vwulqjhqw frqglwlrqv vhfxulqj

wkh uhdolvdwlrq htxlydohqfh ehwzhhq FH dqg QH= vhh Ixghqehuj0Ohylqh 4<<6 iru

uhvxowv rq HJ zlwk shuihfw prqlwrulqj ri dfwlrqv1

Zkhq wkh lqirupdwlrq dydlodeoh gxulqj wkh jdph lv uhohydqw iru wkh

rxwfrph ri vwudwhjlf lqwhudfwlrq vlwxdwlrqv/ wkhvh frqwh{wv duh xvxdoo| prghoohg

dv HJv1 Rqh ri wkh prvw lpsruwdqw vroxwlrq frqfhsw lq wklv fdvh lv HIU +vhh

Shdufh 4<;7 dqg Edwwljdool 4<<:> wkh yhuvlrq ri HIU L xvh lv edvhg rq Edwwljdool*v

sdshu,1 L qhhg vrph whuplqrorj|=

� dq lqirupdwlrq vhw L3l suhfhghv L
33
l l� ;k 5 L 33l > <ak 5 L 3l =

ak � k= Wklv
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uhodwlrq lv ghqrwhg e| L 3l ! L 33l 1

� d frqmhfwxuh ri d sod|hu l 5 Q lv d suredelolw| phdvxuh fl 5 �+V�l,/

� fl uhdfkhv L 5 Ll l� SiL mvl> flj A 3 iru vrph vl 5 Vl/

� v3l lv d L0uhsodfhphqw iru vl l� vl+L
3, @ v3l+L

3, ;L 3 5 Ll qiLj = L 9! L 3>

l1h1 v3l gl�huv iurp vl rqo| dw L dqg dw lwv iroorzhuv/

� d frqvlvwhqw xsgdwlqj v|vwhp iru sod|hu l/ ghqrwhg e| FXVl/ lv d

pdsslqj fl+�, = Ll $ �+V�l, vxfk wkdw ;L 5 Ll fl+L, uhdfkhv L dqg

;L3> L 33 5 Ll> L 3 ! L 33 ) fl+L
3, uhdfkhv L 33 , fl+L

3, @ fl+L
33,=

Gh�qlwlrq : Wkh vhw ri h{whqvlyh irup udwlrqdol}deoh sxuh vwudwhjlhv

iru dq h{whqvlyh jdph H/ ghqrwhg e| S+H,/ lv gh�qhg lqgxfwlyho| dv iroorzv=

S +H, =@ �l5QSl+H,> Sl+H, =@
W
w�4 Sl+w>H, Sl+3>H, =@ Vl dqg vl 5

Sl+w. 4>H, l�=

vl 5 Sl+w>H, +5<,

dqg

<fl+�, 5 FXVl = ;L 5 Ll+vl> w, +63,

+l, fl+L, 5 �+S�l+w> H,,

+ll, xl+vl> fl+L,, � xl+v
3
l> fl+L,, ;v3l 5 Sl+w> H, dqg L0uhsodfhphqw iru vl/

zkhuh Ll+vl> w, lv wkh vhw ri L 5 Ll uhdfkhg e| vl> v�l iru vrph v�l 5 S�l+w> H,1
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Urxjko|/ HIU lpsolhv zhdn vhtxhqwldo udwlrqdolw| vlqfh lw uhtxluhv wkdw d vwudw0

hj| vshfl�hv d ehvw uhso| dw doo lqirupdwlrq vhwv wkdw fdq eh uhdfkhg e| wkdw

vwudwhj|/ jlyhq d frqmhfwxuh frqvlvwhqw zlwk wkh lqirupdwlrq vhwv rq wkh htxlole0

