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Devwudfw
Joredo jdphv duh jdphv ri lqfrpsohwh lqirupdwlrq zkrvh w|sh vsdfh lv

ghwhuplqhg e| wkh sod|huv hdfk revhuylqj d qrlv| vljqdo ri wkh xqghuo|lqj
vwdwh1 Zlwk vwudwhjlf frpsohphqwdulwlhv/ joredo jdphv riwhq kdyh d xqltxh/
grplqdqfh vroydeoh htxloleulxp/ doorzlqj dqdo|vlv ri d qxpehu ri hfrqrplf
prghov ri frruglqdwlrq idloxuh1 Iru v|pphwulf elqdu| dfwlrq joredo jdphv/
htxloleulxp vwudwhjlhv lq wkh olplw +dv qrlvh ehfrphv qhjoljleoh, duh vlpsoh
wr fkdudfwhul}h lq whupv ri cgl�xvh* eholhiv ryhu wkh dfwlrqv ri rwkhuv1 Zh
ghvfuleh d qxpehu ri hfrqrplf dssolfdwlrqv wkdw idoo lq wklv fdwhjru|1 Zh
dovr h{soruh wkh glvwlqfwlyh urohv ri sxeolf dqg sulydwh lqirupdwlrq lq wklv
vhwwlqj/ uhylhz uhvxowv iru jhqhudo joredo jdphv/ glvfxvv wkh uhodwlrqvkls
ehwzhhq joredo jdphv dqg d olwhudwxuh rq kljkhu rughu eholhiv lq jdph wkhru|
dqg ghvfuleh wkh uhodwlrqvkls wr orfdo lqwhudfwlrq jdphv dqg g|qdplf jdphv
zlwk sd|r� vkrfnv1

NH\ZRUGV= frpprq nqrzohgjh/ frruglqdwlrq/ fxuuhqf| fulvhv/ joredo
jdphv/ kljkhu rughu eholhiv/ xqltxh htxloleulxp1

MHO qxpehuv= F:5/ G;51
�Wklv sdshu zdv suhsduhg iru wkh Hljkwk Zruog Frqjuhvv ri wkh Hfrqrphwulf Vrflhw| +Vhdwwoh

5333,1 Vhfwlrq 6 lqfrusrudwhv zrun flufxodwhg hduolhu xqghu wkh wlwoh �Sulydwh yhuvxv Sxeolf
Lqirupdwlrq lq Frruglqdwlrq Sureohpv1� Zh zrxog olnh wr wkdqn Kdqv Fduovvrq/ Gdylg Iudqnho/
Mrvhi Kriedxhu/ Mrqdwkdq Ohylq dqg Dg| Sdx}qhu iru ydoxdeoh frpphqwv rq wkh sdshu/ dqg
Vxvdq Dwkh| iru khu lqvljkwixo uhpdunv dv glvfxvvdqw dw wkh Frqjuhvv1 Pruulv zrxog olnh wr
uhfrug dq lpsruwdqw lqwhoohfwxdo ghew lq wklv duhd wr Dwvxvkl Ndmll/ wkurxjk mrlqw uhvhdufk dqg
orqj glvfxvvlrqv1 Pruulv lv judwhixo iru �qdqfldo vxssruw iurp Qdwlrqdo Vflhqfh Irxqgdwlrq judqw
&<:3<9341
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41 Lqwurgxfwlrq

Pdq| hfrqrplf sureohpv duh qdwxudoo| prghoohg dv d jdph ri lqfrpsohwh lqirupd0
wlrq/ zkhuh d sod|hu*v sd|r� ghshqgv rq klv rzq dfwlrq/ wkh dfwlrqv ri rwkhuv/ dqg
vrph xqnqrzq hfrqrplf ixqgdphqwdov1 Iru h{dpsoh/ pdq| dffrxqwv ri fxuuhqf|
dwwdfnv/ edqn uxqv dqg oltxlglw| fulvhv jlyh d fhqwudo uroh wr sod|huv* xqfhuwdlqw|
derxw rwkhu sod|huv* dfwlrqv1 Ehfdxvh rwkhu sod|huv* dfwlrqv lq vxfk vlwxdwlrqv duh
prwlydwhg e| wkhlu eholhiv/ wkh ghflvlrq pdnhu pxvw wdnh dffrxqw ri wkh eholhiv khog
e| rwkhu sod|huv1 Zh nqrz iurp wkh fodvvlf frqwulexwlrq ri Kduvdq|l +4<9:0;,
wkdw udwlrqdo ehkdylru lq vxfk hqylurqphqwv ghshqgv qrw rqo| rq hfrqrplf djhqwv*
eholhiv derxw hfrqrplf ixqgdphqwdov/ exw dovr ghshqgv rq eholhiv ri kljkhu rughu
0 wkdw lv/ sod|huv* eholhiv derxw rwkhu sod|huv* eholhiv/ sod|huv* eholhiv derxw rwkhu
sod|huv* eholhiv derxw rwkhu sod|huv* eholhiv/ dqg vr rq1 Lqghhg/ Phuwhqv dqg ]dplu
+4<;8, kdyh vkrzq krz rqh fdq jlyh d frpsohwh ghvfulswlrq ri wkh �w|sh� ri d
sod|hu lq dq lqfrpsohwh lqirupdwlrq jdph lq whupv ri d ixoo klhudufk| ri eholhiv dw
doo ohyhov1

Lq sulqflsoh/ rswlpdo vwudwhjlf ehkdylru vkrxog eh dqdo|}hg lq wkh vsdfh ri doo
srvvleoh lq�qlwh klhudufklhv ri eholhiv> krzhyhu/ vxfk dqdo|vlv lv kljko| frpsoh{
iru sod|huv dqg dqdo|vwv dolnh dqg lv olnho| wr suryh lqwudfwdeoh lq jhqhudo1 Lw lv
wkhuhiruh xvhixo wr lghqwli| vwudwhjlf hqylurqphqwv zlwk lqfrpsohwh lqirupdwlrq
wkdw duh ulfk hqrxjk wr fdswxuh wkh lpsruwdqw uroh ri kljkhu rughu eholhiv lq
hfrqrplf vhwwlqjv/ exw vlpsoh hqrxjk wr doorz wudfwdeoh dqdo|vlv1 Joredo jdphv/
�uvw vwxglhg e| Fduovvrq dqg ydq Gdpph +4<<6d,/ uhsuhvhqw rqh vxfk hqylurqphqw1
Xqfhuwdlq hfrqrplf ixqgdphqwdov duh vxppdul}hg e| d vwdwh w dqg hdfk sod|hu
revhuyhv d gl�huhqw vljqdo ri wkh vwdwh zlwk d vpdoo dprxqw ri qrlvh1 Dvvxplqj
wkdw wkh qrlvh whfkqrorj| lv frpprq nqrzohgjh dprqj wkh sod|huv/ hdfk sod|hu*v
vljqdo jhqhudwhv eholhiv derxw ixqgdphqwdov/ eholhiv derxw rwkhu sod|huv* eholhiv
derxw ixqgdphqwdov/ dqg vr rq1 Rxu sxusrvh lq wklv sdshu lv wr ghvfuleh krz vxfk
prghov zrun/ krz joredo jdph uhdvrqlqj fdq eh dssolhg wr hfrqrplf sureohpv dqg
krz wklv dqdo|vlv uhodwhv wr pruh jhqhudo dqdo|vlv ri kljkhu rughu eholhiv lq vwudwhjlf
vhwwlqjv1

Rqh wkhph wkdw hphujhv lv wkdw wdnlqj kljkhu rughu eholhiv vhulrxvo| grhv qrw
uhtxluh h{wuhpho| vrsklvwlfdwhg uhdvrqlqj rq wkh sduw ri sod|huv1 Lq vhfwlrq 5/
zh suhvhqw d ehqfkpdun uhvxow iru elqdu| dfwlrq frqwlqxxp sod|hu jdphv zlwk
vwudwhjlf frpsohphqwdulwlhv zkhuh hdfk sod|hu kdv wkh vdph sd|r� ixqfwlrq1 Lq
d joredo jdphv vhwwlqj/ wkhuh lv d xqltxh htxloleulxp zkhuh hdfk sod|hu fkrrvhv
wkh dfwlrq wkdw lv d ehvw uhvsrqvh wr d xqlirup eholhi ryhu wkh sursruwlrq ri
klv rssrqhqwv fkrrvlqj hdfk dfwlrq1 Wkxv/ zkhq idfhg zlwk vrph lqirupdwlrq
frqfhuqlqj wkh xqghuo|lqj vwdwh ri wkh zruog/ wkh suhvfulswlrq iru hdfk sod|hu lv
wr k|srwkhvl}h wkdw wkh sursruwlrq ri rwkhu sod|huv zkr zloo rsw iru d sduwlfxodu
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dfwlrq lv d udqgrp yduldeoh wkdw lv xqlirupo| glvwulexwhg ryhu wkh xqlw lqwhuydo dqg
fkrrvh wkh ehvw dfwlrq xqghu wkhvh flufxpvwdqfhv1 Zh gxe vxfk eholhiv +dqg wkh
dfwlrqv wkdw wkh| holflw, dv ehlqj Odsodfldq/ iroorzlqj Odsodfh*v +4;57, vxjjhvwlrq
wkdw rqh vkrxog dsso| d xqlirup sulru wr xqnqrzq hyhqwv iurp wkh �sulqflsoh ri
lqvx!flhqw uhdvrq�1

D vwulnlqj ihdwxuh ri wklv frqfoxvlrq lv wkdw lw uhfrqflohv Kduvdq|l*v ixoo| ud0
wlrqdo ylhz ri rswlpdo ehkdylru lq lqfrpsohwh lqirupdwlrq vhwwlqjv zlwk wkh glv0
vhqwlqj ylhz ri Ndgdqh dqg Odunh| +4<;5, dqg rwkhuv wkdw udwlrqdo ehkdylru lq
jdphv vkrxog lpso| rqo| wkdw hdfk sod|hu fkrrvhv dq rswlpdo dfwlrq lq wkh oljkw
ri klv vxemhfwlyh eholhiv derxw rwkhuv* ehkdylru/ zlwkrxw ghgxflqj klv vxemhfwlyh
eholhiv dv sduw ri wkh wkhru|1 Li zh ohw wkrvh vxemhfwlyh eholhiv eh wkh djqrvwlf
Odsodfldq sulru/ wkhq wkhuh lv qr frqwudglfwlrq zlwk Kduvdq|l*v ylhz wkdw sod|huv
vkrxog ghgxfh udwlrqdo eholhiv derxw rwkhuv* ehkdylru lq lqfrpsohwh lqirupdwlrq
vhwwlqjv1

Wkh lpsruwdqfh ri vxfk dqdo|vlv lv qrw wkdw zh kdyh dq dghtxdwh dffrxqw ri
wkh vxewoh uhdvrqlqj xqghuwdnhq e| wkh sod|huv lq wkh jdph 0 lw fohduo| grhv qrw gr
mxvwlfh wr wkh uhdvrqlqj lqkhuhqw lq wkh Kduvdq|l surjudp1 Udwkhu/ lwv lpsruwdqfh
olhv lq wkh idfw wkdw zh kdyh dffhvv wr d irup ri vkruw0fxw/ ru khxulvwlf ghylfh wkdw
doorzv wkh hfrqrplvw wr lghqwli| wkh dfwxdo rxwfrphv lq vxfk jdphv/ dqg wkhuhe|
rshq xs wkh srvvlelolw| ri v|vwhpdwlf dqdo|vlv ri hfrqrplf txhvwlrqv zklfk pd|
rwkhuzlvh dsshdu wr eh lqwudfwdeoh1

Rqh lqvwdqfh ri wklv fdq eh irxqg lq wkh ghedwh frqfhuqlqj vhoi0ixo�oolqj eholhiv
dqg pxowlsoh htxloleuld1 Li rqh vhw ri eholhiv prwlydwhv dfwlrqv zklfk eulqj derxw
wkh vwdwh ri d�dluv hqylvdjhg lq wkrvh eholhiv/ zkloh dqrwkhu vhw ri vhoi0ixo�oolqj
eholhiv eulqj derxw txlwh gl�huhqw rxwfrphv/ wkhq wkhuh lv dq dssduhqw lqghwhupl0
qdf| lq wkh wkhru|1 Lq erwk fdvhv/ wkh eholhiv duh orjlfdoo| frkhuhqw/ frqvlvwhqw
zlwk wkh nqrzq ihdwxuhv ri wkh hfrqrp|/ dqg duh eruqh rxw e| vxevhtxhqw hyhqwv1
Krzhyhu/ zh gr qrw kdyh dq| jxlgdqfh rq zklfk rxwfrph zloo wudqvsluh zlwkrxw
dq dffrxqw ri krz wkh lqlwldo eholhiv duh ghwhuplqhg1 Zh kdyh dujxhg hovhzkhuh
+Pruulv dqg Vklq +5333,, wkdw wkh dssduhqw lqghwhuplqdf| ri eholhiv lq pdq|
prghov zlwk pxowlsoh htxloleuld fdq eh vhhq dv wkh frqvhtxhqfh ri wzr prghoolqj
dvvxpswlrqv lqwurgxfhg wr vlpsoli| wkh wkhru|1 Iluvw/ wkh hfrqrplf ixqgdphqwdov
duh dvvxphg wr eh frpprq nqrzohgjh> dqg vhfrqg/ hfrqrplf djhqwv duh dvvxphg
wr eh fhuwdlq derxw rwkhuv* ehkdylru lq htxloleulxp1 Erwk dvvxpswlrqv duh pdgh
iru wkh vdnh ri wudfwdelolw|/ exw wkh| gr pxfk pruh ehvlghv1 Wkh| doorz djhqwv*
dfwlrqv dqg eholhiv wr eh shuihfwo| fr0ruglqdwhg lq d zd| wkdw lqylwhv pxowlsolflw|
ri htxloleuld1 Lq frqwudvw/ joredo jdphv doorz wkhrulvwv wr prgho lqirupdwlrq lq
d pruh uhdolvwlf zd|/ dqg wkhuhe| hvfdsh wklv vwudlwmdfnhw1 Pruh lpsruwdqwo|/
wkurxjk wkh khxulvwlf ghylfh ri Odsodfldq dfwlrqv/ joredo jdphv doorz prghohuv wr
slq grzq zklfk vhw ri vhoi0ixo�oolqj eholhiv zloo suhydlo lq htxloleulxp1
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Dv zhoo dv dq| wkhruhwlfdo vdwlvidfwlrq dw lghqwli|lqj d xqltxh rxwfrph lq d
jdph/ wkhuh duh pruh vxevwdqwldo lvvxhv dw vwdnh1 Joredo jdphv doorz xv wr
fdswxuh wkh lghd wkdw hfrqrplf djhqwv pd| eh sxvkhg lqwr wdnlqj d sduwlfxodu
dfwlrq ehfdxvh ri wkhlu eholhi wkdw rwkhuv duh wdnlqj vxfk dfwlrqv1 Wkxv/ lqh!flhqw
rxwfrphv pd| eh irufhg rq wkh djhqwv e| wkh h{whuqdo flufxpvwdqfhv hyhq wkrxjk
wkh| zrxog doo eh ehwwhu r� li hyhu|rqh uhiudlqhg iurp vxfk dfwlrqv1 Edqn uxqv dqg
�qdqfldo fulvhv duh sulph h{dpsohv ri vxfk fdvhv1 Zh fdq gudz wkh lpsruwdqw
glvwlqfwlrq ehwzhhq zkhwkhu wkhuh fdq eh lqh!flhqw htxloleulxp rxwfrphv dqg
zkhwkhu wkhuh lv d xqltxh rxwfrph lq htxloleulxp1 Joredo jdphv/ wkhuhiruh/ duh
ri pruh wkdq sxuho| wkhruhwlfdo lqwhuhvw1 Wkh| doorz pruh hqoljkwhqhg ghedwh rq
vxevwdqwldo hfrqrplf txhvwlrqv1 Lq vhfwlrq 516/ zh glvfxvv dssolfdwlrqv wkdw prgho
hfrqrplf sureohpv xvlqj joredo jdphv1

Joredo jdphv rshq xs rwkhu lqwhuhvwlqj dyhqxhv ri lqyhvwljdwlrq1 Rqh ri wkhp
lv wkh lpsruwdqfh ri sxeolf lqirupdwlrq lq frqwh{wv zkhuh wkhuh lv dq hohphqw ri
frruglqdwlrq ehwzhhq wkh sod|huv1 Wkhuh lv sohqwlixo dqhfgrwdo hylghqfh iurp d
ydulhw| ri frqwh{wv wkdw sxeolf lqirupdwlrq kdv dq dssduhqwo| glvsursruwlrqdwh
lpsdfw uhodwlyh wr sulydwh lqirupdwlrq1 Ilqdqfldo pdunhwv dssduhqwo| �ryhuuhdfw�
wr dqqrxqfhphqwv iurp fhqwudo edqnhuv wkdw phuho| vwdwh wkh reylrxv/ ru uhd!up
zlgho| nqrzq srolf| vwdqfhv1 Exw d forvhu orrn dw wklv skhqrphqrq zlwk wkh
ehqh�w ri wkh lqvljkwv jlyhq e| joredo jdphv pdnhv vxfk lqvwdqfhv ohvv p|vwhulrxv1
Li pdunhw sduwlflsdqwv duh frqfhuqhg derxw wkh uhdfwlrq ri rwkhu sduwlflsdqwv wr
wkh qhzv/ wkh sxeolf qdwxuh ri wkh qhzv frqyh|v pruh lqirupdwlrq wkdq vlpso| wkh
�idfh ydoxh� ri wkh dqqrxqfhphqw1 Lw frqyh|v lpsruwdqw vwudwhjlf lqirupdwlrq
rq wkh olnho| eholhiv ri rwkhu pdunhw sduwlflsdqwv1 Lq wklv fdvh/ wkh �ryhuuhdfwlrq�
zrxog eh hqwluho| udwlrqdo dqg ghwhuplqhg e| wkh w|sh ri htxloleulxp orjlf lqkhuhqw
lq d jdph ri lqfrpsohwh lqirupdwlrq1 Lq vhfwlrq 6/ wkhvh lvvxhv duh ghyhorshg pruh
v|vwhpdwlfdoo|1

Joredo jdphv fdq eh vhhq dv d sduwlfxodu lqvwdqfh ri htxloleulxp vhohfwlrq
wkrxjk shuwxuedwlrqv1 Wkh vhw ri shuwxuedwlrqv lv hvshfldoo| ulfk ehfdxvh lw
wxuqv rxw wkdw wkh| doorz iru d ulfk vwuxfwxuh ri kljkhu rughu eholhiv1 Lq vhfwlrq
7/ zh ghoyh vrphzkdw ghhshu lqwr wkh surshuwlhv ri jhqhudo joredo jdphv 0 qrw
phuho| wkrvh zkrvh dfwlrq vhwv duh elqdu|1 Zh glvfxvv krz joredo jdphv duh
uhodwhg wr rwkhu qrwlrqv ri htxloleulxp uh�qhphqwv dqg zkdw lv wkh qdwxuh ri
wkh shuwxuedwlrq lpsolflw lq joredo jdphv1 Wkh jhqhudo iudphzrun doorzv xv wr
glvhqwdqjoh wzr surshuwlhv ri joredo jdphv1 Wkh �uvw surshuw| lv wkdw d xqltxh
rxwfrph lv vhohfwhg lq wkh jdph1 D vhfrqg/ pruh vxewoh/ txhvwlrq lv krz vxfk d
xqltxh rxwfrph ghshqgv rq wkh xqghuo|lqj lqirupdwlrq vwuxfwxuh dqg wkh qrlvh
lq wkh sod|huv* vljqdov1 Dowkrxjk lq vrph fdvhv wkh rxwfrph lv vhqvlwlyh wr wkh
ghwdlov ri wkh lqirupdwlrq vwuxfwxuh/ wkhuh duh fdvhv zkhuh d sduwlfxodu rxwfrph lv
vhohfwhg dqg zkhuh wklv rxwfrph wxuqv rxw wr eh urexvw wr wkh irup ri wkh qrlvh
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lq wkh sod|huv* vljqdov1 Wkh wkhru| ri �urexvwqhvv wr lqfrpsohwh lqirupdwlrq� dv
ghyhorshg e| Ndmll dqg Pruulv +4<<:, krogv wkh nh| wr wklv surshuw|1 Zh dovr
glvfxvv d odujhu wkhruhwlfdo olwhudwxuh rq kljkhu rughu eholhiv dqg wkh uhodwlrq wr
joredo jdphv1

Lq vhfwlrq 8/ zh vkrz krz uhfhqw zrun rq orfdo lqwhudfwlrq jdphv dqg g|qdplf
jdphv zlwk sd|r� vkrfnv hpsor| d vlplodu orjlf wr joredo jdphv lq uhdfklqj xqltxh
suhglfwlrqv1

51 V|pphwulf Elqdu| Dfwlrq Joredo Jdphv

5141 Olqhdu H{dpsoh

Ohw xv ehjlq zlwk wkh iroorzlqj h{dpsoh wdnhq iurp Fduovvrq dqg ydq Gdpph
+4<<6d,1 Wzr sod|huv duh ghflglqj zkhwkhu wr lqyhvw1 Wkhuh lv d vdih dfwlrq +qrw
lqyhvw,> wkhuh lv d ulvn| dfwlrq +lqyhvw, zklfk jlyhv d kljkhu sd|r� li wkh rwkhu
sod|hu lqyhvwv1 Sd|r�v duh jlyhq e| wkh iroorzlqj pdwul{1

Lqyhvw QrwLqyhvw
Lqyhvw wc w w � �c f
QrwLqyhvw fc w � � fc f

+514,

Li wkhuh zhuh frpsohwh lqirupdwlrq derxw w/ wkhuh zrxog eh wkuhh fdvhv wr
frqvlghu1

� Li w : �/ hdfk sod|hu kdv d grplqdqw vwudwhj| wr lqyhvw1

� Li w 5 dfc �o/ wkhuh duh wzr sxuh vwudwhj| Qdvk htxloleuld= erwk lqyhvw dqg
erwk qrw lqyhvw1

� Li w 	 f/ hdfk sod|hu kdv d grplqdqw vwudwhj| qrw wr lqyhvw1

Exw wkhuh lv lqfrpsohwh lqirupdwlrq derxw w1 Sod|hu � revhuyhv d sulydwh
vljqdo %� ' wn0�1 Hdfk 0� lv lqghshqghqwo| qrupdoo| glvwulexwhg zlwk phdq f dqg
vwdqgdug ghyldwlrq j1 Zh dvvxph wkdw w lv udqgrpo| gudzq iurp wkh uhdo olqh/
zlwk hdfk uhdol}dwlrq htxdoo| olnho|1 Wklv lpsolhv wkdw d sod|hu revhuylqj vljqdo
% frqvlghuv w wr eh glvwulexwhg qrupdoo| zlwk phdq % dqg vwdqgdug ghyldwlrq j1
Wklv lq wxuq lpsolhv wkdw kh wklqnv klv rssrqhqw*v vljqdo %� lv qrupdoo| glvwulexwhg
zlwk phdq % dqg vwdqgdug ghyldwlrq

s
2j1 Wkh dvvxpswlrq wkdw w lv xqlirupo|

glvwulexwhg rq wkh uhdo olqh lv qrq0vwdqgdug exw suhvhqwv qr whfkqlfdo gl!fxowlhv1
Vxfk �lpsurshu sulruv� +zlwk dq lq�qlwh pdvv, duh zhoo ehkdyhg dv orqj dv zh
duh frqfhuqhg rqo| zlwk frqglwlrqdo eholhiv1 Vhh Kduwljdq +4<;6, iru d glvfxvvlrq
ri lpsurshu sulruv1 Zh zloo dovr vhh odwhu wkdw dq lpsurshu sulru fdq eh vhhq

9



dv d olplwlqj fdvh hlwkhu dv wkh sulru glvwulexwlrq ri w ehfrphv gl�xvh ru dv wkh
vwdqgdug ghyldwlrq ri wkh qrlvh j ehfrphv vpdoo1

D vwudwhj| lv d ixqfwlrq vshfli|lqj dq dfwlrq iru hdfk srvvleoh sulydwh vljqdo>
d qdwxudo nlqg ri vwudwhj| zh pljkw frqvlghu lv rqh zkhuh d sod|hu wdnhv wkh ulvn|
dfwlrq rqo| li kh revhuyhv d sulydwh vljqdo deryh vrph fxwr� srlqw/ &=

r E%� '

�
Lqyhvw/ li % : &
�JzLqyhvw/ li % � &

Zh zloo uhihu wr wklv vwudwhj| dv wkh vzlwfklqj vwudwhj| durxqg &1 Qrz vxssrvh
wkdw d sod|hu revhuyhg vljqdo % dqg wkrxjkw wkdw klv rssrqhqw zdv iroorzlqj vxfk
d �vzlwfklqj� vwudwhj| zlwk fxwr� srlqw &1 Klv h{shfwdwlrq ri w zloo eh %1 Kh zloo
dvvljq suredelolw| x

�
�I
2j

E& � %�
�
wr klv rssrqhqw revhuylqj d vljqdo ohvv wkdq &

+zkhuh xE�� lv wkh f1g1i1 ri wkh vwdqgdug qrupdo glvwulexwlrq,1 Lq sduwlfxodu/ li kh
kdv revhuyhg d vljqdo htxdo wr wkh fxwr� srlqw ri klv rssrqhqw +% ' &,/ kh zloo
dvvljq suredelolw| �

2
wr klv rssrqhqw lqyhvwlqj1 Wkxv wkhuh zloo eh dq htxloleulxp

zkhuh erwk sod|huv iroorz vzlwfklqj vwudwhjlhv zlwk fxwr� �
2
1

Lq idfw/ d vzlwfklqj vwudwhj| zlwk fxwr� �
2
lv wkh xqltxh vwudwhj| vxuylylqj

lwhudwhg ghohwlrq ri vwulfwo| lqwhulp grplqdwhg vwudwhjlhv1 Wr vhh zk|4/ �uvw gh�qh
K E&� wr eh wkh xqltxh ydoxh ri % vroylqj wkh htxdwlrq

%� x

�
& � %s

2j

�
' f1 +515,

Wkh ixqfwlrq K E�� lv sorwwhg lq �jxuh 5141 Wkhuh lv d xqltxh vxfk ydoxh ehfdxvh
wkh ohiw kdqg vlgh lv vwulfwo| lqfuhdvlqj lq % dqg vwulfwo| ghfuhdvlqj lq &1 Wkhvh
surshuwlhv dovr lpso| wkdw K E�� lv vwulfwo| lqfuhdvlqj1 Vr li |rxu rssrqhqw lv iroorz0
lqj d vzlwfklqj vwudwhj| zlwk fxwr� &/ |rxu ehvw uhvsrqvh lv wr iroorz d vzlwfklqj
vwudwhj| zlwk fxwr� K E&�1 Zh zloo dujxh wkdw li d vwudwhj| r vxuylyhv ? urxqgv ri
lwhudwhg ghohwlrq ri vwulfwo| grplqdwhg vwudwhjlhv/ wkhq

r E%� '

�
Lqyhvw/ li % : K?3� E��
�JzLqyhvw/ li % 	 K?3� Ef�

+516,

Zh dujxh wkh vhfrqg fodxvh e| lqgxfwlrq +wkh dujxphqw iru wkh �uvw fodxvh lv
v|pphwulf,1 Wkh fodlp lv wuxh iru ? ' �/ vlqfh dv zh qrwhg deryh/ �JzLqyhvw lv d
grplqdqw vwudwhj| li wkh h{shfwhg ydoxh ri w lv ohvv wkdq f1 Qrz vxssrvh wkh fodlp
lv wuxh iru duelwudu| ?1 Li d sod|hu nqhz wkdw klv rssrqhqw zrxog fkrrvh dfwlrq

4Dq dowhuqdwlyh dujxphqw iroorzv Plojurp dqg Urehuwv +4<<3,= li d v|pphwulf jdph zlwk
vwudwhjlf frpsohphqwdulwlhv kdv d xqltxh v|pphwulf Qdvk htxloleulxp/ wkhq wkh vwudwhj| sod|hg
lq wkdw xqltxh Qdvk htxloleulxp lv dovr wkh xqltxh vwudwhj| vxuylylqj lwhudwhg ghohwlrq ri vwulfwo|
grplqdwhg vwudwhjlhv1

:
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Iljxuh 514= Ixqfwlrq K E&�

�JzLqyhvw li kh kdg revhuyhg d vljqdo ohvv wkdq K?3� E��/ klv ehvw uhvsrqvh zrxog
dozd|v eh wr fkrrvh dfwlrq �JzLqyhvw li klv vljqdo zdv ohvv wkdq K EK?3� E���1 Vlqfh
K E�� lv vwulfwo| lqfuhdvlqj dqg kdv d xqltxh �{hg srlqw dw �

2
/ K? Ef� dqg K? E�� erwk

whqg wr �
2
dv ?$41

Wkh xqltxh htxloleulxp kdv erwk sod|huv lqyhvwlqj rqo| li wkh| revhuyh d vljqdo
juhdwhu wkdq �

2
1 Lq wkh xqghuo|lqj v|pphwulf sd|r� frpsohwh lqirupdwlrq jdph/

lqyhvwlqj lv d ulvn grplqdqw dfwlrq +Kduvdq|l dqg Vhowhq +4<;;,, h{dfwo| li w � �
2
>

qrw lqyhvwlqj lv d ulvn grplqdqw dfwlrq h{dfwo| li w � �
2
1 Wkh vwulnlqj ihdwxuh ri

wklv uhvxow lv wkdw qr pdwwhu krz vpdoo j lv/ sod|huv* ehkdylru lv lq xhqfhg e| wkh
h{lvwhqfh ri wkh h{ dqwh srvvlelolw| wkdw wkhlu rssrqhqw kdv d grplqdqw vwudwhj|
wr fkrrvh hdfk dfwlrq15 Wkh suredelolw| wkdw hlwkhu lqglylgxdo lqyhvwv lv

x

� �
2
� w

j

�
>

Frqglwlrqdo rq w/ wkhlu lqyhvwphqw ghflvlrqv duh lqghshqghqw1

5Wkxv d �judlq ri grxew� frqfhuqlqj wkh rssrqhqw*v ehkdylru kdv odujh frqvhtxhqfhv1 Wklv
hohphqw kdv ehhq olqnhg e| ydq Gdpph +4<<:, wr wkh fodvvlf dqdo|vlv ri vxusulvh dwwdfnv ri
Vfkhoolqj +4<93,/ fkdswhu <1

;



Wkh deryh h{dpsoh dqg dqdo|vlv duh gxh wr Fduovvrq dqg ydq Gdpph +4<<6d,1
Wkhuh lv d pdq|0sod|huv dqdorjxh ri wklv jdph/ zkrvh vroxwlrq lv qr pruh gl!fxow
wr duulyh dw1 D frqwlqxxp ri sod|huv duh ghflglqj zkhwkhu wr lqyhvw1 Wkh sd|r� wr
qrw lqyhvwlqj lv f1 Wkh sd|r� wr lqyhvwlqj lv w� �n ,/ zkhuh , lv wkh sursruwlrq ri
rwkhu sod|huv fkrrvlqj wr lqyhvw1 Wkh lqirupdwlrq vwuxfwxuh lv dv ehiruh/ zlwk hdfk
sod|hu � revhuylqj d sulydwh vljqdo %� ' wn0�/ zkhuh wkh 0� duh qrupdoo| glvwulexwhg
lq wkh srsxodwlrq zlwk phdq f dqg vwdqgdug ghyldwlrq j1 Lq wklv fdvh dovr/ wkh
xqltxh vwudwhj| vxuylylqj lwhudwhg ghohwlrq ri vwulfwo| grplqdwhg vwudwhjlhv kdv
hdfk sod|hu lqyhvwlqj li wkh| revhuyh d vljqdo deryh �

2
/ dqg qrw lqyhvwlqj li wkh|

revhuyh d vljqdo ehorz �
2
1 Zh zloo eulh | vnhwfk zk| wklv lv wkh fdvh1

Frqvlghu d sod|hu zkr kdv revhuyhg vljqdo % dqg wklqnv wkdw doo klv rssrqhqwv
duh iroorzlqj wkh �vzlwfklqj� vwudwhj| zlwk fxwr� srlqw &1 Dv ehiruh/ klv h{shf0
wdwlrq ri w zloo eh %1 Dv ehiruh/ kh zloo dvvljq suredelolw| x

�
&3%I
2j

�
wr dq| jlyhq

rssrqhqw revhuylqj d vljqdo ohvv wkdq &1 Exw vlqfh wkh uhdol}dwlrq ri wkh vljqdov
duh lqghshqghqw frqglwlrqdo rq w/ klv h{shfwdwlrq ri wkh sursruwlrq ri sod|huv
zkr revhuyh d vljqdo ohvv wkdq & zloo eh h{dfwo| htxdo wr wkh suredelolw| kh dvvljqv
wr dq| rqh rssrqhqw revhuylqj d vljqdo ohvv wkdq &1 Wkxv klv h{shfwhg sd|r�
wr lqyhvwlqj zloo eh % � x

�
&3%I
2j

�
/ dv ehiruh/ dqg doo wkh suhylrxv dujxphqwv jr

wkurxjk1
Wkh dujxphqw deryh vkrzv wkh lpsruwdqfh ri nhhslqj wudfn ri wkh od|huv ri

eholhiv dfurvv sod|huv/ dqg dv vxfk pd| vhhp udwkhu gdxqwlqj iurp wkh srlqw ri
ylhz ri dq lqglylgxdo sod|hu1 Krzhyhu/ wkh htxloleulxp rxwfrph lv dovr frqvlvwhqw
zlwk d surfhgxuh zklfk sodfhv idu ohvv ghpdqgv rq wkh fdsdflw| ri wkh sod|huv/
dqg zklfk vhhp wr eh idu uhpryhg iurp htxloleulxp ri dq| nlqg1 Wklv surfhgxuh
kdv wkh iroorzlqj wkuhh vwhsv1

