of parameters against the perturbations in the noise structure. Based on this result,
we argue that even in the symmetric game with a homogeneous noise structure, the
focus of the analysis should be on the asymmetric equilibria, not on the symmetric
equilibrium that was studied in Bolton and Harris (1999).

In Chapter 3, we will investigate the possibility that the inefficiency in Chapter
2 could be overcome by market competition. Two competing firms are now
supplying the two options. It will be shown that results vary according to whether
or not consumers are homogeneous. If all the consumers have the same abilities to
evaluate the uncertain product, it is possible to achieve the efficient outcome. If the
consumers have heterogeneous abilities, then it is impossible to achieve the
efficient outcome.

In Chapter 4, we turn to discrete-time models. Unlike continuous-time set up,
we can provide a general model of multi-player multi-armed bandit problems in
discrete-time set up. Under the assumption of perfect observability, we will
generalize Section 2.2 in Berry and Fristedt (1985) to » player case. Then, we will

show that there exist pure Markov strategy equilibria.



2.2 The Model

There are 2 infinitely lived, risk-neutral players who will be denoted by 1, 2.
At each time period [t,t + dt), each player has to decide how to allocate her time
between two alternatives, one of which is safe and the other risky. Their choices
are made simultaneously and independently. For player i = 1,2, if she devotes a
proportion of a; of the current period [t, ¢+ dt) to the risky option, she will receive
the total payoff
dn? = (1 — ay)sdt + (1 — ;) 0dZ0(t)

from the safe option, and the total payoff
dr} = audt + ail/QaidZil (t)

from the risky option.

We assume that 1) s is known to both players, 2) neither of players knows p,
although the value of p is fixed, 3) © can be either h or [, where 0 <[ < s < h, 4)
the dZF(t) are the independent standard Brownian motions for k € {0,1},i =1, 2.
Thus, by choosing the risky option, each player could get information about pu,
although this information is subject to noise.

Since the dZF(t) are standard Brownian motions, dZF(t) will be distributed
following normal distribution whose mean and variance are zero and dt, respec-
tively. This implies that dr? is distributed normally with mean (1 — «;)sdt and

variance (1 — a;)o?dt, and that dr} is distributed with mean a;udt and variance
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a;02dt. Regarding the variances of the noise, we will assume that they will be
different across players. This assumption implies that the signals received by the
two players will differ in quality. Without loss of generality, we will assume that
0 < 09 < ;1. The signal for player 2 will be less noisy. We could interpret this as-
sumption as each player having different technologies to evaluate the true value of
the risky option. All the players have the same objective: to maximize the present
discounted value of their payoff streams, namely E[[;° re~"(dn? + dr})(t)], where
r is the common discount factor for the players. The meaning of this expectation
will be clearer in the next section.

We will assume that each player’s decision and her payoff in each period,
(ai(t), 72(t), 7} (), 5 » Will be known to everyone at the beginning of the preceding
period. Thus, {(a;(t), 72(t), 7} (t))i=12},<7 are common knowledge to the players

at time ¢, for all .

2.3 Basic Results!

Most of the results in this section are straightforward modifications of those

in Bolton and Harris(1999).

L All the results in this section can be generalized in a straight forward way to the

game of N players, where 0 < oy < .... < 07.
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2.3.1 The Filtering Problem

Following Bolton and Harris(1999), we will focus only on the perfect equilibria
in stationary Markov strategies. Hence the properties of p, the posterior probability
of u being h, which is the natural state variable in our model, are important for
our analysis.

Suppose player i devotes the proportion «; of the current period [t,t + dt)
to the risky option, and let p(¢) be the prior probability that p is h at time ¢, and
p(t-+dt) be the posterior at the end of the current period. Let dp(t) = p(t+dt)—p(t).
We need to characterize the distribution of dp(t). This problem is usually called a

filtering problem.

Proposition 2.1 Conditional on the information available to players at time
t, the change in beliefs dp(t) is distributed normally with mean 0 and variance

(a1/07 + az/03)®(p(t))dt, where ®(p) = [p(1 —p)(h —1)].

Proof .  Since players derive the information about p only from dr}(t), these
payoffs are observationally equivalent to the signals d7} = (o;)'/2fi;+dZ} (t), where
fi; = p/o;. Note that [i; takes the values I, =1 /o or h; = h/o; with probabilities

(1 — p) and p. Therefore, applying Bayes’ Rule,

i} ?(t)F(Bhilz) -
p(t)F(h1, ha) + (1 — p(t)) F(I1,12)’

p(t +dt) =

13



where F(jiy, jip) = (2mdt) " exp{—(1/2dt) 37, (d&}(t) — (a;)/*[1;dt)?} is the prob-

ability of observing the payoff profile d7*(t) = Hle dii (t) given (fiy, fi5). Hence,

dp = p(t+dt)—p(t)

p(1 —p)(ﬁ(le, ﬁ2) - F(ih l~2))
pF(ill, ilQ) + (1 —p)F(l}, Zg) ’

where F(fiy, iy) = exp{3 o, (a;))?fd7} — 1/23°7  a;i2dt}, and we have sup-

pressed the dependence of variables on t. Note that

N

2
Fli, i) = 140 (oa)"Phde} —1/2 " aifijdt)
=1 =1
2

2
1 ~ ~ ~
+§{(§ (Oéi)lmﬂidﬂzl —1/2 E Oéi/i?dt)}z
i=1 i=1
2

= 1+ (o) hudi,

i=1

where we have dropped the terms of order dt*/? and higher, and where we have
used the fact that (da})? = dt and dr;dr; = 0 if i # j, respectively. Hence,

p(L=p)(h = 1) 37 ((2:)"/?/0:)di]

- L+ 320 (0a) V20w (p) di}
2 - 1/2 2
= 2 =) -0 Y1 = (e i)
2 ()12 2
= o =) -0 it = 3 auu(p)an
2 ()12
— -0y 2z

=1

where 7m;(p) = [(1 — p)l 4 ph]/oy, and dZ} = di} — (@;)?((1 — p)l + ph)dt. We

have used again the fact that (d7})? = dt and dﬁ}dﬁjl- = 0 if ¢ # j, respectively,
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and neglected the terms of order dt*2and higher. Clearly Z' = [[_, Z} is a

standard 2-dimensional Wiener process. Therefore, dp has mean 0 and variance

p(1 = p)(h = DP(CL, aifo). B

This proposition explains the main reason we are using continuous-time
model. In discrete-time model, it is difficult to describe the posterior beliefs in
a tractable way.

From Proposition 2.1, we can see that ®(0) = ®(1) = 0. Therefore, once they
become sure about u, from that point on, there will be no further change in p,
which is a common feature of Bayesian updating. Also, players’ decision «a;’s have
weighted effects on the variance of dp(t), and these weights are the inverses of o2.
Hence, the more accurate player i’s signal is, the greater will be the influence of

the proportion of his time spent on the risky option on the variance of dp(t).