ulxp sdwk1 Pruhryhu lw lv dvvxphg wkdw wklv surfhgxuh lv FN dqg wkhuhiruh lw

lv uhfxuvlyho| lwhudwhg1

Ohw S+J, eh wkh vhw ri HIU sxuh vwudwhjlhv ri wkh h{whqvlyh jdph H uhs0

uhvhqwhg dv dq LPJ J zlwk lqirupdwlrq sduwlwlrq �l @ �H 1 L suryh wkdw iru

wklv fodvv ri jdphv wkh vwudwhjlhv lq VUFHS frlqflghv zlwk wkh HIU vwudwhjlhv

zklfk duh dovr sduw ri FHS 1

Wkhruhp 8

;J 5 J+�l @ �, VUFHS +J, @ S +J,
_

FHS +J,=

SURRI= �{ d jdph J 5 J v1w1 �l @ � = wklv frqglwlrq lpsolhv wkdw wkh vljqdo lv

sxeolf/ wkxv li v3 5 VUFHS / wkhq ;l> m 5 Q> ;pl> Pm+v
3
l>plm�, @ �+v3,1

L zloo suryh �uvw wkdw VUFHS � S
W
FHS = Vlqfh VUFHS � FHS / L qhhg

wr suryh rqo| wkdw VUFHS � S / dqg wklv lv grqh e| lqgxfwlrq1 Wkhuhiruh L

zdqw wr vkrz �uvw wkdw VUFHS � S +4, dqg wkhq wkdw

VUFHS � S +w, , VUFHS � S +w. 4,= +64,

Ohw gh�qh aLl+�+v3,, dv wkh vhw ri sod|hu l*v lqirupdwlrq vhwv uhdfkhg e| wkh

rxwfrph sdwk zkhq v3 lv sod|hg1 Li v3 5 VUFHS / wkhq ;l 5 Q v3l 5 ES
l +�+v

3,,1

Wkxv <�l^v3l` 5 �+ES
�l+�+v

3,,, vxfk wkdw v3l 5 EUl+�l^v
3
l`, dqg

�l^v
3
l`+iv�lm�l+v

3
l> v�l, @ �+v3,j, @ 4= +65,
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Qrz frqvwuxfw d frqvlvwhqw xsgdwlqj v|vwhp iru sod|hu l fl+�, dv iroorzv=

fl+�, @

;AA?
AA=

�l^v
3
l` ;L 5 aLl+�+v3,,

f3l+�, rwkhuzlvh

zkhuh f3l 5 FXVl1 Qrwh wkdw

41 fl+�, 5 FXVl ehfdxvh f3l+�, lv d FXV e| gh�qlwlrq dqg �l^v
3
l` vdwlv�hv

gh�qlwlrq : ;L 5 aLl+�+v3,,/ vlqfh frqglwlrq +65, lpsolhv wkdw ;L 5

aLl+�+v
3,, SiLmv3l> �l^v

3
l`j A 3 dqg �l^v

3
l` lv frqvwdqw dorqj wkh htxlole0

ulxp sdwk>

51 aLl+�+v3,, � Ll+v3l>4, ehfdxvh e| gh�qlwlrq

Ll+v
3
l>4, =@ iL 5 Llm<v�l 5 V�l = S+L mv

3
l> v�l, A 3j
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xl+v
3
l> fl+L,, @

;AA?
AA=

xl+v
3
l> �l^v

3
l`, L 5 aLl+�+v3,,

xl+v
3
l> f

3
l+L,, rwkhuzlvh1

Pruhryhu rxw ri wkh rxwfrph sdwk wkh frqmhfwxuhv gr qrw pdwwhu iru l*v sd|r�

pd{lplvdwlrq= wkhuhiruh xl+v
3
l> fl+L,, � xl+vl> fl+L,, ;vl 5 Vl dqg L0

uhsodfhphqw iru v3l dqg wkxv v3l 5 S +4,/ l1h1 VUFHS � S +4,1

Wr vkrz lpsolfdwlrq +64, dvvxph wkdw VUFHS � S +w,= Qrz gh�qh E+�, dv

wkh vhw ri �{hg srlqw riE+�+�,,= E+�, =@ iv3 5 Vmv3 5 ES +�+v3,,j= Vxssrvh v3 5

VUFHS / wkhq ;l v3l 5 El+�,1 Frqvhtxhqwo| <�l^v
3
l` 5 �+E�l+�,, � �+S�l+w,,

vxfk wkdw v3l 5 EUl+�l^v
3
l`, dqg �l^v

3
l`+iv�lm�l+v

3
l> v�l, @ �+v3,j, @ 4> zkhuh
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wkh lqfoxvlrq iroorzv iurp wkh lqgxfwlrq k|srwkhvlv1 Qrz frqvwuxfw d fl+�, lq