� Hvwlpdwh w iurp wkh vljqdo %1

� Srvwxodwh wkdw , lv glvwulexwhg xqlirupo| rq wkh xqlw lqwhuydo dfc �o

� Wdnh wkh rswlpdo dfwlrq1

Vlqfh wkh h{shfwdwlrq ri w frqglwlrqdo rq % lv vlpso| % lwvhoi/ wkh h{shfwhg
sd|r� wr lqyhvwlqj li , lv xqlirupo| glvwulexwhg lv %� �

2
zkloh wkh h{shfwhg sd|r� wr

qrw lqyhvwlqj lv }hur1 Wkxv/ d sod|hu iroorzlqj wklv surfhgxuh zloo fkrrvh wr lqyhvw
ru qrw ghshqglqj rq zkhwkhu % lv juhdwhu ru vpdoohu wkdq �

2
/ zklfk lv lghqwlfdo wr wkh

xqltxh htxloleulxp vwudwhj| rxwolqhg deryh1 Wkh eholhi vxppdul}hg lq wkh vhfrqg
exoohw srlqw lv Odsodfldq lq wkh vhqvh lqwurgxfhg lq wkh lqwurgxfwru| vhfwlrq1 Lw
uhsuhvhqwv d �gl�xvh� ru �djqrvwlf� ylhz rq wkh dfwlrqv ri rwkhu sod|huv lq wkh
jdph1 Zh vhh wkdw dq dssduhqwo| qdlyh dqg vlpsolvwlf vwudwhj| frlqflghv zlwk
wkh htxloleulxp vwudwhj|1 Wklv lv qrw dq dfflghqw1 Wkhuh duh jrrg uhdvrqv zk|

<



wkh Odsodfldq dfwlrq lv wkh fruuhfw rqh lq wklv jdph/ dqg zk| lw wxuqv rxw wr eh
dq dssur{lpdwho| rswlpdo dfwlrq lq pdq| elqdu| dfwlrq joredo jdphv1 Wkh nh| wr
xqghuvwdqglqj wklv ihdwxuh lv wr frqvlghu wkh iroorzlqj txhvwlrq dvnhg e| d sod|hu
lq wklv jdph1

�P| vljqdo kdv uhdol}dwlrq %1 Zkdw lv wkh suredelolw| wkdw sursruwlrq
ohvv wkdq 5 ri p| rssrqhqwv kdyh d vljqdo kljkhu wkdq plqhB�

Wkh dqvzhu wr wklv txhvwlrq zrxog eh hvshfldoo| lpsruwdqw li hyhu|rqh lv xvlqj wkh
vzlwfklqj vwudwhj| durxqg %/ vlqfh wkh sursruwlrq ri sod|huv zkr lqyhvw lv htxdo
wr wkh sursruwlrq zkrvh vljqdo lv deryh %1 Li wkh wuxh vwdwh lv w/ wkh sursruwlrq
ri sod|huv zkr uhfhlyh d vljqdo kljkhu wkdq % lv jlyhq e| � � x

�
%3w
j

�
1 Vr/ wklv

sursruwlrq lv ohvv wkdq 5 li wkh vwdwh w lv vxfk wkdw � � x
�
%3w
j

� � 51 Wkdw lv/
zkhq

w � %� jx3� E�� 5� +517,

Wkh suredelolw| ri wklv hyhqw frqglwlrqdo rq % lv

x

�
%� jx3� E�� 5�� %

j

�
' 5

Lq rwkhu zrugv/ wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri 5 lv wkh lghqwlw| ixqfwlrq/
lpso|lqj wkdw wkh ghqvlw| ri 5 lv xqlirup ryhu wkh xqlw lqwhuydo1 Li % lv wr vhuyh
dv wkh vzlwfklqj srlqw ri dq htxloleulxp vzlwfklqj vwudwhj|/ d sod|hu pxvw eh
lqgl�huhqw ehwzhhq fkrrvlqj wr lqyhvw dqg qrw wr lqyhvw jlyhq wkdw wkh sursruwlrq
zkr lqyhvw lv xqlirupo| glvwulexwhg rq dfc �o1

Pruh lpsruwdqwo|/ hyhq dzd| iurp wkh vzlwfklqj srlqw/ wkh rswlpdo dfwlrq
prwlydwhg e| wklv eholhi frlqflghv zlwk wkh htxloleulxp dfwlrq/ hyhq wkrxjk wkh
+Odsodfldq, eholhi pd| qrw eh fruuhfw1 Dzd| iurp wkh vzlwfklqj srlqw/ wkh ghqvlw|
ri wkh udqgrp yduldeoh uhsuhvhqwlqj wkh sursruwlrq ri sod|huv zkr lqyhvw zloo qrw
eh xqlirup1 Krzhyhu/ dv orqj dv wkh sd|r� dgydqwdjh wr lqyhvwlqj lv lqfuhdvlqj
lq w/ wkh Odsodfldq dfwlrq frlqflghv zlwk wkh htxloleulxp dfwlrq1 Wkxv/ wkh
dssduhqwo| qdlyh surfhgxuh rxwolqhg e| wkh wkuhh exoohw srlqwv jlyhv wkh fruuhfw
suhglfwlrq dv wr zkdw wkh htxloleulxp dfwlrq zloo eh1 Lq wkh qh{w vhfwlrq/ zh zloo
vkrz wkdw wkh ohvvrqv gudzq iurp wklv vlpsoh h{dpsoh h{whqg wr fryhu d zlgh fodvv
ri elqdu| dfwlrq joredo jdphv1

Zh zloo irfxv rq wkh frqwlqxxp sod|hu fdvh lq prvw ri wklv sdshu1 Krzhyhu/ dv
vxjjhvwhg e| wklv h{dpsoh/ wkh txdolwdwlyh dqdo|vlv lv yhu| vlplodu luuhvshfwlyh ri
wkh qxpehu ri sod|huv1 Lq sduwlfxodu/ wkh dqdo|vlv ri wkh frqwlqxxp sod|hu jdph
zlwk olqhdu sd|r�v dssolhv htxdoo| zhoo wr dq| �qlwh qxpehu ri sod|huv +zkhuh hdfk
sod|hu revhuyhv d vljqdo zlwk dq lqghshqghqw qrupdo qrlvh whup,1 Lqghshqghqw ri
wkh qxpehu ri sod|huv/ wkh fxwr� vljqdo lq wkh xqltxh htxloleulxp lv �

2
1 Krzhyhu/
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d glvwlqfwlyh lpsolfdwlrq ri wkh lq�qlwh sod|hu fdvh lv wkdw wkh rxwfrph lv d ghwhu0
plqlvwlf ixqfwlrq ri wkh uhdol}hg vwdwh1 Lq sduwlfxodu/ rqfh zh nqrz wkh uhdol}dwlrq
ri w/ zh fdq fdofxodwh h{dfwo| wkh sursruwlrq ri sod|huv zkr zloo lqyhvw1 Lw lv

e1 Ew� ' �� x

� �
2
� w

j

�
1

Zlwk d �qlwh qxpehu ri sod|huv +U,/ zh zulwh 1bcU Ew� iru wkh suredelolw| wkdw dw
ohdvw sursruwlrq b rxw ri wkh U sod|huv lqyhvw zkhq wkh uhdol}hg vwdwh lv w=

1bcU Ew� '
[
?DbU

�
U
?

��
x

� �
2
� w

j

��U3? �
�� x

� �
2
� w

j

��?
1

Revhuyh/ krzhyhu/ wkdw wkh pdq| �qlwh sod|hu fdvh frqyhujhv qdwxudoo| wr wkh
frqwlqxxp prgho= e| wkh odz ri odujh qxpehuv/ dv U $4/

1bcU Ew� $ � li b 	 e1 Ew�
dqg 1bcU Ew� $ f li b : e1 Ew� 1

5151 V|pphwulf Elqdu| Dfwlrq Joredo Jdphv= D Jhqhudo Dssurdfk

Ohw xv qrz wdnh rqh vwhs lq pdnlqj wkh dujxphqw pruh jhqhudo1 Zh ghdo �uvw zlwk
wkh fdvh zkhuh wkhuh lv d xqlirup sulru rq wkh lqlwldo vwdwh dqg hdfk sod|hu*v vljqdo
lv d vx!flhqw vwdwlvwlf iru krz pxfk wkh| fduh derxw wkh vwdwh +zh fdoo wklv wkh
sulydwh ydoxhv fdvh,1 Lq wklv fdvh/ wkh dqdo|vlv lv hvshfldoo| fohdq dqg lw lv srvvleoh
wr suryh d xqltxhqhvv uhvxow dqg fkdudfwhul}h wkh xqltxh htxloleulxp lqghshqghqw
ri erwk wkh vwuxfwxuh dqg vl}h ri wkh qrlvh lq sod|huv* vljqdov1 Zh wkhq vkrz wkdw
wkh dqdo|vlv fdq eh h{whqghg wr ghdo zlwk jhqhudo sulruv dqg sd|r�v wkdw ghshqg
rq wkh uhdol}hg vwdwh1

515141 Frqwlqxxp Sod|huv/ Xqlirup Sulru dqg Sulydwh Ydoxhv

Wkhuh lv d frqwlqxxp ri sod|huv1 Hdfk sod|hu kdv wr fkrrvh dq dfwlrq @ 5 ifc �j1
Doo sod|huv kdyh wkh vdph sd|r� ixqfwlrq/ � G ifc �j � dfc �o � U �$ U/ zkhuh
� E@c ,c %� lv d sod|hu*v sd|r� li kh fkrrvhv dfwlrq @/ sursruwlrq , ri klv rssrqhqwv
fkrrvh dfwlrq �/ dqg klv �sulydwh vljqdo� lv %1 Wkxv zh dvvxph wkdw klv sd|r� lv
lqghshqghqw ri zklfk ri klv rssrqhqwv fkrrvh dfwlrq �1 Wr dqdo|}h ehvw uhvsrqvhv/
lw lv hqrxjk wr nqrz wkh sd|r� jdlq iurp fkrrvlqj rqh dfwlrq udwkhu wkdq wkh
rwkhu1 Wkxv wkh xwlolw| ixqfwlrq lv sdudphwhul}hg e| d ixqfwlrq Z G dfc �o�U$ U

zlwk
Z E,c %� � � E�c ,c %�� � Efc ,c %� 1
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Irupdoo|/ zh vd| wkdw dq dfwlrq lv wkh Odsodfldq dfwlrq li lw lv d ehvw uhvsrqvh wr d
xqlirup sulru ryhu wkh rssrqhqwv* fkrlfh ri dfwlrq1 Wkxv dfwlrq � lv wkh Odsodfldq
dfwlrq dw % li

�]
,'f

� E�c ,c %� _, :

�]
,'f

� Efc ,c %� _,/

ru/ htxlydohqwo|/
�]

,'f

Z E,c %� _, : f>

dfwlrq f lv wkh Odsodfldq dfwlrq dw % li

�]
,'f

Z E,c %� _, 	 f1

Jhqhulfdoo|/ d frqwlqxxp sod|hu/ v|pphwulf sd|r�/ wzr dfwlrq jdph zloo kdyh
h{dfwo| rqh Odsodfldq dfwlrq1

D vwdwh w 5 U lv gudzq dffruglqj wr wkh +lpsurshu, xqlirup ghqvlw| rq wkh uhdo
olqh1 Sod|hu � revhuyhv d sulydwh vljqdo %� ' wnj0�/ zkhuh j : f1 Wkh qrlvh whupv
0� duh glvwulexwhg lq wkh srsxodwlrq zlwk frqwlqxrxv ghqvlw| s E��/ zlwk vxssruw rq
wkh uhdo olqh16 Zh qrwh wkdw wklv ghqvlw| qhhg qrw eh v|pphwulf durxqg wkh phdq/
qru hyhq kdyh }hur phdq1 Wkh xqlirup sulru rq wkh uhdo olqh lv �lpsurshu/� l1h1/
kdv lq�qlwh suredelolw| pdvv/ exw wkh frqglwlrqdo suredelolwlhv duh zhoo gh�qhg= d
sod|hu revhuylqj vljqdo %� sxwv ghqvlw| �

j
s
�
%�3w
j

�
rq vwdwh w +vhh Kduwljdq +4<;6,,1

Wkh h{dpsoh ri wkh suhylrxv vhfwlrq �wv wklv vhwwlqj zkhuh s E�� lv wkh vwdqgdug
qrupdo glvwulexwlrq dqg Z E,c %� ' %n , � �1

Zh zloo lqlwldoo| lpsrvh �yh surshuwlhv rq wkh sd|r�v=

D4= Dfwlrq Prqrwrqlflw|= Z E,c w� lv qrq0ghfuhdvlqj lq ,1

D5= Vwdwh Prqrwrqlflw|= Z E,c w� lv qrq0ghfuhdvlqj lq w1

D6= Vwulfw Odsodfldq Vwdwh Prqrwrqlflw|= Wkhuh h{lvwv d xqltxh wW vroylqj
�U

,'f

Z E,c wW� _, ' f1

D7= Olplw Grplqdqfh= Wkhuh h{lvw w 5 U dqg w 5 U vxfk wkdw ^4` Z E,c %� 	 f
iru doo , 5 dfc �o dqg % � w> dqg ^5` Z E,c %� : f iru doo , 5 dfc �o dqg % � w1

6Zlwk vpdoo fkdqjhv lq whuplqrorj|/ wkh dujxphqw zloo h{whqg wr wkh fdvh zkhuh i +�, kdv
vxssruw rq vrph erxqghg lqwhuydo ri wkh uhdo olqh1
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D8= Frqwlqxlw|=
�U

,'f

} E,� Z E,c %� _, lv frqwlqxrxv zlwk uhvshfw wr vljqdo % dqg

ghqvlw| }1

Frqglwlrq D4 vwdwhv wkdw wkh lqfhqwlyh wr fkrrvh dfwlrq 4 lv lqfuhdvlqj lq wkh
sursruwlrq ri rwkhu sod|huv* dfwlrqv zkr xvh dfwlrq 4> wkxv wkhuh duh vwudwhjlf
frpsohphqwdulwlhv ehwzhhq sod|huv* dfwlrqv +Exorz/ Jhdqdnrsorv dqg Nohpshuhu
+4<;8,,1 Frqglwlrq D5 vwdwhv wkdw wkh lqfhqwlyh wr fkrrvh dfwlrq � lv lqfuhdvlqj

lq wkh vwdwh> wkxv d sod|hu*v rswlpdo dfwlrq zloo eh lqfuhdvlqj lq wkh vwdwh/ jlyhq
wkh rssrqhqwv* dfwlrqv1 Frqglwlrq D6 lqwurgxfhv d ixuwkhu vwuhqjwkhqlqj ri D5
wr hqvxuh wkdw wkhuh lv dw prvw rqh furvvlqj iru d sod|hu zlwk Odsodfldq eholhiv1
Frqglwlrq D7 uhtxluhv wkdw dfwlrq f lv d grplqdqw vwudwhj| iru vx!flhqwo| orz
vljqdov dqg dfwlrq � lv d grplqdqw vwudwhj| iru vx!flhqwo| kljk vljqdov1 Frqglwlrq
D8 lv d zhdn frqwlqxlw| surshuw|/ zkhuh frqwlqxlw| lq } lv zlwk uhvshfw wr wkh zhdn
wrsrorj|1 Qrwh wkdw wklv frqglwlrq doorzv iru vrph glvfrqwlqxlwlhv lq sd|r�v1 Iru
h{dpsoh/

Z E,c %� '

�
f/ li , � %
�/ li , : %

vdwlv�hv D8 dv iru dq| jlyhq %/ lw lv glvfrqwlqxrxv dw rqo| rqh ydoxh ri ,1
Zh ghqrwh e| CW Ej� wklv lqfrpsohwh lqirupdwlrq jdph 0 zlwk wkh xqlirup

sulru dqg vdwlvi|lqj D4 wkurxjk D81 D vwudwhj| iru d sod|hu lq wkh lqfrpsohwh
lqirupdwlrq jdph lv d ixqfwlrq r G U $ ifc �j/ zkhuh r E%� lv wkh dfwlrq fkrvhq
li d sod|hu revhuyhv vljqdo %1 Zh zloo eh lqwhuhvwhg lq vwudwhj| sur�ohv/ t '
Er���Mdfc�o/ wkdw irup d Ed|hvldq Qdvk htxloleulxp ri CW Ej�1 Zh zloo vkrz qrw
phuho| wkdw wkhuh lv d xqltxh Ed|hvldq Qdvk htxloleulxp ri wkh jdph/ exw wkdw d
xqltxh vwudwhj| sur�oh vxuylyhv lwhudwhg ghohwlrq ri vwulfwo| +lqwhulp, grplqdwhg
vwudwhjlhv1

Sursrvlwlrq 5141 Ohw wW eh gh�qhg dv lq +D6,1 Wkh hvvhqwldoo| xqltxh vwudw0
hj| vxuylylqj lwhudwhg ghohwlrq ri vwulfwo| grplqdwhg vwudwhjlhv lq CW Ej� vdwlv�hv
r E%� ' f iru doo % 	 wW dqg r E%� ' � iru doo % : wW1

Wkh �hvvhqwldo� txdol�fdwlrq dulvhv ehfdxvh hlwkhu dfwlrq pd| eh sod|hg li wkh
sulydwh vljqdo lv h{dfwo| htxdo wr wW1 Wkh nh| lghd ri wkh surri lv wkdw zlwk d
xqlirup sulru rq w/ revhuylqj %� jlyhv qr lqirupdwlrq wr d sod|hu rq klv udqnlqj
zlwklq wkh srsxodwlrq ri vljqdov1 Wkxv kh zloo kdyh d xqlirup sulru eholhi ryhu wkh
sursruwlrq ri sod|huv zkr zloo revhuyh kljkhu vljqdov1

SURRI1 Zulwh ZWj E%c &� iru wkh h{shfwhg sd|r� jdlq wr fkrrvlqj dfwlrq � iru
d sod|hu zkr kdv revhuyhg d vljqdo % dqg nqrzv wkdw doo rwkhu sod|huv zloo fkrrvh
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dfwlrq f li wkh| revhuyh vljqdov ohvv wkdq &=

ZWj E%c &� �
"]

w'3"
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j
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j

�
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�
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�
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j

�
c %

�
_w1 +518,

Iluvw revhuyh wkdw ZWj E%c &� lv frqwlqxrxv lq % dqg &/ lqfuhdvlqj lq % dqg ghfuhdvlqj
lq &/ ZWj E%c &� 	 f li % � w dqg ZWj E%c &� : f li % � w1 Zh zloo dujxh e| lqgxfwlrq
wkdw d vwudwhj| vxuylyhv ? urxqgv ri lwhudwhg ghohwlrq ri vwulfwo| lqwhulp grplqdwhg
vwudwhjlhv li dqg rqo| li

r E%� '

�
f/ li % 	 1

?

�/ li % : 1?

zkhuh 1
f
' �4 dqg 1f ' n4/ dqg 1

?
dqg 1? duh gh�qhg lqgxfwlyho| e|

1
?n�

' 4�?
q
% G ZWj

�
%c 1

?

�
' f

r
dqg 1?n� ' 4@ 

�
% G ZWj

�
%c 1?

�
' f

�
1

Vxssrvh wkh fodlp zhuh wuxh iru ?1 E| vwudwhjlf frpsohphqwdulwlhv/ li dfwlrq �
zhuh hyhu wr eh d ehvw uhvsrqvh wr d vwudwhj| vxuylylqj ? urxqgv/ lw pxvw eh d ehvw
uhvsrqvh wr wkh vzlwfklqj vwudwhj| zlwk fxwr� 1

?
> 1

?n�
lv gh�qhg wr eh wkh orzhvw

vljqdo zkhuh wklv rffxuv1 Vlploduo|/ li dfwlrq f zhuh hyhu wr eh d ehvw uhvsrqvh wr d
vwudwhj| vxuylylqj ? urxqgv/ lw pxvw eh d ehvw uhvsrqvh wr wkh vzlwfklqj vwudwhj|
zlwk fxwr� 1?> 1?n� lv gh�qhg wr eh wkh kljkhvw vljqdo zkhuh wklv rffxuv1

Qrz qrwh wkdw 1
?
dqg 1? duh lqfuhdvlqj dqg ghfuhdvlqj vhtxhqfhv/ uhvshfwlyho|/

vlqfh 1
f
' �4 	 w 	 1

�
/ 1f ' 4 : w : 1�/ dqg ZWj E%c &� lv lqfuhdvlqj lq % dqg

ghfuhdvlqj lq &1 Wkxv 1
?
$ 1 dqg 1? $ 1 dv ?$41 Wkh frqwlqxlw| ri ZWj dqg wkh

frqvwuxfwlrq ri 1 dqg 1 lpso| wkdw zh pxvw kdyh ZWj
�
1c 1

�
' f dqg ZWj

�
1c 1

�
' f1

Wkxv wkh vhfrqg vwhs ri rxu surri lv wr vkrz wkdw wW lv wkh xqltxh vroxwlrq wr wkh
htxdwlrq ZWj E%c %� ' f1

Wr vhh wklv vhfrqg vwhs/ zulwh [W
j E,(%c &� iru wkh suredelolw| wkdw d sod|hu

dvvljqv wr sursruwlrq ohvv wkdq , ri wkh rwkhu sod|huv revhuylqj d vljqdo juhdwhu
wkdq &/ li kh kdv revhuyhg vljqdo %1 Revhuyh wkdw li wkh wuxh vwdwh lv w/ wkh
sursruwlrq ri sod|huv revhuylqj d vljqdo juhdwhu wkdq & lv � � 8

�
&3w
j

�
1 Wklv

sursruwlrq lv ohvv wkdq , li w � & � j83� E�� ,�1 Vr

[W
j E,( %c &� '
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j
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Dovr revhuyh wkdw li % ' &/ wkhq[W
j E�( %c &� lv wkh lghqwlw| ixqfwlrq +l1h1/ [W

j E,(%c &� '
,,/ vr lw lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh xqlirup ghqvlw|1 Wkxv

ZWj E%c %� '

�]
,'f

Z E,c %� _,1

Qrz e| D6/ ZWj E%c %� ' f lpsolhv % ' wW1 �

515151 Frqwlqxxp Sod|huv/ Jhqhudo Sulru dqg Frpprq Ydoxhv

Qrz vxssrvh lqvwhdg wkdw w lv gudzq iurp d frqwlqxrxvo| gl�huhqwldeoh vwulfwo|
srvlwlyh ghqvlw| R E�� rq wkh uhdo olqh dqg wkdw d sod|hu*v xwlolw| ghshqgv rq wkh
uhdol}hg vwdwh w/ qrw klv vljqdo ri w1 Wkxv � E@c ,c w� lv klv sd|r� li kh fkrrvhv
dfwlrq @/ sursruwlrq , ri klv rssrqhqwv fkrrvh dfwlrq �/ dqg wkh vwdwh lv w/ dqg dv
ehiruh Z E,c w� � � E�c ,c w� � � Efc ,c w�1 Zh pxvw dovr lpsrvh wzr h{wud whfkqlfdo
dvvxpswlrqv1

D7-= Xqlirup Olplw Grplqdqfh= Wkhuh h{lvw w 5 U/ w 5 U dqg 0 5 Unn

vxfk wkdw ^4` Z E,c w� � �0 iru doo , 5 dfc �o dqg w � w> dqg ^5` wkhuh h{lvwv w vxfk
wkdw Z E,c w� : 0 iru doo , 5 dfc �o dqg w � w1

Surshuw| D7- vwuhqjwkhqv surshuw| D7 e| uhtxlulqj wkdw wkh sd|r� jdlq wr
fkrrvlqj dfwlrq f lv xqlirupo| srvlwlyh iru vx!flhqwo| orz ydoxhv ri w/ dqg wkh
sd|r� jdlq wr fkrrvlqj dfwlrq � lv xqlirupo| srvlwlyh iru vx!flhqwo| kljk ydoxhv
ri w1

D9= Ilqlwh H{shfwdwlrqv ri Vljqdov=
"U

5'3"
5s E5� _5 lv zhoo gh�qhg1

Surshuw| D9 uhtxluhv wkdw wkh glvwulexwlrq ri qrlvh lv lqwhjudeoh1
Zh zloo ghqrwh e| C Ej� wklv lqfrpsohwh lqirupdwlrq jdph 0 zlwk sulru R E��

dqg vdwlvi|lqj D4/ D5/ D6/ D7-/ D8 dqg D91

Sursrvlwlrq 5151 Ohw wW eh gh�qhg dv lq +D6,1 Iru dq| B : f/ wkhuh h{lvwv
j : f vxfk wkdw iru doo j � j/ li vwudwhj| r vxuylyhv lwhudwhg ghohwlrq ri vwulfwo|
grplqdwhg vwudwhjlhv lq wkh jdph C Ej�/ wkhq r E%� ' f iru doo % � wW � B dqg
r E%� ' � iru doo % � wW n B1

Zh zloo vnhwfk khuh zk| wklv jhqhudo sulru/ frpprq ydoxhv/ jdph C Ej� eh0
frphv olnh wkh xqlirup sulru/ sulydwh ydoxhv/ jdph CW Ej� dv j ehfrphv vpdoo1 D
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pruh irupdo surri lv uhohjdwhg wr wkh dsshqgl{1 Frqvlghu [j E,( %c &�/ wkh sure0
delolw| wkdw d sod|hu dvvljqv wr sursruwlrq ohvv wkdq ru htxdo wr , ri wkh rwkhu
sod|huv revhuylqj d vljqdo juhdwhu wkdq ru htxdo wr &/ li kh kdv revhuyhg vljqdo %=
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/ fkdqjlqj yduldeohv wr 5 '
%� w

j
1

Iru vpdoo j/ wkh vkdsh ri wkh sulru zloo qrw pdwwhu dqg wkh srvwhulru eholhiv ryhu ,
zloo ghshqg rqo| rq %3&

j
/ wkh qrupdol}hg gl�huhqfh ehwzhhq wkh % dqg &1 Irupdoo|/

vhwwlqj V ' �%3&
j
/ zh kdyh
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j E,(%c %n jV� '
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1 +51:,

Lq rwkhu zrugv/ iru vpdoo j/ srvwhulru eholhiv frqfhuqlqj wkh sursruwlrq ri rssr0
qhqwv fkrrvlqj hdfk dfwlrq duh doprvw wkh vdph dv xqghu d xqlirup sulru1 Wkh
irupdo surri ri sursrvlwlrq 515 suhvhqwhg lq wkh dsshqgl{ frqvlvwv ri vkrzlqj/ �uvw/
wkdw frqyhujhqfh ri srvwhulru eholhiv ghvfulehg deryh lv xqlirup> dqg/ vhfrqg/ wkdw
wkh vpdoo dprxqw ri xqfhuwdlqw| derxw sd|r�v lq wkh frpprq ydoxh fdvh grhv qrw
d�hfw wkh dqdo|vlv vx!flhqwo| wr pdwwhu1

515161 Glvfxvvlrq

Wkh surriv ri sursrvlwlrqv 514 dqg 515 iroorz wkh orjlf ri Fduovvrq dqg ydq Gdpph
+4<<6, dqg jhqhudol}h dujxphqwv suhvhqwhg lq Pruulv dqg Vklq +4<<;,1 Wkh whfk0
qltxh ri dqdo|}lqj wkh xqlirup sulru sulydwh ydoxhv jdph/ dqg wkhq vkrzlqj frq0
wlqxlw| zlwk uhvshfw wr wkh jhqhudo sulru/ frpprq ydoxhv jdph/ iroorzv Iudqnho/
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Pruulv dqg Sdx}qhu +5333, +wklv sdshu lv glvfxvvhg ixuwkhu lq vhfwlrq 714 ehorz,1
Fduovvrq dqg ydq Gdpph +4<<6e, vkrzhg d yhuvlrq ri wkh xqlirup sulru uhvxow
+sursrvlwlrq 514, lq wkh �qlwh sod|hu fdvh +vhh dovr Nlp +4<<9,,1 Zh eulh | glvfxvv
wkh uhodwlrq wr wkh �qlwh sod|hu fdvh lq dsshqgl{ E1

Krz gr wkhvh sursrvlwlrqv pdnh xvh ri wkh xqghuo|lqj dvvxpswlrqvB Iluvw/ qrwh
wkdw dvvxpswlrqv +D4, dqg +D5, uhsuhvhqw yhu| vwurqj prqrwrqlflw| dvvxpswlrqv=
+D4, uhtxluhv wkdw hdfk sod|hu*v xwlolw| ixqfwlrq lv vxshuprgxodu lq wkh dfwlrq
sur�oh zkloh +D5, uhtxluhv wkdw hdfk sod|hu*v xwlolw| ixqfwlrq lv vxshuprgxodu lq klv
rzq dfwlrq dqg wkh vwdwh1 Plojurp dqg Urehuwv +4<<3, vkrzhg krz vxshuprgxodu
sd|r�v lpso| wkh h{lvwhqfh ri d odujhvw dqg vpdoohvw vwudwhj| sur�oh vxuylylqj
lwhudwhg ghohwlrq ri grplqdwhg vwudwhjlhv/ hdfk ri zklfk lv dq htxloleulxp1 Ylyhv
+4<<3, vkrzhg wkdw wklv uhpdlqhg wuxh zkhq wkhuh lv lqfrpsohwh lqirupdwlrq1 Wkh
�uvw vwhs lq wkh surri ri sursrvlwlrq 514 lv d vshfldo fdvh ri wklv uhdvrqlqj/ zlwk wkh
vwdwh prqrwrqlflw| dvvxpswlrq +D5, lpso|lqj/ lq dgglwlrq/ wkdw wkh odujhvw dqg
vpdoohvw htxloleuld frqvlvw ri vwudwhjlhv wkdw duh prqrwrqlf zlwk uhvshfw wr w|sh
+l1h1/ vzlwfklqj vwudwhjlhv,1 Rqfh zh nqrz wkdw zh duh lqwhuhvwhg lq prqrwrqlf
vwudwhjlhv/ wkh yhu| zhdn dvvxpswlrq +D6, lv vx!flhqw wr hqvxuh wkh htxlydohqfh
ri wkh odujhvw dqg vpdoohvw htxloleuld dqg wkxv wkh xqltxhqhvv ri htxloleulxp1

Fdq rqh glvshqvh zlwk wkh ixoo irufh ri wkh vxshuprgxodu sd|r�v dvvxpswlrq
+D4,B Xqiruwxqdwho|/ dv orqj dv +D4, lv qrw vdwlv�hg dw wkh fxwr� srlqw wW +l1h1/
Z E,c wW� lv ghfuhdvlqj lq , ryhu vrph udqjh,/ wkhq rqh fdq �qg d sureohpdwlf qrlvh
glvwulexwlrq s E�� vxfk wkdw wkh v|pphwulf vzlwfklqj vwudwhj| sur�oh zlwk fxwr�
srlqw wW lv qrw dq htxloleulxp/ dqg wkxv wkhuh lv qr vzlwfklqj vwudwhj| htxloleulxp1
Wr rewdlq srvlwlyh uhvxowv/ rqh pxvw hlwkhu lpsrvh dgglwlrqdo uhvwulfwlrqv rq wkh
qrlvh glvwulexwlrq ru uhod{ +D4, rqo| dzd| iurp wkh fxwr� srlqw1 Zh glvfxvv erwk
dssurdfkhv lq wxuq1

Dwkh| +5333e, surylghv d jhqhudo ghvfulswlrq ri krz prqrwrqh frpsdudwlyh
vwdwlf uhvxowv fdq eh suhvhuyhg lq vwrfkdvwlf rswlpl}dwlrq sureohpv/ zkhq vxshu0
prgxodu sd|r� frqglwlrqv duh zhdnhqhg wr vlqjoh furvvlqj surshuwlhv/ exw vljqdov
duh dvvxphg wr eh vx!flhqwo| zhoo0ehkdyhg/ l1h1/ vdwlvi| d prqrwrqh olnholkrrg
udwlr surshuw|1 Dwkh| +5333d, kdv xvhg vxfk whfkqltxhv wr suryh h{lvwhqfh ri
prqrwrqlf sxuh vwudwhj| htxloleuld lq d jhqhudo fodvv ri lqfrpsohwh lqirupdwlrq
jdphv/ xvlqj zhdnhu surshuwlhv rq sd|r�v exw vxevwlwxwlqj vwurqjhu uhvwulfwlrqv
rq vljqdo glvwulexwlrq1 Zh fdq dsso| khu uhvxowv wr rxu vhwwlqj dv iroorzv1 Frqvlghu
wkh iroorzlqj wzr qhz dvvxpswlrqv1

D4-= Dfwlrq Vlqjoh Furvvlqj= iru hdfk w 5 U/ wkhuh h{lvwv ,W 5 U^i�4c4j
vxfk wkdw Z E,c w� 	 f li , 	 ,W dqg Z E,c w� : f li , : ,W1