2.3.2 Properties of The Value Function

Our primary interest in this paper is in Markov perfect equilibria. Therefore,
we will not attempt to define the set of strategies for each player rigorously, and
move directly to Markov strategies. A Markov strategy is a strategy dependent

only on p, which is our natural state variable in this model.

Definition 2.2 A Markov strategy is a measurable function from [0, 1] to

15



Since p(t) has a well-defined distribution, and since we are considering only
Markov strategies which are functions of p, it is clear that E[ [~ re ™" (dn{+dn})(t)]
in the previous section is well-defined.

Let M; be the set of Markov strategies for player i. Given any notation with

subscript, such as a;, following convention, we will denote az_; by a_; for i =1, 2.

Definition 2.3 A strategy profile s = (s1, s2) is a Nash equilibrium if s; is a
best response for player i against s_; for all i = 1,2. A strategy profile £ = (§;,&,)
is a subgame perfect Markov equilibrium if ¢ is a Nash equilibrium and &,

is a Markov strategy for all 1 =1, 2.

Henceforth, we will simply call a Markov strategy a strategy except where
there is risk of confusion.

Let m(p) = ph+ (1 —p)l be the myopic expected payoff from the risky option
when g is believed to be h with probability p. Then, player ¢’s value function,

when the other player’s strategy is £ _,, will be the unique solution of the Hamilton-

—179
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Jacobi-Bellman equation?

ui(p) = max {(1-a)s +aim(p) (2.1)
(5w

Thus, as in discrete-time dynamic programming equation, player i’s value function
will be sum of two parts. Firstly, (1 — «a;)s+ a;m(p) is the instant expected payoff

of devoting «; of her time to the risky option. The second part

(2 Y a0

r \ o2 o2 2

% —1

is the discounted expected value of the changes in u;. As in the discrete-time case,
given this dynamic programming formulation, a strategy £, will be a best response

to &_; if and only if

& € arg max {(1—a)s+aim(p)

L (2 4 S0 a0

r

) —1

for all p € [0, 1].

Since

ui(p) = max {(1 - 01)s + aum(p)
+%(% + _5;'2@)@(;))@}

B 16_(p) o, ui(p)
= ex s+ 15 o)

\)

2 The Hamilton-Jacobi-Bellman equation is the dynamic programming equation in continuous-

time model. As an introduction, see Dixit and Pindyck (1994).
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"

ra (72000~ s = mie) ).

2

a strategy &, is a best response to ¢_; if and only if
0 if (1/(ro7))@(p)ui(p)/2 < s —m(p)
&ilp) =9 1 if (1/(ro?))®(p)ui(p)/2 > s —m(p)
€[0,1] if (1/(ro}))@(p)ui(p)/2 = s —m(p).

The above result has an immediate interpretation. s—m(p) will be the oppor-
tunity cost of choosing the risky option for player 4, while (1/(ro?))®(p)ul(p)/2
measures the informational gain from her experimentation. Thus, player ¢ will
choose the risky option or the safe one depending on whether or not the informa-
tional gain outweighs the opportunity cost.

We will characterize properties of player ¢’s value function, which will be
useful for our analysis. Let u(p) = max{s, m(p)}, which is a myopic payoff, let

u(p) = (1 — p)s + ph, which is the full-information ex-ante payoff, and let b be the

myopic break-even point such that m(b) = s.

Proposition 2.4 Suppose that player i plays a best response to the strategy
profile £_;. Let u; be her value function. Then u < u; <@ and u] > 0 on [0, 1].

In particular, u}(b) > 0.

Proof . Since one possible strategy for her is to choose the safe option when
p € [0,0] and the risky one when p € (b,1], u < u; is clearly true. Also since any

strategy for her in incomplete information case will be also a strategy in complete

18



information case, u; < @ is immediate. For the second part, note that the Bellman

equation (2.1) holds if and only if

L1 6, .
c>mt = (= + 5)0% and w; > Ll
Y _m+r(0?+a2_i) 2 and _S+ra2_i 2

with at least one equality.
If the first inequality holds as an equality, then we have

1_u” u; —m
—oL = : > 0.
ro 2 (1fof+¢& ;/0%) ~

Similarly, if the second inequality holds as an equality and ¢_;/o%, > 0, then

"
u,; U; — S
oLt =—"" _>0.
"

2 (§_i/0%;) ~
If the second inequality holds as an equality and _,/0%, = 0, then u; = s. Since
u; > s on [0, 1], u; attains a minimum in this case, and hence u; > 0. Therefore,
overall, ] > 0 on [0, 1].
Lastly, suppose u/(b) = 0. Then, by (2.1) again, u;(b) = u(b). With the first
part of this Lemma, however, this implies that u; has an upward kink at p = b,
which is a contradiction to the fact that w is continuously differentiable for all

p € [0,1]. Hence u/(b) > 0.1

It is easy to prove the following proposition using Proposition 2.4.

Proposition 2.5 Player i’s value function wu; is a non-decreasing, convex
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function.

Proof . Since u! > 0, convexity is trivial. Since u;(0) = s, and since u(p) > s

for all p € [0, 1] from Proposition 2.4, it is also clear that u; is non-decreasing. B

If p = b, then each player will be myopically indifferent between the safe
option and the risky one. By choosing the risky one, however, in addition to
the instant payoffs, they could also get extra information about the risky option.

Therefore, choosing the risky option is a dominant strategy for each player if p > b.

Proposition 2.6 If, for player i, &, is a best response to &_; for some £_; €

M_;, then for all p € [b,1], &;(p) = 1.

The following lemma which says that the payoft for player ¢ will not decrease
if the opponent will increase her experimentation can be proved using the fact that
w! >0, and it will be useful when we prove the existence of equilibrium in Section

8.

Proposition 2.7 Let ¢£_; and é,i be strategy profiles of the other player, and
let u; and u; be the value functions of player i when she plays a best response to

&, and é_i, respectively. If £_; > é_i, then u; > ;.
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Proof . The value function u; satisfies the Bellman equation

1 o i 4
wlp) = oo, (01— s +aamio) + 155+ o) 5P
Therefore,
1 i A_i ;;/
lp) 2 guas (01— )s +amip) + (G + 5w )

~ 1 X .
lp) = g, (0 = s bamlp) & 20+ 25 )2y

from the positivity of the Bellman operator, we conclude that u; > 4;. B

2.4 The Team Problem

As a benchmark for our equilibrium analysis, we will investigate the team

problem first. Since the two players will have signals of different quality, if social

optimality requires only one of them to select the risky option, we would naturally

conjecture that player 2 should select it. Indeed, at the socially optimal allocation,

there will be two cutoffs 0 < ¢y < ¢; < 1 such that player ¢ will choose the risky

option if and only if p € (¢;, 1]. In this section, we will prove this result.