wkh iroorzlqj zd|=

fl+�, @

;AA?
AA=

�l^v
3
l` ;L 5 aLl+�+v3,,

f3l+�, rwkhuzlvh

zkhuh f3l 5 FXVl lv fkrvhq lq vxfk d zd| wkdw v3l 5 Sl+w . 4,1 Wklv lv srvvleoh

ehfdxvh=

41 fl+�, 5 FXVl ehfdxvh f
3
l+�, lv d FXV e| gh�qlwlrq dqg �l^v

3
l` vdwlv�hv ghi0

lqlwlrq : ;L 5 aLl+�+v3,,/ vlqfh ;L 5 aLl+�+v3,, SiLmv3l> �l^v
3
l`j A 3 dqg

�l^v
3
l` lv frqvwdqw dorqj wkh htxloleulxp sdwk>

51 aLl+�+v3,, � Ll+v3l> w, ehfdxvh e| gh�qlwlrq

Ll+v
3
l> w, =@ iL 5 Llm<v�l 5 S�l+w, � E�l+�, � iv3�lj = S+Lmv

3
l> v�l, A 3j

dqg wkxv ;L 5 aLl+�+v
3,, fl+L, @ �l^v

3
l` 5 �+E�l+�,, � �+S�l+w,,=

Pruhryhu lw lv srvvleoh wr fkrrvh f3l+�, lq vxfk d zd| wkdw ;L 5 Ll+v3l> w, q

aLl+�+v3,, f3l+L, 5 �+S�l+w,,> vlqfh wklv fkrlfh lv duelwudu|>
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xl+v
3
l> fl+L,, @

;AA?
AA=

xl+v
3
l> �l^v

3
l`, L 5 aLl+�+v3,,

xl+v
3
l> f

3
l+L,, rwkhuzlvh1

Wkhuhiruh wkhuh h{lvwv d f3l+L, vxfk wkdw xl+v
3
l> fl+L,, � xl+vl> fl+L,, ;vl 5

Sl+w, dqg L0uhsodfhphqw iru v3l dqg wkxv v3l 5 Sl+w .4,1

Qrz L zdqw wr suryh wkdw S
W
FHS � VUFHS = Vrph suholplqdu| uhpdunv

duh qhfhvvdu|1 Iluvw qrwh wkdw wkh lwhudwlyh gh�qlwlrq 9 ri VUFH fdq wulyldoo| eh

5:



vshfldolvhg wr wkh fdvh ri sxuh vwudwhjlhv1 Wkhuhiruh e| gh�qlwlrq v3 5 VUFHS l�

v3 5 _w�4E3+w> �+v3,,> vlqfh E3+w> �+�,, = V $$ V lv d frqwlqxrxv fruuhvsrqghqfh

lq wkh glvfuhwh wrsrorj|/ wkhq v3 5 VUFHS l� ;w � 4 v3 5 E3+w> �+v3,,1 Qrz

gh�qh E3+w> �, dv wkh vhw ri �{hg srlqw ri E3+w> �+�,,= E3+w> �, =@ iv3 5 Vmv3 5

E3+w> �+v3,,j= Wkhuhiruh wkh lqfoxvlrq wkdw L zdqw wr suryh lv htxlydohqw wr

;w � 4 S +w, _ FHS � E3+w> �, wkdw L suryh e| lqgxfwlrq1

Qrwh wkdw S +4,
W
FHS � E3+4> �, lv lpphgldwh vlqfh FHS @ E3+4> �,1

Pruhryhu qrwh wkdw wkhuh duh wzr srvvlelolwlhv= hlwkhu FHS @ VUFHS ru

FHS � VUFHS 1 Lq wkh �uvw fdvh wkh uhvxow iroorzv wulyldoo|/ zkloh lq wkh

vhfrqg fdvh wkh wkhvlv lv htxlydohqw wr suryh S � VUFHS 1 Wkhuhiruh L qhhg wr

suryh wkdw S +w, � E3+w> �, , S +w . 4, � E3+w . 4> �,= Vxssrvh wkdw

v3 5 S +w . 4,1 Wkhuhiruh ;l 5 Q <fl+=, 5 FXVl = ;L 5 Ll+v3l> w . 4, wkh frqgl0

wlrqv ri wkh gh�qlwlrq ri HIU krog1 Lq sduwlfxodu ;L 5 Ll+v3l> w . 4, fl+L, 5

�+S�l+w,, � �+E3
�l+w> �,, dqg v3l lv d ehvw uhso| dprqj L0uhsodfhphqw lq

S +w, � E3
l+w> �,1 Qrwh wkdw

41 e| gh�qlwlrq aLl+�+v3,, � Ll+v3l> w .4,>

51 ;L 5 aLl+�+v3,, VXSS ^fl+L,` � E3
�l+w> �, � Vl+v3l> �+v

3,m�, vlqfh e|

gh�qlwlrq dq| avm 5 E3
m+w> �, vkrxog eh frqvlvwhqw zlwk wkh sxeolf vljqdo

�+v3,>

61 fl+�, 5 FXVl lv frqvwdqw dorqj wkh htxloleulxp sdwk1

Wkhuhiruh lw lv srvvleoh wr srvh �l^v
3
l` =@ fl+L, ;L 5 aLl+�+v

3,,= Frqvlghu wkh

5;



�uvw L 5 aLl+�+v3,,/ l1h1 wkh �uvw lqirupdwlrq vhw ri sod|hu l dorqj wkh rxwfrph

sdwk= iurp wkh suhylrxv uhodwlrqv v3l 5 EUl+�l^v
3
l`, ehfdxvh lqirupdwlrq vhwv

zlwk suredelolw| }hur duh luuhohydqw iru pd{lplvdwlrq1 Pruhryhu e| frqvwuxfwlrq

�l^v
3
l` 5 �+E3

�l+w> �,, dqg �l^v
3
l`+Vl+v

3
l> �+v

3,m�,, @ 41 Wkhuhiruh v3l 5 E3
l+w .

4> �+v3,, dqg wkxv Sl+w. 4, � E3
l+w .4> �,1 �

+iuihi?Uit

^4` DXPDQQ/ U1 DQG D1 EUDQGHQEXUJHU +4<<8,= _Hslvwhplf Frqgl0

wlrqv iru Qdvk Htxloleulxp%/ Hfrqrphwulfd 96/ 4494044;31

^5` EDWWLJDOOL/ S1 +4<;:,= Frpsruwdphqwr ud}lrqdoh hg htxloleulr qhl jlrfkl

h qhooh vlwxd}lrql vwudwhjlfkh%/ xqsxeolvkhg glvvhuwdwlrq/ Erffrql Xqlyhu0

vlw|/ Plodqr1

^6` EDWWLJDOOL/ S1 +4<<3,= _Lqfrpsohwh Lqirupdwlrq Jdphv Zlwk Sulydwh

Sulruv/% plphr/ Erffrql Xqlyhuvlw|/ Plodqr1

^7` EDWWLJDOOL/ S1 +4<<:,= _Rq Udwlrqdol}delolw| lq H{whqvlyh Jdphv%/

Mrxuqdo ri Hfrqrplf Wkhru| :7/ 730941

^8` EDWWLJDOOL/ S1/ DQG G1 JXDLWROL +4<;;,= _Frqmhfwxudo Htxloleuld

dqg Udwlrqdol}delolw| lq d Pdfurhfrqrplf Jdph zlwk Lqfrpsohwh Lqirupd0

wlrq/% Zrunlqj Sdshu 4<;;09/ Erffrql Xqlyhuvlw|/ Plodqr1
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^9` ERUGHU/ N1 +4<;8,/ Il{hg srlqw wkhruhpv zlwk dssolfdwlrqv wr hfrqrplfv