D:= Prqrwrqh Olnholkrrg Udwlr Surshuw|= li % : %/ wkhq sE%3w�
sE%3w� lv lq0

fuhdvlqj lq w1
Dvvxpswlrq D4- lv d vljql�fdqw zhdnhqlqj ri dvvxpswlrq D4 wr d vlqjoh furvv0
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lqj surshuw|1 Dvvxpswlrq D: lv d qhz uhvwulfwlrq rq wkh glvwulexwlrq ri wkh qrlvh1
Uhfdoo wkdw zh hduolhu pdgh qr dvvxpswlrqv rq wkh glvwulexwlrq ri wkh qrlvh1 Gh0
qrwh e| hC Ej� wkh lqfrpsohwh lqirupdwlrq jdph zlwk d xqlirup sulru vdwlvi|lqj
D4-/ D5/ D6/ D7/ D8 dqg D:1

Ohppd 5161 Ohw wW eh gh�qhg dv lq +D6,1 Wkh jdph hC Ej� kdv d xqltxh +v|p0
phwulf, vzlwfklqj vwudwhj| htxloleulxp/ zlwk r E%� ' f iru doo % 	 wW dqg r E%� ' �
iru doo % : wW1

Wkh surri lv lq Dsshqgl{ F1 Dq dqdorjxh ri Sursrvlwlrq 515 frxog eh vlp0
loduo| frqvwuxfwhg1 Qrwlfh wkdw wklv uhvxow grhv qrw vkrz wkh qrq0h{lvwhqfh ri
rwkhu/ qrq0prqrwrqlf/ htxloleuld1 Dgglwlrqdo dujxphqwv duh uhtxluhg wr uxoh rxw
qrq0prqrwrqlf htxloleuld1 Iru h{dpsoh/ lq Jrogvwhlq dqg Sdx}qhu +5333d, 0 dq
dssolfdwlrq wr edqn uxqv glvfxvvhg lq wkh qh{w vhfwlrq 0 qrlvh lv xqlirupo| glvwule0
xwhg +dqg wkxv vdwlv�hv D:, dqg sd|r�v vdwlvi| dvvxpswlrq D4-1 Wkh| vkrz wkdw
+4, wkhuh lv d xqltxh v|pphwulf vzlwfklqj vwudwhj| htxloleulxp> dqg +5, wkdw wkhvh
lv qr rwkhu htxloleulxp1 Ohppd 516 frxog eh xvhg wr h{whqg wkh iruphu uhvxow wr
doo qrlvh glvwulexwlrqv vdwlvi|lqj wkh POUS +dvvxpswlrq D:, exw zh gr qrw nqrz
li wkh odwwhu uhvxow h{whqgv eh|rqg wkh xqlirup qrlvh glvwulexwlrq1

Sursrvlwlrq 514 fdq dovr eh zhdnhqhg e| doorzlqj dvvxpswlrq D4 wr idlo dzd|
iurp wW1 Zh zloo uhsruw rqh zhdnhqlqj wkdw lv vx!flhqw1 Ohw } E�� dqg � E�� eh
ghqvlwlhv rq wkh lqwhuydo dfc �o> } vwrfkdvwlfdoo| grplqdwhv � +} � �, li

,U
5'f

} E5� _5 �
,U

5'f

� E5� _5 iru doo , 5 dfc �o1 Zh zulwh } E�� iru wkh xqlirup ghqvlw| rq dfc �o/ l1h1/

} E,� ' � iru doo , 5 dfc �o1 Qrz frqvlghu

D;= Wkhuh h{lvwv wW zklfk vroyhv
�U

,'f

Z E,c wW� _, ' f vxfk wkdw ^4`
�U

,'f

} E,�

Z E,c %� _, � f iru doo % � wW dqg } � }/ zlwk vwulfw lqhtxdolw| li % : wW> dqg

^5`
�U

,'f

} E,� Z E,c %� _, � f iru doo % � wW dqg } � }/ zlwk vwulfw lqhtxdolw| li % 	 wW1

Zh fdq uhsodfh D40D6 zlwk D; lq sursrvlwlrqv 514 dqg 515/ dqg doo wkh dujx0
phqwv dqg uhvxowv jr wkurxjk1 Revhuyh wkdw D40D6 vwudljkwiruzdugo| lpso| D;1
Dovr/ revhuyh wkdw D; lpsolhv wkdw Z E,c wW� eh qrq0ghfuhdvlqj lq , +vxssrvh wkdw
, : ,� dqg Z E,c wW� 	 Z E,�c wW�> qrz vwduw zlwk wkh xqlirup glvwulexwlrq } dqg vkliw
pdvv iurp ,� wr ,,1 Exw D; doorzv vrph idloxuh ri D4 dzd| iurp wW1

Sursrvlwlrqv 514 dqg 515 gholyhu vwurqj qhjdwlyh frqfoxvlrqv derxw wkh h!0
flhqf| ri qrq0frrshudwlyh rxwfrphv lq joredo jdphv1 Lq wkh olplw/ doo sod|huv zloo
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eh fkrrvlqj dfwlrq � zkhq wkh vwdwh lv w li
�U

,'f

Z E,c w� _, : f1 Krzhyhu/ lw lv hi0

�flhqw wr fkrrvh dfwlrq � dw vwdwh w li � E�c �c w� : � Efc fc w�1 Wkhvh frqglwlrqv
zloo qrw frlqflgh lq jhqhudo1 Iru h{dpsoh/ lq wkh lqyhvwphqw h{dpsoh zh kdg
� E�c ,c w� ' wn ,� �/ � Efc ,c w� ' f dqg wkxv Z E,c w� ' wn ,� �1 Vr lq wkh olplwlqj
htxloleulxp/ erwk sod|huv zloo eh lqyhvwlqj li wkh vwdwh w lv dw ohdvw �

2
/ zkloh lw lv

h!flhqw iru wkhp wr eh lqyhvwlqj li wkh vwdwh lv dw ohdvw f1
Wkh dqdo|vlv ri wkh xqltxh qrq0frrshudwlyh htxloleulxp vhuyhv dv d ehqfkpdun

ghvfulelqj zkdw zloo kdsshq lq wkh devhqfh ri rwkhu frqvlghudwlrqv1 Lq sudfwlvh/
uhshdwhg sod| ru rwkhu lqvwlwxwlrqv zloo riwhq doorz sod|huv wr gr ehwwhu1 Zh
zloo eulh | frqvlghu zkdw kdsshqv lq wkh jdph li sod|huv zhuh doorzhg wr pdnh
fkhds wdon vwdwhphqwv derxw wkh vljqdov wkdw wkh| kdyh revhuyhg lq wkh lqyhvwphqw
h{dpsoh +iru wklv h{huflvh/ lw lv prvw qdwxudo wr frqvlghu d �qlwh sod|hu fdvh> zh
frqvlghu wkh wzr sod|hu fdvh,1 Wkh dujxphqwv khuh iroorz Edoljd dqg Pruulv
+5333,1 Wkh lqyhvwphqw h{dpsoh dv irupxodwhg kdv d qrq0jhqhulf ihdwxuh/ zklfk
lv wkdw li d sod|hu sodqv qrw wr lqyhvw/ kh lv h{dfwo| lqgl�huhqw derxw zklfk dfwlrq
klv rssrqhqw zloo wdnh1 Wr pdnh wkh sureohp pruh lqwhuhvwlqj/ ohw xv shuwxue wkh
sd|r�v wr uhpryh wklv wlh=

Lqyhvw QrwLqyhvw
Lqyhvw w n Bc w n B w � �c B
QrwLqyhvw Bc w � � fc f

Wkxv hdfk sod|hu uhfhlyhv d vpdoo sd|r� B +zklfk pd| eh srvlwlyh ru qhjdwlyh,
li wkh rwkhu sod|hu lqyhvwv/ lqghshqghqw ri klv rzq dfwlrq1 Wklv fkdqjh grhv
qrw lq xhqfh hdfk sod|hu*v ehvw uhvsrqvhv/ dqg wkh dqdo|vlv ri wklv jdph lq wkh
devhqfh ri fkhds wdon lv xqfkdqjhg e| wkh sd|r� fkdqjh1 Exw revhuyh wkdw li B � f/
wkhuh lv dq htxloleulxp ri wkh jdph zlwk fkhds wdon/ zkhuh hdfk sod|hu wuxwkixoo|
dqqrxqfhv klv vljqdo/ dqg lqyhvwv li wkh +frpprq, h{shfwdwlrq ri w frqglwlrqdo
rq erwk dqqrxqfhphqwv lv juhdwhu wkdq �B +wklv jlyhv wkh h!flhqw rxwfrph,1 Rq
wkh rwkhu kdqg/ li B : f/ wkhq hdfk sod|hu zrxog olnh wr frqylqfh wkh rwkhu wr
lqyhvw hyhq kh grhv qrw sodq wr gr vr1 Lq wklv fdvh/ wkhuh fdqqrw eh d wuxwk0whoolqj
htxloleulxp zkhuh wkh h!flhqw htxloleulxp lv dfklhyhg/ dowkrxjk wkhuh pd| eh
htxloleuld zlwk vrph sduwldoo| uhyhdolqj fkhds wdon wkdw lpsuryh rq wkh qr fkhds
wdon rxwfrph1

5161 Dssolfdwlrqv

Zh qrz wxuq wr dssolfdwlrqv ri wkhvh uhvxowv dqg ghvfuleh prghov ri sulflqj ghew
+Pruulv dqg Vklq +4<<<e,,/ fxuuhqf| fulvhv +Pruulv dqg Vklq +4<<;,, dqg edqn uxqv
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+Jrogvwhlq dqg Sdx}qhu +5333d,,17 Hdfk ri wkhvh sdshuv pdnhv vshfl�f dvvxps0
wlrqv derxw wkh glvwulexwlrq ri sd|r�v dqg vljqdov1 Exw li rqh lv rqo| lqwhuhvwhg lq
dqdo|}lqj wkh olplwlqj ehkdylru dv qrlvh derxw w ehfrphv vpdoo/ wkh uhvxowv ri wkh
suhylrxv vhfwlrq lpso| wkdw zh fdq lghqwli| wkh olplwlqj ehkdylru lqghshqghqwo|
ri wkh sulru eholhiv dqg wkh vkdsh ri wkh qrlvh18 Lq hdfk h{dpsoh/ zh ghvfuleh
rqh frpsdudwlyh vwdwlf h{huflvh fkdqjlqj wkh sd|r�v ri wkh jdph/ looxvwudwlqj krz
fkdqjlqj sd|r�v kdv d gluhfw h�hfw rq rxwfrphv dqg dq lqgluhfw/ vwudwhjlf/ h�hfw
yld wkh lpsdfw rq wkh fxwr� srlqw ri wkh xqltxh htxloleulxp1 Zh hpskdvl}h wkdw
lw lv dovr lqwhuhvwlqj lq wkh dssolfdwlrqv wr vwxg| ehkdylru dzd| iurp wkh olplw>
lqghhg/ wkh irfxv ri wkh dqdo|vlv lq Pruulv dqg Vklq +4<<<e, lv rq frpsdudwlyh
vwdwlfv dzd| iurp wkh olplw1 Pruh dvvxpswlrqv rq wkh vkdsh ri wkh sulru dqg qrlvh
duh uhtxluhg lq wklv fdvh1 Zh vwxg| ehkdylru dzd| iurp wkh olplw lq vhfwlrq 61

516141 Sulflqj Ghew

Lq Pruulv dqg Vklq +4<<<e,/ zh frqvlghu d vlpsoh prgho ri ghew sulflqj1 Lq shulrg
�/ d frqwlqxxp ri lqyhvwruv krog froodwhudol}hg ghew wkdw zloo sd| � lq shulrg 2
li lw lv uroohg ryhu dqg li dq xqghuo|lqj lqyhvwphqw surmhfw lv vxffhvvixo> wkh ghew
zloo sd| f lq shulrg 2 li wkh surmhfw lv qrw vxffhvvixo1 Li dq lqyhvwru grhv qrw uroo
ryhu klv ghew/ kh uhfhlyhv wkh ydoxh ri wkh froodwhudo/ V 5 Efc ��1 Wkh vxffhvv ri
wkh surmhfw ghshqgv rq wkh sursruwlrq ri lqyhvwruv zkr gr qrw urooryhu dqg wkh
vwdwh ri wkh hfrqrp|/ w1 Vshfl�fdoo|/ wkh surmhfw lv vxffhvvixo li wkh sursruwlrq ri
lqyhvwruv qrw uroolqj ryhu lv ohvv wkdq w

5
1 Zulwlqj � iru wkh dfwlrq �urooryhu� dqg f

iru wkh dfwlrq �gr qrw urooryhu/� sd|r�v fdq eh ghvfulehg dv iroorzv=

� E�c ,c w� '

�
�/ li 5 E�� ,� � w
f/ li 5 E�� ,� : w

� Efc ,c w� ' V

7Vhh Ixndr +4<<7, iru dq hduo| dujxphqw lq idyru ri xvlqj joredo jdph uhdvrqlqj lq dssolhg
vhwwlqjv1 Rwkhu dssolfdwlrqv lqfoxgh Ndus*v +5333, qrlv| yhuvlrq ri Nuxjpdq*v +4<<4, pxo0
wlsoh htxloleulxp prgho ri vhfwrudo vkliwv> Vfdudpr}}lqr dqg Yxondq*v +4<<<, qrlv| prgho ri
Vfkolhihu*v +4<;9, pxowlsoh htxloleulxp prgho ri lpsohphqwdwlrq f|fohv> dqg Gùqjhv dqg Khlqh0
pdqq*v +5333, prgho ri frpshwlwlrq ehwzhhq ghdohu pdunhwv dqg furvvlqj qhwzrunv lq �qdqfldo
pdunhwv1

8Wkh prgho lq Jrogvwhlq dqg Sdx}qhu +5333, idlov wkh dfwlrq prqrwrqlflw| surshuw| +D4,
ri wkh suhylrxv vhfwlrq/ exw wkh| duh qrqhwkhohvv deoh wr suryh wkh xqltxhqhvv ri d v|pphwulf
vzlwfklqj htxloleulxp/ h{sorlwlqj wkhlu dvvxpswlrq wkdw qrlvh whupv duh glvwulexwhg xqlirupo|1
Krzhyhu/ wkhlu jdph vdwlv�hv dvvxpswlrqv D4- dqg D5 dqg wkhuhiruh zkhqhyhu wkhuh lv d xqltxh
htxloleulxp/ lw pxvw vdwlvi| wkh Odsodfldq fkdudfwhul}dwlrq zlwk wkh fxwr� srlqw �� gh�qhg dv lq
D61
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Vr

Z E,c w� � � E�c ,c w�� � Efc ,c w�

'

�
�� V/ li 5 E�� ,� � w
�V/ li 5 E�� ,� : w

Qrz
�]

,'f

Z E,c w� _, '

;?=
�V/ li w � f
w
5
� V/ li f � w � 5

�� V/ li 5 � w

Wkxv wW ' 5V1 Lq rwkhu zrugv/ li sulydwh lqirupdwlrq derxw w dprqj wkh lqyhvwruv
lv vx!flhqwo| dffxudwh/ wkh surmhfw zloo froodsvh h{dfwo| li w � 5V1 Zh fdq qrz dvn
krz ghew zrxog eh sulfhg h{ dqwh lq wklv prgho +ehiruh dq|rqh revhuyhg sulydwh
vljqdov derxw w,1 Uhfdoolqj wkdw R E�� lv wkh ghqvlw| ri wkh sulru rq w/ dqg zulwlqj
� E�� iru wkh fruuhvsrqglqj f1g1i1/ wkh ydoxh ri wkh froodwhudol}hg ghew zloo eh

T EV� � V� E5V� n �� � E5V�

' �� E�� V�� E5V�

dqg
_T

_V
' � E5V�� 5 E�� V� R E5V�

Wkxv lqfuhdvlqj wkh ydoxh ri froodwhudo kdv wzr h�hfwv= �uvw/ lw lqfuhdvhv wkh ydoxh
ri ghew lq wkh hyhqw ri ghidxow +wkh gluhfw h�hfw,1 Exw vhfrqg/ lw lqfuhdvhv wkh
udqjh ri w dw zklfk ghidxow rffxuv +wkh vwudwhjlf h�hfw,1 Iru vpdoo V/ wkh vwudwhjlf
h�hfw rxwzhljkv wkh gluhfw h�hfw/ zkloh iru odujh V/ wkh gluhfw h�hfw rxwzhljkv wkh
vwudwhjlf h�hfw1 Iljxuh 515 sorwv T E�� iru wkh fdvh zkhuh 5 ' �f dqg R E�� lv wkh
vwdqgdug qrupdo ghqvlw|1

Pruulv dqg Vklq +4<<<e, vwxg| wkh prgho dzd| iurp wkh olplw dqg dujxh
wkdw wdnlqj wkh vwudwhjlf/ ru oltxlglw|/ h�hfw lqwr dffrxqw lq ghew sulflqj fdq
khos h{sodlq dqrpdolhv lq hpslulfdo lpsohphqwdwlrq ri wkh vwdqgdug ghew sulflqj
wkhru| ri Phuwrq +4<:7,1 Euxqqhu dqg Nudkqhq +5333, suhvhqw hylghqfh ri wkh
lpsruwdqfh ri ghewru frruglqdwlrq lq glvwuhvvhg ohqglqj uhodwlrqvklsv lq Jhupdq|1
Vhh dovr Fkxl/ Jdl dqg Kdogdqh +5333, dqg Kxehuw dqg Vfkçihu +5333,1

516151 Fxuuhqf| Fulvhv

Lq Pruulv dqg Vklq +4<<;,/ d frqwlqxxp ri vshfxodwruv pxvw ghflgh zkhwkhu wr
dwwdfn d �{hg h{fkdqjh udwh uhjlph e| vhoolqj wkh fxuuhqf| vkruw1 Hdfk vshfxod0
wru pd| rqo| vkruw d xqlw dprxqw1 Wkh fxuuhqw ydoxh ri wkh fxuuhqf| lv eW> li wkh
prqhwdu| dxwkrulw| grhv qrw ghihqg wkh fxuuhqf|/ wkh fxuuhqf| zloo  rdw wr wkh
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Iljxuh 515= Ixqfwlrq T EV�

vkdgrz udwh l Ew�/ zkhuh w lv wkh vwdwh ri ixqgdphqwdov1 Wkhuh lv d �{hg wudqvdf0
wlrq frvw | ri dwwdfnlqj1 Wklv fdq eh lqwhusuhwhg dv dq dfwxdo wudqvdfwlrq frvw ru dv
wkh lqwhuhvw udwh gl�huhqwldo ehwzhhq fxuuhqflhv1 Wkh prqhwdu| dxwkrulw| ghihqgv
wkh fxuuhqf| li wkh frvw ri grlqj vr lv qrw wrr odujh1 Dvvxplqj wkdw wkh frvwv ri
ghihqglqj wkh fxuuhqf| duh lqfuhdvlqj lq wkh sursruwlrq ri vshfxodwruv zkr dwwdfn
dqg ghfuhdvlqj lq wkh vwdwh ri ixqgdphqwdov/ wkhuh zloo eh vrph fulwlfdo sursruwlrq
ri vshfxodwruv/ @ Ew�/ lqfuhdvlqj lq w/ zkr pxvw dwwdfn lq rughu iru d ghydoxdwlrq
wr rffxu1 Wkxv zulwlqj � iru wkh dfwlrq �qrw dwwdfn� dqg f iru wkh dfwlrq �dwwdfn/�
sd|r�v fdq eh ghvfulehg dv iroorzv=

� E�c ,c w� ' f

� Efc ,c w� '

�
eW � l Ew�� |/ li , � �� @ Ew�
�|/ li , : �� @ Ew�

zkhuh l E�� dqg @ E�� duh lqfuhdvlqj ixqfwlrqv/ zlwk l Ew� � eW � | iru doo w1 Qrz

Z E,c w� '

�
l Ew� n |� eW/ li , � �� @ Ew�
|/ li , : �� @ Ew�

Li w zhuh frpprq nqrzohgjh/ wkhuh zrxog eh wkuhh udqjhv ri sdudphwhuv1 Li w 	
@3� Ef�/ hdfk sod|hu kdv d grplqdqw vwudwhj| wr dwwdfn1 Li @3� Ef� � w � @3� E��/
wkhq wkhuh lv dq htxloleulxp zkhuh doo vshfxodwruv dwwdfn dqg dqrwkhu htxloleulxp
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zkhuh doo vshfxodwruv gr qrw dwwdfn1 Li w : @3� E��/ hdfk sod|hu kdv d grplqdqw
vwudwhj| wr dwwdfn1 Wklv wulsduwlwh glylvlrq ri ixqgdphqwdov dulvhv lq d udqjh ri
prghov lq wkh olwhudwxuh rq fxuuhqf| fulvhv +vhh Revwihog +4<<9,,1

Krzhyhu/ li w lv revhuyhg zlwk qrlvh/ zh fdq dsso| wkh uhvxowv ri wkh suhylrxv
vhfwlrq/ vlqfh Z E,c w� lv zhdno| lqfuhdvlqj lq ,/ dqg zhdno| lqfuhdvlqj lq w1

�]
,'f

Z E,c w� _, ' E�� @ Ew�� El Ew� n |� eW� n @ Ew� |

' |� E�� @ Ew�� EeW � l Ew��

Wkxv wW lv lpsolflwo| gh�qhg e|

E�� @ Ew�� EeW � l Ew�� ' |1

Wkhruhp 5 lq Pruulv dqg Vklq +4<<;, jdyh dq lqfruuhfw vwdwhphqw ri wklv frqglwlrq1
Zh duh judwhixo wr Khlqhpdqq +5333, iru srlqwlqj rxw wkh huuru dqg jlylqj d fruuhfw
fkdudfwhul}dwlrq1

Djdlq/ zh zloo ghvfuleh rqh vlpsoh frpsdudwlyh vwdwlfv h{huflvh1 Frqvlghu
d frvwo| h{ dqwh dfwlrq - iru wkh prqhwdu| dxwkrulw| wkdw orzhuhg wkhlu frvwv
ri ghihqglqj wkh fxuuhqf|1 Iru h{dpsoh/ - pljkw uhsuhvhqw wkh ydoxh ri iruhljq
fxuuhqf| uhvhuyhv ru +dv lq wkh uhfhqw fdvh ri Dujhqwlqd, d olqh ri fuhglw zlwk iruhljq
edqnv wr surylgh fuhglw lq wkh hyhqw ri d fulvlv1 Wkxv wkh fulwlfdo sursruwlrq ri
vshfxodwruv iru zklfk dq dwwdfn rffxuv ehfrphv @ Ewc -�/ zkhuh @ E�� lv lqfuhdvlqj
lq -1 Qrz zulwh wW E-� iru wkh xqltxh ydoxh ri w vroylqj

E�� @ Ewc-�� EeW � l Ew�� ' |1

Wkh h{ dqwh suredelolw| wkdw wkh fxuuhqf| zloo froodsvh lv

� EwW E-��

Vr wkh uhgxfwlrq lq wkh suredelolw| ri froodsvh uhvxowlqj iurp d pdujlqdo lqfuhdvh
lq - lv

�R EwW E-�� _w
W

_-
' R EwW E-��

Y@
Y-

Y@
Yw

n �3@Ewc-�
eW3lEw�

_l

_w

Wklv frpsdudwlyh vwdwlf uhihuv wr wkh olplw +dv qrlvh ehfrphv yhu| vpdoo, dqg wkh
h�hfw lv hqwluho| vwudwhjlf/ l1h1/ wkh lqfuhdvhg ydoxh ri - uhgxfhv wkh suredelolw|
ri dwwdfn rqo| ehfdxvh lw lq xhqfhv vshfxodwruv* htxloleulxp vwudwhjlhv +�exlogv
frq�ghqfh�, dqg qrw ehfdxvh wkh lqfuhdvh lq - dfwxdoo| suhyhqwv dq dwwdfn lq dq|
uhohydqw frqwlqjhqf|1
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Lq vhfwlrq 714/ zh yhu| eulh | glvfxvv Fruvhwwl/ Gdvjxswd/ Pruulv dqg Vklq
+5333,/ dq h{whqvlrq ri wklv prgho ri fxuuhqf| dwwdfnv zkhuh d odujh vshfxodwru
lv dgghg wr wkh frqwlqxxp ri vpdoo wudghuv1 Vhh dovr Fkdq dqg Fklx +5333,/
Jrogvwhlq dqg Sdx}qhu +5333e,/ Khlqhpdqq dqg Loolqj +5333,/ Khoozlj +5333,/
Pdu{ +5333,/ Phw} +5333, dqg Pruulv dqg Vklq +4<<<d,1

516161 Edqn Uxqv

Zh ghvfuleh d prgho ri Jrogvwhlq dqg Sdx}qhu +5333d,/ zkr dgg qrlvh wr wkh
fodvvlf edqn uxqv prgho ri Gldprqg dqg G|eylj +4<;6,1 D frqwlqxxp ri ghsrvl0
wruv +zlwk wrwdo ghsrvlwv qrupdol}hg wr �, pxvw ghflgh zkhwkhu wr zlwkgudz wkhlu
prqh| iurp d edqn ru qrw1 Li wkh ghsrvlwruv zlwkgudz wkhlu prqh| lq shulrg �/
wkh| zloo uhfhlyh o : � +li wkhuh duh qrw hqrxjk uhvrxufhv wr ixqg doo wkrvh zkr
wu| wr zlwkgudz/ wkhq wkh uhpdlqlqj fdvk lv glylghg htxdoo| dprqj hduo| zlwk0
gudzhuv,1 Dq| uhpdlqlqj prqh| hduqv d wrwdo uhwxuq - Ew� : f lq shulrg 5/ dqg lv
glylghg htxdoo| dprqj wkrvh zkr fkrvh wr zdlw xqwlo shulrg 2 wr zlwkgudz wkhlu
prqh|1 Sursruwlrq b ri ghsrvlwruv zloo kdyh frqvxpswlrq qhhgv rqo| lq shulrg 4/
dqg zloo wkxv kdyh d grplqdqw vwudwhj| wr zlwkgudz1 Zh zloo eh frqfhuqhg zlwk
wkh jdph dprqj wkh sursruwlrq �� b ri ghsrvlwruv zkr kdyh frqvxpswlrq qhhgv
lq shulrg 51 Frqvxphuv kdyh xwlolw| L E+� iurp frqvxpswlrq +/ zkhuh wkh uhodwlyh
ulvn dyhuvlrq frh!flhqw ri L lv vwulfwo| juhdwhu wkdq �1 Wkh| qrwh wkdw li - Ew�
zhuh juhdwhu wkdq rqh dqg w zhuh frpprq nqrzohgjh/ wkh h{ dqwh rswlpdo fkrlfh
ri o pd{lpl}lqj

bL Eo� n E�� b�L

�
�� bo

�� b
- Ew�

�
zrxog eh vwulfwo| juhdwhu wkdq �1 Exw li w lv qrw frpprq nqrzohgjh/ zh kdyh
d joredo jdph1 Zulwlqj � iru wkh dfwlrq �zlwkgudz lq shulrg 5� dqg f iru wkh
dfwlrq �zlwkgudz lq shulrg 4/� dqg , iru wkh sursruwlrq ri odwh frqvxphuv zkr
gr qrw zlwkgudz hduo|/ wkh prqh| sd|r�v lq wklv jdph fdq eh vxppdul}hg lq wkh
iroorzlqj wdeoh=

, � o3�
oE�3b� , � o3�

oE�3b�
Hduo|

Zlwkgudzdo
f �3bo

E�3b�E�3,�o o

Odwh
Zlwkgudzdo

� f
�
o � o3�

,E�3b�

�
- Ew�

Revhuyh wkdw li w lv vx!flhqwo| vpdoo +dqg vr - Ew� lv vx!flhqwo| vpdoo, doo sod|huv
kdyh d grplqdqw vwudwhj| wr zlwkgudz hduo|1 Jrogvwhlq dqg Sdx}qhu dvvxph wkdw
li w lv vx!flhqwo| odujh/ doo sod|huv kdyh d grplqdqw vwudwhj| wr zlwkgudz odwh +d
qxpehu ri qdwxudo hfrqrplf vwrulhv frxog mxvwli| wklv yduldwlrq lq wkh sd|r�v,1
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Wkxv wkh sd|r�v lq wkh jdph dprqj odwh frqvxphuv duh=

� E�c ,c w� '

+
L Ef� / li , � o3�

oE�3b�
L
��

o � o3�
,E�3b�

�
- Ew�

�
/ li , � o3�

oE�3b�

� Efc ,c w� '

+
L
�

�
�3,E�3b�

�
/ li , � o3�

oE�3b�
L Eo� / li , � o3�

oE�3b�

vr wkdw

Z E,c w� '

;?= L Ef�� L
�

�
�3,E�3b�

�
/ li , � o3�

oE�3b�

L
��

o � o3�
,E�3b�

�
- Ew�

�
� L Eo� / li , � o3�

oE�3b�

Wkh wkuhvkrog vwdwh wW lv lpsolflwo| gh�qhg e|

o3�
oE�3b�]
,'f

L Ef��L
�

�

�� , E�� b�

�
_,n

�]
,' o3�

oE�3b�

L

��
o � o � �

, E�� b�

�
- Ew�

�
�L Eo� _, ' f

Wkh h{ dqwh zhoiduh ri frqvxphuv dv d ixqfwlrq ri o +dv qrlvh jrhv wr }hur, lv

` Eo� ' � EwW Eo��L E�� n

"]
w'wWEo�

R Ew�

�
bL Eo� n E�� b�L

�
�� bo

�� b
- Ew�

��

Wkhuh duh wzr h�hfwv ri lqfuhdvlqj o= wkh gluhfw h�hfw rq zhoiduh lv wkh lqfuhdvhg
ydoxh ri lqvxudqfh lq wkh fdvh zkhuh wkhuh lv qrw d edqn uxq1 Exw wkhuh lv dovr wkh
vwudwhjlf h�hfw wkdw dq lqfuhdvh lq o zloo orzhu wW Eo�1

Pruulv dqg Vklq +5333, h{dplqh d vwulsshg grzq yhuvlrq ri wklv prgho zkhuh
dowhuqdwlyh dvvxpswlrqv rq wkh lqyhvwphqw whfkqrorj| dqg xwlolw| ixqfwlrqv lpso|
wkdw sd|r�v uhgxfh wr wkrvh ri wkh olqhdu h{dpsoh lq vhfwlrq 5141 Vhh dovr Errq0
sudndlndzh dqg Jkrvdo +5333,/ Gdvjxswd +5333e,/ Jrogvwhlq +5333, dqg Urfkhw
dqg Ylyhv +5333,1

61 Sxeolf yhuvxv Sulydwh Lqirupdwlrq

Wkh dqdo|vlv vr idu kdv doo ehhq frqfhuqhg zlwk ehkdylru zkhq hlwkhu wkhuh lv d
xqlirup sulru ru wkh qrlvh lv yhu| vpdoo1 Lq wklv vhfwlrq/ zh orrn dw wkh ehkdylru
ri wkh prgho zlwk odujh qrlvh dqg qrq0xqlirup sulruv1 Wkhuh duh wkuhh uhdvrqv iru
grlqj wklv1 Iluvw/ zh zdqw wr xqghuvwdqg krz h{wuhph wkh dvvxpswlrqv uhtxluhg
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iru xqltxhqhvv duh1 Zh zloo surylgh vx!flhqw frqglwlrqv iru xqltxhqhvv ghshqglqj
rq wkh uhodwlyh dffxudf| ri sulydwh dqg sxeolf +ru sulru, vljqdov1 Vhfrqg/ dzd|
iurp wkh olplw/ sulru eholhiv sod| dq lpsruwdqw uroh lq ghwhuplqlqj rxwfrphv1 Lq
sduwlfxodu/ zh zloo vhh krz hyhq zlwk d frqwlqxxp ri sod|huv dqg d xqltxh htxlole0
ulxp/ sxeolf lqirupdwlrq frqwdlqhg lq wkh sulru eholhiv sod|v d vljql�fdqw uroh lq
ghwhuplqlqj rxwfrphv/ hyhq frqwuroolqj iru eholhiv frqfhuqlqj wkh ixqgdphqwdov1
Ilqdoo|/ e| vhhlqj krz dqg zkhq wkh prgho mxpsv iurp kdylqj rqh htxloleulxp wr
pxowlsoh htxloleuld/ lw lv srvvleoh wr ghyhors d ehwwhu lqwxlwlrq iru zkdw lv gulylqj
uhvxowv1

Zh uhwxuq wkh olqhdu h{dpsoh ri vhfwlrq 514= wkhuh lv d frqwlqxxp ri sod|huv/
wkh sd|r� wr qrw lqyhvwlqj lv f/ wkh sd|r� wr lqyhvwlqj lv wn ,� �/ zkhuh w lv wkh
vwdwh dqg , lv wkh sursruwlrq ri wkh srsxodwlrq lqyhvwlqj1 Lw pd| khos lq iroorzlqj
lq wkh dqdo|vlv wr uhfdoo wkdw zlwk olqhdu sd|r�v/ wkh h{dfw qxpehu ri sod|huv lv
luuhohydqw lq lghqwli|lqj v|pphwulf htxloleulxp vwudwhjlhv +dqg zh zloo vhh wkdw
v|pphwulf htxloleulxp vwudwhjlhv zloo qdwxudoo| dulvh,1 Wkxv wkh dqdo|vlv ehorz
dssolhv htxdoo| wr d wzr sod|hu jdph1