In the team problem, a social planner will maximize the average payoff of

the two players. Hence,
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Lemma 2.8 The value function u, for the team problem is the unique solution

of the Bellman equation

2 2

wlp) = max (52— ads+ (3 apmip)

=1 i=1

(3 e L),

and a strategy profile {&;} is an optimal policy for the team problem if and only if

2

(6} € argmax_ {72 =Y ao)s+ (Y as)m(r)
(Y Sam) L)

Note that
w(p) = max_ {52 Za> + <Z ad)m(p)
+1<Z e
_ e {s é“ (%‘?q)(p)u;’ép) s5— ;n(p)) s

Since 0 < 09 < 07 by assumption, it is clear that if {¢,} is optimal, then
(0 foralli=1,2 if (1/(ro3))®ull/2 < (s —m)/2

B if (1/(ro3))®ul/2 > (s —m)/2
{&} = 1 fori=2 and 0 fori=1 > (1/(m§))q>u;'/2

(1 foralli=1,2 it (1/(ro?))®ul/2 > (s —m)/2,
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where we suppress the dependence of ®, !, and m on p.

Hence the structure of the optimal policy of this problem is very simple. In
general, there will be two cutoff points 0 < ¢y < ¢; < 1 = ¢ so that if p € (¢, 1],
then both of the players should select the risky option, if p € (cg, ¢1], only player 2
ought to select the risky one, and if p € [0, ¢s], then both should select the safe one.
This structure of the optimal policy is fairly intuitive. We can interpret (s—m(p))/2
as the common opportunity cost for choosing the risky option. Therefore, all the
players are facing the same conditions regarding cost. The differences in quality
of signals, however, will give them different benefits from experimentation, which
is (1/(ra?))®(p)ul(p)/2, and therefore, they will have different break-even points.
Social optimality requires that, unless they are too pessimistic or too optimistic,
only player 2 experiment.

With this structure of the optimal policy in mind, we now know that for
p € (¢jt1,¢4], the value function u, is the solution of the second order differential

equation

2

u«(p) = %[js +(2— )mp) + %(Z %)q)(p) u(p)

for 7 =0, 1. Of course, if p € [0, co], then u, = s.

It can be seen by direct calculation that

w(p) = gls+mp)

+ﬁ1p(C1+1)/2(1 _ p>—(C1—1)/2 + ﬁzp—(ﬁ—l)/Q(l _ p)(Cﬁ‘l)/?’
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where
¢ = (1+8ray/(h—1)*)?
is the general solution of this differential equation for p € (cs,c1]. For p € (1, 1],

since u, is bounded by h,

wao(p) = m(p) + Bop~ V(1 — p)lcotD/2

will be the solution, where

o= (4 e 1/a§>)1/2 |

To obtain the final solution, we need to specify 2 cutoff points ¢y, co in addition to
the 3 parameters, (3,, 31, 8), and they will be determined by boundary conditions
which include value matching conditions and smooth pasting conditions.?

Let u.(p) over (cji1,¢j] be u,j(p) for j = 0,1. Then the value matching

conditions will be

uso(c1) = wa(cr), and us(cz) = s.

The smooth pasting conditions for the value functions, u,;’s, are
Ug(er) = iy (1), and uj () = 0.

Since we have five parameters to determine, we need one more boundary condition,

and the following theorem provides it.

3 For an introductory explanation for these conditions, see Dixit and Pindyck (1994), Ch.4.
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Lemma 2.9 At the optimal solution of the team problem,

uikll(cl> = u;,o(cl)-

Proof . In the following proof, we will extend the domains of u.,, and wu,; to

(0, 1), if necessary. Suppose u!/,(c1) > uy(cy). Since

for all p € (¢q, 1], and since u”, and v/, are continuous, there exists € > 0 such that

T < )2

for all p € (¢; — €,¢1 + €), which is contradictory to the optimality of £; = 0 for
p e [O, Cl].

Suppose u!/;(c1) < uy(c1). Optimality and continuity imply that

1 " _ 1 "
_2(1)(01)”*1(61) < S m<cl) < —2(I)(Cl)u*0(61).
roy 2 roy 2

We first show that it is impossible to have the second inequality above hold with

equality. If it holds with equality, then

us(p) — mler) +% (iz + %) B(ey) Lole)

o 5 2
s+ mlcy) 1 ulo(c)
— 2L~ P *
2 * ros (1) 2
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as p \, c1. Also

s+m(cr) 1 hla)
SR Sl AT, *
2 + ’I“O'% (c1) 2

IS

uu(p) =
as p /" c1. Since ul;(c1) < uy(c1), however, u, can’t be continuous at ¢;. Thus,

%@(Cl)ugl(cl) §— m(cl) L(I)(Cl)ugo(cl)'

2
roy 2 roy 2

IN

Since ul, is continuous, this implies that there exists € > 0 such that

s—m(p) 1 uyo(p)
T\ o ()=
2 < ro? (v) 2

for all p € (¢; —€,¢1). Also, 1) u,y and u, are convex, 2) u.o(c1) = w4 (c1), and
uo(cr) = uy(cr), 3) uli(cr) < uly(c1) altogether imply that there exists & > 0
such that u.o(p) > w.(p) for all p € (¢ — €', ¢q). This, however, contradicts the

optimality for player 1 of ceasing to choose the risky option if p < c¢;. B

It is notable that u”,(¢;) = wu/y(c1) implies that, when the social planner
allocates player 1’s time, she ought to be indifferent between the safe option and
the risky one at p = ¢;. This could also be shown as following by invoking a
stopping time, which will show more clearly that this boundary condition comes
from the fact that p(¢) follows Brownian motion. We will show that the social
planner can’t strictly prefer player 1 choosing the safe option at p = c¢5. The
argument for the other case is similar.

Suppose so. Let 71 be a stopping time which is induced from ¢;, adapted
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to an obvious filtration, and indicates the first time player 1 will choose the risky
option assuming that p(0) € (¢1,¢2). Let ¢; be the first time such that p(t;) = ¢;.
Because of the path properties of Brownian motion, for any € > 0, Pr(p(t) > ¢ for
some t; < t < t; +¢|p(t1) = ¢1) = 1. Therefore, Pr(r; <ty +¢|T > t3) = 1 for all
¢ > 0. This implies, however, that Pr(7 < t3|7 > t3) = 1, which is a contradiction.

From this, it follows immediately that all the parameters are uniquely deter-

mined.

Theorem 2.10 At the optimal solution of the team problem, there will be two

cutoff points 0 < ca < ¢ < 1 so that

_Jo if p€ [0, ] o if p € [0, co
Silp) = { 1 ifpe(e,1] and &(p) = { 1 ifpe (e,1]

The two cutoff points c¢; and co will be unique.