dqg jdph wkhru|1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^:` GHNHO/ H1/ IXGHQEHUJ/ G1 DQG G1 N1 OHYLQH +4<<9,/ _Sd|r� Lq0

irupdwlrq dqg Vhoi0Frq�uplqj Htxloleulxp%/ plphr1

^;` IXGHQEHUJ/ G1/ DQG G1 OHYLQH +4<<6,= _Vhoi Frq�uplqj Htxlole0

ulxp/% Hfrqrphwulfd 94/ 85608791

^<` JLOOL/ P1 +4<;:,= Phwrgr Ed|hvldqr h dvshwwdwlyh qhood whruld ghl jlrfkl

h qhood whruld hfrqrplfd%/ xqsxeolvkhg glvvhuwdwlrq/ Erffrql Xqlyhuvlw|/

Plodqr1

^43` JLOOL/ P1 +4<<7,= _Prghoolqj Vwudwhjlf Lqwhudfwlrq= d Fdvh iru Lpshuihfw

Prqlwrulqj Jdphv%/ Zrunlqj Sdshu 4<<7 0 6/ Erffrql Xqlyhuvlw|/ Plodqr1

^44` KDKQ/ I1 +4<::,= _H{huflvhv lq Frqmhfwxudo Htxloleuld%/ Vfdqglqdyldq

Mrxuqdo ri Hfrqrplfv :</ 54305591

^45` KDKQ/ I1 +4<:;,= _Rq Qrq0zdoudvldq Htxloleuld/% Uhylhz ri Hfrqrplf

Vwxglhv 78/ 404;1

^46` NDODL/ H1/ DQG H1/ OHKUHU +4<<6,= _Vxemhfwlyh Htxloleulxp lq Uh0

shdwhg Jdphv%/ Hfrqrphwulfd 94/ 4564045731

^47` NUHSV/ G1 DQG ZLOVRQ/ U1 +4<;5,= _Vhtxhqwldo Htxloleulxp%/ Hfrqr0

phwulfd 83/ ;960;<71
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^48` OHKUHU/ H1 +4<;<,= _Orzhu Htxloleulxp Sd|r�v lq Wzr0Sod|hu Uhshdwhg

Jdphv zlwk Qrq0Revhuydeoh Dfwlrqv%/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkh0

ru| 4;/ 8:0;<1

^49` OHKUHU/ H1 +4<<3,= _Qdvk Htxloleuld ri q0Sod|hu Uhshdwhg Jdphv Zlwk

Vhpl0Vwdqgdug Lqirupdwlrq%/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| 4</

4<4054:1

^4:` OHKUHU/ H1 +4<<4,= _Lqwhuqdo Fruuhodwlrq lq Uhshdwhg Jdphv%/ Lqwhuqd0

wlrqdo Mrxuqdo ri Jdph Wkhru| 4</ 76407891

^4;` OHKUHU/ H1 +4<<5,= _Rq wkh Htxloleulxp Sd|r�v Vhw ri Wzr Sod|hu Uh0

shdwhg Jdphv zlwk Lpshuihfw Prqlwrulqj%/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph

Wkhru| 53/ 54405591

^4<` PLFKDHO/ H1 +4<89,= _Frqwlqxrxv Vhohfwlrq1 L%/ Dqqdov ri Pdwkhpdwlfv

96/ 69406;51

^53` RVERUQH/ P1 DQG UXELQVWHLQ/ D1 +4<<7,= D Frxuvh lq Jdph Wkh0

ru|1 Fdpeulgjh/ PD= Wkh PLW Suhvv1

^54` SHDUFH/ G1 +4<;7,=_Udwlrqdol}deoh Vwudwhjlf Ehkdylru dqg wkh Sureohp

ri Shuihfwlrq%/ Hfrqrphwulfd 75/ 435<043831

^55` UXELQVWHLQ/ D1/ DQG D1 ZROLQVN\ +4<<7,= _Udwlrqdol}deoh Frq0

mhfwxudo Htxloleulxp= Ehwzhhq Qdvk dqg Udwlrqdol}delolw|/% Jdphv dqg

Hfrqrplf Ehkdylru 9/ 5<<06441
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