Qrz dvvxph wkdw w lv qrupdoo| glvwulexwhg zlwk phdq + dqg vwdqgdug ghyldwlrq
� 1 Wkh phdq + lv sxeolfo| revhuyhg1 Dv ehiruh/ hdfk sod|hu revhuyhv d sulydwh
vljqdo %� ' w n 0�/ zkhuh wkh 0� duh glvwulexwhg qrupdoo| lq wkh srsxodwlrq zlwk
phdq f dqg vwdqgdug ghyldwlrq j1 Wkxv hdfk sod|hu � revhuyhv d sxeolf vljqdo
+ 5 U dqg d sulydwh vljqdo %� 5 U1 Wr dqdo|}h wkh htxloleuld ri wklv jdph/
�uvw �{ wkh sxeolf vljqdo +1 Vxssrvh wkdw d sod|hu revhuyhg sulydwh vljqdo %1 Klv
h{shfwdwlrq ri w lv

w '
j2+ n � 2%

j2 n � 2
1

Lw lv xvhixo wr frqgxfw dqdo|vlv lq whupv ri wkhvh srvwhulru h{shfwdwlrqv ri w1 Lq
sduwlfxodu/ zh pd| frqvlghu d vzlwfklqj vwudwhj| ri wkh iroorzlqj irup=

r
�
w
�
'

�
Lqyhvw/ li w : V
�JzLqyhvw/ li w � V

Li wkh vwdqgdug ghyldwlrq ri sod|huv* sulydwh vljqdov lv vx!flhqwo| vpdoo uhodwlyh wr
wkh vwdqgdug ghyldwlrq ri wkh sxeolf vljqdo lq wkh sulru/ wkhq wkhuh lv d vwudwhj|
vxuylylqj lwhudwhg ghohwlrq ri vwulfwo| grplqdwhg vwudwhjlhv1 Vshfl�fdoo|/ ohw

� � h� Ejc � � � j2

� e

�
j2 n � 2

j2 n 2� 2

�
Qrz zh kdyh
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Sursrvlwlrq 6141 Wkh jdph kdv d v|pphwulf vzlwfklqj vwudwhj| htxloleulxp zlwk
fxwr� V li V vroyhv wkh htxdwlrq

V ' xE
s
� EV� +�� > +614,

li h� Ejc � � � 2Z/ wkhq wkhuh lv d xqltxh ydoxh ri V vroylqj +614, dqg wkh vwudwhj|
zlwk wkdw wuljjhu lv wkh hvvhqwldoo| xqltxh vwudwhj| vxuylylqj lwhudwhg ghohwlrq ri
vwulfwo| grplqdwhg vwudwhjlhv> li h� Ejc � � : 2Z/ wkhq +iru vrph ydoxhv ri +, wkhuh
duh pxowlsoh ydoxhv ri V vroylqj +614, dqg pxowlsoh v|pphwulf vzlwfklqj vwudwhj|
htxloleuld1

Iljxuh 614 sorwv wkh uhjlrqv lq j2 � � 2 vsdfh zkhuh xqltxhqhvv krogv1
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Iljxuh 614= Sdudphwhu Udqjh iru Xqltxh Htxloleulxp

Lq Pruulv dqg Vklq +5333,/ zh jdyh d ghwdlohg yhuvlrq ri wkh xqltxhqhvv sduw
ri wklv uhvxow lq dsshqgl{ D1 Khuh zh vnhwfk wkh lghd1 Frqvlghu d sod|hu zkr kdv
revhuyhg sulydwh vljqdo %1 E| vwdqgdug surshuwlhv ri wkh qrupdo glvwulexwlrq +vhh

5:



GhJurrw +4<:3,,/ klv srvwhulru eholhiv derxw w zrxog eh qrupdo zlwk phdq

w '
j2+ n � 2%

j2 n � 2

dqg vwdqgdug ghyldwlrq u
j2� 2

j2 n � 2
1

Kh nqrzv wkdw dq| rwkhu sod|hu*v vljqdo/ %�/ lv htxdo wr w soxv d qrlvh whup zlwk
phdq f dqg vwdqgdug ghyldwlrq j1 Wkxv kh eholhyhv wkdw %� lv glvwulexwhg qrupdoo|
zlwk phdq w dqg vwdqgdug ghyldwlrqu

2j2� 2 n je

j2 n � 2
1

Qrz vxssrvh kh eholhyhg wkdw doo rwkhu sod|huv zloo lqyhvw h{dfwo| li wkhlu h{shf0
wdwlrq ri w lv dw ohdvw V/ l1h1/ li wkhlu sulydwh vljqdov %� vdwlvi| j2+n�2%�

j2n�2
� V/ ru

%� � V n j2

�2
EV� +�1 Wkxv kh dvvljqv suredelolw|

�� x

3CV� w n j2

�2
EV� +�t

2j2�2nje

j2n�2

4D +615,

wr dq| sduwlfxodu rssrqhqw lqyhvwlqj1 Exw klv h{shfwdwlrq ri wkh sursruwlrq ri klv
rssrqhqwv lqyhvwlqj pxvw htxdo wr wkh suredelolw| kh dvvljqv wr dq| rqh rssrqhqw
lqyhvwlqj1 Wkxv +615, lv dovr htxdo wr klv h{shfwdwlrq ri wkh sursruwlrq ri klv
rssrqhqwv lqyhvwlqj1 Vlqfh klv sd|r� wr lqyhvwlqj lv wn ,� �/ klv h{shfwhg sd|r�
wr lqyhvwlqj lv w soxv h{suhvvlrq +615, plqxv rqh/ l1h1/

�
�
wc V

� � w � x

3CV� w n j2

�2
EV� +�t

2j2�2nje

j2n�2

4D
Klv sd|r� wr qrw lqyhvwlqj lv f1 Vlqfh �

�
wc V

�
lv lqfuhdvlqj lq w/ zh kdyh wkdw wkhuh

lv d v|pphwulf htxloleulxp zlwk vzlwfklqj srlqw V h{dfwo| li �W EV� � � EVc V� ' f1
Exw

�W EV� � � EVc V�

' V�x

3C j2 EV� +�

� 2
t

2j2�2nje

j2n�2

4D
' V�xE

s
� EV� +��
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Iljxuh 615= Ixqfwlrq DW EV�

Iljxuh 615 sorwv wkh ixqfwlrq �W EV� iru + ' �
2
dqg � ' �fff/ �f/ D dqg f��/

uhvshfwlyho|1
Wkh lqwxlwlrq iru wkhvh judskv lv wkh iroorzlqj1 Li sxeolf lqirupdwlrq lv uhod0

wlyho| odujh +l1h1/ j � dqg wkxv � lv odujh,/ wkhq sod|huv zlwk srvwhulru h{shfwd0
wlrq V ohvv wkdq + ' �

2
frq�ghqwo| h{shfw wkdw wkhlu rssrqhqw zloo kdyh revhuyhg d

kljkhu vljqdo/ dqg wkhuhiruh zloo eh lqyhvwlqj1 Wkxv klv h{shfwhg xwlolw| lv +derxw,
V1 Exw dv V pryhv deryh + ' �

2
/ kh udslgo| ehfrphv frq�ghqw wkdw klv rssrqhqw

kdv revhuyhg d orzhu vljqdo dqg zloo qrw eh lqyhvwlqj1 Wkxv klv h{shfwhg xwlolw|
gursv udslgo|/ durxqg +/ wr +derxw, V � �1 Exw li sxeolf lqirupdwlrq lv uhodwlyho|
vpdoo +l1h1/ j� � dqg � lv vpdoo,/ wkhq sod|huv zlwk V qrw wrr idu deryh ru ehorz
+ ' �

2
dwwdfk suredelolw| +derxw, �

2
wr wkhlu rssrqhqw revhuylqj d kljkhu vljqdo1

Wkxv klv h{shfwhg xwlolw| lv +derxw, V� �
2
1

Zh fdq lghqwli| dqdo|wlfdoo| zkhq wkhuh lv d xqltxh vroxwlrq= revhuyh wkdw

_�W

_V
' ��s�� Es� EV� +�� 1

5<



Uhfdoo wkdw � E%�/ wkh ghqvlw| ri wkh vwdqgdug qrupdo/ dwwdlqv lwv pd{lpxp ri
�I
2Z

dw % ' f1 Wkxv li � � 2Z/ _�W

_V
lv juhdwhu wkdq ru htxdo wr }hur dozd|v/ dqg

vwulfwo| juhdwhu wkdq }hur h{fhsw zkhq V ' +1 Vr +614, kdv d xqltxh vroxwlrq1 Exw
li � : 2Z dqg + ' �

2
/ wkhq vhwwlqj V ' �

2
vroyhv +614, exw _�W

_V

��
V'�

2

	 f/ vr +614, kdv
wzr rwkhu vroxwlrqv1

Wkurxjkrxw wkh uhpdlqghu ri wklv vhfwlrq/ zh dvvxph wkdw wkhuh lv d xqltxh
htxloleulxp/ l1h1/ wkdw h� Ekc q� � 2Z1 Xqghu wklv dvvxpswlrq/ zh fdq lqyhuw wkh
htxloleulxp frqglwlrq +614, wr vkrz lq EVc +� vsdfh zkdw wkh xqltxh htxloleulxp
orrnv olnh

+ ' �� EV� ' V� �s
�
x3� EV� +616,

Iljxuh 616 sorwv wklv iru � ' D dqg � ' �
�fff

1

313 317 31;
�2

��

3

4

5

+

V

lqyhvw

qrw lqyhvw
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Iljxuh 616= Lqyhvwphqw wdnhv sodfh deryh dqg wr wkh uljkw ri olqh

Wkh slfwxuh kdv dq hohphqwdu| lqwxlwlrq1 Li V 	 f/ lw lv rswlpdo wr qrw lqyhvw
+lqghshqghqw ri wkh sxeolf vljqdo,1 Li V : �/ lw lv rswlpdo wr lqyhvw +lqghshqghqw
ri wkh sxeolf vljqdo,1 Exw li f 	 V 	 �/ wkhuh lv d wudgh0r�1 Wkh kljkhu + lv +iru d
jlyhq V,/ wkh pruh olnho| lw lv wkdw wkh rwkhu sod|hu zloo lqyhvw1 Wkxv li f 	 V 	 �/
wkh sod|hu zloo dozd|v lqyhvw iru vx!flhqwo| kljk +/ dqg qrw lqyhvw iru vx!flhqwo|
orz +1 Wklv lpsolhv lq sduwlfxodu wkdw fkdqjlqj + kdv d odujhu lpsdfw rq d sod|hu*v
dfwlrq wkdq fkdqjlqj klv sulydwh vljqdo +frqwuroolqj iru wkh lqirupdwlyhqhvv ri wkh
vljqdov,1 Zh qh{w wxuq wr h{dplqlqj wklv �sxeolflw|� h�hfw1
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6141 Wkh Sxeolflw| Pxowlsolhu

Wr h{soruh wkh vwudwhjlf lpsdfw ri sxeolf lqirupdwlrq/ zh h{dplqh krz pxfk d
sod|hu*v sulydwh vljqdo pxvw dgmxvw wr frpshqvdwh iru d jlyhq fkdqjh lq wkh sxeolf
vljqdo1 Htxdwlrq +614, fdq eh zulwwhq dv

j2+ n � 2%

j2 n � 2
�x

�s
�

�
j2+ n � 2%

j2 n � 2
� +

��
' f1

Wrwdoo| gl�huhqwldwlqj zlwk uhvshfw wr + jlyhv

_%

_+
' �

j2

�2
n
s
�� E��

��s�� E�� 1

Wklv phdvxuhv krz pxfk wkh sulydwh vljqdo zrxog kdyh wr fkdqjh wr frpshqvdwh
iru d fkdqjh lq wkh sxeolf vljqdo +dqg vwloo ohdyh wkh sod|hu lqgl�huhqw ehwzhhq
lqyhvwlqj ru qrw lqyhvwlqj,1 Zh fdq vlploduo| vhh krz pxfk wkh sulydwh vljqdo
zrxog kdyh wr fkdqjh wr frpshqvdwh iru d fkdqjh lq wkh sxeolf vljqdo/ li wkhuh
zdv qr vwudwhjlf h�hfw1 Wrwdoo| gl�huhqwldwlqj

w '
j2+ n � 2%

j2 n � 2
' &/

zh rewdlq
_%

_+
' �j

2

� 2
1

Gh�qh wkh sxeolflw| pxowlsolhu dv wkh udwlr ri wkhvh wzr=

l '
� n �2

j2
s
�� E��

��s�� E�� 1

Wkxv vxssrvh d sod|hu*v h{shfwdwlrq ri w lv w dqg kh lv kdv revhuyhg wkh sxeolf
vljqdo wkdw pdnhv klp lqgl�huhqw ehwzhhq lqyhvwlqj dqg qrw lqyhvwlqj ++ ' w �
�I
�
x3�

�
w
�
,> wkh sxeolflw| pxowlsolhu hydoxdwhg dw wklv srlqw zloo eh=

l '
� n �2

j2
s
��

�
x3�

�
w
��

��s�� ��x3�
�
w
��� 1

Qrwlfh wkdw +iru dq| jlyhq j dqg � , wkh sxeolflw| pxowlsolhu lv pd{lpl}hg zkhq
w ' �

2
/ dqg wkxv wkh fulwlfdo sxeolf vljqdo + ' �

2
1 Wkxv lw lv suhflvho| zkhq wkhuh lv

qr frq lfw ehwzhhq sulydwh dqg sxeolf vljqdov wkdw wkh pxowlsolhu kdv lwv eljjhvw
h�hfw1 Khuh wkh sxeolflw| pxowlsolhu htxdov
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lW '
� n �2

j2

s
�

2Z

��s
�

2Z

1

Qrwlfh wkdw zkhq sulydwh lqirupdwlrq lv yhu| dffxudwh uhodwlyh wr sulydwh lqirupd0
wlrq +l1h1/ j $ f dqg � $ f,/ wkh sxeolflw| pxowlsolhu lv yhu| vpdoo1 Wkh pxowlsolhu
lv eljjhvw mxvw ehiruh zh klw wkh pxowlsolflw| }rqh ri wkh sdudphwhu vsdfh +l1h1/ zkhq
� � 2Z,1

Wkhuh lv sohqwlixo dqhfgrwdo hylghqfh wkdw lq vhwwlqjv zkhuh fr0ruglqdwlrq lv
lpsruwdqw/ sxeolf vljqdov sod| d uroh lq fr0ruglqdwlqj rxwfrphv wkdw h{fhhgv wkh
lqirupdwlrq frqwhqw ri wkrvh dqqrxqfhphqwv1 Iru h{dpsoh/ �qdqfldo pdunhwv ds0
sduhqwo| �ryhuuhdfw� wr dqqrxqfhphqwv iurp wkh Ihghudo Uhvhuyh Erdug dqg sxeolf
dqqrxqfhphqwv lq jhqhudo1 Li pdunhw sduwlflsdqwv duh frqfhuqhg derxw wkh uhdf0
wlrq ri rwkhu sduwlflsdqwv wr wkh qhzv/ wkh �ryhuuhdfwlrq� pd| eh udwlrqdo dqg
ghwhuplqhg e| wkh w|sh ri htxloleulxp orjlf ri rxu h{dpsoh1 Ixuwkhu hylghqfh
iru wklv lv eulh�qjv rq pdunhw frqglwlrqv e| nh| sod|huv lq �qdqfldo pdunhwv xv0
lqj frqihuhqfh fdoov zlwk kxqguhgv ri sduwlflsdqwv1 Vxfk sxeolf eulh�qjv kdyh d
odujhu lpsdfw rq wkh pdunhw wkdq elodwhudo eulh�qjv zlwk wkh vdph lqirupdwlrq/
ehfdxvh wkh| dxwrpdwlfdoo| frqyh| wr sduwlflsdqwv qrw rqo| lqirupdwlrq derxw
pdunhw frqglwlrqv exw dovr ydoxdeoh lqirupdwlrq derxw wkh eholhiv ri wkh rwkhu
sduwlflsdqwv1

Xuedq uhqhzdo dovr kdv d fr0ruglqdwlrq dvshfw1 Sulydwh �upv* lqfhqwlyhv wr
lqyhvw lq d uxq grzq qhljkerukrrg ghshqg sduwo| rq h{rjhqrxv fkdudfwhulvwlfv ri
wkh qhljkerukrrg/ exw dovr ghshqg wr d juhdw h{whqw rq zkhwkhu rwkhu �upv duh
lqyhvwlqj1 D zhoo sxeolfl}hg lqyhvwphqw lq wkh qhljkerukrrg pljkw eh h{shfwhg wr
kdyh dq dssduhqwo| glvsursruwlrqdwh h�hfw rq wkh suredelolw| ri hqglqj lq wkh jrrg
htxloleulxp1 Wkh zloolqjqhvv ri sxeolf dxwkrulwlhv wr vxevlgl}h irrwedoo vwdglxpv
dqg frqihuhqfh fhqwhuv lv frqvlvwhqw zlwk wklv ylhz1

Dq lqgluhfw hfrqrphwulf whvw ri wkh sxeolflw| h�hfw lv shuiruphg e| Fkzh
+4<<;,1 Fkzh revhuyhv wkdw wkh shu ylhzhu sulfh ri dgyhuwlvlqj gxulqj wkh Vxshu
Erzo lv h{fhswlrqdoo| kljk +l1h1/ wkh sulfh ri dgyhuwlvlqj lqfuhdvhv pruh wkdq olq0
hduo| lq wkh qxpehu ri ylhzhuv,1 Wkh suhplxp sulfh lv h{sodlqhg e| wkh idfw wkdw
dq| lqirupdwlrq frqyh|hg e| wkrvh dgyhuwlvhphqwv ehfrphv qrw phuho| nqrzq
wr wkh zlgh dxglhqfh/ exw dovr frpprq nqrzohgjh dprqj wkhp1 Wkh ydoxh ri
wklv frpprq nqrzohgjh wr dgyhuwlvhuv vkrxog ghshqg rq zkhwkhu wkhuh lv d vlj0
ql�fdqw fr0ruglqdwlrq sureohp lq frqvxphuv* ghflvlrqv zkhwkhu wr sxufkdvh wkh
surgxfw1 Fkzh pdnhv vrph sodxvleoh h{ dqwh jxhvvhv derxw zkhq fr0ruglqdwlrq lv
dq lpsruwdqw lvvxh ehfdxvh ri qhwzrun h{whuqdolwlhv +h1j1/ wkh Dssoh Pdflqwrvk,
ru vrfldo frqvxpswlrq +h1j1/ ehhu,> dqg zkhq lw lv qrw +h1j1/ edwwhulhv,1 Kh wkhq
frq�upv hfrqrphwulfdoo| wkdw lw lv wkh dgyhuwlvhuv ri fr0ruglqdwlrq jrrgv zkr sd|
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d suhplxp iru odujh dxglhqfhv1
Lq Pruulv dqg Vklq +4<<<e,/ zh xvh wkh sxeolflw| h�hfw wr h{sodlq dq dqrpdo|

lq wkh sulflqj ri ghew1 Hpslulfdoo|/ wkh rswlrq sulflqj prgho ri ghew gxh wr Phuwrq
+4<:7, xqghuhvwlpdwhv wkh |lhog rq ghew +l1h1/ xqghuhvwlpdwhv wkh hpslulfdo ghidxow
udwh,1 Wklv ghyldwlrq iurp wkhru| lv odujhvw iru orz judgh +kljk ulvn, erqgv1 D
ghwhulrudwlrq lq sxeolf vljqdov iru orz judgh erqgv jhqhudwhv d odujh sxeolflw|
h�hfw= wkh ghwhulrudwlrq pdnhv lqyhvwruv pruh shvvlplvwlf derxw ghidxow iru dq|
jlyhq vwudwhjlhv ri wkh rwkhu sod|huv/ exw pruh lpsruwdqwo| wkh ghwhulrudwlrq pdnhv
lqyhvwruv pruh shvvlplvwlf derxw rwkhu sod|huv* vwudwhjlhv1

6151 Olplwlqj Ehkdylru

Li zh lqfuhdvh wkh suhflvlrq ri sxeolf vljqdov/ zkloh kroglqj wkh suhflvlrq ri sulydwh
vljqdov �{hg +l1h1/ ohw � $ f iru �{hg j,/ wkhq zh fohduo| h{lw wkh xqltxh htxloleulxp
}rqh19 Li zh lqfuhdvh wkh suhflvlrq ri sulydwh vljqdov/ zkloh kroglqj wkh suhflvlrq
ri sxeolf vljqdov �{hg +l1h1/ ohw j $ f iru �{hg �,/ wkhq zh uhwxuq wr wkh xqlirup
sulru vhwwlqj ri vhfwlrq 5141 Exw zh fdq dovr h{dplqh zkdw kdsshqv wr wkh xqltxh
htxloleulxp dv wkh suhflvlrq ri erwk vljqdov lqfuhdvhv lq vxfk d zd| wkdw xqltxhqhvv
lv pdlqwdlqhg1 Vshfl�fdoo|/ ohw � $ f dqg ohw j2 $ S� e/ zkhuh S 	 eZ1 Lq wklv
fdvh/

h� Ejc �� '
j2

� e

�
j2 n � 2

j2 n 2� 2

�
$ S� e

� e

�
S� e n � 2

S� e n 2� 2

�
$ S

2
	 2Z�

Wkxv

�h�Ejc�� �w�$ w �
#u

2

S

$
x3�

�
w
�
1

Wklv uhvxow vd|v wkdw hyhq wkrxjk wkh sxeolf vljqdo ehfrphv luuhohydqw wr d sod|hu*v
h{shfwhg ydoxh ri w lq wkh olplw/ lw frqwlqxhv wr kdyh d odujh lpsdfw rq wkh rxwfrph1
Iru h{dpsoh/ vxssrvh S ' � dqg + ' �

�
+l1h1/ sxeolf lqirupdwlrq orrnv edg,1 Hdfk

sod|hu zloo lqyhvw rqo| li w � f�./ l1h1/ wkh| zloo eh yhu| frqvhuydwlyh1 Wklv lv wuxh
hyhq dv wkh| ljqruh + +l1h1/ w$ %,1

9Iru vx!flhqwo| vpdoo � / hlwkhu dfwlrq lv udwlrqdol}deoh dv orqj dv | 5 +3> 4, dqg � 5 +3> 4,1 Li
hlwkhu � � 4 ru � A 3 dqg | � 4/ wkhq rqo| lqyhvwlqj lv udwlrqdol}deoh1 Li hlwkhu � � 3 ru � ? 4
dqg | � 3/ wkhq rqo| qrw lqyhvwlqj lv udwlrqdol}deoh1
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Wkh lqwxlwlrq iru wklv uhvxow lv wkh iroorzlqj1 Vxssrvh sxeolf lqirupdwlrq orrnv
edg ++ 	 �

2
,1 Li hdfk sod|hu*v sulydwh lqirupdwlrq lv pxfk pruh dffxudwh wkdq wkh

sxeolf vljqdo/ hdfk sod|hu zloo prvwo| ljqruh wkh sxeolf vljqdo lq iruplqj klv rzq
h{shfwdwlrq ri w1 Exw hdfk zloo qrqhwkhohvv h{shfw wkh rwkhu wr kdyh revhuyhg d
vrphzkdw zruvh vljqdo wkdq wkhpvhoyhv1 Wklv shvvlplvp derxw wkh rwkhu*v vljqdo
pdnhv lw yhu| kdug wr vxssruw dq lqyhvwphqw htxloleulxp1

6161 Vx!flhqw Frqglwlrqv iru Xqltxhqhvv

Zh ghulyhg d yhu| vlpsoh qhfhvvdu| dqg vx!flhqw frqglwlrq iru xqltxhqhvv lq wkh
olqhdu h{dpsoh/ ghshqglqj rqo| ri wkh suhflvlrq ri sxeolf dqg sulydwh vljqdov1 Lq
wklv vhfwlrq/ zh eulh | ghprqvwudwh wkdw d vlplodu vx!flhqw frqglwlrq zrunv iru
jhqhudo sd|r� ixqfwlrqv1 Lq sduwlfxodu/ zh zloo vkrz wkdw wkhuh lv dozd|v d xqltxh
htxloleulxp li j2

�e
lv vx!flhqwo| vpdoo1:

Zh zloo vkrz wklv lq d vlpsoh vhwwlqj dowkrxjk wkh dujxphqw fdq eh h{whqghg1
Zh pdlqwdlq wkh qrupdo glvwulexwlrq dvvxpswlrqv rq wkh sulru dqg vljqdov/ exw
ohw wkh sd|r�v eh dv lq vhfwlrq 515/ vr wkdw Z E,c w� lv wkh sd|r� jdlq iurp fkrrv0
lqj dfwlrq � lqvwhdg ri dfwlrq f1 Ixuwkhupruh/ zh zloo irfxv rq wkh frqwlqxxp
sod|huv fdvh/ zkhuh Z E,c w� lv gl�huhqwldeoh dqg vwulfwo| lqfuhdvlqj lq , dqg w/ zlwk
_Z
_,
E,c w� � g dqg _Z

_w
E,c w� � 0 iru doo , dqg w1

Xqghu wkhvh dvvxpswlrqv/ zh pd| orrn dw wkh h{shfwhg jdlq wr fkrrvlqj dfwlrq
� udwkhu wkdq dfwlrq f li |rxu h{shfwdwlrq ri w lv w dqg |rx wklqn wkdw rwkhuv iroorz
d vzlwfklqj vwudwhj| dw V=

T
�
wc V

�
'

"]
w'3"

u
j2� 2

j2 n � 2
�

3C w � wt
j2�2

j2n�2

4DZ

#
�� x

#
V� w n j2

�2
EV� +�

j

$
c w

$
_w

'

"]
w�'3"

u
j2� 2

j2 n � 2
�

3C w�t
j2�2

j2n�2

4DZ

#
�� x

#
�w� n V� w n j2

�2
EV� +�

j

$
c w� n w

$
_w�1

Qrz wr dsso| rxu hduolhu dujxphqw iru xqltxhqhvv/ lw lv hqrxjk wr vkrz wkdw
h{suhvvlrq lv lqfuhdvlqj lq w dqg T EVc V� ' f kdv d xqltxh vroxwlrq1 Wkh iruphu
lv fohduo| wuxh> wr vkrz wkh odwwhu/ revhuyh wkdw

T EVc V� '

"]
w�'3"

u
j2� 2

j2 n � 2
�

3C w�t
j2�2

j2n�2

4DZ

#
�� x

#
�w� n j2

�2
EV� +�

j

$
c w� n V

$
_w�/

:Khoozlj +5333, shuirupv d uhodwhg h{huflvh lq d yhuvlrq ri rxu fxuuhqf| dwwdfnv prgho +Pruulv
dqg Vklq +4<<;,,1
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vr

_T EVc V�

_V
'
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w�'3"

u
j2� 2
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4D�
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� E�� j
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4D _Z E��
_w
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_ZEu�
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_ZEu�
_w

� E�� j

� 2

&
_w�1+617,

Li wklv h{suhvvlrq lv dozd|v srvlwlyh/ wkhq wkhuh lv d xqltxh ydoxh ri V vroylqj
T EVc V� ' f dqg wkh xqltxh vwudwhj| vxuylylqj lwhudwhg ghohwlrq ri vwulfwo| grpl0
qdwhg vwudwhjlhv lv wkh vzlwfklqj vwudwhj| zlwk wkdw fxwr�1 Vlqfh � E�� lv dw prvw
�I
2Z
/ wkh h{suhvvlrq lq vtxduh eudfnhwv zlwklq htxdwlrq +617, lv srvlwlyh dv orqj dv

_ZEu�
_,

_ZEu�
_w

	
� 2
s
2Z

j
>

vlqfh
_ZEu�
_,

_ZEu�
_w

� g

0
/

wklv zloo eh wuxh dv orqj dv
g

0
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l1h1/
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� e
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� 0

g
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71 Wkhruhwlfdo Xqghuslqqlqjv

7141 Jhqhudo Joredo Jdphv

Doo wkh dqdo|vlv wkxv idu kdv ghdow zlwk v|pphwulf sd|r� jdphv1 Wkh dqdo|vlv ri
Fduovvrq dqg ydq Gdpph +4<<6d, lq idfw surylghg d uhpdundeo| jhqhudo uhvxow iru
wzr sod|hu/ wzr dfwlrq jdphv/ hyhq zlwk dv|pphwulf sd|r�v1 Ohw wkh sd|r�v ri d
wzr sod|hu/ wzr dfwlrq jdph eh jlyhq e| wkh iroorzlqj pdwul{=

4 3
4 w�c w2 w�c we
3 wDc wS w.c wH

Wkxv d yhfwru w 5 U
H ghvfulehv wkh sd|r�v ri wkh jdph1 Hdfk sod|hu � revhuyhv

d vljqdo %� ' w n j0�/ zkhuh wkh 0� duh H0glphqvlrqdo qrlvh whupv1 Wklv vhw xs
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ghvfulehv dq lqfrpsohwh lqirupdwlrq jdph sdudphwhul}hg e| j1 Xqghu plog whfk0
qlfdo dvvxpswlrqv/; dv j $ f/ dq| vhtxhqfh ri vwudwhj| sur�ohv vxuylylqj lwhudwhg
ghohwlrq ri vwulfwo| grplqdwhg vwudwhjlhv frqyhujhv wr d xqltxh olplw1 Pruhryhu
wkdw olplw lv lqghshqghqw ri wkh glvwulexwlrq ri wkh qrlvh/ dqg kdv wkh xqltxh Qdvk
htxloleulxp ri wkh xqghuo|lqj frpsohwh lqirupdwlrq jdph ehlqj sod|hg +li wkhuh lv
rqh, dqg kdv wkh ulvn grplqdqw Qdvk htxloleulxp sod|hg +li wkhuh duh wzr vwulfw
Qdvk htxloleuld,1

Wr xqghuvwdqg li dqg zkhq wklv uhpdundeoh uhvxow pljkw h{whqg wr pdq| sod|hu/
pdq| dfwlrq jdphv/ lw lv xvhixo wr �uvw revhuyh wkdw wkhuh duh wzr lqghshqghqw
wklqjv ehlqj suryhg khuh1 Iluvw/ wkhuh lv d olplw xqltxhqhvv uhvxow1 Dv wkh qrlvh
jrhv wr }hur/ wkhuh lv d xqltxh vwudwhj| sur�oh vxuylylqj lwhudwhg ghohwlrq ri vwulfwo|
grplqdwhg vwudwhjlhv1 Jlyhq wkdw zlwk qr qrlvh/ zh nqrz wkdw wkhuh duh pxowlsoh
htxloleuld/ wklv lv d vwulnlqj uhvxow e| lwvhoi1 Vhfrqg/ wkhuh lv d qrlvh lqghshqghqw
vhohfwlrq uhvxow1 Zh fdq fkdudfwhul}h ehkdylru lq wkdw xqltxh olplw dv d ixqfwlrq
ri wkh frpsohwh lqirupdwlrq sd|r�v lq wkh olplw/ dqg wkxv lqghshqghqwo| ri wkh
vkdsh ri wkh sulru eholhiv rq w dqg wkh glvwulexwlrq ri qrlvh1 Wkxv Fduovvrq dqg
ydq Gdpph*v wzr sod|hu/ wzr dfwlrq dqdo|vlv frpelqhv vhsdudwh olplw xqltxhqhvv
dqg qrlvh lqghshqghqw vhohfwlrq uhvxowv1 Vlploduo|/ wkh uhvxowv lq vhfwlrq 5 iru frq0
wlqxxp sod|hu/ v|pphwulf elqdu| dfwlrq jdphv vlpxowdqhrxvo| vkrzhg wkdw wkhuh
zdv d xqltxh vwudwhj| vxuylylqj lwhudwhg ghohwlrq ri vwulfwo| grplqdwhg vwudwhjlhv
lq wkh olplw +d olplw xqltxhqhvv uhvxow, dqg fkdudfwhul}hg ehkdylru lq wkh olplw +wkh
Odsodfldq dfwlrq, lqghshqghqw ri wkh vwuxfwxuh ri wkh qrlvh +d qrlvh lqghshqghqw
vhohfwlrq uhvxow,1

Iudqnho/ Pruulv dqg Sdx}qhu +5333, +khuhdiwhu/ IPS, h{dplqh joredo jdphv
zlwk pdq| sod|huv/ dv|pphwulf sd|r�v dqg pdq| dfwlrqv1 Wkh| vkrz wkdw d
olplw xqltxhqhvv uhvxow krogv txlwh jhqhudoo|/ dv orqj dv vrph prqrwrqlflw| surs0
huwlhv duh vdwlv�hg1 Wkh| frqvlghu wkh iroorzlqj hqylurqphqw1 Hdfk sod|hu kdv
dq rughuhg vhw ri dfwlrqv +�qlwh ru frqwlqxxp,> klv sd|r� ghshqgv rq wkh dfwlrq
sur�oh sod|hg dqg d sd|r� sdudphwhu w 5 U> kh revhuyhv d vljqdo %� ' w n j0�/
zkhuh j : f dqg 0� lv dq lqghshqghqwo| glvwulexwhg qrlvh whup1 Iru vx!flhqwo|
orz ydoxhv ri w/ hdfk sod|hu kdv d grplqdqw vwudwhj| wr fkrrvh klv orzhvw dfwlrq/
dqg wkdw iru vx!flhqwo| kljk ydoxhv ri w/ hdfk sod|hu kdv d grplqdqw vwudwhj| wr
fkrrvh klv kljkhvw dfwlrq1 Hdfk sod|hu*v sd|r�v duh vxshuprgxodu lq wkh dfwlrq
sur�oh/ lpso|lqj wkdw hdfk sod|hu*v ehvw uhvsrqvh lv lqfuhdvlqj lq rwkhuv dfwlrqv
+iru dq| w,1 Hdfk sod|hu*v sd|r�v duh vxshuprgxodu lq klv rzq dfwlrq dqg wkh
vwdwh/ lpso|lqj wkdw klv ehvw uhvsrqvh lv lqfuhdvlqj lq wkh sd|r� sdudphwhu w