2.5 The Leader-Follower Model of Strategic
Experimentation

We will call the 2 player game in our analysis Leader-Follower Model of
Strategic Experimentation (LFMSE). Sometimes, to emphasize the importance of
the parameters o7 and o9, we say LFMSE with parameters (o1,02). It will be

shown in three steps that the equilibria of LFMSE will be of very simple type.
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In the first step, we will show that there is no symmetric equilibrium. In the
second step, it will be shown that if a strategy profile £ = (£, £,) is an equilibrium
of LFMSE, then there are 0 < ¢; < ¢ < 1 such that both players will choose
the safe one for p € [0, ¢], and both will choose the risky one for p € (cg, 1]. If
p € (c1,ca), then there will be two possible cases. FEither both will use mixed
strategies or one of the players will choose the safe option, and the other chooses
the risky one. In the last step, by showing that it is impossible for both players to
use mixed strategies at the same time, we conclude that there are only asymmetric

equilibria, the structure of which is extremely simple.

2.5.1 Non-Existence of a Symmetric Equilibrium

We will now show that there is no symmetric equilibrium in the LFMSE.
We begin with the following lemma, which follows immediately from the results

summarized in Section 3.

Lemma 2.11 A strategy profile (&1,£,) is a subgame perfect Markov equilibrium

in LFMSE if and only if for all p € [0, 1],

) € an s, (1 =)o+ i)+ 7 (53 + 22 ) 2 2
01> 0-1 0.2

and

&5(p) € arg max {(1 — ag)s + agm(p) + % <O‘_§ I 51(2?9)) (p) uy(p) v

0<az<1 op o1 2
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where uy and us are the unique solutions of the following Bellman equations, re-

spectively.
w(p) = g (0 - as-+ o)+ 7 (5 + 2 ) o) HEy @2
and
walp) = s {(1 = o) o) + 7 (55 + 22 ) o). 23

It is easy to see why there can’t be any symmetric equilibrium if o1 # g9. If
there were a symmetric equilibrium, since both players would behave in the same
way, their value functions should be the same. If, however, the value functions
were the same, then the informational gains from experimentation, which is de-
pendent on o;, would be different across players. Therefore, the cutoff point at
which the informational gain begins to outweigh the common opportunity cost of

experimentation would be different. Thus, they couldn’t use the same strategies.

Theorem 2.12 There is no symmetric equilibrium in LFMSE.

Proof . Suppose a strategy profile (£,¢) is a symmetric equilibrium. Let u; be

the unique solution of the Bellman equation

uy = max {(1 —ai)s+ aym(p) + % <O‘_; + %) q)(p)ulf(p)}’

0<a: <1
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and uy be the unique solution of the Bellman equation

s = s (1= az)s + aamip) + 1 (2 + 5 ) 0 22,

0<a2<1 o3 o3

Since (&,&) is an equilibrium,

w==gs+em + 1 (5 + 5 ) o2 (2.4
and
us = (1 - €)s + Em(p) + + (Ui ; Ui) a(p) A (2.5)

From the value matching conditions including u1(1) = us(1) = h and uy(0) =
u2(0) = [, and from the smooth pasting conditions, the above two differential
equations will have the same boundary conditions so that u; = uy = u.

Suppose that there exists an open interval (c¢;,¢y) such that 0 < £(p) < 1 for
all p € (¢1,¢2). Then, ¢3 < b, because of Proposition 2.6. Therefore, for p € (¢1, ¢2),
s —m(p) > 0. Since (§,€) is an equilibrium, 0 < £(p) < 1 for p € (c1, cz) implies
that

200 = lp) = 0 2

> 0,

which is impossible. Therefore, there is no open interval (c;,ce) such that 0 <
&(p) < 1 for all p € (c1,¢2).
Now let ¢; = sup{c: {(p) = 0 for all p € [0,c]}. Thus, u(p) = s for all p €

[0, ¢1]. Note again that by Proposition 2.6, ¢; < b. Hence, there exists ¢y € (c1,b)
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such that {(p) = 1 for all p € (¢4, ¢2). Therefore, for all p € (c1, ca),

) =mip) + 7 (55 + 75 ) 0

r \o{ 03

That is,

ot 2) 20 —u i) (26)

r \o7{ 05

Also, since (&, &) is an equilibrium, for p € (¢1, ¢z),

% Ui% q)(p)u”z(p) >s—mf(p) and %Ui%qb(p)“”ép L osomp). @)

From (2.6) and (2.7), for p € (c1, ¢2), we have

E ( Ly iz) o(p) L~ () — mip)

r \o} o3 2

which is a contradiction since u(p) and m(p) are continuous at ¢, u(c¢;) = s, and

s—m(c)>0. W

2.5.2 Simple Pure Strategies and Simple Mixed Strategies

We will show in this section that if there is an equilibrium, its structure is
fairly simple. If £ is an equilibrium, then there are always three intervals of p; on the
first interval starting from zero, neither of the two players are experimenting, on the
second one adjacent to the first interval, either only one of them is experimenting or
both of them are experimenting at the same time, and on the last interval ending

at 1, both of them are experimenting. According to the status over the second
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interval, we will call an equilibrium simply pure or simply mixed.

Definition 2.13 A strategy profile £ = (£1,&,) is a simple pure strategy
(SPS) if there exist 0 < ¢1,¢2 < 1 such that §; = 0 for p € [0,¢], and &, = 1 for
p € (¢, 1]. A strategy profile £ = (£,,&,) is a simple mixed strategy (SMS) if
there exist 0 < ¢; < ¢ < 1 such that for p € [0,¢1], §; =&, = 0, for p € (1, ¢2),

0< 51752 < ]-7 and fOI'p S [6271]a 61 :SQ =L

Suppose that player 1 is definitely choosing either the safe or the risky option
on an open interval (¢, ¢). Player 2’s best response on this interval will be the
solution to the appropriate optimal stopping problem restricted on this interval.
Hence, it will be characterized by a cutoff rule. The following lemma verifies this
intuition. It shows that it is impossible for only one player to strictly mix in

equilibrium on any open interval.

Lemma 2.14 If a strategy profile §& = (&1,&5) is an equilibrium in LEMSE,
then there is no open interval (¢, €) such that for all p € (c,©), either £,(p) =0

and 0 <&_,(p)<lor&(p)=1and 0 <& _,(p) <1, fori=1,2.

Proof . Suppose there exists an open interval (¢, ¢) such that for all p € (¢,?),
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&, (p) =0 and 0 < &,(p) < 1. Then for p € (c,¢),

"
I uy
—P—==s—m.
ros 2

Thus, for all p € (¢, ?),

1&y . uy
= (1- “2e2
Us ( £y)s + Em + Fo2

= S.

Therefore, uf = 0 on this interval. From Proposition 2.6, we know that ¢ < b, and

thus for p € (¢, ),

1 uy(p)
— P 2 —5—
wg@)z s —m(p) >0,

which is a contradiction. The proof for the case when &,(p) =0 and 0 < &(p) < 1
is similar.
Now suppose that there exists an open interval (¢,¢) such that, for all p €

(¢,©), &(p) =1 and 0 < &,(p) < 1. Then, again for all p € (¢, ©),

Lol
ros 2 ’
and this implies that
L1 & usy
= (1-— =2 )2
U9 ( 52)3 +§2m+ - <O’% + 0_3) 2
_ T2y2(4
— s+ (ZP—m),

which is a strictly decreasing function. This is a contradiction, since us is increasing

by Proposition 2.5. The proof when &,(p) =1 and 0 < &;(p) < 1 is similar. B
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With the above lemma, we could drastically reduce the set of strategy profiles

that could be equilibria.