;Wkh iroorzlqj whfkqlfdo frqglwlrqv duh vx!flhqw +Fduovvrq dqg ydq Gdpph*v dfwxdo vhw0xs
lv d olwwoh pruh jhqhudo,= sd|r� yhfwru � lv gudzq dffruglqj wr d vwulfwo| srvlwlyh/ frqwlqxrxvo|
gl�huhqwldeoh/ erxqghg ghqvlw| rq U

;> dqg wkh qrlvh whupv +%4> %5, duh gudzq dffruglqj wr d
frqwlqxrxv ghqvlw| zlwk erxqghg vxssruw/ lqghshqghqwo| ri �1
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+iru dq| jlyhq dfwlrqv ri klv rssrqhqwv,1 Xqghu wkhvh vxevwdqwlyh dvvxpswlrqv/
dqg dgglwlrqdo whfkqlfdo dvvxpswlrqv/< IPS vkrz d olplw xqltxhqhvv uhvxow1 Wkh
surri xvhv wkh whfkqltxh/ dovr iroorzhg lq vhfwlrq 515/ ri �uvw dqdo|}lqj wkh xql0
irup sulru/ sulydwh ydoxhv jdph dqg vkrzlqj d xqltxhqhvv uhvxow lqghshqghqw ri
wkh vl}h ri wkh qrlvh> dqg wkhq vkrzlqj wkdw li wkh qrlvh lv vpdoo/ doo htxloleuld ri
wkh jdph zlwk d jhqhudo sulru dqg frpprq ydoxhv duh forvh wr wkh xqltxh htxl0
oleulxp ri wkh xqlirup sulru/ sulydwh ydoxhv jdph1 Wkh olplw xqltxhqhvv uhvxow ri
IPS surylghv d qdwxudo pdq| sod|hu/ pdq| dfwlrq jhqhudol}dwlrq ri Fduovvrq dqg
ydq Gdpph +4<<6d,1 Lw lv wuxh wkdw Fduovvrq dqg ydq Gdpph uhtxluhg qr vwudwh0
jlf frpsohphqwdulw| dqg rwkhu prqrwrqlflw| surshuwlhv1 Exw zkhq d wzr sod|hu/
wzr dfwlrq jdph kdv pxowlsoh Qdvk htxloleuld +wkh lqwhuhvwlqj fdvh iru Fduovvrq
dqg ydq Gdpph*v dqdo|vlv,/ wkhuh duh dxwrpdwlfdoo| vwudwhjlf frpsohphqwdulwlhv1
IPS*v olplw xqltxhqhvv uhvxowv frxog suhvxpdeo| eh h{whqghg vwudljkwiruzdugo|
wr pdq| glphqvlrqdo sd|r� sdudphwhuv dqg vljqdov/ li wkh uhohydqw prqrwrqlflw|
frqglwlrqv zhuh vxlwdeo| dgmxvwhg143

Zlwklq wklv fodvv ri prqrwrqlf joredo jdphv zkhuh olplw xqltxhqhvv krogv/
IPS dovr surylgh vx!flhqw frqglwlrqv iru qrlvh lqghshqghqw vhohfwlrq1 Wkh|
jhqhudol}h wkh qrwlrq ri d srwhqwldo pd{lpl}lqj dfwlrq/ gxh wr Prqghuhu dqg
Vkdsoh| +4<<9,1 Zh zloo glvfxvv wkhvh jhqhudol}hg srwhqwldo frqglwlrqv lq pruh
ghwdlo ehorz lq vhfwlrq 717/ dv wkh| duh dovr vx!flhqw iru wkh +pruh ghpdqglqj,
surshuw| ri ehlqj urexvw wr lqfrpsohwh lqirupdwlrq1 Wkh vx!flhqw frqglwlrqv iru
qrlvh lqghshqghqw vhohfwlrq hqfrpsdvv wzr fodvvhv ri jdphv douhdg| glvfxvvhg
lq wklv vxuyh|= pdq| sod|hu/ wzr dfwlrq/ v|pphwulf sd|r� jdphv +zkhuh wkh
Odsodfldq dfwlrq lv sod|hg,> dqg wzr sod|hu/ wzr dfwlrq jdphv/ zlwk srvvleo|
dv|pphwulf sd|r�v +zkhuh wkh ulvn grplqdqw htxloleulxp lv sod|hg,1 Wkh| dovr
hqfrpsdvv wzr sod|hu/ wkuhh dfwlrq jdphv zlwk v|pphwulf sd|r�v1 Dqg wkh|
hqfrpsdvv wkh plqlpxp h�ruw jdph ri Eu|dqw +4<;6,144

IPS dovr surylgh dq h{dpsoh ri d wzr sod|hu/ irxu dfwlrq/ v|pphwulf sd|r�
jdph zkhuh qrlvh lqghshqghqw vhohfwlrq idlov1 Wkxv wkhuh lv d xqltxh olplw dv wkh
qrlvh jrhv wr }hur/ exw wkh qdwxuh ri wkh olplw ghshqgv rq wkh h{dfw glvwulexwlrq
ri wkh qrlvh1 Fduovvrq +4<;<, jdyh d wkuhh sod|hu/ wzr dfwlrq h{dpsoh lq zklfk

<Sd|r�v duh frqwlqxrxv zlwk uhvshfw wr dfwlrqv dqg � dqg wkhuh lv d Olsvfklw} erxqg rq wkh
vhqvlwlylw| ri sd|r�v wr fkdqjhv lq rzq dqg rwkhuv dfwlrqv1 Wkh vwdwh lv gudzq dffruglqj wr d
frqwlqxrxv dqg srvlwlyh ghqvlw|/ dqg vljqdov duh gudzq dffruglqj wr d frqwlqxrxv dqg srvlwlyh
ghqvlw| zlwk erxqghg vxssruw1

43Wkh frqglwlrqv iru olplw xqltxhqhvv lq IPS frqglwlrqv frxog dovr suhvxpdeo| eh zhdnhqhg
lq d qxpehu ri gluhfwlrqv1 Iru h{dpsoh/ zlwk dgglwlrqdo uhvwulfwlrqv rq wkh qrlvh vwuxfwxuh/
rqh frxog shukdsv xvh wkh prqrwrqh frpsdudwlyh vwdwlfv xqghu xqfhuwdlqw| whfkqltxhv ri Dwkh|
+5333d/ 5333e,/ dv lq ohppd 5161

44Fduovvrq dqg Jdqvodqgw +4<<;, vkrz wkh srwhqwldo pd{lpl}lqj dfwlrq lv vhohfwhg lq wkh
plqlpxp h�ruw jdph zkhq sod|huv* frqwlqxrxv dfwlrqv duh shuwxuehg1
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qrlvh lqghshqghqw vhohfwlrq idlohg1 Fruvhwwl/ Gdvjxswd/ Pruulv dqg Vklq +5333,
ghvfuleh d joredo jdphv prgho ri fxuuhqf| fulvhv/ zkhuh wkhuh lv d frqwlqxxp ri
vpdoo wudghuv dqg d vlqjoh odujh wudghu1 Wklv lv wkxv d pdq| sod|hu/ wzr dfwlrq
jdph zlwk dv|pphwulf sd|r�v1 Zh vkrz wkdw wkh htxloleulxp vhohfwhg dv qrlvh
jrhv wr }hur ghshqgv rq wkh uhodwlyh lqirupdwlyhqhvv ri wkh odujh dqg vpdoo wudghuv*
vljqdov1 Wklv lv wkxv dq dssolfdwlrq zkhuh qrlvh lqghshqghqw vhohfwlrq idlov1

Zh frqfoxgh wklv eulhi vxppdu| e| qrwlqj rqh frqvhtxhqfh ri IPS iru wkh
hduolhu dqdo|vlv lq wklv sdshu1 Lq vhfwlrq 515/ lw zdv vkrzq wkdw wkh Odsodfldq dfwlrq
zdv vhohfwhg lq v|pphwulf elqdu| dfwlrq joredo jdphv1 Wkh dujxphqw h{sorlwhg
wkh idfw wkdw sod|huv revhuyhg vljqdov zlwk l1l1g1 qrlvh lq wkdw fodvv ri jdphv1 Exw
IPS vkrz qrlvh lqghshqghqw vhohfwlrq ri wkh Odsodfldq dfwlrq lqghshqghqw ri
wkh glvwulexwlrq ri qrlvh1 Li wkh glvwulexwlrq ri qrlvh lv yhu| gl�huhqw iru gl�huhqw
sod|huv/ zh vxuho| fdqqrw jxdudqwhh wkdw hdfk sod|hu kdv d xqlirup eholhi ryhu
wkh sursruwlrq ri klv rssrqhqwv wdnlqj hdfk dfwlrq1 Qrqhwkhohvv/ wkh Odsodfldq
dfwlrq pxvw eh sod|hg lq wkh olplw1 Zh fdq looxvwudwh wklv lpsolfdwlrq zlwk d
vlpsoh h{dpsoh1 Frqvlghu d wkuhh sod|hu jdph/ zlwk elqdu| dfwlrq vhw ifc �j1 Wkh
sd|r� wr dfwlrq � lv w li erwk rwkhu sod|huv fkrrvh dfwlrq �/ w � 5 li rqh rwkhu
sod|hu fkrrvhv dfwlrq � dqg w � � li qhlwkhu rwkhu sod|hu fkrrvhv dfwlrq � +zkhuh
f 	 5 	 �,1 Wkh sd|r� wr dfwlrq f lv }hur1 Vwdwh w lv xqlirupo| glvwulexwhg rq wkh
uhdo olqh1 Revhuyh wkdw wkh Odsodfldq dfwlrq lv � li �

�
w n �

�
Ew � 5� n �

�
Ew � �� : f/

l1h1/ w : �
�
E5 n ��1 Ohw 0�/ 02 dqg 0� eh l1l1g1 zlwk f1g1i1 8 E��/ ohw B eh d yhu|

vpdoo srvlwlyh qxpehu dqg ohw j eh d sdudphwhu ghvfulelqj wkh vl}h ri wkh qrlvh1
Wkh sod|huv* vljqdov %�/ %2 dqg %� duh jlyhq e|

%� ' w n jB0�

%2 ' w n jB02

%� ' w n j0�

Wkxv � dqg 2 revhuyh pxfk pruh lqirupdwlyh vljqdov1 Zh zloo orrn iru d vzlwfklqj
vwudwhj| htxloleulxp zkhuh sod|huv � dqg 2 xvh fxwr� e%j dqg sod|hu � xvhv fxwr�h%j1 Ohw

bj ' 8

�h%j � %j
j

�
Zh duh lqwhuhvwhg lq zkdw kdsshqv lq wkh olplw dv �uvw zh wdnh B $ f/ dqg wkhq
wdnh wkh olplw dv j$ f1 Dv B ehfrphv yhu| vpdoo/ li sod|hu � ru 2 revhuyhv vljqdo
%j/ kh zloo dvvljq suredelolw| +derxw, �

2

�
�
2
� bj

�
wr erwk sod|huv fkrrvlqj dfwlrq

�/ suredelolw| +derxw, �
2
wr rqh sod|hu fkrrvlqj dfwlrq �/ dqg suredelolw| +derxw,

�
2

�
�
2
n bj

�
wr qhlwkhu sod|hu fkrrvlqj dfwlrq �> zkloh li sod|hu � revhuyhv vljqdo h%j/

kh zloo dvvljq suredelolw| �
2
n bj wr erwk sod|huv fkrrvlqj dfwlrq �/ suredelolw| f

wr rqh sod|hu fkrrvlqj dfwlrq �/ dqg suredelolw| �
2
�bj wr qhlwkhu sod|hu fkrrvlqj

dfwlrq �1
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E5 n ��1 Exw wklv jlyhv wkh

uhvxow wkdw wkh Odsodfldq dfwlrq lv sod|hg e| doo sod|huv lq wkh olplw/ lqghshqghqw
ri wkh vkdsh ri 8 1

7151 Kljkhu Rughu Eholhiv

Lq joredo jdphv/ wkh lpsruwdqfh ri wkh qrlv| revhuydwlrq ri wkh xqghuo|lqj vwdwh
olhv lq wkh idfw wkdw lw jhqhudwhv vwudwhjlf xqfhuwdlqw|= wkdw lv/ xqfhuwdlqw| derxw
rwkhuv* ehkdylru lq htxloleulxp1 Wkdw vwudwhjlf xqfhuwdlqw| lv jhqhudwhg e| sod|0
huv* xqfhuwdlqw| derxw rwkhu sod|huv* sd|r�v1 Wkxv xqghuvwdqglqj joredo jdphv
lqyroyhv xqghuvwdqglqj krz htxloleuld ghshqg rq sod|huv* xqfhuwdlqw| derxw rwkhu
sod|huv* sd|r�v1 Exw fohduo|/ lw lv qrw jrlqj wr eh hqrxjk wr nqrz hdfk sod|hu*v
eholhiv derxw rwkhu sod|huv* sd|r�v1 Zh pxvw dovr wdnh lqwr dffrxqw hdfk sod|hu*v
eholhiv derxw rwkhu sod|huv* eholhiv derxw klv sd|r�v> dqg ixuwkhu vxfk kljkhu ru0
ghu eholhiv1 Sod|huv* sd|r�v dqg kljkhu rughu eholhiv derxw sd|r�v duh wkh wuxh
sulplwlyhv ri d jdph ri lqfrpsohwh lqirupdwlrq/ qrw wkh dv|pphwulf lqirupdwlrq
vwuxfwxuh1 Lq hduolhu vhfwlrqv zh wrog dq dv|pphwulf lqirupdwlrq vwru| derxw krz
wkhuh lv d wuxh vwdwh ri ixqgdphqwdov w gudzq iurp vrph sulru dqg hdfk sod|hu
revhuyhv d vljqdo ri w jhqhudwhg e| vrph whfkqrorj|1 Exw rxu dqdo|vlv ri wkh
uhvxowlqj jdph lpsolflwo| dvvxphv wkdw wkhuh lv frpprq nqrzohgjh ri wkh sulru
glvwulexwlrq ri w dqg wkh vljqdoolqj whfkqrorjlhv1 Lw lv kdug wr ghihqg wklv dv0
vxpswlrq olwhudoo| zkhq wkh ruljlqdo sxusrvh zdv wr jhw dzd| iurp wkh xquhdolvwlf
dvvxpswlrq wkdw wkhuh lv frpprq nqrzohgjh ri wkh uhdol}dwlrq ri w1 Wkh fodvvlf
dujxphqwv ri Kduvdq|l +4<9:04<9;, dqg Phuwhqv dqg ]dplu +4<;8, whoo xv wkdw
zh fdq dvvxph frpprq nqrzohgjh ri vrph vwdwh vsdfh zlwkrxw orvv ri jhqhudo0
lw|1 Exw vxfk d frpprq nqrzohgjh vwdwh vsdfh pdnhv vhqvh zlwk dq lqfrpsohwh
lqirupdwlrq lqwhusuhwdwlrq +d sod|hu*v �w|sh� lv d ghvfulswlrq ri klv kljkhu rughu
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eholhiv derxw sd|r�v,/ exw qrw zlwk dq dv|pphwulf lqirupdwlrq lqwhusuhwdwlrq +d
sod|hu*v �w|sh� lv d vljqdo gudzq dffruglqj wr vrph h{ dqwh �{hg glvwulexwlrq,>
vhh Edwwljdool +4<<<, dqg Ghnho dqg Jxo +4<<9, iru irufhixo ghihqvhv ri wklv sr0
vlwlrq1 Wkxv zh eholhyh wkdw wkh qrlvh vwuxfwxuhv dqdo|}hg lq joredo jdphv duh
lqwhuhvwlqj ehfdxvh wkh| uhsuhvhqw d wudfwdeoh zd| ri jhqhudwlqj d ulfk vwuxfwxuh
ri kljkhu rughu eholhiv1 Wkh dqdo|vlv ri joredo jdphv uhsuhvhqwv d qdwxudo yhklfoh
wr looxvwudwh wkh srzhu ri kljkhu rughu eholhiv dw zrun lq dssolfdwlrqv145 Exw wkhq
wkh qdwxudo zd| wr xqghuvwdqg wkh �wulfn� wr joredo jdphv dqdo|vlv lv wr jr edfn
dqg xqghuvwdqg zkdw lv jrlqj rq lq whupv ri kljkhu rughu eholhiv1

Hyhq li rqh lv xqlqwhuhvwhg lq wkh sklorvrsklfdo glvwlqfwlrq ehwzhhq lqfrpsohwh
lqirupdwlrq dqg dv|pphwulf lqirupdwlrq/ wkhuh lv d vhfrqg uhdvrq zk| wkh kljkhu
rughu eholhiv olwhudwxuh pd| frqwulexwh wr rxu xqghuvwdqglqj ri joredo jdphv1 Hyhq
nhhslqj d sxuh dv|pphwulf lqirupdwlrq lqwhusuhwdwlrq/ zh fdq fdofxodwh +iurp wkh
sulru glvwulexwlrq ryhu w dqg wkh vljqdo whfkqrorjlhv, wkh sod|huv* kljkhu rughu
eholhiv derxw sd|r�v1 Vwdwhphqwv derxw kljkhu rughu eholhiv derxw sd|r�v wxuq
rxw wr uhsuhvhqw d qdwxudo pdwkhpdwlfdo zd| ri fkdudfwhul}lqj zklfk surshuwlhv
ri wkh sulru glvwulexwlrq dqg vljqdo whfkqrorjlhv pdwwhu iru wkh uhvxowv1

Wkh shgdjrjlfdo ulvn ri hpskdvl}lqj kljkhu rughu eholhiv lv wkdw uhdghuv pd|
frqfoxgh wkdw sod|lqj lq wkh xqltxho| udwlrqdo zd| lq d joredo jdph uhtxluhv idqf|
srzhuv ri uhdvrqlqj/ vrph nlqg ri k|shu0udwlrqdolw| wkdw doorzv wkhp wr uhdvrq
wr duelwudulo| kljk qxpehu ri ohyhov1 Zh hpskdvl}h wkdw wkh idfw wkdw hlwkhu wkh
dqdo|vw ru d sod|hu h{suhvvhv lqirupdwlrq derxw wkh jdph lq whupv ri kljkhu rughu
eholhiv grhv qrw pdnh vwdqgdug htxloleulxp frqfhswv dq| ohvv frpshoolqj dqg grhv
qrw vxjjhvw dq| sduwlfxodu ylhz derxw krz htxloleulxp ehkdylru pljkw eh duulyhg
dw1 Lq sduwlfxodu/ uhfdoo wkdw wkhuh lv d yhu| vlpsoh khxulvwlf wkdw zloo jhqhudwh
htxloleulxp ehkdylru lq v|pphwulf elqdu| dfwlrq jdphv1 Li wkhuh lv qrw frpprq
nqrzohgjh ri wkh hqylurqphqw |rx duh lq/ |rx vkrxog krog gl�xvh eholhiv derxw
rwkhuv* ehkdylru1 Lq sduwlfxodu/ li |rx duh rq wkh pdujlq ehwzhhq |rxu wzr dfwlrqv/
lw vhhpv uhdvrqdeoh wr wdnh wkh djqrvwlf ylhz wkdw |rx duh htxdoo| olnho| wr krog
dq| udqn lq wkh srsxodwlrq frqfhuqlqj |rxu hydoxdwlrq ri wkh ghvludelolw| ri wkh
wzr dfwlrqv1 Wkxv li rwkhu shrsoh ehkdyh olnh |rx/ |rx vkrxog pdnh |rxu ghflvlrq
rq wkh dvvxpswlrq wkdw wkh sursruwlrq ri rwkhu sod|huv fkrrvlqj hdfk dfwlrq lv
xqlirupo| glvwulexwhg1 Wklv uhdvrqlqj vrxqgv yhu| vxvslflrxv jdph wkhruhwlfdoo|/
exw dfwxdoo| jhqhudwhv d yhu| vlpsoh khxulvwlf iru ehkdylru wkdw lv frqvlvwhqw zlwk
wkh xqltxh udwlrqdo ehkdylru1

Lq wkh uhpdlqghu ri wklv vhfwlrq/ zh �uvw lqirupdoo| glvfxvv wkh uroh ri kljkhu
rughu eholhiv lq d joredo jdph h{dpsoh1 Wkhq zh uhylhz eulh | wkh wkhruhwlfdo

45Iru zrun rq kljkhu rughu eholhiv qrw xvlqj wkh joredo jdphv whfkqrorj|/ vhh Wrzqvhqg +4<;6,/
Doohq/ Pruulv dqg Srvwohzdlwh +4<<5,/ Vklq +4<<9, dqg wkh glvfxvvlrq ri vhfwlrq 714 ri Doohq dqg
Pruulv +5333,1

73



olwhudwxuh rq kljkhu rughu eholhiv lq jdphv146 Ilqdoo|/ zh vkrz krz uhvxowv iurp
wkdw olwhudwxuh fdq eh wdnhq edfn wr wkh dqdo|vlv ri joredo jdphv1

Prqghuhu dqg Vdphw +4<;<, lqwurgxfhg d qdwxudo odqjxdjh iru fkdudfwhul}lqj
sod|huv* kljkhu rughu eholhiv1 Il{ d suredelolw| R 5 Efc �o1 Ohw l eh d vhw ri srvvleoh
vwdwhv dqg ohw . eh dq| vxevhw ri l1 Wkh hyhqw . lv R0eholhyhg dw vwdwh / dprqj
vrph �{hg jurxs ri lqglylgxdov li hyhu|rqh eholhyhv wkdw lw lv wuxh zlwk suredelolw|
dw ohdvw R +dqg zh zulwh �R. iru wkh vhw ri vwdwhv zkhuh hyhqw . lv R0eholhyhg,1
Wkh hyhqw . lv frpprq R0eholhi dw vwdwh / li lw lv R0eholhyhg/ lw lv R0eholhyhg wkdw
lw lv R0eholhyhg/ dqg vr rq/ xs wr dq duelwudu| qxpehu ri ohyhov +dqg zh zulwh
�R E.� iru wkh vhw ri vwdwhv zkhuh hyhqw . lv frpprq R0eholhi,1 Wkh hyhqw . lv
R0hylghqw li zkhqhyhu lw lv wuxh/ lw lv R0eholhyhg +l1h1/ . � �R.,1 Prqghuhu dqg
Vdphw suryhg wkh iroorzlqj uhvxow=

Sursrvlwlrq 7141 Hyhqw . lv frpprq R0eholhi dw / +l1h1/ / 5 �R E.�, li dqg rqo|
li wkhuh h{lvwv d R0hylghqw hyhqw 8 vxfk wkdw / 5 8 � �R.1

Wklv uhvxow surylghv d �{hg srlqw fkdudfwhul}dwlrq +l1h1/ xvlqj wkh R0hylghqw
surshuw|, ri dq lwhudwlyh gh�qlwlrq ri frpprq R0eholhi1 Lw wkxv jhqhudol}hv Dx0
pdqq*v fodvvlf fkdudfwhul}dwlrq ri frpprq nqrzohgjh +Dxpdqq +4<:9,,1

Zh zloo looxvwudwh wkhvh surshuwlhv ri kljkhu rughu eholhiv lq wkh joredo jdphv
vhwwlqj147 Vr frqvlghu djdlq wkh wzr sod|hu h{dpsoh ri vhfwlrq 514= w lv gudzq
xqlirupo| iurp wkh uhdo olqh dqg sod|huv � ' �c 2 hdfk revhuyh d vljqdo %� ' wn 0�/
zkhuh 0� lv glvwulexwhg qrupdoo| zlwk phdq f dqg vwdqgdug ghyldwlrq j1 Wkxv wkh
uhohydqw vwdwh vsdfh lv U�/ zlwk w|slfdo hohphqw Ewc %�c %2�1 Il{ wkh sd|r� uhohydqw
hyhqw .& ' iEwc %�c %2� G w � &j> wklv lv wkh vhw ri vwdwhv zkhuh wkh wuxh w lv dw ohdvw
&1 Li sod|hu � revhuyhv vljqdo %�/ kh zloo dvvljq suredelolw| x

�
%�3&
j

�
wr wkh hyhqw

.& ehlqj wuxh1 Wkxv kh zloo dvvljq suredelolw| dw ohdvw R wr wkh hyhqw .& h{dfwo|
li %� � & n jx3� ER� � &1 Wkxv

�R.& '
�
Ewc %�c %2� G %� � & n jx3� ER� / iru � ' �c 2

�
1

Qrz li sod|hu � revhuyhv %�/ kh dvvljqv suredelolw| x
�
%�3VI

2j

�
wr sod|hu � revhuylqj

d vljqdo deryh V/ dqg kh dvvljqv suredelolw| dw ohdvw R wr wkdw hyhqw h{dfwo| li

46Rxu uhylhz ri wklv olwhudwxuh lv pxfk deeuhyldwhg dqg kljko| vhohfwlyh1 Vhh Ixghqehuj dqg
Wluroh +4<<4, fkdswhu 47/ Rveruqh dqg Uxelqvwhlq +4<<7, fkdswhu 8/ Jhdqdnrsorv +4<<7, dqg
Ghnho dqg Jxo +4<<9, iru pruh edfnjurxqg rq wklv pdwhuldo1 Pruulv dqg Vklq +4<<:, vxuyh|
wkh kljkhu rughu eholhiv lq jdph wkhru| olwhudwxuh zlwk d irfxv rq wkh uhodwlrqvkls wr uhodwhg
olwhudwxuhv lq sklorvrsk| dqg frpsxwhu vflhqfh1 Ndmll dqg Pruulv +4<<:f, vxuyh| wklv olwhudwxuh
zlwk d irfxv rq wkh uhodwlrq wr wkh vwdqgdug uh�qhphqwv olwhudwxuh lq jdph wkhru|1

47Prqghuhu dqg Vdphw +4<;<, fkdudfwhul}hg frpprq s0eholhi iru glvfuhwh vwdwh vsdfhv/ exw
Ndmll dqg Pruulv +4<<:e, vkrz wkh vwudljkwiruzdug h{whqvlrq wr frqwlqxxp vwdwh vsdfhv1
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2jx3� ER�1 Lq dgglwlrq/ sod|hu � nqrzv iru vxuh zkhwkhu %� lv juhdwhu

wkdq V1 Wkxv
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q
Ewc %�c %2� G %� � & n jx3� ER� n 4@ 

q
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2jx3� ER�
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dqg/ e| lqgxfwlrq/

d�Ro?.& '
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q
fc
s
2jx3� ER�

r
/ iru � ' �c 2

r
1

+714,
Vr

�R.& ' _
?D�

d�Ro?. '

� >/ li R : �
2iEwc %�c %2� G %� � & n jx3� ER� / iru � ' �c 2j / li R � �

2

1

Wkxv d uhpdundeoh ihdwxuh ri wklv vlpsoh h{dpsoh lv wkdw iru dq| R : �
2
/ wkhuh lv

qhyhu frpprq R0eholhi wkdw w lv juhdwhu wkdq &/ iru dq| &1 Zh frxog dovr kdyh
vkrzq wklv xvlqj wkh fkdudfwhul}dwlrq ri frpprq R0eholhi ghvfulehg lq Sursrvlwlrq
7141 Iru dq| &/ hyhqw .& lv R0hylghqw rqo| li R � �

2
1 Wklv lv ehfdxvh d sod|hu

revhuylqj vljqdo & zloo dozd|v dvvljq suredelolw| �
2
wr klv rssrqhqw revhuylqj d

vljqdo ohvv wkdq &1 D nh| surshuw| ri joredo jdphv lv wkdw wkh| idlo wr gholyhu
qrq0wulyldo frpprq R0eholhi dqg R0hylghqw hyhqwv +iru kljk R,1 Dv zh zloo vhh/
wkh h{lvwhqfh ri vxfk hyhqwv lv nh| wr vxssruwlqj pxowlsoh htxloleuld lq lqfrpsohwh
lqirupdwlrq jdphv1

Frpelqlqj wklv lqirupdwlrq vwuxfwxuh zlwk wkh sd|r�v iurp wkh wzr sod|hu h{0
dpsoh ri vhfwlrq 514/ zh fdq looxvwudwh wkh h{wuhph vhqvlwlylw| ri vwudwhjlf rxwfrphv
wr sod|huv* kljkhu rughu eholhiv1 Uhfdoo wkdw hdfk sod|hu kdg wr fkrrvh ehwzhhq
qrw lqyhvwlqj +zlwk sd|r� f, dqg lqyhvwlqj +zlwk sd|r� w li wkh rwkhu sod|hu lq0
yhvwv/ dqg sd|r� w� � rwkhuzlvh,1 Wkh xqltxh htxloleulxp lqyroyhg hdfk sod|hu �
lqyhvwlqj li klv vljqdo %� zhuh juhdwhu wkdq �

2
/ dqg qrw rwkhuzlvh1 Wklv uhvxow zdv

lqghshqghqw ri j +wkh vfdoh yduldeoh ri wkh qrlvh,1 Qrz revhuyh wkdw li

j � �

D
�
� n E?� ��

s
2
�
x3� ER�

wkhq +e| htxdwlrq +714,, iru doo w/�
wc
2

D
c
2

D

�
5 d�Ro?. �

D

Lq zrugv/ vxssrvh wkdw hdfk sod|hu revhuyhg vljqdo 2
D
1 Li zh �{ dq| lqwhjhu ? dqg

dq| R 	 �/ zh pd| fkrrvh j vx!flhqwo| vpdoo vxfk wkdw lw lv R0eholhyhg wkdw lw lv
R0eholhyhg wkdw +? wlphv,111 wkdw w lv juhdwhu wkdq �

D
1 Li lw zhuh frpprq nqrzohgjh
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wkdw w zhuh juhdwhu wkdq �
D
/ lw zrxog fohduo| eh udwlrqdo iru erwk sod|huv wr lqyhvw1

Exw wkh xqltxh udwlrqdo ehkdylru kdv hdfk sod|hu qrw lqyhvwlqj1
Uxelqvwhlq +4<;<, xvhg klv hohfwurqlf pdlo jdph wr looxvwudwh wklv vhqvlwlylw|

ri vwudwhjlf rxwfrphv wr frpprq nqrzohgjh1 Prqghuhu dqg Vdphw +4<;<, vkrzhg
zk| ? ohyhov ri R0eholhi ru hyhq nqrzohgjh zdv qrw hqrxjk wr dssur{lpdwh frpprq
nqrzohgjh lq vwudwhjlf vhwwlqjv/ dqg frpprq R0eholhi/ l1h1/ dq lq�qlwh qxpehu ri
ohyhov/ lv uhtxluhg1 Wkh lghd ehklqg wklv revhuydwlrq lv looxvwudwhg lq wkh qh{w
vhfwlrq1 Pruulv/ Ure dqg Vklq +4<<8, vkrzhg zk| rqo| vrph Qdvk htxloleuld +h1j1
ulvn grplqdwhg htxloleuld, zhuh vhqvlwlyh wr kljkhu rughu eholhiv dqg qrw rwkhuv/
dqg surylghg d fkdudfwhul}dwlrq 0 uhodwhg wr wkh odfn ri frpprq R0eholhi hyhqwv 0
ri zklfk +glvfuhwh vwdwh, lqirupdwlrq v|vwhpv glvsod|hg dq h{wuhph vhqvlwlylw| wr
kljkhu rughu eholhiv +vhh dovr Vrulq +4<<;,,1 Ndmll dqg Pruulv +4<<:d, lqwurgxfhg
d qrwlrq ri urexvwqhvv wr lqfrpsohwh lqirupdwlrq wr fkdudfwhul}h htxloleuld wkdw
duh qrw vhqvlwlyh wr kljkhu rughu eholhiv1 Wklv zrun lv uhylhzhg dqg uhodwhg edfn
wr joredo jdphv lq vhfwlrqv 717 dqg 7181

7161 Frpprq R0Eholhi dqg Jdph Wkhru|

Il{ d �qlwh vhw ri sod|huv �/1111/U dqg d �qlwh dfwlrq vhw �� iru hdfk sod|hu �1 D
frpsohwh lqirupdwlrq jdph lv wkhq d yhfwru ri sd|r� ixqfwlrqv/ } � E}�c ����c }U�/
zkhuh hdfk }� G �$ U1 D +glvfuhwh vwdwh, lqfrpsohwh lqirupdwlrq jdph lv wkhq d

froohfwlrq
q
lc Zc ES��U�'� c E���

U

�'�

r
/ zkhuh l lv d frxqwdeoh vwdwh vsdfh/ Z 5 {El�

lv d sulru suredelolw| rq wkdw vwdwh vsdfh/ S� lv wkh sduwlwlrq ri wkh vwdwh vsdfh ri
sod|hu �> dqg �� G ��l$ U lv wkh sd|r� ixqfwlrq ri sod|hu �1

Iru dq| jlyhq lqfrpsohwh lqirupdwlrq jdph
q
lc Zc ES��U�'� c E���

U

�'�

r
/ zh pd|

zulwh m}m iru wkh vhw ri vwdwhv lq wkh lqfrpsohwh lqirupdwlrq jdph zkhuh sd|r�v
duh jlyhq e| }1 Wkxv

m}m ' i/ 5 lm�� E@c /� ' }� E@� iru doo @ 5 � dqg � ' �c ���c Uj

Xvlqj wklv odqjxdjh/ zh fdq vxppdul}h vrph nh| revhuydwlrqv iurp wkh wkh0
ruhwlfdo olwhudwxuh rq kljkhu rughu eholhiv lq jdph wkhru|1 D sxuh vwudwhj| Qdvk
htxloleulxp @W ri d frpsohwh lqirupdwlrq jdph/ }/ lv vdlg wr eh d R0grplqdqw htxl0
oleulxp +Pruulv/ Ure dqg Vklq +4<<8,, li hdfk sod|hu*v dfwlrq lv d ehvw uhvsrqvh
zkhqhyhu kh dvvljqv suredelolw| dw ohdvw R wr klv rssrqhqwv fkrrvlqj dffruglqj wr
@W/ l1h1/ [