Theorem 2.15 If a strategy profile & = (£,,&5) is an equilibrium, then it is

either an SPS or an SMS.

Proof . We will first show that there is no equilibrium & = (£;,&,) such that

0 ifpel0,c)orpe (e
b 1 ipr(Cl,Cg) orp &€ (Cg,l],

and

0 if pE [0, CQ)
27l 1 ifpe (],
for 0 < ¢; < ¢o < c3 < 1. We will prove this by comparing the number of boundary

conditions and the number of parameters in the differential equation system. If £
is an equilibrium, we will have 10 coefficients and 3 cutoff points to determine. As
boundary conditions, we will have six value matching conditions at cutoff points,
and five smooth pasting conditions; one at each p = ¢y, ¢o, and c3 for player 1, and
one at each p = ¢y and c¢3 for player 2. Moreover, we will have three boundary
conditions about the second order derivatives of the value functions, which could be
derived from an argument similar to the discussion following the proof of Lemma
2.9. In summary, we have 13 parameters whereas we have 14 boundary conditions.

It can be shown similarly that, in general, it is impossible for the two players to
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experiment in turn at equilibrium. Now, let ¢, = sup{c: &, = 0 for all p € [0,¢)},
¢ =sup{c: & =0forall p € [0,¢)}, ¢ =inf{c: & =1 for all p € (¢,1]} and
¢y = inf{c: & =1 for all p € (¢, 1]}.

Then, with the result demonstrated at the beginning of this proof, by Theo-
rem 2.12 and Lemma 2.14, we have to consider only the following four possibilities.

If ¢; =70y, then by Lemma 2.14, §;, =&, =0for 0 <p<¢,and §; =&, =1
for ¢; < p < 1. This, however, is shown to be impossible in the proof of Theorem
2.12.

If ¢ < ¢y, then again by Lemma 2.14, it is clearly an SPS. Also, if ¢, < ¢,
and ¢; = ¢,, then again by Lemma 2.14, it is an SMS. If ¢; < ¢,, it is clearly an

SPS. H

Suppose that player 1 and 2 are strictly mixing on an open interval (c,¢).
Then, their private benefits from experimentation should be the same, given the
common opportunity cost of experimentation. That is,

1 df 1l
=5 = .
ro? 2 ro3 2
Therefore, u(p) = (01/02)*us(p), which implies that the curvature of u; is strictly
greater than uy. Since their values at ¢ are the same, it implies that u; should be

greater than us. For uy = uy = h at p = 1, however, if u; > us for some open

interval, then u; would be required to have smaller curvature. This is the main
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reason why we can’t have an SMS equilibrium if o; # os.
The following lemma, which is a modification of Theorem 9 in Bolton and
Harris (1999), will be useful in the proof of non-existence of SMS equilibria. Since

its proof is similar to that of Theorem 2.21, it will be omitted.

Lemma 2.16  Let a strategy profile £ = (£,,£,) be an SMS, let u; be player i’s

value function when she plays a best response against £, and let

—1

B, = (f_‘nf) and 3, = (f_j)

If € is an SMS equilibrium, then

¢ _{ (01/02)?6, if B < (02/01)* and p < b
| =

1 otherwise,

and

£, = { (02/01)*By if By < (01/02)* and p < b
2

1 otherwise.

Theorem 2.17  If a strategy profile £ = (&1,&5) is an equilibrium in the LFMSE,

then it is an SPS equilibrium.

Proof . With Theorem 2.15, it suffices to show that there is no SMS equilibrium
in the LFMSE. Suppose that £ = (£, £,) is an SMS equilibrium in the LFMSE, and

that 0 < &;(p), & (p) < 1 if and only if p € (¢,¢). Note that ¢ < b by Proposition
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2.6.

Now 0 < &,(p),&5(p) < 1 for p € (¢,€) implies that

ui(p) = (=)*usy(p) > 0. (2.8)

Also (1/(ro3))®ufy /2 = s—m for p € (¢, ) implies that the value function for

player 2, uy, will be the solution of the following second order differential equation:

1§ &\ uy
p— 1 -_— - a —a ¢_ 2'
U2 ( §2>8+£2m+r(0_%+0§> 9 ( 9)
1§ uy
— sy -lopl2
ST o 2
Therefore, for p € [c, ¢,
uz(p) = s + B1.f(p) + B29(p), (2.10)

where f(p) and g(p) are two independent solutions for the differential equation

r o3
From (2.8) with the boundary conditions for the value functions including

ur(e) = ua(c) = s, and uy(c) = us(c) =0,

we obtain

ui(p) = s+ (Z2)*(Bif(0) + B9(p)) (2.11)

for p € [c,¢].
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Since &,(¢) = &,(¢) = 1, from Lemma 2.16,

02.9,U1 — S Ug — S

) = (Z)%(

(01 s—m 09 s—m) (2.12)

at p =¢. From (3.10), (3.11), and (3.12),

B1f(€) + Byg9(T) = 0.

Also, the value matching condition u;(c) = us(c) = s implies that

B1f(c) + Bag(c) = 0,

which is a contradiction since w; is strictly increasing on (¢, ¢) due to both Propo-
sition 2.5 and u > 0 for p € (¢,¢). W

We have proved that there is no SMS equilibrium in the LEFMSE. Conse-
quently, the symmetric equilibrium in Bolton and Harris (1999), which is an SMS,

disappears as soon as we add heterogeneity into the structure of the noise.

2.5.3 Uniqueness

For the uniqueness of each type of SPS equilibrium, given the differential
equation systems for the value functions on each interval, we should have an ad-
equate number of boundary conditions. In this section, we will provide two extra
boundary conditions in addition to the usual value matching conditions and the
smooth pasting conditions. Uniqueness of each type of equilibrium will follow

immediately from this.
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Lemma 2.18 Suppose that

SPI=0 1 e (e1, 1]

{ 0 ifpel0,c]

and

f o if p € [0, ¢o
g‘i(p)_{ 1 ifp€ (c1]

18 an equilibrium of LEMSE, where 0 < co < ¢; <1 =c¢y. Let u{(p) be the player

i’s value function associated with £ = (&1,&,) on (¢j11,¢5], 7 =0,1. Then,

()" (e1) = ()" (ex), and (ul;)'(ex) = (ul;) (ex).