@3�M��

b E@3�� }� E@W� c @3�� �
[

@3�M��

b E@3�� }� E@�c @3��

iru doo � ' �c ��U/ @� 5 �� dqg b 5 {E�3�� vxfk wkdw b
�
@W3�

� � R1
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Ohppd 7151 Li @W lv d R0grplqdqw htxloleulxp ri frpsohwh lqirupdwlrq jdph }/
wkhq hyhu| lqfrpsohwh lqirupdwlrq jdph

q
lc Zc ES��U�'� c E���

U
�'�

r
kdv dq htxlole0

ulxp zkhuh @W lv sod|hg zlwk suredelolw| � rq wkh hyhqw �R Em}m�1

Wkh surri ri wklv uhvxow lv vwudljkwiruzdug1 Wkh hyhqw �R Em}m� lv lwvhoi d R0
hylghqw hyhqw1 Frqvlghu wkh prgl�hg lqfrpsohwh lqirupdwlrq jdph zkhuh hdfk
sod|hu lv frqvwudlqhg wr fkrrvh dffruglqj wr @W zkhq kh R0eholhyhv wkh hyhqw
�R Em}m�1 Ilqg dq htxloleulxp ri wkdw prgl�hg jdph1 E| frqvwuxfwlrq/ @W lv
sod|hg zlwk suredelolw| � rq wkh hyhqw �R Em}m�1 Exw wkh htxloleulxp ri wkh prgl0
�hg jdph lv dovr dq htxloleulxp ri wkh ruljlqdo jdph1 Li d sod|hu � R0eholhyhv wkh
hyhqw �R Em}m�/ wkhq kh R0eholhyhv wkdw rwkhu sod|huv duh fkrrvlqj @W3�1 Exw vlqfh
klv sd|r�v duh jlyhq e| } dqg @W lv d R0grplqdqw htxloleulxp/ @W� pxvw eh d ehvw
uhvsrqvh iru sod|hu �1

Vlqfh hyhu| vwulfw Qdvk htxloleulxp lv d R0grplqdqw htxloleulxp iru vrph R 	 �/
zh lpphgldwho| kdyh=

Fruroodu| 7161 Li @W lv d vwulfw Qdvk htxloleulxp ri frpsohwh lqirupdwlrq jdph }/
wkhq wkhuh h{lvwv R 	 � vxfk wkdw hyhu| lqfrpsohwh lqirupdwlrq jdph

q
lc Zc ES��

U

�'� c E���
U

�'�

r
kdv dq htxloleulxp zkhuh @W lv sod|hg rq wkh hyhqw �R Em}m�1

Wkxv li zh wrrn d vhtxhqfh ri lqfrpsohwh lqirupdwlrq jdphv zkhuh lq wkh olplw
sd|r�v duh frpprq nqrzohgjh/ dqg forvh wr wkh olplw wkh| duh frpprq R0eholhi
+zlwk R forvh wr �, zlwk h{ dqwh suredelolw| forvh wr �/ wkhq sd|r�v iurp htxloleuld
ri wkdw vhtxhqfh ri lqfrpsohwh lqirupdwlrq jdphv pxvw frqyhujh wr sd|r�v lq
wkh olplw jdph1 Prqghuhu dqg Vdphw +4<;<, suryhg vxfk d orzhu khplfrqwlqxlw|
uhvxow1 Rqh fdq dovr dvn d frqyhuvh txhvwlrq= zkdw lv wkh uhohydqw wrsrorj| rq
lqirupdwlrq v|vwhpv vxfk wkdw lqirupdwlrq v|vwhpv forvh wr frpprq nqrzohgjh
lqirupdwlrq v|vwhpv gholyhu rxwfrphv wkdw duh forvh wr frpprq nqrzohgjh rxw0
frphv1 Prqghuhu dqg Vdphw +4<<9, dqg Ndmll dqg Pruulv +4<<;, fkdudfwhul}h
vxfk wrsrorjlhv +iru gl�huhqw nlqgv ri lqirupdwlrq v|vwhp,1

7171 Urexvwqhvv wr Lqfrpsohwh Lqirupdwlrq

Ohw @W eh d sxuh vwudwhj| Qdvk htxloleulxp ri frpsohwh lqirupdwlrq jdph }> @W

lv urexvw wr lqfrpsohwh lqirupdwlrq li hyhu| lqfrpsohwh lqirupdwlrq jdph zkhuh
sd|r�v duh doprvw dozd|v jlyhq e| } kdv dq htxloleulxp zkhuh sod|huv doprvw
dozd|v fkrrvh @W +Ndmll dqg Pruulv ^NP` +4<<:d,,148 Pruh suhflvho|/ @W lv urexvw

48NP gh�qh wkh surshuw| ri urexvwqhvv wr lqfrpsohwh lqirupdwlrq iru pl{hg vwudwhj| htxloleuld
dovr/ exw prvw ri wkh vx!flhqw frqglwlrqv ghvfulehg ehorz dsso| rqo| wr sxuh vwudwhj| sur�ohv1
Iru wklv uhdvrq/ zh irfxv rq sxuh vwudwhj| sur�ohv lq wkh glvfxvvlrq wkdw iroorzv1
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wr lqfrpsohwh lqirupdwlrq li/ iru doo B : f/ wkhuh h{lvwv 0 : f/ vxfk wkdw hyhu|
lqfrpsohwh lqirupdwlrq jdph zkhuh Z Em}m� � � � 0 kdv dq htxloleulxp zkhuh @W

lv sod|hg e| doo sod|huv rq dq hyhqw zlwk suredelolw| dw ohdvw �� B1
Urexvwqhvv +wr lqfrpsohwh lqirupdwlrq, fdq eh vhhq dv d yhu| vwurqj uh�qhphqw

ri Qdvk htxloleulxp1 Ndmll dqg Pruulv +4<<:e, surylghv d ghwdlohg dffrxqw ri
wkh uhodwlrq ehwzhhq urexvwqhvv dqg wkh h{lvwlqj uh�qhphqwv olwhudwxuh/ zklfk zh
eulh | vxppdul}h khuh1 Wkh uh�qhphqwv olwhudwxuh h{dplqhv zkdw kdsshqv wr d
jlyhq Qdvk htxloleulxp lq shuwxuehg yhuvlrqv ri wkh frpsohwh lqirupdwlrq jdph1
D zhdn fodvv ri uh�qhphqwv uhtxluhv rqo| wkdw wkh Qdvk htxloleulxp frqwlqxhv wr
eh htxloleulxp lq vrph qhdue| shuwxuehg jdph +Vhowhq*v +4<:8, qrwlrq ri shuihfw
htxloleulxp lv wkh ohdglqj h{dpsoh ri wklv fodvv,> d vwurqjhu fodvv uhtxluhv wkdw wkh
Qdvk htxloleulxp frqwlqxhv wr eh sod|hg lq doo shuwxuehg qhdue| jdphv +Nrkoehuj
dqg Phuwhqv* +4<;9, qrwlrq ri vwdeoh htxloleuld lv wkh ohdglqj h{dpsoh ri wklv
fodvv,1 Urexvwqhvv ehorqjv wr wkh odwwhu/ vwurqjhu/ fodvv ri uh�qhphqwv1 Pruhryhu/
urexvwqhvv wr lqfrpsohwh lqirupdwlrq doorzv dq h{wuhpho| ulfk vhw ri �shuwxuehg
jdphv�1 Lq sduwlfxodu/ zkloh Nrkoehuj dqg Phuwhqv doorz rqo| lqghshqghqw dfwlrq
wuhpeohv dfurvv sod|huv/ wkh gh�qlwlrq ri urexvwqhvv ohdgv wr kljko| fruuhodwhg
wuhpeohv dqg wkxv dq hyhq vwurqjhu uh�qhphqw1 Lqghhg NP frqvwuxfw dq h{dpsoh
lq wkh vslulw ri Uxelqvwhlq +4<;<, wr vkrz wkdw hyhq d jdph zlwk d xqltxh Qdvk
htxloleulxp/ zklfk lv vwulfw/ pd| idlo wr kdyh dq| urexvw htxloleulxp1

\hw lw wxuqv rxw wkdw d odujh vhw ri jdphv gr kdyh urexvw htxloleuld1 NP
surylghg wzr vx!flhqw frqglwlrqv1 Wkh �uvw lv wkdw li @W lv wkh xqltxh fruuhodwhg
htxloleulxp ri }/ wkhq @W lv urexvw1 Wkh vhfrqg vx!flhqw frqglwlrq frphv iurp
d jhqhudol}dwlrq ri wkh qrwlrq ri R0grplqdqfh1 Il{ d yhfwru ri suredelolwlhv/ T '
ER�c ���c RU�/ rqh iru hdfk sod|hu1 Dfwlrq sur�oh @W lv d T0grplqdqw htxloleulxp li
hdfk sod|hu �*v dfwlrq lv d ehvw uhvsrqvh zkhqhyhu kh dvvljqv suredelolw| dw ohdvw
R� wr klv rssrqhqwv fkrrvlqj dffruglqj wr @W/ l1h1/[

@3�M��

b E@3�� }� E@W� c @3�� �
[

@3�M��

b E@3�� }� E@�c @3��

iru doo � ' �c ��U/ @� 5 �� dqg b 5 {E�3�� vxfk wkdw b
�
@W3�

� � R�1 Li @W lv d T0

grplqdqw htxloleulxp iru vrph T zlwk
US

�'�

R� � �/ wkhq @W lv urexvw wr lqfrpsohwh

lqirupdwlrq1 Wklv surshuw| lv d pdq| sod|hu/ pdq| dfwlrq jhqhudol}dwlrq ri ulvn
grplqdqfh1 NP suryhg wklv uhvxow e| vkrzlqj d vxusulvlqj surshuw| ri kljkhu
rughu eholhiv1 Vd| wkdw dq hyhqw lv T0eholhyhg +iru vrph yhfwru ri suredelolwlhv T,
li hdfk sod|hu � eholhyhv lw zlwk suredelolw| dw ohdvw R�> dqg wkh hyhqw lv frpprq
T0eholhi li lw lv T0eholhyhg/ lw lv T0eholhyhg wkdw lw lv T0eholhyhg/ hwf111 NP vkrz

wkdw li yhfwru T vdwlv�hv
US

�'�

R� � �/ dqg dq hyhqw kdv kljk suredelolw|/ wkhq zlwk
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kljk suredelolw| wkdw hyhqw lv frpprq T0eholhi1 D jhqhudol}dwlrq ri Ohppd 715
wkhq suryhv wkh urexvwqhvv uhvxow1

Ixuwkhu vx!flhqw frqglwlrqv iru urexvwqhvv h{sorlw wkh lghd ri srwhqwldo jdphv
gxh wr Prqghuhu dqg Vkdsoh| +4<<9,1 D ixqfwlrq � G �$ U lv d srwhqwldo ixqfwlrq
iru frpsohwh lqirupdwlrq jdph }/ li

� E@�c @3��� � E@��c @3�� ' }� E@�c @3��� }� E@
�
�c @3��

iru doo � ' �c ���c U/ @�c @�� 5 �� dqg @3� 5 �3�1 Wklv surshuw| lpsolhv wkdw wkh jdph
} kdv lghqwlfdo pl{hg vwudwhj| ehvw uhvsrqvh fruuhvsrqghqfhv wr wkh frpprq
lqwhuhvw jdph zlwk frpprq sd|r� ixqfwlrq �1 Revhuyh wkdw @W lv wkxv d Qdvk
htxloleulxp ri } li lw lv d orfdo pd{lpl}hu ri �/ l1h1/ lw lv qrw srvvleoh wr lqfuhdvh
� e| fkdqjlqj rqh sod|hu*v dfwlrq1 Prqghuhu dqg Vkdsoh| vxjjhvwhg li d jdph
kdv pxowlsoh Qdvk htxloleuld/ wkh joredo pd{lpl}hu ri � +zklfk pxvw ri frxuvh
eh d orfdo pd{lpl}hu dqg wkxv d Qdvk htxloleulxp, lv d qdwxudo fdqglgdwh iru
vhohfwlrq1 Li dfwlrq sur�oh @W lv wkh vwulfw pd{lpxp ri d srwhqwldo ixqfwlrq � iru
frpsohwh lqirupdwlrq jdph }/ zh vd| wkdw @W lv srwhqwldo pd{lpl}hu ri }1 Xl
+5333d, vkrzv wkdw d srwhqwldo pd{lpl}lqj dfwlrq sur�oh lv qhfhvvdulo| urexvw wr
lqfrpsohwh lqirupdwlrq149 Pdq| sod|hu/ wzr dfwlrq/ v|pphwulf sd|r� jdphv duh
srwhqwldo jdphv/ vr wklv uhvxow surylghv d surri wkdw wkh vwudwhj| sur�oh zkhuh doo
sod|huv fkrrvh wkh Odsodfldq dfwlrq lv urexvw wr lqfrpsohwh lqirupdwlrq14:

Wkh R0grplqdqfh vx!flhqw frqglwlrqv dqg srwhqwldo jdph vx!flhqw frqglwlrqv
iru urexvwqhvv fdq eh xql�hg dqg jhqhudol}hg1 Zh yhu| eulh | vnhwfk wkh pdlq
lghdv dqg uhihu wkh uhdghu wr Pruulv +4<<<, iru pruh ghwdlov1 Dfwlrq sur�oh @W lv
d fkdudfwhulvwlf srwhqwldo pd{lpl}hu ri wkh frpsohwh lqirupdwlrq jdph } li wkhuh
h{lvwv d ixqfwlrq � G 2t�c��cU� $ U zlwk � Ei�c ���c Uj� : � E7� iru doo 7 9' i�c ��c Uj/
dqg >� G �� $ Un vxfk wkdw iru doo �/ @� 5 �� dqg @3� 5 �3�/

�
��

� G @� ' @W�
��� �

��
� G @� ' @W�

� ^ i�j� � >� E@�� E}� E@�c @3��� }� E@
W
� c @3���

Khuh/ � E�� lv d srwhqwldo ixqfwlrq wkdw ghshqgv rqo| rq wkh vhw ri sod|huv fkrrvlqj
dffruglqj wr @W1 Lq wklv vhqvh/ wkh fkdudfwhulvwlf srwhqwldo pd{lpl}hu frqglwlrq
vwuhqjwkhqv wkh srwhqwldo pd{lpl}hu frqglwlrq1 Exw wkh hduolhu htxdolwlhv duh uh0
sodfhg zlwk lqhtxdolwlhv dqg wkh frqvwdqwv >� dovr dgg h{wud ghjuhhv ri iuhhgrp1
Vr wkh fkdudfwhulvwlf srwhqwldo pd{lpl}hu frqglwlrq qhlwkhu lpsolhv qru lv lpsolhg
e| wkh srwhqwldo pd{lpl}hu frqglwlrq1 Dq| fkdudfwhulvwlf srwhqwldo pd{lpl}lqj
dfwlrq sur�oh lv urexvw wr lqfrpsohwh lqirupdwlrq1 Rqh fdq xvh gxdolw| dujxphqwv

49Xl xvhv d voljkwo| zhdnhu yhuvlrq ri urexvwqhvv wr lqfrpsohwh lqirupdwlrq/ zkhuh doo w|shv
lq wkh shuwxuehg jdph hlwkhu kdyh sd|r�v jlyhq h{dfwo| e| wkh frpsohwh lqirupdwlrq jdph j ru
kdyh d grplqdqw vwudwhj| wr fkrrvh vrph dfwlrq1

4:Pruulv +4<<:, hduolhu surylghg dq lqghshqghqw dujxphqw vkrzlqj wkh urexvwqhvv ri wkh
Odsodfldq vwudwhj| sur�oh1
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wr vkrz wkdw li @W lv d T0grplqdqw htxloleulxp iru vrph T zlwk
US

�'�

R� � �/ wkhq @W

lv d fkdudfwhulvwlf srwhqwldo pd{lpl}hu14;

Ohw wkh dfwlrqv ri hdfk sod|hu eh rughuhg/ dqg iru dq| dfwlrq @� 5 ��/ zulwh
@3� iru wkh dfwlrq ehorz @� dqg @n� iru wkh dfwlrq deryh @�1 Dfwlrq sur�oh @W lv
d orfdo srwhqwldo pd{lpl}hu ri wkh frpsohwh lqirupdwlrq jdph } li wkhuh h{lvwv d
orfdo srwhqwldo ixqfwlrq � G �$ U zlwk � E@W� : � E@� iru doo @ 9' @W dqg/ iru hdfk
�/ >� G �� $ +n/ vxfk wkdw iru doo � ' �c ��c U dqg @3� 5 �3�/

� E@�c @3��� �
�
@3� c @3�

� � >� E@��

�
}� E@�c @3��
�}�

�
@3� c @3�

� �
li @� : @W� +715,

dqg � E@�c @3��� �
�
@n� c @3�

� � >� E@��

�
}� E@�c @3��
�}�

�
@n� c @3�

� �
li @� 	 @W� 1

Rqh fdq vkrz wkdw li @W lv d orfdo srwhqwldo pd{lpl}hu/ wkhq @W lv erwk d srwhq0
wldo pd{lpl}hu dqg d fkdudfwhulvwlf srwhqwldo pd{lpl}hu1 Wkxv lw jhqhudol}hv erwk
frqglwlrqv1 Li @W lv d orfdo srwhqwldo pd{lpl}hu ri }/ dqg } vdwlv�hv vwudwhjlf frp0
sohphqwdulwlhv dqg hdfk }� E@�c @3�� lv frqfdyh zlwk uhvshfw wr @�/ wkhq @W lv urexvw
wr lqfrpsohwh lqirupdwlrq1 Wkh iroorzlqj wzr sod|hu/ wkuhh dfwlrq/ v|pphwulf
sd|r� jdph vdwlv�hv wkh vwudwhjlf frpsohphqwdulw| dqg frqfdylw| frqglwlrqv dqg
rqh fdq vkrz wkdw Efc f� lv wkh orfdo srwhqwldo pd{lpl}hu dqg wkxv urexvw +wkh
hduolhu frqglwlrqv gr qrw khos wr fkdudfwhul}h urexvwqhvv lq wklv h{dpsoh,1

f � 2
f ec e fc f �Sc��
� fc f �c � fc f
2 ��c�S fc f 2c 2

Lq idfw/ wkh orfdo srwhqwldo pd{lpl}hu frqglwlrq fdq eh xvhg wr fkdudfwhul}h wkh
xqltxh urexvw htxloleulxp lq jhqhulf wzr sod|hu/ wkuhh dfwlrq/ v|pphwulf sd|r�
jdphv1

7181 Qrlvh Lqghshqghqw Vhohfwlrq

Li dq dfwlrq sur�oh lv urexvw wr lqfrpsohwh lqirupdwlrq/ zh nqrz wkdw 0 urxjko|
vshdnlqj 0 dq| zd| wkdw d �vpdoo� dprxqw ri lqfrpsohwh lqirupdwlrq lv dgghg
fdqqrw suhyhqw wkdw dfwlrq sur�oh ehlqj sod|hg lq htxloleulxp1 Wklv revhuydwlrq
kdv lpsruwdqw lpsolfdwlrqv iru joredo jdphv1 Frqvlghu d joredo jdph zkhuh sd|r�v
ghshqg frqwlqxrxvo| rq d udqgrp sdudphwhu w +zklfk frxog eh pxowlglphqvlrqdo,

4;Xl +5333e, h{whqgv wkhvh lghdv zlwk d vhw edvhg qrwlrq ri urexvwqhvv wr lqfrpsohwh
lqirupdwlrq1
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dqg hdfk sod|hu revhuyhv d qrlv| vljqdo %� ' wnj0�1 Li @W lv d urexvw htxloleulxp ri
wkh jdph ehlqj sod|hg dw wW/ wkhq wkhuh zloo dozd|v eh dq htxloleulxp ri wkh joredo
jdph +iru vpdoo j, zkhuh dfwlrq sur�oh @W lv doprvw dozd|v sod|hg zkhqhyhu doo
sod|huv revhuyh vljqdov forvh wr wW1 Lq rwkhu zrugv/ wkhuh zloo eh qr zd| ri dgglqj
qrlvh wkdw zloo suhyhqw dfwlrq sur�oh @W ehlqj sod|hg lq wkh qhljkerxukrrg ri wW

lq vrph htxloleulxp1 Wkxv li wkhuh lv olplw xqltxhqhvv +vd|/ ehfdxvh wkhuh duh
vwudwhjlf frpsohphqwdulwlhv dqg wkh rwkhu dvvxpswlrqv ri Iudqnho/ Pruulv dqg
Sdx}qhu +5333, duh vdwlv�hg, wkhq @W pxvw eh sod|hg lq wkh xqltxh olplw iru hyhu|
qrlvh glvwulexwlrq1 Lq wkh odqjxdjh ri vhfwlrq 714/ @W pxvw eh wkh qrlvh lqghshqghqw
vhohfwlrq1

Khuh lv d khxulvwlf dujxphqw iru wkh deryh fodlp1 Il{ wW dqg ohw @W eh d Qdvk
htxloleulxp ri wkh frpsohwh lqirupdwlrq jdph dw wW wkdw lv urexvw wr lqfrpsohwh
lqirupdwlrq1 E| gh�qlwlrq/ li @W lv urexvw wr lqfrpsohwh lqirupdwlrq lq jdph
� E�c wW� li hyhu| lqfrpsohwh lqirupdwlrq jdph zkhuh sd|r�v duh doprvw dozd|v
jlyhq e| � E�c wW� kdv dq htxloleulxp zkhuh @W lv doprvw dozd|v sod|hg1 Jhqhulfdoo|/
lw zloo dovr eh wuxh wkdw hyhu| lqfrpsohwh lqirupdwlrq jdph zkhuh sd|r�v duh
doprvw dozd|v forvh wr � E�c wW� zloo kdyh dq htxloleulxp zkhuh @W lv doprvw dozd|v
sod|hg1 Exw qrz frqvlghu dq lqfrpsohwh lqirupdwlrq zkhuh vrph w|shv ri hdfk
sod|hu kdyh sd|r�v forvh wr � E�c wW� +�vdqh� w|shv,/ zkloh vrph w|shv pd| kdyh
yhu| gl�huhqw sd|r�v +�fud}|� w|shv,1 Vxssrvh wkdw frqglwlrqdo rq dq| sod|hu
ehlqj vdqh/ zlwk suredelolw| forvh wr � kh dvvljqv suredelolw| forvh wr � wr doo
rwkhu sod|huv ehlqj vdqh1 Qrz wkh urexvwqhvv dujxphqwv ghvfulehg deryh frxog
eh dgdswhg wr vkrz wkdw wklv lqfrpsohwh lqirupdwlrq jdph kdv dq htxloleulxp
zkhuh/ frqglwlrqdo rq doo sod|huv ehlqj vdqh/ @W lv doprvw dozd|v sod|hg1

Qrz uhwxuq wr wkh joredo jdph dqg zulwh � EwWc B� iru d B edoo durxqg wW/ l1h1/
wkh vhw ri w zlwklq Hxfolghdq glvwdqfh B ri wW1 Iru d jhqhulf fkrlfh ri wW/ @W zloo
uhpdlq urexvw wr lqfrpsohwh lqirupdwlrq forvh wr wW/ l1h1/ dw doo w 5 � EwWc B� iru
vrph vx!flhqwo| vpdoo B : f1 Qrz frqvlghu d vhtxhqfh ri joredo jdphv zkhuh
zh ohw wkh qrlvh jr wr }hur/ l1h1/ j $ f1 Iru �{hg B dqg �{hg ^ 	 �/ zh fdq
fkrrvh j vx!flhqwo| vpdoo vxfk wkdw frqglwlrqdo rq d sod|hu revhuylqj d vljqdo
lq � EwWc B�/ zlwk suredelolw| dw ohdvw ^ kh zloo dvvljq suredelolw| dw ohdvw ^ wr doo
rwkhu sod|huv revhuylqj vljqdov zlwklq � EwWc B�1 Odehoolqj wkh w|shv zkr revhuyh
vljqdov lq � EwWc B� �vdqh� dqg w|shv zkr revhuyh vljqdov qrw lq � EwWc B� �fud}|�/
wkh deryh dujxphqw vkrzv wkdw wkhuh lv dq htxloleulxp zkhuh @W lv doprvw dozd|v
sod|hg lq d qhljkerxukrrg ri wW14<

4<Wkhuh lv d whfkqlfdo sureohp irupdol}lqj wklv dujxphqw1 Wkh urexvwqhvv dqdo|vlv ghvfulehg
lq wkh vhfwlrq 717 zdv fduulhg rxw lq glvfuhwh vwdwh vsdfhv/ zkhuh h{lvwhqfh ri htxloleulxp lq
lqfrpsohwh lqirupdwlrq jdphv lv qhyhu d sureohp1 Lq wkh xqfrxqwdeoh vwdwh vsdfh vhwwlqj ri
joredo jdphv/ lw zrxog eh qhfhvvdu| wr lpsrvh h{wud dvvxpswlrqv wr hqvxuh h{lvwhqfh1
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81 Uhodwhg Prghov= Orfdo Khwhurjhqhlw| dqg Xqltxhqhvv

Wkhuh duh d qxpehu ri zd|v wkdw dgglqj orfdo khwhurjhqhlw| wr d srsxodwlrq ri
sod|huv fdq uhpryh pxowlsolflw|1 Lq wklv vhfwlrq/ zh zloo dwwhpsw wr jlyh vrph
lqwxlwlrq iru d jhqhudo orjlf dw zrun1 Zh vwduw zlwk d idploldu h{dpsoh1

Wkhuh duh wzr sod|huv/ � dqg 2/ dqg hdfk sod|hu � kdv d sd|r� sdudphwhu %�1
H{shfwhg sd|r�v duh jlyhq e| wkh iroorzlqj pdwul{=

Lqyhvw QrwLqyhvw
Lqyhvw %�c %2 %� � �c f
QrwLqyhvw fc %2 � � fc f

+814,

Li wkhuh zdv frpprq nqrzohgjh wkdw %� ' %2 ' % 5 Efc ��/ wkhq wkhuh zrxog eh
pxowlsoh vwulfw Qdvk htxloleuld ri wkh frpsohwh lqirupdwlrq jdph1 Vlqfh erwk sxuh
vwudwhj| htxloleuld duh vwulfw/ wkh| vhhp txlwh vwdeoh1 Lw vhhpv vxusulvlqj wkdw dq
dssduhqwo| �vpdoo� shuwxuedwlrq frxog uhpryh hlwkhu htxloleulxp1

Exw qrz ohw % eh d sxeolfo| revhuyhg udqgrp yduldeoh dqg ohw %� ' %2 ' %1
Ohw sod|huv eh uhvwulfwhg wr vzlwfklqj vwudwhjlhv/ vr wkdw sod|hu � zloo lqyhvw li klv
sd|r� sdudphwhu h{fhhgv vrph fxwr� &�/ dqg qrw lqyhvw rwkhuzlvh1 Wkxv sod|hu
�*v vwudwhj| lv sdudphwhul}hg e| d qxpehu &�1 Vlqfh wkh jdph lv v|pphwulf/ zh
fdq zulwh KW E&� wr wkh rswlpdo fxwr� ri dq| sod|hu li kh h{shfwv klv rssrqhqw wr
fkrrvh fxwr� &1 Fohduo|/ zh kdyh

KW E&� '

;?=
f/ li & � f
&/ li f � & � �
�/ li � � &

Wklv ixqfwlrq lv sorwwhg lq �jxuh 814 ehorz1
V|pphwulf htxloleuld zloo h{lvw zkhq wklv ehvw uhvsrqvh ixqfwlrq furvvhv wkh

eDf olqh1 Vr wkhuh duh d frqwlqxxp ri htxloleuld= iru dq| % 5 dfc �o/ wkhuh lv dq
htxloleulxp zkhuh hdfk sod|hu iroorzv d vzlwfklqj vwudwhj| zlwk fxwr� %1

Li zh shuwxue wklv ehvw uhvsrqvh ixqfwlrq/ zh zrxog h{shfw wkhuh wr eh d
�qlwh qxpehu ri htxloleuld/ l1h1/ d �qlwh qxpehu ri srlqwv zkhuh wkh ixqfwlrq KW

furvvhv wkh eDf olqh1 Jlyhq wkh vkdsh ri wkh ehvw uhvsrqvh ixqfwlrq/ lw grhv qrw
vhhp vxusulvlqj wkdw wkhuh pljkw eh qdwxudo zd|v ri shuwxuelqj wkh ehvw uhvsrqvh
ixqfwlrq vr wkdw wkhuh lv d xqltxh htxloleulxp1

Wkh wzr sod|hu h{dpsoh ri vhfwlrq 514 uhsuhvhqwhg rqh zd| ri fduu|lqj rxw
vxfk d shuwxuedwlrq1 Wkhuh lw zdv dvvxphg wkdw wkhuh zdv d sd|r� sdudphwhu
w dqg hdfk sod|hu � revhuyhg d qrlv| vljqdo %� ' w n j0�1 Wkh sd|r�v lq wkh
deryh pdwul{ +814, wkhq uhsuhvhqw wkh h{shfwhg sd|r�v ri wkh sod|huv/ jlyhq wkhlu
vljqdov1 Uhfdoo wkdw d sod|hu revhuylqj vljqdo %� zloo eholhyh wkdw klv rssrqhqw*v
vljqdo %� lv glvwulexwhg qrupdoo| zlwk phdq %� dqg vwdqgdug ghyldwlrq

s
2j1 Li
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Iljxuh 814= Ixqfwlrq KW E&�

j ' f lq wkdw h{dpsoh/ vr wkhuh lv qr qrlvh lq wkh vljqdo/ zh kdyh h{dfwo| wkh
vfhqdulr ghvfulehg deryh zlwk ehvw uhvsrqvh ixqfwlrq KW1 Exw li j : f/ wkhq wkh
ehvw uhvsrqvh ixqfwlrq urwdwhv forfnzlvh d olwwoh elw dqg furvvhv wkh eDf olqh rqo|
dw �

2
+vhh �jxuh 514, dqg wkhuh lv d xqltxh htxloleulxp1

Krzhyhu/ wklv dujxphqw grhv qrw uhdoo| uho| rq wkh lqfrpsohwh lqirupdwlrq
lqwhusuhwdwlrq1 Wkh lpsruwdqw ihdwxuh ri wkh dujxphqw lv wkh orfdo khwhurjhqhlw|
lq sd|r�v= d sod|hu zlwk sd|r� sdudphwhu %� nqrzv wkdw kh lv lqwhudfwlqj zlwk
rwkhu sod|hu+v, zkr kdyh vrph shukdsv gl�huhqw exw qhdue| sd|r� sdudphwhuv> dqg
kh nqrzv wkdw wkrvh rwkhu sod|hu+v, lq wxuq nqrz wkdw wkh| duh lqwhudfwlqj zlwk
rwkhu sod|hu+v, zkr kdyh vrph shukdsv gl�huhqw exw qhdue| sd|r� sdudphwhuv1 Lq
wkh uhpdlqghu ri wklv vhfwlrq/ zh zloo vhh krz d vlplodu orjlf wr wkh joredo jdph
dujxphqw fdq dulvh zkhq sod|huv duh lqwhudfwlqj qrw zlwk xqnqrzq w|shv ri dq
rssrqhqw/ exw zlwk +nqrzq, rssrqhqwv dw gl�huhqw orfdwlrqv ru dw gl�huhqw srlqwv
lq wlph15354

53Wklv orjlf dovr hphujhv lq wkh wkh prghov ri Fduovvrq +4<<4, dqg Fduovvrq dqg Jdqvodqgw
+4<<;, zkhuh sod|huv* frqwlqxrxv dfwlrq fkrlfh lv vxemhfw wr d vpdoo khwhurjhqhrxv wuhpeoh1 Wkh
h{dfw frqqhfwlrq wr joredo jdphv lv qrw nqrzq1

54D glvwlqfwlyh ihdwxuh ri wkhvh dujxphqwv uho|lqj rq orfdo khwhurjhqhlw| lv wkdw d yhu| vpdoo
dprxqw ri khwhurjhqhlw| lv vx!flhqw wr lpso| xqltxh htxloleulxp lq hqylurqphqwv zkhuh wkhuh
duh pxowlsoh vwulfw htxloleuld zlwkrxw khwhurjhqhlw|1 Rqh fdq dovr vrphwlphv rewdlq xqltxhqhvv
uhvxowv dvvxplqj joredo qrw orfdo khwhurjhqhlw|/ l1h1 dvvxplqj wkdw hdfk sod|hu ru w|sh kdv
wkh vdph exw vx!flhqwo| gl�xvh eholhiv derxw rwkhu sod|huv ru w|shv* sd|r� sdudphwhuv1 Vxfk
joredo khwhurjhqhlw| xqltxhqhvv dujxphqwv uho| rq wkh h{lvwhqfh ri d vx!flhqwo| odujh dprxqw
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8141 Orfdo Lqwhudfwlrq Jdphv