Proof . Since the proof for (u))”(c;) = (u})”(c1) is similar to that of Theorem
2.9, we will prove only (u2,)'(¢1) = (u',)'(c1). Since v’ , is convex and increasing, it
is impossible to have (u°,) (c;) < (ul,)'(c1). Suppose (u2;) (c1) > (ul,)(c1). Then,
there exists € > 0 such that u®,(p) < u!,(p) for all p € (¢; — &,¢1). If §;(p) were
1 for p € (c1 — €,¢1), then u%,;(p) would still be the value function for player i.
Since &; = 0 for p € (¢; — €,¢1), by Proposition 2.7, u°,(p) > u',(p), which is a
contradiction. W

With the previous lemma, we see that the number of boundary conditions is
equal to that of parameters in our differential equation systems. Hence, it should

be clear that each type of equilibrium is unique.
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Theorem 2.19 Suppose that

] o if p €0, c]
gi(p)_{ 1 ifpe (e,

and

B 0 lfp € [0,62]
§-ilp) _{ 1 ifpe (1]

where 0 < ¢g < ¢1 < 1 = ¢, 15 an equilibrium of LFMSE. Then, there is no other

equilibrium € = (&,,&,) such that & < &_, for all p € [0,1].

In the remainder of this paper, we will use a leader and a follower to distin-

guish each player at SPS equilibria in the following sense.

Definition 2.20 A strategy profile £ = (£,,&,) is an SPS with player i as a
leader and player ;5 as a follower, : =1 or 2, j =3 — ¢, if £ is an SPS and if

there exist 0 < ¢; < ¢2 < 1 such that £, =1 and £j =0 for p € (¢1, ).

2.6 Robustness of SPS Equilibria

The main result of this section shows that, for a broad range of parameters,
the length of the interval of p on which only one player is doing experimentation
at an SPS equilibrium will be bounded away from zero. Bolton and Harris (1999)

focus only on the symmetric equilibrium with the assumption of homogeneity. That
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is, with the assumption that oy = o4, they do not investigate the properties of an
asymmetric equilibrium. The results of this paper, however, show that the unique
symmetric equilibrium in Bolton and Harris (1999) is not robust to perturbations
in 0;’s when there are two players. Moreover, when o5 is close to o1, the length
of the interval of p on which only one player is doing experimentation will be
shown to be bounded away from zero. This suggests the existence of an SPS
equilibrium which is asymmetric in the setting of Bolton and Harris (1999). In
fact, the existence proof for an SPS equilibrium in Section 2.8 will be valid for the
homogeneous case, too. That is, when we have homogeneous noise structures, we
have three equilibria; two asymmetric pure strategy equilibria, and one symmetric
mixed strategy equilibrium. Only asymmetric equilibria, however, are robust to
perturbations. Thus, we argue that, when we have two players, focusing on the
symmetric equilibrium as in Bolton and Harris (1999) has little justification, and
that the focus of the future research be on the asymmetric equilibria even in the
symmetric game.

Following characterization theorem for an SPS equilibrium is crucial for the

main theorem.

Theorem 2.21  Suppose that a strategy profile & = (£,,&,) is an SPS with player

1 as a leader and player j as a follower, i =1 or 2, j = 3 —1. Let u; be player i’s
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value function when she plays a best response to £_;, and let 3, = (u; —s)/(s —m)
for i =1,2. Then, & is an SPS equilibrium if and only if

%

{o if 3, <0 andp<b

1 otherwise,

and

{0 if 3;<(0j/0:;)*> andp<b

1 otherwise.

For the proof of Theorem 2.21, we need a technical lemma.

Lemma 2.22 Suppose that a strategy profile £ = (£,,&,) is an SPS equilibrium,
and that §(p) =04if 0 <p<c;, &(p) =11 e <p<1,&((p) =04 0<p <y,
and & (p) =1 if co <p <1, where 0 < ¢; # co < 1. Let u; be the value function
of player © when she plays a best response to _,. Then, for all © = 1,2, for all

p>ci7

where equality holds for at most one p such that p € (max{cy, c2},b].

Proof . We will prove this for the case ¢; < ca. The proof for the case ¢; > ¢y is
similar. Since s — m(p) < 0 for p > b, it is clear that if there exists a p such that

the above inequality holds as an equality, it should be less than or equal to b.
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That &,(p) = 1 for ¢; < p < 1 implies

LqI>(p) u,llz(m >

2
roj

for p € (¢4, 1]. Now suppose that

1 uy(p)
— pp) 2 o (p
o) 2 — s - i)

for some p € (¢, ¢2). Then, since &,(p) = 0 for p € (¢1, ¢2),

"

wlp) = mp)+ o)

= S.

As uy is increasing by Proposition 2.5, u;(p) = s implies that u; = s for all p < p.

Then, u{ = 0 for all p < p, which is a contradiction to the assumption that

1 uy (p)
—®(p)—=—=—= = s —m(p) > 0.
ro? (p) =5 =5 —m(p)
Suppose
1 i (p) N
— P 1 — g
o) 52 = s =)

for some p € (cg,b]. Then, we will show that there exists at most one such p in
(02, b] .

From &,(p) = 1 for p € (¢, b],

wlp) = mlp)+ 1y + )b LD
= 5+ (22— m(H)

As s+(01/02)%(s—m(p)) is a strictly decreasing function of p, that u; is increasing
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clearly implies that there exists at most one such p. The proof for player 2 is

similar. &

Proof of the Main Theorem . We will prove this for the case when player 1
is a leader and player 2 is a follower. The proof for the case when player 2 is a
leader and player 1 is a follower is similar.

—

A strategy profile £ = (£,,&,) is an equilibrium if and only if

f2(p>> @(p)m}

1 (0751
&1 € arg max {(1—a1)s +awm(p) + (—2 + 22

o1 o5 2
and
1 /faz  &(p) us(p)
6 € arg o (11— s + o) + 7 (% + L2 ) g 42,

where u; and us are the unique solutions of the following Bellman equations,

respectively:
1 (o1 &(p) uy(p)
= 1-— - | = P 2.1
w = e (- ans @)+ 1 ( S+ 28 o)) ey
and
_ 1oz &(p) us (p)
u2—og£>§<1{(1—a2)5+a2m(p)+;(J—%—i— = o(p) 5 }. (2.14)
Let
1 u; (p)
% - ) L
vi(p) = —52(p)—
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for 1 = 1,2. Note that v; > 0 by Proposition 2.5.

Suppose that &; # &, if and only if p € (cq, ca).

Suppose p < b. Then, there are three possible cases.

If 0 <p<c, then £ =&, = 0. Hence, from (2.13) and (2.14), u; = up = s.
By =0By=0.

Ifc; <p <y, then & =1, & = 0. That £, = 0 implies that vy, < s —m.
Note that v; > s —m from Lemma 2.22. Now, from (2.13), uy = m + v;. Thus,

Uy — §
B, = ! = -1+

s—m S—m

U1

> 0.

Also from (2.14),

uy = 5+ (02/01)*vy.

Hence,
Ug — S
ﬁz = s —m
02\2 V2 022
= (== < (Z£2)7.
() < ()

Ifco <p<b, then & =&, =1. That £, =&, = 1 implies that v, vy > s—m.

Therefore, from (2.13),

1 _uf
-5 = —¢—= — 2.15
UL — S m+v1+ra§ 5 S ( )
"
> Lgin
roy 2

By Lemma 2.22; strict inequality holds in (2.15) for all but at most one p € (¢, b).

Since u; — s is increasing and ] > 0, then it is clearly true that u; — s > 0 for all
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p € (c2,b). Hence, g, > 0.

From (2.14),
uy = m+ (1/(ro?))®duly /2 + v,.
Therefore,
By, = 1:2__7; (2.16)
- (1 27) (2
> 14 <1+ (Z—j)?) - (Z—j)?.

By Lemma 2.22 again, in (2.16), strict inequality holds for all but at most one
p € (cg,b). It is easy to see that (ug — s)/(s —m) is strictly decreasing. Hence, it
is clearly true that 8, > (0y/01)? for all p € (c2,b).

Suppose p > b. Then, £, = & = 1 by Proposition 2.6, and hence there
remains nothing to show.

P—

Suppose p < b. There are three possible cases.

If v1,v9 < s —m, then we will show that (£;,&,) = (0,0). From (2.14),

Uy = S + €1<O'2/0'1)2’02.

Hence,

Ug — S 09 V2

s—m o1 s—m
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A
—
.

V)
AN

I
|

Therefore, £, = 0. With this result, from (2.13),
up = 5+ &(01/02)%0) = 5.

That is, £, = 0.

If v, > s —m > vy, then we will show that (£;,&,) = (1,0). From (2.14),
uy = s+ &,(02/01) 0.

Hence, as in the previous case, £, = 0. With this result, from (2.13),

01

up = m+u+&(—)
02
= m-++ v;.
ik S A I )
s—m 5 —

Hence, &, = 1.

If v1,v9 > s — m, then we will show that (£;,&,) = (1,1). From (2.13),
up =m+ vy + &(01/09) 1.

Thus,

W8 _ _1+<(Z—;)2§2+1)( —)

sS—m S—1m
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o
(=) >0.
02

. & = 1. With this result, from (2.14),

Uy = M + Vo +§1(0'2/0'1>2U2.

Hence,

Up TS _ _1+<€?%y+0( )

sS—m S—1m

02)2 _ (2 2

01 ! 01

Therefore, &, = 1.
If p > b, then again there remains nothing to show due to Proposition 2.6. ®
Given an SPS ¢ = (§,,&,), suppose that &, (p) # &,(p) if and only if p € (¢, ).

Then, let  : S> — R be a function defined as

n)=c-g,

where S is the set of SPS. Hence, 7 is a function which maps each SPS to the

length of the interval on which only one player is experimenting.

Theorem 2.23 Given LFMSE with parameters (01,02),0 < 09 < 01, let

l(o1,02) Zifgfﬁ(ﬁ),

where the inf is taken over the set of &’s such that & is an SPS equilibrium in
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LEMSE with parameters (o1,05). If o1 < (h—1)/r'/?, then

lim inf l(01,02)>0.

02—01

Proof . Suppose that a strategy profile & = (£;,&,) is an SPS equilibrium in the
LFMSE with parameters (o1, 059), and that &,(p) # &,(p) if and only if p € (¢, 7.
Let u; be the value function of player ¢ when she plays a best response to £_;. Let
c; be the cutoff point for player 1 when player 2 is using &, = 0, and let ¢} be the
cutoft point for player 2 when player 1 is using £; = 0. That is, against £, = 0,
it is optimal for player 2 to choose the safe option when p € [0, ¢j], and the risky
one when p € (¢, 1]. Also, against &, = 0, it is optimal for player 1 to choose
the safe option when p € [0, ¢}], and the risky one when p € (¢}, 1]. Finally let u}
and uj be the value functions of player 1 and 2 in this case, respectively. Then,
by Proposition 2.7, uj < wuy, and uy < wus. Suppose that £ = (£,,§,) is an SPS
equilibrium with player 2 as a leader and player 1 as a follower. Then, u} < us
implies that ¢ < ;. Note that ¢} is determined by the value matching condition
and smooth pasting condition as in the analysis of the Team Problem, and the

result is

(€=D(s=1)
C=Dls =D+ ((+1)(h—s)

cy =
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where

8ro2 1/2
= (1 0e)

The following argument is based on simple geometry. Therefore, drawing a
diagram while reading the proof will be helpful.
By Theorem 2.21, at p=-=¢

up = s+ (Z—;)Q(s —m).

Since wu; is an increasing convex function and u; < u = ph + (1 — p)s, ¢ can’t be

less than « such that

T(a) = s+ (01/02)*(s — m(a)).

Let o/ be the number such that @(a’) = s + s —m(a’). That is

, s—1

R YA b

Then, since W is strictly increasing, and
s+ s—m(a) < s+ (01/02)*(s — m(a)),

it is clear that o/ < «. Hence,

nE) = t—c

Since ¢ > 1, the last expression will be positive if ( < 3 which is equivalent to
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as n — OoQ0.

Proof . Note that
Vi(G(l)’";T_i) = SUp .G (Zam m)

where the summations are taken over all possible ¢ € {1,2, ..., k}". Likewise,

Vi(G(l)Q T_i> = SUPZ%ET (Z m Zn| X, 01 1 Cn71> )

Hence, it is clear that a” — a for all ¢ implies that V*(GM™; 77%) — VI(GW; 779).
|

Now we turn to the set of strategies. Given 7 = (79,72,...) and 7 =
(7}, 75, ...), recall that 7, and 7/, are R* valued measurable functions. The distance

between 7., and 77, dp,(Tm, 7)), is defined as

ATy Thy) = max/\rmd J

1<5<k
where 7, ; and 7"m7j are j-th coordinate of 7, and 7/, respectively. Next, we will
define a metric on 7. The distance between strategy profiles 7 and 7/, d(7,7'), is
define as

o0

= Z 27" Ty Thy)-
m=1

Therefore, d(7",7) — 0 as n — 0 is equivalent to L' convergence of each compo-

nent of 7" to the corresponding component of 7. If 7% — 7, in L', there exists a
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subsequence of 77!, which will converge to 7,,, almost surely. Therefore, 7, will also
be a strategy at period m. From this observation, it is clear that 7 is a complete
metric space. For strategy profiles 7,7 € 7" !( or 7™ ), we will use the product
metric arising from d on 7. For example, for 7 = (71, ..., 7" 1), 7 = (71, ..., 7" 1) €

Tn—l

d(t,7) = max d(t", 7).

Changes in 7% do not have direct effects on the instant payoff of player i at
each stage, since 7% only determines the law by which player ¢ will obtain extra
information. Thus, we would conjecture that the value function of player i is a

continuous function of 7%, The following lemma shows that this conjecture is true.