D frqwlqxxp ri sod|huv duh hyhqo| glvwulexwhg rq wkh uhdo olqh1 Li d sod|hu grhv
qrw lqyhvw/ klv sd|r� lv f1 Li kh lqyhvwv/ klv sd|r� lv % n , � �/ zkhuh % lv klv
orfdwlrq dqg , lv d zhljkwhg dyhudjh ri wkh sursruwlrq ri klv qhljkerxuv lqyhvwlqj1
Lq sduwlfxodu/ ohw s E�� eh wkh ghqvlw| ri d vwdqgdug qrupdo glvwulexwlrq zlwk phdq
f dqg vwdqgdug ghyldwlrq

s
2j> d sod|hu sxwv zhljkw s E5� rq wkh dfwlrqv ri sod|huv

dw orfdwlrq %n 51
Wklv vhwxs ghvfulehv d jdph dprqj d frqwlqxxp ri sod|huv1 Wkh dqdo|vlv ri

wklv jdph lv lghqwlfdo wr wkh dqdo|vlv ri wkh frqwlqxxp sod|hu h{dpsoh ri vhfwlrq
5141 Lq sduwlfxodu/ sod|huv dw orfdwlrqv ohvv wkdq �

2
zloo qrw lqyhvw dqg sod|huv dw

orfdwlrqv deryh �
2
zloo lqyhvw1 Wklv lv ghvslwh wkh idfw wkdw li sod|huv zhuh rqo|

lqwhudfwlqj zlwk shrsoh dw wkh h{dfw vdph orfdwlrq +l1h1/ j ' f,/ wkhuh zrxog eh
pxowlsoh htxloleuld dw doo orfdwlrqv ehwzhhq f dqg �1

Wklv udwkhu vw|ol}hg jdph looxvwudwhv wkh srvvlelolw| wkdw lq orfdo lqwhudfwlrq
jdphv/ sod| dw vrph orfdwlrqv pd| eh lq xhqfhg e| sod| dw glvwdqw orfdwlrqv
yld wkh vwuxfwxuh ri orfdo lqwhudfwlrq1 D olwhudwxuh rq orfdo lqwhudfwlrq jdphv
kdv h{dplqhg wklv w|sh ri h�hfw155 Wr xqghuvwdqg wkh frqqhfwlrq d olwwoh ehwwhu/
lpdjlqh d orfdo lqwhudfwlrq jdph zkhuh sd|r�v ghshqg lq d qrq0olqhdu zd| rq
orfdwlrq1 Wkxv ohw wkh sd|r� wr lqyhvwlqj eh � E%� n , � � +lqvwhdg ri % n , � �,1
Ixuwkhupruh/ vxssrvh wkdw � E%� 	 �

2
iru doo % dqg wkdw � E%� 	 f iru vrph rshq

lqwhuydo ri ydoxhv ri %1 Iru vpdoo j/ wklv jdph zloo kdyh d xqltxh htxloleulxp
zkhuh qr sod|hu hyhu lqyhvwv1 Wr vhh zk|/ qrwh wkdw iru vx!flhqwo| vpdoo j/
sod|huv lqvlgh wkh rshq lqwhuydo zkhuh � E%� 	 f zloo kdyh d grplqdqw vwudwhj| wr
qrw lqyhvw1 Exw qrz sod|huv forvh wr wkh hgjh ri wkdw lqwhuydo zloo kdyh derxw �

2

wkhlu qhljkerxuv zlwklq wkdw lqwhuydo/ dqg wkxv +vlqfh � E%� 	 �
2
dozd|v, zloo qrw

lqyhvw lq htxloleulxp1 Wklv dujxphqw zloo lwhudwh wr hqvxuh wkdw qr lqyhvwphqw
wdnhv sodfh dq|zkhuh1

Wklv dujxphqw kdv yhu| pxfk wkh  dyru ri wkh frqwdjlrq dujxphqw ghyhorshg
e| Hoolvrq +4<<6, dqg rwkhuv1 Wkhuh/ d srsxodwlrq zlwk frqvwdqw sd|r�v lqwhudfwv
zlwk qhdu qhljkerxuv rq d olqh1 Sod|huv fkrrvh ehvw uhvsrqvhv wr vrph dyhudjh
ehkdylru ri wkhlu qhljkerxuv1 Exw d orz udwh ri pxwdwlrqv hqvxuhv vpdoo qhljk0
erxukrrgv zkhuh hdfk dfwlrq lv sod|hg zlwk shulrglfdoo| dulvh udqgrpo|1 Rqfh d
ulvn grplqdqw dfwlrq lv sod|hg lq d vpdoo qhljkerxukrrg/ lw zloo whqg wr vsuhdg
wr wkh zkroh srsxodwlrq xqghu wkh ehvw uhvsrqvh g|qdplfv1 Wkh lqlwldo pxwdqw

ri khwhurjhqhlw|1 Vhh Edoljd dqg Vmùvwuùp +5334, lq dq lqfrpsohwh lqirupdwlrq frqwh{w +zkhuh
joredo khwhurjhqhlw| fruuhvsrqgv wr lqghshqghqw w|shv,> Khuuhqgrui/ Ydohqwlq|l dqg Zdogpdqq
+5333, dqg Jodhvhu dqg Vfkhlqnpdq +5333, lq prghov ri odujh srsxodwlrq lqwhudfwlrqv> dqg
Iudqnho +5333, lq wkh frqwh{w ri d g|qdplf prgho zlwk sd|r� vkrfnv1

55H1j1 Eoxph +4<<8,/ Hoolvrq +4<<6,/ \rxqj +4<<;,1 Vhh Jodhvhu dqg Vfkhlqnpdq +5333, iru d
uhfhqw vxuyh|1
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uhjlrq zkhuh wkh ulvn grplqdqw dfwlrq lv sod|hg sod|v pxfk wkh vdph uroh dv wkh
grplqdqw vwudwhj| uhjlrq lq wkh vwru| ghvfulehg deryh1 Lq wklv vhwwlqj zlwk vwudwh0
jlf frpsohphqwdulwlhv/ ehvw uhvsrqvh g|qdplfv plplf lwhudwhg ghohwlrq ri vwulfwo|
grplqdwhg vwudwhjlhv1 Pruulv +4<<:, ghvfulehv pruh irupdoo| dq h{dfw uhodwlrqvkls
ehwzhhq d yhuvlrq ri Uxelqvwhlq*v +4<;<, h0pdlo jdph dqg d yhuvlrq ri Hoolvrq*v
frqwdjlrq h�hfw dqg ghvfulehv pruh jhqhudoo| dq h{dfw htxlydohqfh ehwzhhq jdphv
ri lqfrpsohwh lqirupdwlrq dqg orfdo lqwhudfwlrq jdphv156

Wkh frqqhfwlrq ehwzhhq jdphv ri lqfrpsohwh lqirupdwlrq dqg orfdo lqwhudfwlrq
jdphv fdq eh h{sorlwhg1 Lq hyroxwlrqdu| prghov/ orfdo lqwhudfwlrq ohdgv wr pxfk
idvwhu frqyhujhqfh wr vwrfkdvwlfdoo| vwdeoh vwdwhv wkdq joredo lqwhudfwlrq/ ehfdxvh
ri wkh frqwdjlrxv g|qdplfv1 Exw wkhuh lv d yhu| forvh frqqhfwlrq ehwzhhq zklfk
dfwlrq zloo vsuhdg frqwdjlrxvo| lq d orfdo lqwhudfwlrq jdph dqg zklfk dfwlrq zloo
eh sod|hg lq wkh olplw lq d joredo jdph1 Lq sduwlfxodu/ uhfdoo iurp vhfwlrq 714 wkdw
vrph jdphv kdyh d qrlvh lqghshqghqw vhohfwlrq/ l1h1/ dq dfwlrq sur�oh sod|hg lq wkh
olplw ri d joredo jdph/ lqghshqghqw ri wkh qrlvh vwuxfwxuh> zkloh lq rwkhu jdphv/
wkh dfwlrq sod|hg lq wkh olplw ghshqgv rq wkh qrlvh vwuxfwxuh1 Wudqvodwhg wr d
orfdo lqwhudfwlrq vhwwlqj/ wklv uhvxow lpsolhv wkdw vrph jdphv zloo kdyh wkh vdph
dfwlrq whqg wr vsuhdg frqwdjlrxvo|/ lqghshqghqw ri wkh vwuxfwxuh ri lqwhudfwlrq/
zkloh lq rwkhu jdphv �qh ghwdlov ri wkh orfdo lqwhudfwlrq vwuxfwxuh zloo ghwhuplqh
zklfk dfwlrq lv frqwdjlrxv +vhh Pruulv +4<<<, iru ghwdlov,1 Wkxv orfdo lqwhudfwlrq
pd| qrw mxvw vshhg xs frqyhujhqfh wr vwrfkdvwlfdoo| vwdeoh vwdwhv exw pd| fkdqjh
wkh vwrfkdvwlfdoo| vwdeoh vwdwhv lq vxewoh zd|v157

8151 G|qdplf Jdphv

815141 G|qdplf Sd|r� Vkrfnv

D frqwlqxxp ri sod|huv hdfk olyh iru dq lqvwdqw ri wlph1 Li d sod|hu grhv qrw
lqyhvw/ klv sd|r� lv f1 Li kh lqyhvwv/ klv sd|r� lv %n , � �/ zkhuh % lv wkh gdwh dw
zklfk kh olyhv dqg , lv d zhljkwhg dyhudjh ri wkh sursruwlrq ri sod|huv lqyhvwlqj dw
rwkhu srlqwv lq wlph1 Lq sduwlfxodu/ ohw s E�� eh wkh ghqvlw| ri d vwdqgdug qrupdo
glvwulexwlrq zlwk phdq f dqg vwdqgdug ghyldwlrq

s
2j> d sod|hu sxwv zhljkw s E5�

rq wkh dfwlrqv ri sod|huv olylqj dw gdwh %n 51
Wklv vhwxs ghvfulehv d jdph dprqj d frqwlqxxp ri sod|huv1 Wkh dqdo|vlv ri

wklv jdph lv lghqwlfdo wr wkh dqdo|vlv ri wkh frqwlqxxp sod|hu h{dpsoh ri vhfwlrq 514
dqg wkxv dovr wkh orfdo lqwhudfwlrq h{dpsoh ri wkh suhylrxv vhfwlrq1 Lq sduwlfxodu/

56Kriedxhu +4<<;/ 4<<<, lqwurgxfhv dq dssurdfk wr htxloleulxp vhohfwlrq lq d orfdo lqwhudfwlrq
hqylurqphqw1 Klv �vsdwldoo| grplqdqw htxloleuld� vhhp wr frlqflgh zlwk wkrvh wkdw duh urexvw
wr lqfrpsohwh lqirupdwlrq1

57Pruulv +5333, dovr h{sorlwv whfkqltxhv iurp wkh kljkhu rughu eholhiv olwhudwxuh wr suryh qhz
uhvxowv derxw orfdo lqwhudfwlrq1
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sod|huv zloo qrw lqyhvw ehiruh gdwh �
2
dqg zloo lqyhvw diwhu gdwh �

2
1 Wklv lv ghvslwh

wkh idfw wkdw li sod|huv zhuh rqo| lqwhudfwlqj zlwk shrsoh pdnlqj frqwhpsrudqhrxv
fkrlfhv +l1h1/ j ' f,/ wkhuh zrxog eh pxowlsoh htxloleuld dw doo gdwhv ehwzhhq f dqg
�1

Wklv zdv d yhu| vw|ol}hg h{dpsoh1 Exw wkh orjlf lv txlwh jhqhudo1 Lq pdq|
g|qdplf vwudwhjlf hqylurqphqwv zkhuh fkrlfhv duh pdgh dw gl�huhqw srlqwv lq
wlph/ d sod|hu*v sd|r� pd| ghshqg qrw rqo| rq frqwhpsrudqhrxv fkrlfhv exw
dovr rq fkrlfhv pdgh e| rwkhu sod|huv dw rwkhu wlphv1 Sd|r� frqglwlrqv pd| eh
ydu|lqj wkurxjk wlph1 Wkxv sod|huv* rswlpdo fkrlfhv pd| ghshqg lqgluhfwo| rq
hqylurqphqwv zkhuh sd|r�v duh yhu| gl�huhqw iurp zkdw wkh| duh qrz1 Wkhvh
ihdwxuhv pd| doorz xv wr lghqwli| d xqltxh htxloleulxp1 Ehorz/ zh glvfxvv wzr
dssurdfkhv wkdw h{sorlw wklv orjlf158

Rqh dssurdfk kdv ehhq ghyhorshg uhfhqwo| lq Exug}|/ Iudqnho dqg Sdx}qhu
+5334,/ Iudqnho dqg Sdx}qhu +4<<<, dqg Iudqnho +5333d,159 D frqwlqxxp ri sod|huv
duh shulrglfdoo| udqgrpo| pdwfkhg lq d wzr sod|hu wzr dfwlrq jdph1 Iru vlpsolflw|/
zh fdq wklqn ri wkhp sod|lqj wkh lqyhvwphqw jdph ghvfulehg lq pdwul{ +514,1 Exw
dvvxph wkdw wkh sxeolfo| revhuyhg frpprq sd|r� sdudphwhu w hyroyhv wkurxjk
wlph dffruglqj wr vrph udqgrp surfhvv +d udqgrp zdon lq Exug}|/ Iudqnho dqg
Sdx}qhu +4<<<,/ d frqwlqxrxv Eurzqldq prwlrq lq Iudqnho dqg Sdx}qhu +4<<<,,1
Ixuwkhupruh/ vxssrvh wkdw hdfk sod|hu fdq rqo| rffdvlrqdoo| dowhu klv ehkdylru=
uhylvlrq rssruwxqlwlhv duulyh dffruglqj wr d Srlvvrq surfhvv dqg duulyh vorzo|
uhodwlyh wr fkdqjhv lq wkh jdph*v sd|r�v1 Xqghu fhuwdlq frqglwlrqv rq wkh qrlvh
surfhvv +urxjko| htxlydohqw wr wkh vx!flhqwo| xqlirup sulru frqglwlrqv lq joredo
jdphv,/ wkhuh lv d xqltxh htxloleulxp zkhuh hdfk sod|hu lqyhvwv zkhq w h{fhhgv �

2

dqg qrw zkhq w lv ohvv wkdq �
2
1

Wklv ghvfulswlrq frqvlghudeo| ryhu0vlpsol�hv wkh dqdo|vlv1 Iru h{dpsoh/ lw lv
qdwxudo wr dvvxph wkdw sod|huv revhuyh wkh sxeolf hyroxwlrq ri w/ vr wkh| zloo eh
deoh wr lqihu dw dq| srlqw lq wlph +hyhq li wkh| fdqqrw revhuyh, wkh sursruwlrq ri
sod|huv wdnlqj hdfk dfwlrq1 Wklv fuhdwhv dq h{wud vwdwh yduldeoh +uhodwlyh wr wkh
joredo jdphv dqdo|vlv, dqg wkh uhvxowlqj dv|pphwu| ehwzhhq wkh sdvw dqg ixwxuh
frpsolfdwhv wkh dqdo|vlv1 Qrqhwkhohvv/ wkh orjlf lv vlplodu wr wkh vw|ol}hg h{dpsoh
ghvfulehg deryh1 Lq sduwlfxodu/ qrwh krz wkh iulfwlrq lq uhylvlrq rssruwxqlwlhv
h{dfwo| hqvxuhv wkdw d sod|hu pdnlqj d fkrlfh jlyhq vrph sxeolfo| revhuyhg w zloo
wdnh lqwr dffrxqw wkh fkrlfhv wkdw rwkhuv zloo pdnh dw gl�huhqw wlphv zlwk gl�huhqw

58Pruulv +4<<8, ghvfulehv d wklug dssurdfk1 Vxssrvh wkdw sod|huv duh ghflglqj zkhwkhu wr
lqyhvw ru qrw lqyhvw dw gl�huhqw srlqwv lq wlph/ exw wkh| pdnh wkhlu ghflvlrqv lq sulydwh dqg wkhlu
zdwfkhv duh qrw v|qfkurql}hg1 Wkxv hdfk sod|hu zloo eholhyh wkdw wkh wlph rq dq| rwkhu sod|hu*v
zdwfk lv forvh wr klv rzq/ exw qrw lghqwlfdo1 Ulvn grplqdqw sod| pd| uhvxow hyhq zkhq shuihfw
v|qfkurql}dwlrq zrxog kdyh doorzhg pxowlsoh htxloleuld1

59Vhh dovr Iudqnho dqg Sdx}qhu +5333, dqg Ohylq +5333d, iru dssolfdwlrqv iroorzlqj wklv
dssurdfk1
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sxeolfo| revhuyhg w15:

Ohylq +5333d, ghvfulehv dqrwkhu dssurdfk wkdw lv forvhu wr wkh vw|ol}hg h{dpsoh
ghvfulehg deryh1 Dw glvfuhwh wlph |/ sod|hu | fkrrvhv dq dfwlrq1 Klv sd|r� pd|
ghshqg rq wkh dfwlrqv ri sod|huv fkrrvlqj ehiruh klp ru wkh sod|hu fkrrvlqj diwhu
klp/ exw dovr ghshqgv rq d sd|r� sdudphwhu w1 Wkh sd|r� sdudphwhu lv sxeolfo|
revhuyhg dqg hyroyhv dffruglqj wr d udqgrp zdon1 Li sod|huv dfw dv li wkh| fdqqrw
lq xhqfh ru gr qrw fduh derxw wkh dfwlrq ri wkh ghflvlrq pdnhu lq wkh qh{w shulrg/
wkhq xqghu zhdn prqrwrqlflw| frqglwlrqv +d sod|hu*v ehvw uhvsrqvh lv lqfuhdvlqj
lq rwkhuv* dfwlrqv dqg wkh sd|r� sdudphwhu, dqg olplw grplqdqfh frqglwlrqv +wkh
kljkhvw +orzhvw, dfwlrq lv d grplqdqw vwudwhj| iru vx!flhqwo| kljk +orz, ydoxhv
ri w, wkhuh lv d xqltxh htxloleulxp1 Wkh qr lq xhqfh dvvxpswlrq pdnhv vhqvh li
wkhuh duh lq idfw d frqwlqxxp ri sod|huv dw hdfk gdwh ru li dfwlrqv duh revhuyhg
rqo| zlwk d vx!flhqwo| orqj odj1 Lq Pdwvxl*v +4<<<, fxuuhqf| fulvlv prgho/ wkhuh
duh ryhuodsslqj jhqhudwlrqv ri sod|huv exw wkhuh lv d qdwxudo uhdvrq zk| sod|huv
gr qrw fduh derxw wkh dfwlrqv ri sod|huv suhfhglqj wkhp15;

815151 Uhfxuulqj Lqfrpsohwh Lqirupdwlrq

Ohw w| iroorz d udqgrp zdon/ zlwk w| ' w|3� n #|/ zkhuh hdfk #| lv lqghshqghqwo|
qrupdoo| glvwulexwhg zlwk phdq f dqg vwdqgdug ghyldwlrq � 1 Lq shulrg |/ w|3� lv
sxeolfo| revhuyhg exw w| lv rqo| revhuyhg zlwk qrlvh1 Lq sduwlfxodu/ hdfk sod|hu �
revhuyhv %�| ' w| n 0�|/ zkhuh hdfk 0�| lv lqghshqghqwo| qrupdoo| glvwulexwhg zlwk
phdq f dqg vwdqgdug ghyldwlrq j1 Lq hdfk shulrg/ d frqwlqxxp ri sod|huv ghflgh
zkhwkhu wr lqyhvw zlwk olqhdu sd|r�v ghshqglqj ri w| +wkh sd|r� wr qrw lqyhvwlqj
lv f/ wkh sd|r� wr lqyhvwlqj lv w|n ,�� zkhuh , lv wkh sursruwlrq ri wkh srsxodwlrq
lqyhvwlqj,1

Wklv g|qdplf jdph uhsuhvhqwv d fuxgh zd| ri hpehgglqj wkh vwdwlf joredo
jdphv dqdo|vlv lq d g|qdplf vhwwlqj1 Lq sduwlfxodu/ hdfk shulrg*v sod| ri wklv
g|qdplf jdph fdq eh dqdo|}hg lqghshqghqwo| dqg lv h{dfwo| htxlydohqw wr wkh
sxeolf vljqdov prgho ri vhfwlrq 61 Lq sduwlfxodu/ w|3� lv wkh sxeolf vljqdo derxw
w| zkloh %�| lv sod|hu �*v sulydwh vljqdo1 D xqltxh htxloleulxp zloo h{lvw lq wklv

5:Pdwvxl dqg Pdwvx|dpd +4<<8, hduolhu dqdo|}hg d prgho zlwk Srlvvrq uhylvlrq rssruwxqlwlhv1
Krzhyhu/ wkh| dvvxphg wkdw wkh vdph jdph zdv ehlqj sod|hg wkurxjk wlph +l1h1/ � zdv frqvwdqw,
exw h{dplqhg wkh vwdelolw| ri gl�huhqw srsxodwlrq vwdwhv1 Wkh vwdwh zkhuh wkh zkroh srsxodwlrq
sod|v wkh ulvn grplqdqw dfwlrq fdq eh uhdfkhg lq htxloleulxp iurp wkh vwdwh zkhuh wkh zkroh
srsxodwlrq sod|v wkh ulvn grplqdwhg dfwlrq/ exw qrw ylfd0yhuvd1 Kriedxhu dqg Vrujhu +4<<<,
vkrz wkdw wkh srwhqwldo pd{lpl}lqj dfwlrq ri +pdq| dfwlrq, v|pphwulf srwhqwldo jdphv whqgv
wr eh sod|hg lq wkh Pdwvxl0Pdwvx|dpd hqylurqphqw1 R|dpd +5333, vkrzv wkdw wkh 4

5
0grplqdqw

htxloleulxp lv vhohfwhg lq wklv frqwh{w1 Lq d sulydwh frppxqlfdwlrq/ Kriedxhu kdv uhsruwhg wkdw
lw dovr vhohfwv wkh �orfdo srwhqwldo pd{lpl}lqj dfwlrq� +vhh vhfwlrq 717, lq wzr sod|hu/ wkuhh dfwlrq
jdphv zlwk vwudwhjlf frpsohphqwdulwlhv dqg v|pphwulf sd|r�v1

5;Vhh dovr Iudqnho +5333e, rq wkh uhodwlrqvkls ehwzhhq vrph ri wkhvh prghov1
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g|qdplf jdph h{dfwo| li h� Ejc �� � 2Z +l1h1/ j lv vpdoo uhodwlyh wr �,1 Lq Pruulv
dqg Vklq +5333,/ zh vnhwfk d frqwlqxrxv wlph yhuvlrq ri wklv uhfxuulqj lqfrp0
sohwh lqirupdwlrq prgho dqg ghulyh wkh frqwlqxrxv wlph vx!flhqw frqglwlrqv iru
xqltxhqhvv1

Lq Pruulv dqg Vklq +4<<<d,/ zh glvfxvv vxfk d uhfxuulqj lqfrpsohwh lqirupdwlrq
prgho ri fxuuhqf| fulvhv1 Rqh glvwlqfwlyh lpsolfdwlrq ri wkdw dqdo|vlv lv wkdw e|
wkh sxeolflw| h�hfw/ wkh suhylrxv shulrg*v ixqgdphqwdov pd| eh h{shfwhg wr kdyh
d glvsursruwlrqdwh lq xhqfh rq fxuuhqw rxwfrphv1 Wkxv iru dq| jlyhq dfwxdo
ohyho ri ixqgdphqwdov/ dq dwwdfn rq wkh h{fkdqjh udwh lv pruh olnho| zkhq wkh
ixqgdphqwdov kdyh mxvw ulvhq1

Fkdpoh| +4<<<, frqvlghuv d ulfkhu joredo jdph prgho zlwk uhfxuulqj lqfrp0
sohwh lqirupdwlrq1 D odujh srsxodwlrq ri sod|huv sod| d frruglqdwlrq jdph lq hdfk
shulrg/ exw hdfk sod|hu kdv d sulydwh frvw ri wdnlqj d ulvn| dfwlrq wkdw hyroyhv
wkurxjk wlph1 Wkhuh lv fruuhodwlrq lq sulydwh frvwv/ dqg grplqdqfh uhjlrqv/ vr
wkdw hdfk shulrg*v frruglqdwlrq jdph kdv wkh vwuxfwxuh ri d joredo jdph1 Exw
sdvw dfwlrqv frqyh| lqirupdwlrq derxw rwkhu sod|huv* sulydwh frvwv dqg wkxv +eh0
fdxvh ri shuvlvwhqfh, wkhlu fxuuhqw frvwv1 Fkdpoh| lghqwl�hv vx!flhqw frqglwlrqv
iru xqltxhqhvv lq doo shulrgv dqg glvfxvvhv d ydulhw| ri dssolfdwlrqv1

815161 Khuglqj

Lq wkh khuglqj prghov ri Edqhumhh +4<<5, dqg Elnkfkdqgdql/ Kluvkohlihu dqgZhofk
+4<<5,/ sod|huv vhtxhqwldoo| pdnh vrph glvfuhwh fkrlfh1 Sod|huv gr qrw fduh derxw
hdfk rwkhu*v dfwlrqv gluhfwo|/ exw sod|huv kdyh sulydwh lqirupdwlrq/ dqg vr hdfk
sod|hu pd| sduwldoo| ohduq wkh lqirupdwlrq ri sod|huv zkr fkrrvh ehiruh klp1 Exw
li d qxpehu ri hduo| prylqj sod|huv kdsshq wr revhuyh vljqdov idyrulqj rqh dfwlrq/
odwh prylqj sod|huv pd| vwduw ljqrulqj wkhlu rzq sulydwh lqirupdwlrq/ ohdglqj wr
lqh!flhqw khuglqj ehfdxvh ri wkh qhjdwlyh lqirupdwlrqdo h{whuqdolw|1

Khuglqj prghov vkduh zlwk joredo jdph prghov wkh ihdwxuh wkdw rxwfrphv
duh kljko| vhqvlwlyh wr �qh ghwdlov ri wkh lqirupdwlrq vwuxfwxuh1 Krzhyhu/ lw lv
lpsruwdqw wr qrwh wkdw wkh phfkdqlvpv duh txlwh gl�huhqw1 Wkh joredo jdphv
dqdo|vlv lv gulyhq e| vwudwhjlf frpsohphqwdulwlhv dqg wkh kljko| fruuhodwhg vljqdov
jhqhudwhg e| wkh qrlv| revhuydwlrqv whfkqrorj|1 Krzhyhu/ wkh vhqvlwlylw| wr wkh
lqirupdwlrq vwuxfwxuh dulvhv lq d sxuho| vwdwlf vhwwlqj1 Wkh khuglqj vwrulhv kdyh qr
sd|r� frpsohphqwdulwlhv dqg vlpsoh lqirupdwlrq vwuxfwxuhv/ exw uho| rq vhtxhqwldo
fkrlfh1

Gdvjxswd +5333d, dqdo|}hv d vlpsoh prgho zkhuh lw lv srvvleoh wr vhh erwk
nlqgv ri h�hfwv dw zrun1 D �qlwh vhw ri sod|huv ghflgh vhtxhqwldoo| +lq dq h{rjhqrxv
rughu, zkhwkhu wr lqyhvw ru qrw1 Lqyhvwphqw frqglwlrqv duh hlwkhu edg +zkhq hdfk
sod|hu kdv d grplqdqw vwudwhj| wr qrw lqyhvw, ru jrrg +lq zklfk fdvh lw sd|v wr
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lqyhvw li doo rwkhu sod|huv lqyhvw,1 Hdfk sod|hu revhuyhv d vljqdo iurp d frqwlqxxp/
zlwk kljk vljqdov lpso|lqj d kljkhu suredelolw| wkdw lqyhvwphqw frqglwlrqv duh
jrrg1 Doo htxloleuld lq wklv prgho duh vzlwfklqj htxloleuld= hdfk sod|hu lqyhvwv
rqo| li doo suhylrxv sod|huv lqyhvwhg dqg klv sulydwh vljqdo h{fhhgv vrph fxwr�1
Vxfk htxloleuld hqfrpsdvv khuglqj h�hfwv= suhylrxv sod|huv* ghflvlrqv wr lqyhvw
frqyh| srvlwlyh lqirupdwlrq wr odwhu sod|huv dqg pdnh lw pruh olnho| wkdw wkh| zloo
lqyhvw1 Wkh| dovr hqfrpsdvv kljkhu rughu eholhi h�hfwv= dq lqfuhdvh lq d sod|hu*v
vljqdo pdnhv lw pruh olnho| wkdw kh zloo lqyhvw erwk ehfdxvh kh wklqnv lw pruh
olnho| wkdw lqyhvwphqw frqglwlrqv duh jrrg dqg ehfdxvh kh wklqnv lw pruh olnho|
wkdw odwhu sod|huv zloo revhuyh kljk vljqdov dqg fkrrvh wr lqyhvw15<

91 Frqfoxvlrq

Joredo jdphv uhvw rq wkh suhplvh wkdw wkh lqirupdwlrq uhfhlyhg e| hfrqrplf
djhqwv duh lqirupdwlyh/ exw qrw vr lqirupdwlyh vr dv wr dfklhyh frpprq nqrzo0
hgjh ri wkh xqghuo|lqj ixqgdphqwdov1 Lqghhg/ dv wkh lqirupdwlrq frqfhuqlqj wkh
ixqgdphqwdov ehfrph pruh dqg pruh dffxudwh/ wkh dfwlrqv holflwhg lq htxloleulxp
uhvhpeoh ehkdylru zkhq wkh xqfhuwdlqw| frqfhuqlqj wkh dfwlrqv ri rwkhu djhqwv
ehfrph pruh dqg pruh gl�xvh1 Wklv srlqwv wr wkh srwhqwldo slwidoov li zh uho|
wrr pxfk rq rxu lqwxlwlrqv wkdw duh edvhg rq frpsohwh lqirupdwlrq jdphv zklfk
doorz shuihfwo| frruglqdwhg vzlwfklqj ri eholhiv dqg dfwlrqv1 Ghfhqwudol}hg gh0
flvlrq pdnlqj lq pdunhw hqylurqphqwv fdqqrw eh uholhg rq wr uxoh rxw lqh!flhqw
rxwfrphv/ vr wkdw wkhuh pd| eh urrp iru srolflhv wkdw plwljdwh wkh lqh!flhqflhv1
Wkh dqdo|vlv ri hfrqrplf sureohpv xvlqj wkh phwkrgv iurp joredo jdphv lv lq lwv
lqidqf|/ exw wkh phwkrg vhhpv surplvlqj1

Joredo jdphv dovr suhvhqw d cxvhu0iulhqgo|* idfh ri jdphv zlwk lqfrpsohwh lq0
irupdwlrq lq wkh wudglwlrq ri Kduvdq|l1 Wkh srwhqwldoo| gdxqwlqj wdvn ri iruplqj
dq lq�qlwh klhudfk| ri eholhiv ryhu wkh dfwlrqv ri doo sod|huv lq wkh jdph fdq eh
jlyhq d uhsuhvhqwdwlrq lq whupv ri eholhiv +dqg wkh ehkdylru wkdw wkh| holflw, zklfk
duh vlpsoh wr wkh srlqw ri ehlqj qdlyh1 Joredo jdphv jr vrph zd| wr eulgjlqj wkh
jds ehwzhhq wkrvh zkr eholhyh wkdw uljrurxv jdph wkhru| kdv d uroh lq hfrqrplfv
+dv zh gr, dqg wkrvh zkr lqvlvw rq wudfwdeoh dqg xvdeoh wrrov iru dssolhg hfrqrplf
dqdo|vlv1

Uhihuhqfhv

^4` Doohq/ I1 dqg V1 Pruulv ^5333`1 �Ilqdqfh Dssolfdwlrqv ri Jdph Wkhru|/� lq
5<Iru rwkhu prghov frpelqlqj hohphqwv ri sd|r� frpsohphqwdulwlhv dqg khuglqj/ vhh Fkdul

dqg Nhkrh +5333,/ Fruvhwwl/ Gdvjxswd/ Pruulv dqg Vklq +5333,/ Mhlwvkfnr dqg Wd|oru +5334, dqg
Pdu{ +5333,1
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Dgydqfhv lq Exvlqhvv Dssolfdwlrqv ri Jdph Wkhru|/ N1 Fkdwwhumhh dqg Z1
Vdpxhovrq/ Hgv1 Noxzhu Dfdghplf Suhvv +iruwkfrplqj,1

^5` Doohq/ I1/ V1 Pruulv dqg D1 Srvwohzdlwh ^4<<6`1 �Ilqlwh Exeeohv zlwk Vkruw
Vdohv Frqvwudlqwv dqg Dv|pphwulf Lqirupdwlrq/� Mrxuqdo ri Hfrqrplf Wkh0
ru| 94/ 53<055<1

^6` Dwkh|/ V1 ^5333d`1 �Vlqjoh Furvvlqj Surshuwlhv dqg wkh H{lvwhqfh ri Sxuh
Vwudwhj| Htxloleuld lq Jdphv ri Lqfrpsohwh Lqirupdwlrq/� iruwkfrplqj lq
Hfrqrphwulfd1

^7` Dwkh|/ V1 ^5333e`1 �Prqrwrqh Frpsdudwlyh Vwdwlfv Xqghu Xqfhuwdlqw|1�

^8` Dxpdqq/ U1 ^4<:9`1 �Djuhhlqj wr Glvdjuhh/� Dqqdov ri Vwdwlvwlfv 7/ 45690
456<1

^9` Edoljd/ V1 dqg V1 Pruulv ^5333`1 �Fr0ruglqdwlrq/ Vslooryhuv dqg Fkhds Wdon/�
dydlodeoh dw kwws=22zzz1hfrq1|doh1hgx2�vpruulv1