Lemma 4.8  For fized G, V¥(G;-) is a continuous function.
Proof . Given A = (ay, s, ...), let VI(G;77% A™) be defined as
ViG; T A = sup E;(Z amZL).

m=1

We will first show that for all A, and for all n < oo, V(G; 7% A™) is continuous
in 77¢ uniformly in G. We prove this by induction. For n = 1, the optimal strategy

for player ¢ is to select the myopic best choice. Thus,
V(G775 AW) — Vi(G; 775 AD)| = 0 for all G, 777,77, A,

Suppose that it is true for all 1 < k& < n, and for all A that V¥(G; 7% A®) is
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continuous in 7% uniformly in G. Note that

‘Vi(G; T*i;A(nH)) _ Vi(G;%fi;A(nJrl))‘
| Ve E(X) + B (VIGWI r AD))]
\/le[alE(X;ﬁ’l.) +F (Vi(G(l):j; T*i; A(n)))]
- \/?:1 [OélE(X]Z-,l) + B (Vl(G(l),J; f-—l; A(n)))]
VA [a B(XE) + E (VI(GW; 775 AM))]
—Vk  [mE(Xi)+E (Vﬁ'(G(l)u’; i, A<n>)>] :

IA

_|_

The first term in the right hand side of the inequality will be arbitrarily
small by induction hypothesis if 77 is close enough to 7. As GMJ and GW are
posteriors from the same prior G, we can apply Lemma 4.7, and hence, the last
term will also be arbitrarily small if 7~* is close enough to 777

Now,

VH(G 77 = VG 77
< VHG T = VG T AW
+ ‘Vi(G; T A(”)) — V"(G;f'ﬂ'; A(”))‘
+ VUG #7HAM) — V(G #7Y)|.
As V(G171 A™) — VI(G; 77%) uniformly in 77%,9 by choosing n appropriately,

the first and the last term can be made less than ¢/3 for all € > 0. Given that n

and ¢, by continuity of Vi(G;-; A™), the middle term will be less than /3 if 7~

9 See Theorem 2.5.1 in Berry and Fristedt (1985).
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is close enough to 7—*. W

4.5 Existence of Pure Markov Strategy

Equilibria

For h,, € H,,, let G* be the posterior belief at the beginning of stage m. A
strategy 7 = (71, 72,...) € T is a Markov strategy if there exists 7 : D(DF) — A
such that 7,,(h,,) = 7(G") for all h,, € H,,, and m. Thus, if player i is adopting
a Markov strategy, then his selection will depend only on the posterior at that
stage. As long as the posteriors are the same, regardless of the time he is going to
make a choice and the history before the stage, his selection will be the same. A
Markov strategy 7 is a pure Markov strategy if 7 maps D(DF¥) into vertices of A.

In this section, we will provide the main result of this chapter: There exist
pure Markov strategy Equilibria in multi-player multi-armed bandit problems. In
order to invoke the usual fixed point theorem, we will show that the set of pure
Markov strategies is compact subset of the set of strategies. Then, it will be
shown that the best response correspondence restricted on the set of pure Markov
strategies is non-empty, convex, and upper semi-continuous. Recall that, given a

sequence of sets { A}, limsup Ay and liminf A, are defined as

limsup Ay, = Np2, Uz, Ag
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and
lim inf Ak == Uzozl ﬂzo:n Ak

We say that A, — A if limsup Ay = liminf A

Lemma 4.9 M is a compact subset of 7.

Proof .  Since 7 is a complete metric space, it suffices to show that M is
sequentially compact. That is, it suffices to show that for every sequence {7"} C
M, there exists a subsequence of {7"} that converges in M. Note that a pure

Markov strategy 7" € M can be represented as

k

~n __
T = E ejlcy,

j=1
where the e; are unit vectors in R*, and the G} are the inverse images of e; by 7".
By definition, UG} = D(D*) and G} NG} = & for i # j.

Let
G; = limsup G}

and select a subsequence {7 }of {7"} such that G}* — G; as | — oco. Given {7™},

let’s define G4 as
Gy = limsup Gy,

and select a subsequence {7 }of {#™} such that G5"* — G as k — oo. Repeat

this process until we have subsequence {7 }of {7"} such that G7* — G; C D(D¥)
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for every j. It is clear that G; NG = @ for 7 # j. Now let

k
T = g ejlg,.
=1

Then, by construction, 7 is a random variable. Since {G,} are disjoint, 7 is a

Markov strategy. B

In the remainder, we will consider a modified game of the original multi-
player multi-armed bandit problems. In this modified game, the set of strategies
of the players are restricted to M. Payoffs will be determined as in the original
game. Let B be player ¢’s best response in the modified game. We could prove
that B¢ is non-empty as in Lemma 4.5. The proof of Lemma 4.5 will go through
without much change. As the strategies are stationary, it is obvious that Bi(T_i)
is convex for every 7% € M" 1. We already showed that M is compact. What
remains to be shown is the following. Recall that a correspondence I' : X — 2V
is called upper semicontinuous if {x : T'(z) C W} is open in X for every open

W cCY.

Lemma 4.10 Player i’s best response correspondence B is upper semicontin-

uous.

Proof . By Theorem 7.1.14 in Klein and Thompson (1984), it suffices to show

that B! is upper hemicontinuous and Bi(7~%) is compact for every 7% € M" 1.
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We prove upper hemicontinuity first. Suppose that

and

We have to show that
Tt e Bi(T*i),

and hence, it suffices to show that

Since 7" € B(77""), we have

VZ(G, T_i’n) = EETi,n’Tfi,n) (Z Osz:n>

m=1
It is clear that B i iy (3 met @mZn) = Elri i) (3 ey @mZy,). Also, by Lemma
4.8, Vi(G; 7)) — Vi(G; 7). Thus, Bi(7~*) is upper hemicontinuous.
For compactness of Bi(77%), as M is compact, we have only to show that

Bi(r7%) is closed. Suppose that 76" € Bi(7~%) and 7o" — 7. It is immediate that

Tt € Bi(r~) since

ViGTT) = EZ‘Tivn,Tfi)(ZamZiz)
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Theorem 4.11 There exist pure Markov strategqy equilibria in multi-player

multi-armed bandit problems.

Proof . Let

B=1I" B : M" — (2"
For proof, it suffices to show that B has a fixed point. Since the B? are non-empty,
and convex, B will also be non-empty, and convex. It is clear that B is also upper
semicontinuous, as B is upper semicontinuous. It is obvious that B is closed. As

M™ is compact and convex, by Theorem 11.4 in Dugundji and Granas (1982), B

has a fixed point. W
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Chapter 5

Conclusion

In this dissertation, we investigated various situations of strategic experimen-
tation. All these models, however, share one common feature: Players can observe
perfectly others’ actions and payoffs. We should point out that there is some liter-
ature on strategic experimentation with different assumptions. Most well known is
the literature on herding. In the study of herd behavior, it is assumed that people
can observe what others are doing, but not their payoffs. Under this assumption,
players have private information, and they can only infer information about the
respective payoffs of others from observed actions.

We believe that our world is somewhere in between these two extreme cases.
If so, we will have another dimension of strategic behavior, and a lot of intriguing

questions. How much information should I collect? How much information should
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I release? If I have some control over the quality of the released information, when
should I release truth and when should I release forged information? All of these

questions are waiting to be answered.
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