^:` Edoljd/ V1 dqg W1 Vmùvwuùp ^5334`1 �Dupv Udfhv dqg Qhjrwldwlrqv/� Qruwk0
zhvwhuq Xqlyhuvlw|1

^;` Edqhumhh/ D1 ^4<<5`1 �D Vlpsoh Prgho ri Khug Ehkdylru/� Txduwhuo| Mrxuqdo
ri Hfrqrplfv 43:/ :<:0;4;1

^<` Edwwljdool/ S1 ^4<<<`1 �Udwlrqdol}delolw| lq Lqfrpsohwh Lqirupdwlrq Jdphv/�
dydlodeoh dw kwws=22zzz1lxh1lw2Shuvrqdo2Edwwljdool1

^43` Elnkfkdqgdql/ V1/ G1 Kluvkohlihu/ dqg L1 Zhofk ^4<<5`1 �D Wkhru| ri Idgv/
Idvklrq/ Fxvwrp dqg Fxowxudo Fkdqjh dv Lqirupdwlrqdo Fdvfdghv/� Mrxuqdo
ri Srolwlfdo Hfrqrp| 433/ <<5043591

^44` Eoxph/ O1 ^4<<8`1 �Wkh Vwdwlvwlfdo Phfkdqlfv ri Ehvw0Uhvsrqvh Vwudwhj|
Uhylvlrq/� Jdphv dqg Hfrqrplf Ehkdylru 44/ 44404781

^45` Errqsudndlndzh/ M1 dqg V1 Jkrvdo ^5333`1 �Edqn Uxqv dqg Qrlv| Vljqdov/�
Xqlyhuvlw| ri Zduzlfn1

^46` Euxqqhu/ D1 dqg M1 Nudkqhq ^5333`1 �Frusrudwh Ghew Uhvwuxfwxulqj= Hy0
lghqfh rq Frruglqdwlrq Ulvn lq Ilqdqfldo Glvwuhvv/� Fhqwhu iru Ilqdqfldo
Vwxglhv/ Iudqnixuw1

^47` Eu|dqw/ M1 ^4<;6`1 �D Vlpsoh Udwlrqdo H{shfwdwlrqv Nh|qhv W|sh Prgho/�
Txduwhuo| Mrxuqdo ri Hfrqrplfv <;/ 858085<1
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^48` Exorz/ M1/ M1 Jhdqdnrsorv dqg S1 Nohpshuhu ^4<;8`1 �Pxowlpdunhw
Roljrsro|= Vwudwhjlf Vxevwlwxwhv dqg Frpsohphqwv/� Mrxuqdo ri Srolwlfdo
Hfrqrp| <6/ 7;;08441

^49` Exug}|/ N1/ G1 Iudqnho/ dqg D1 Sdx}qhu ^5334`1 �Idvw Htxloleulxp Vhohfwlrq
e| Udwlrqdo Sod|huv Olylqj lq d Fkdqjlqj Zruog/� Hfrqrphwulfd 9</ 4960
4;<1

^4:` Fduovvrq/ K1 ^4<;<`1 �Joredo Jdphv dqg wkh Ulvn Grplqdqfh Fulwhulrq/�
Xqlyhuvlw| ri Oxqg1

^4;` Fduovvrq/ K1 ^4<<4`1 �D Edujdlqlqj Prgho zkhuh Sduwlhv Pdnh Huuruv/�
Hfrqrphwulfd 8</ 47;:047<91

^4<` Fduovvrq/ K1 dqg H1 ydq Gdpph ^4<<6d`1 �Joredo Jdphv dqg Htxloleulxp
Vhohfwlrq�/ Hfrqrphwulfd 94/ <;<0434;1

^53` Fduovvrq/ K1 dqg H1 ydq Gdpph ^4<<6e`1 �Htxloleulxp Vhohfwlrq lq Vwdj
Kxqw Jdphv/� lq Iurqwlhuv ri Jdph Wkhru|/ N1 Elqpruh/ D1 Nlupdq dqg
D1 Wdql/ Hgv1 P1L1W1 Suhvv1

^54` Fduovvrq/ K1 dqg P1 Jdqvodqgw ^4<<;`1 �Qrlv| Htxloleulxp Vhohfwlrq lq Fr0
ruglqdwlrq Jdphv/� Hfrqrplf Ohwwhuv 93/ 560671

^55` Fkdpoh|/ F1 ^4<<<`1 �Frruglqdwlqj Uhjlph Vzlwfkhv/� Txduwhuo| Mrxuqdo ri
Hfrqrplfv 447/ ;4:0;9;1

^56` Fkdq/ N1 dqg \1 Fklx ^5333`1 �Wkh Uroh ri +Qrq,Wudqvsduhqf| lq d Fxuuhqf|
Fulvlv Prgho/� PfPdvwhu Xqlyhuvlw|1

^57` Fkdul/ Y1 dqg S1 Nhkrh ^5333`1 �Ilqdqfldo Fulvhv dv Khug Ehkdylru/� Zrun0
lqj Sdshu &933/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv1

^58` Fkxl/ P1/ S1 Jdl dqg D1 Kdogdqh ^5333`1 �Vryhuhljq Oltxlglw| Fulvhv= Dq0
do|wlfv dqg Lpsolfdwlrqv iru Sxeolf Srolf|/� Lqwhuqdwlrqdo Ilqdqfh Glylvlrq/
Edqn ri Hqjodqg1

^59` Fkzh/ P1 ^4<<;`1 �Eholhyh wkh K|sh= Vroylqj Frruglqdwlrq Sureohpv zlwk
Whohylvlrq Dgyhuwlvlqj/� dydlodeoh dw kwws=22fkzh1qhw2plfkdho1

^5:` Frrshu/ U1 ^4<<<`1 Frruglqdwlrq Jdphv1 Fdpeulgjh Xqlyhuvlw| Suhvv1

^5;` Fruvhwwl/ J1/ D1 Gdvjxswd/ V1 Pruulv dqg K1 V1 Vklq ^5333`1 �Grhv Rqh
Vrurv Pdnh d Gl�huhqfhB Wkh Uroh ri d Odujh Wudghu lq Fxuuhqf| Fulvhv/�
dydlodeoh dw kwws=22zzz1hfrq1|doh1hgx2�fruvhwwl1
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^5<` Gdvjxswd/ D1 ^5333d`1 �Vrfldo Ohduqlqj dqg Sd|r� Frpsohphqwdulwlhv/�
dydlodeoh dw kwws=22dlgd1hfrq1|doh1hgx2�dplo1

^63` Gdvjxswd/ D1 ^5333e`1 �Ilqdqfldo Frqwdjlrq wkurxjk Fdslwdo Frqqhf0
wlrqv= D Prgho ri wkh Ruljlq dqg Vsuhdg ri Edqn Sdqlfv/� dydlodeoh dw
kwws=22dlgd1hfrq1|doh1hgx2�dplo1

^64` GhJurrw/ P1 ^4<:3`1 Rswlpdo Vwdwlvwlfdo Ghflvlrqv1 PfJudz0Kloo1

^65` Ghnho/ H1 dqg I1 Jxo ^4<<9`1 �Udwlrqdolw| dqg Nqrzohgjh lq Jdph Wkhru|/�
lq Dgydqfhv lq Hfrqrplf Wkhru|= Vhyhqwk Zruog Frqjuhvv ri wkh Hfrqr0
phwulf Vrflhw|/ G1 Nuhsv dqg N1 Zdoodfh/ Hgv1 Fdpeulgjh Xqlyhuvlw| Suhvv1

^66` Gldprqg/ G1 dqg S1 G|eylj ^4<;6`1 �Edqn Uxqv/ Ghsrvlw Lqvxudqfh/ dqg
Oltxlglw|/� Mrxuqdo ri Srolwlfdo Hfrqrp| <4/ 734074<1

^67` Gùqjhv/ M1 dqg I1 Khlqhpdqq ^5333`1 �Frpshwlwlrq iru Rughu Iorz dv d
Frruglqdwlrq Jdph/� Fhqwhu iru Ilqdqfldo Vwxglhv/ Iudqnixuw1

^68` Hoolvrq/ J1 ^4<<6`1 �Ohduqlqj/ Orfdo Lqwhudfwlrq/ dqg Frruglqdwlrq/� Hfrqr0
phwulfd 94/ 437:043:41

^69` Iudqnho/ G1 ^5333d`1 �Ghwhuplqdf| lq Prghov ri Glyhujhqw Ghyhorsphqw dqg
Exvlqhvv F|fohv1� Dydlodeoh dw zzz1wdx1df1lo2�giudqnho1

^6:` Iudqnho/ G1 ^5333e`1 �Qrlvh yhuvxv Vkrfnv/� vhplqdu qrwhv/ Xqlyhuvlw| ri
Who Dyly1

^6;` Iudqnho/ G1/ V1 Pruulv dqg D1 Sdx}qhu ^5333`1 �Htxloleulxp Vhohf0
wlrq lq Joredo Jdphv zlwk Vwudwhjlf Frpsohphqwdulwlhv/� dydlodeoh dw
zzz1wdx1df1lo2�giudqnho1

^6<` Iudqnho/ G1/ dqg D1 Sdx}qhu ^4<<<`1 �H{shfwdwlrqv dqg wkh Wlplqj ri Qhljk0
erukrrg Fkdqjh/� dydlodeoh dw zzz1wdx1df1lo2�giudqnho1

^73` Iudqnho/ G1 dqg D1 Sdx}qhu ^5333`1 �Uhvroylqj Lqghwhuplqdf| lq G|qdplf
Vhwwlqjv= wkh Uroh ri Vkrfnv/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 448/ 5;80
6371

^74` Ixghqehuj/ G1 dqg M1 Wluroh ^4<<4`1 Jdph Wkhru|1 P1L1W1 Suhvv1

^75` Ixndr/ N1 ^4<<7`1 �Frruglqdwlrq Idloxuhv xqghu Lqfrpsohwh Lqirupdwlrq dqg
Joredo Jdphv/� Glvfxvvlrq Sdshu Vhulhv D &5<</ Wkh Lqvwlwxwh ri Hfrqrplf
Uhvhdufk/ Klwrwvxedvkl Xqlyhuvlw|/ Nxqlwdfkl/ Wrn|r1
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^76` Jhdqdnrsorv/ M1 ^4<<7`1 �Frpprq Nqrzohgjh/� lq Kdqgerrn ri Jdph Wkh0
ru|/ fkdswhu 73 ri yroxph 5/ U1 Dxpdqq dqg V1 Kduw/ Hgv1 Hovhylhu Vflhqfh1

^77` Jodhvhu/ H1 dqg M1 Vfkhlqnpdq ^5333`1 �Qrq0Pdunhw Lqwhudfwlrqv/� suhsduhg
iru wkh Hljkwk Zruog Frqjuhvv ri wkh Hfrqrphwulf Vrflhw|1

^78` Jrogvwhlq/ L1 ^5333`1 �Lqwhughshqghqw Edqnlqj dqg Fxuuhqf| Fulvhv lq d
Prgho ri Vhoi0Ixo�oolqj Eholhiv/� Xqlyhuvlw| ri Who Dyly1

^79` Jrogvwhlq/ L1 dqg D1 Sdx}qhu ^5333d`1 �Ghpdqg Ghsrvlw Frqwudfwv dqg wkh
Suredelolw| ri Edqn Uxqv/� dydlodeoh dw kwws=22zzz1wdx1df1lo2�sdx}qhu1

^7:` Jrogvwhlq/ L1 dqg D1 Sdx}qhu ^5333e`1 �Frqwdjlrq ri Vhoi0Ixo�oolqj Fxuuhqf|
Fulvhv/� Xqlyhuvlw| ri Who Dyly1

^7;` Kduvdq|l/ M1 ^4<9:04<9;`1 �Jdphv zlwk Lqfrpsohwh Lqirupdwlrq Sod|hg e|
cEd|hvldq* Sod|huv/ Sduwv L0LLL/� Pdqdjhphqw Vflhqfh 47/ 48<04;5/ 6530667
dqg 7;908351

^7<` Kduvdq|l/ M1 dqg U1 Vhowhq ^4<;;`1 D Jhqhudo Wkhru| ri Htxloleulxp Vhohfwlrq
lq Jdphv1 P1L1W1 Suhvv1

^83` Kduwljdq/ M1 ^4<;6`1 Ed|hv Wkhru|1 Vsulqjhu0Yhuodj1

^84` Khlqhpdqq/ I1 ^5333`1 �Xqltxh Htxloleulxp lq d Prgho ri Vhoi0Ixo�oolqj
Fxuuhqf| Dwwdfnv= Frpphqw/� Dphulfdq Hfrqrplf Uhylhz <3/ 649064;1

^85` Khlqhpdqq/ I1 dqg J1 Loolqj ^5333`1 �Vshfxodwlyh Dwwdfnv= Xqltxh Vxqvsrw
Htxloleulxp dqg Wudqvsduhqf|/� Fhqwhu iru Ilqdqfldo Vwxglhv/ Iudqnixuw1

^86` Khoozlj/ F1 ^5333`1 �Sxeolf Lqirupdwlrq/ Sulydwh Lqirupdwlrq dqg wkh Pxowl0
solflw| ri Htxloleuld lq Frruglqdwlrq Jdphv/� Orqgrq Vfkrro ri Hfrqrplfv1

^87` Khuuhqgrui/ E1/ Ä1 Ydohqwlq|l dqg U1 Zdogpdqq ^5333`1 �Uxolqj rxw Pxowl0
solflw| dqg Lqghwhuplqdf|= wkh Uroh ri Khwhurjhqhlw|/� Uhylhz ri Hfrqrplf
Vwxglhv 9:/ 5<8063;

^88` Kriedxhu/ M1 ^4<<;`1 �Htxloleulxp Vhohfwlrq lq Wudyhoolqj Zdyhv/� lq Jdph
Wkhru|/ H{shulhqfh/ Udwlrqdolw|= Irxqgdwlrqv ri Vrfldo Vflhqfhv/ Hfrqrplfv
dqg Hwklfv/ hglwhg e| Z1 Ohlqihooqhu dqg H1 Nùkohu1 Noxzhu1

^89` Kriedxhu/ M1 ^4<<<`1 �Wkh Vsdwldoo| Grplqdqw Htxloleulxp ri d Jdph/� Dq0
qdov ri Rshudwlrqv Uhvhdufk ;</ 56605841
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^8:` Kriedxhu/ M1 dqg J1 Vrujhu ^4<<<`1 �Shuihfw Iruhvljkw dqg Htxloleulxp Vh0
ohfwlrq lq V|pphwulf Srwhqwldo Jdphv/� Mrxuqdo ri Hfrqrplf Wkhru| ;8/
40561

^8;` Kxehuw/ I1 dqg G1 Vfkçihu ^5333`1 �Frruglqdwlrq Idloxuh zlwk Pxowlsoh
Vrxufh Ohqglqj/� dydlodeoh dw kwws=22zzz1zlzlvv1ix0ehuolq1gh2�kxehuw1

^8<` Mhlwvfknr/ W1 dqg F1 Wd|oru ^5334`1 �Orfdo Glvfrxudjhphqw dqg Joredo Fro0
odsvh= D Wkhru| ri Frruglqdwlrq Dydodqfkhv/� Dphulfdq Hfrqrplf Uhylhz
<4/ 53;05571

^93` Ndgdqh/ M1 dqg S1 Odunh| ^4<;5`1 �Vxemhfwlyh Suredelolw| dqg wkh Wkhru| ri
Jdphv/� Pdqdjhphqw Vflhqfh 5;/ 44604531

^94` Ndmll/ D1 dqg V1 Pruulv ^4<<:d`1 �Wkh Urexvwqhvv ri Htxloleuld wr Lqfrpsohwh
Lqirupdwlrq/� Hfrqrphwulfd 98/ 45;60463<1

^95` Ndmll/ D1 dqg V1 Pruulv ^4<<:e`1 �Frpprq R0Eholhi= Wkh Jhqhudo Fdvh/�
Jdphv dqg Hfrqrplf Ehkdylru 4;/ :60;51

^96` Ndmll/ D1 dqg V1 Pruulv ^4<<:f`1 �Uh�qhphqwv dqg Kljkhu Rughu Eholhiv lq
Jdph Wkhru|/� dydlodeoh dw kwws=22zzz1hfrq1|doh1hgx2�vpruulv1

^97` Ndmll/ D1 dqg V1 Pruulv ^4<<;`1 �Sd|r� Frqwlqxlw| lq Lqfrpsohwh Lqirupdwlrq
Jdphv/� Mrxuqdo ri Hfrqrplf Wkhru| ;5/ 59:05:91

^98` Ndus/ O1 ^5333`1 �Ixqgdphqwdov yhuvxv Eholhiv xqghu Doprvw Frpprq
Nqrzohgjh/� Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh|1

^99` Nlp/ \1 ^4<<9`1 �Htxloleulxp Vhohfwlrq lq ?0Shuvrq Frruglqdwlrq Jdphv/�
Jdphv dqg Hfrqrplf Ehkdylru 48/ 536055:1

^9:` Nrkoehuj/ H1 dqg M10I1 Phuwhqv ^4<;9`1 �Rq wkh Vwudwhjlf Vwdelolw| ri Htxl0
oleuld/� Hfrqrphwulfd 87/ 43360436;1

^9;` Nuxjpdq/ S1 ^4<<4`1 �Klvwru| yhuvxv H{shfwdwlrqv/� Txduwhuo| Mrxuqdo ri
Hfrqrplfv 439/ 984099:1

^9<` Odsodfh/ S1 ^4;57`1 Hvvdl Sklorvrskltxh vxu ohv Suredelolwìv1 Gryhu +Hqjolvk
wudqvodwlrq,1

^:3` Ohylq/ M1 ^5333d`1 �Froohfwlyh Uhsxwdwlrq/� Vwdqirug Xqlyhuvlw|1

^:4` Ohylq/ M1 ^5333e`1 �D Qrwh rq Joredo Htxloleulxp Vhohfwlrq lq Ryhuodsslqj
Jhqhudwlrqv Jdphv/� Vwdqirug Xqlyhuvlw|1
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^:5` Pdu{/ U1 ^5333`1 �Wuljjhuv dqg Htxloleuld lq Vhoi0Ixo�oolqj Fxuuhqf| Fro0
odsvhv/� Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh|1

^:6` Pdwvxl/ D1 ^4<<<`1 �Pxowlsoh Lqyhvwruv dqg Fxuuhqf| Fulvhv/� Xqlyhuvlw| ri
Wrn|r1

^:7` Pdwvxl/ D1 dqg N1 Pdwvx|dpd ^4<<8`1 �Dq Dssurdfk wr Htxloleulxp Vhohf0
wlrq/� Mrxuqdo ri Hfrqrplf Wkhru| 98/ 74807671

^:8` Phuwhqv/ M10I1 dqg ]dplu/ V1 ^4<;8`1 �Irupxodwlrq ri Ed|hvldq Dqdo|vlv
iru Jdphv zlwk Lqfrpsohwh Lqirupdwlrq/� Lqwhuqdwlrqdo Mrxuqdo ri Jdph
Wkhru| 43/ 94<09651

^:9` Phuwrq/ U1 ^4<:7`1 �Rq wkh Sulflqj ri Frusrudwh Ghew= wkh Ulvn Vwuxfwxuh
ri Lqwhuhvw Udwhv/� Mrxuqdo ri Ilqdqfh 5</ 77<07:31

^::` Phw}/ F1 ^5333`1 �Sulydwh dqg Sxeolf Lqirupdwlrq lq Vhoi0Ixo�oolqj Fxuuhqf|
Fulvhv/� Xqlyhuvlw| ri Ndvvho1

^:;` Plojurp/ S1 dqg M1 Urehuwv ^4<<3`1 �Udwlrqdol}delolw|/ Ohduqlqj/ dqg Htxlole0
ulxp lq Jdphv zlwk Vwudwhjlf Frpsohphqwdulwlhv/� Hfrqrphwulfd 8;/ 45880
45::1

^:<` Prqghuhu/ G1 dqg G1 Vdphw ^4<;<`1 �Dssur{lpdwlqj Frpprq Nqrzohgjh
zlwk Frpprq Eholhiv/� Jdphv dqg Hfrqrplf Ehkdylru 4/ 4:304<31

^;3` Prqghuhu/ G1 dqg G1 Vdphw ^4<<9`1 �Sur{lplw| ri Lqfrpsohwh Lqirupdwlrq
lq Jdphv zlwk Frpprq Eholhiv/� Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk 54/
:3:0:581

^;4` Prqghuhu/ G1 dqg O1 Vkdsoh| ^4<<9`1 �Srwhqwldo Jdphv/� Jdphv dqg Hfr0
qrplf Ehkdylru 47/ 45704761

^;5` Pruulv/ V1 ^4<<8`1 �Frrshudwlrq dqg Wlplqj/� dydlodeoh dw
kwws=22zzz1hfrq1|doh1hgx2�vpruulv1

^;6` Pruulv/ V1 ^4<<:`1 �Lqwhudfwlrq Jdphv/� dydlodeoh dw
kwws=22zzz1hfrq1|doh1hgx2�vpruulv1

^;7` Pruulv/ V1 ^4<<<`1 �Srwhqwldo Phwkrgv lq Lqwhudfwlrq Jdphv/� dydlodeoh dw
kwws=22zzz1hfrq1|doh1hgx2�vpruulv1

^;8` Pruulv/ V1 ^5333`1 �Frqwdjlrq/� Uhylhz ri Hfrqrplf Vwxglhv 9:/ 8:0:;1
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^;9` Pruulv/ V1/ U1 Ure dqg K1 V1 Vklq ^4<<8`1 �R0Grplqdqfh dqg Eholhi Srwhq0
wldo/� Hfrqrphwulfd 96/ 478048:1

^;:` Pruulv/ V1 dqg K1 V1 Vklq ^4<<:`1 �Dssur{lpdwh FrpprqNqrzohgjh dqg Fr0
ruglqdwlrq= Uhfhqw Ohvvrqv iurp Jdph Wkhru|/� Mrxuqdo ri Orjlf/ Odqjxdjh
dqg Lqirupdwlrq 9/ 4:404<31

^;;` Pruulv/ V1 dqg K1 V1 Vklq ^4<<;`1 �Xqltxh Htxloleulxp lq d Prgho ri Vhoi0
Ixo�oolqj Fxuuhqf| Dwwdfnv/� Dphulfdq Hfrqrplf Uhylhz ;;/ 8;:08<:1

^;<` Pruulv/ V1 dqg K1 V1 Vklq ^4<<<d`1 �D Wkhru| ri wkh Rqvhw ri Fxuuhqf|
Dwwdfnv/� lq Dvldq Ilqdqfldo Fulvlv= Fdxvhv/ Frqwdjlrq dqg Frqvhtxhqfhv/
Djhqru/ Ylqhv dqg Zhehu/ Hgv1 Fdpeulgjh Xqlyhuvlw| Suhvv1

^<3` Pruulv/ V1 dqg K1 V1 Vklq ^4<<<e`1 �Fr0ruglqdwlrq Ulvn dqg wkh Sulfh ri
Ghew/� dydlodeoh dw kwws=22zzz1hfrq1|doh1hgx2�vpruulv1

^<4` Pruulv/ V1 dqg K1 V1 Vklq ^5333`1 �Uhwklqnlqj Pxowlsoh Htxloleuld lq Pdfur0
hfrqrplf Prghoolqj/� iruwkfrplqj lq wkh QEHU Pdfurhfrqrplfv Dqqxdo
53331 P1L1W1 Suhvv1

^<5` Revwihog/ P1 ^4<<9`1 �Prghov ri Fxuuhqf| Fulvhv zlwk Vhoi0Ixo�oolqj Ihd0
wxuhv/� Hxurshdq Hfrqrplf Uhylhz 73/ 436:0437:1

^<6` Rveruqh/ P1 dqg D1 Uxelqvwhlq ^4<<7`1 D Frxuvh lq Jdph Wkhru|1 P1L1W1
Suhvv1

^<7` R|dpd/ G1 ^5333`1 �R0Grplqdqfh dqg Htxloleulxp Vhohfwlrq xqghu Shuihfw
Iruhvljkw G|qdplfv/� Xqlyhuvlw| ri Wrn|r1

^<8` Urfkhw/ M10F1 dqg [1 Ylyhv ^5333`1 �Frruglqdwlrq Idloxuhv dqg wkh Ohqghu
ri Odvw Uhvruw= zdv Edjhkrw uljkw diwhu dooB� Xqlyhuvlwdw Dxwrqrpd gh
Edufhorqd1

^<9` Uxelqvwhlq/ D1 ^4<;<`1 �Wkh Hohfwurqlf Pdlo Jdph= Vwudwhjlf Ehkdylru xqghu
Doprvw Frpprq Nqrzohgjh/� Dphulfdq Hfrqrplf Uhylhz :</ 6;806<41

^<:` Vfdudpr}}lqr/ V1 dqg Q1 Yxondq ^4<<<`1 �Qrlv| Lpsohphqwdwlrq F|fohv dqg
wkh Lqirupdwlrqdo Uroh ri Srolf|/� Xqlyhuvlw| ri Eulvwro1

^<;` Vfkhoolqj/ W1 ^4<93`1 Vwudwhj| ri Frq lfw1 Kduydug Xqlyhuvlw| Suhvv1

^<<` Vkohlihu/ D1 ^4<;9`1 �Lpsohphqwdwlrq F|fohv/� Mrxuqdo ri Srolwlfdo Hfrqrp|
<7/ 4496044<31
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^433` Vhowhq/ U1 ^4<:8`1 �Uhh{dplqdwlrq ri wkh Shuihfwqhvv Frqfhsw iru Htxlole0
ulxp Srlqwv lq H{whqvlyh Jdphv/� Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|
7/ 580881

^434` Vklq/ K1 V1 ^4<<9`1 �Frpsdulqj wkh Urexvwqhvv ri Wudglqj V|vwhpv wr Kljkhu
Rughu Xqfhuwdlqw|/� Uhylhz ri Hfrqrplf Vwxglhv 96/ 6<0931

^435` Vrulq/ V1 ^4<<;`1 �Rq wkh Lpsdfw ri dq Hyhqw/� Lqwhuqdwlrqdo Mrxuqdo ri
Jdph Wkhru| 5:/ 64806631

^436` Wrzqvhqg/ U1 ^4<;6`1 �Iruhfdvwlqj wkh Iruhfdvwv ri Rwkhuv/� Mrxuqdo ri Sr0
olwlfdo Hfrqrp| <4/ 87908;;1

^437` Xl/ W1 ^5333d`1 �Urexvw Htxloleuld ri Srwhqwldo Jdphv/� iruwkfrplqj lq
Hfrqrphwulfd1

^438` Xl/ W1 ^5333e`1 �Jhqhudol}hg Srwhqwldov dqg Urexvw Vhwv ri Htxloleuld/� Xql0
yhuvlw| ri Wvxnxed1

^439` ydq Gdpph/ H1 ^4<<:`1 �Htxloleulxp Vhohfwlrq lq Whdp Jdphv/� lq Xqghu0
vwdqglqj Vwudwhjlf Lqwhudfwlrq= Hvvd|v lq Krqru ri Uhlqkdug Vhowhq/ Doehuv/
J wk/ Kdpphuvwhlq/ Progrydqx dqg ydq Gdpph/ Hgv1 Vsulqjhu0Yhuodj1

^43:` Ylyhv/ [1 ^4<<3`1 �Qdvk Htxloleulxp zlwk Vwudwhjlf Frpsohphqwdulwlhv/�
Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 4</ 63806541

^43;` \rxqj/ S1 ^4<<;`1 Lqglylgxdo Vwudwhj| dqg Vrfldo Vwuxfwxuh1 Sulqfhwrq Xql0
yhuvlw| Suhvv1
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Dsshqgl{ D= SURRI RI SURSRVLWLRQ 5151

Zh zloo suryh wkh �uvw kdoi ri wkh uhvxow +r E%� ' f iru doo % � wW � B,1 Wkh
vhfrqg kdoi +r E%� ' f iru doo % � wW�B, iroorzv e| d v|pphwulf dujxphqw1 Iru dq|
jlyhq vwudwhj| sur�oh t ' ir�j�Mdfc�o/ zh zulwh l E%� iru wkh sursruwlrq ri sod|huv
revhuylqj vljqdo % zkr fkrrvh dfwlrq �> l E�� zloo dozd|v eh d frqwlqxrxv ixqfwlrq
ri %1

Zulwh Zj E%c &� iru wkh kljkhvw srvvleoh h{shfwhg sd|r� jdlq wr fkrrvlqj dfwlrq
� iru d sod|hu zkr kdv revhuyhg d vljqdo % dqg nqrzv wkdw doo rwkhu sod|huv zloo
fkrrvh dfwlrq f li wkh| revhuyh vljqdov ohvv wkdq &1

Zj E%c &� � 4@ 
tlGlE%�'f iru doo %	&�

"U
w'3"

R Ew� s
�
%3w
j

�
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�
�� 8

�
&3w
j

�
c w
�
_w

"U
w'3"

R Ew� s
�
%3w
j

�
_w

+914,

Ohppd 9141 Wkhuh h{lvwv % 5 U dqg j� 5 Unn vxfk wkdw Zj E%c &� 	 f iru doo
j � j�/ % � % dqg & 5 U1

SURRI1 E| surshuw| D7-/ zh fdq fkrrvh % 	 w dqg d frqwlqxrxvo| gl�hu0
hqwldeoh ixqfwlrq Z G U $ U zlwk Z� Ew� ' f dqg Z Ew� ' �0 iru doo w � % vxfk
wkdw

Z E,c w� � Z Ew� � �0
iru doo , 5 dfc �o dqg w 5 U1 Qrz ohw

Zj E%� �
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"U
5'3"

R E%n j5� s E�5� _5
/ fkdqjlqj yduldeohv wr 5 '

w � %

j

Fohduo|/ Zj E%� lv dq xsshu erxqg rq Zj E%c &� iru doo &1 Revhuyh wkdw Zj E%� lv
frqwlqxrxv lq j> dovr Zf E%� ' Z E%� vr Zf E%� ' �0 iru doo % � %1 Dovr revhuyh

98



wkdw

_Zj

_j
E%�

����
j'f

'

%
"U

5'3"

RE%nj5�sE35�_5
&%

"U
5'3"

5sE35�ER�E%nj5�ZE%nj5�nRE%nj5�Z�E%nj5��_5

&
%

"U
5'3"

RE%nj5�sE35�_5
&2

�

%
"U

5'3"

5sE35�R�E%nj5�_5

&%
"U

5'3"

RE%nj5�sE35�ZE%nj5�_5

&
%

"U
5'3"

RE%nj5�sE35�_5
&2

��������������
j'f

'

57 "]
5'3"

5s E�5� _5
68 Z� E%�

R E%�

Wkxv e| +D9,/ _Zj
_j
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Zj E%� 	 f iru doo j � j dqg % � %1 �

Ohppd 9151 Wkhuh h{lvwv j2 5 Unn vxfk wkdw Zj E%c &� 	 f iru doo j � j2/
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Wkxv dv j $ f/ [j E,( %c %� j1� $ � � 8 E1 n 83� E�� ,��1 Wkxv dv j $ f/
Zj E%c %� j1�$ ZWj E%c %� j1�frqwlqxrxvo| +zkhuh ZWj lv wkh yduldeoh fruuhvsrqg0
lqj wr d xqlirup sulru ghulyhg lq wkh wh{w,1 Zh nqrz wkdw ZWj E%c %� j1� : f iru
wkh uhtxluhg ydoxhv ri % dqg 11 Vlqfh zh duh lqwhuhvwhg lq ydoxhv ri % lq wkh forvhg
lqwhuydo d%c wWo dqg vlqfh ydu|lqj 1 jhqhudwhv d frpsdfw vhw ri glvwulexwlrqv ryhu ,/
fryhujhqfh lv xqlirup1 �

Dsshqgl{ E= WKH ILQLWH SOD\HU FDVH

Dv zh qrwhg lq wkh olqhdu h{dpsoh ri vhfwlrq 514/ dqdo|vlv ri wkh frqwlqxxp
dqg �qlwh sod|huv fdq iroorz vlplodu phwkrgv1 Khuh zh eulh | qrwh krz wr h{whqg
wkh xqlirup sulru sulydwh ydoxhv dqdo|vlv ri sursrvlwlrq 514 wr wkh �qlwh sod|hu
fdvh1 Wkh h{whqvlrq ri wkh jhqhudo sulru frpprq ydoxhv dqdo|vlv ri sursrvlwlrq
515 lv wkhq vwudljkwiruzdug1

Wkh vhwwlqj lv dv lq wkh vhfwlrq 51514/ h{fhsw wkdw wkhuh duh qrz U � 2 sod|0
huv/ dqg wkh qrlvh whupv lq wkh sulydwh vljqdov duh lghqwlfdoo| dqg lqghshqghqwo|
glvwulexwhg dffruglqj wr wkh ghqvlw| s E��1 Dv ehiruh/ Z E,c %� lv wkh sd|r� jdlq wr
fkrrvlqj dfwlrq � udwkhu wkdq dfwlrq f/ li |rx kdyh revhuyhg vljqdo % dqg sursru0
wlrq , ri |rxu rssrqhqwv fkrrvh dfwlrq �1 Ri frxuvh/ qrz +vlqfh |rx kdyh U � �
rssrqhqwv, , zloo dozd|v eh dq hohphqw ri wkh vhw

�
fc �

U3�
c 2
U3�

c ��c �
�
1 Surshuw| D6

ehfrphv=

D6+L,= U0Sod|hu Vlqjoh Furvvlqj= Wkhuh h{lvwv d xqltxh wWU vroylqj
U3�S
&'f

�
U
Z
�

&
U3�

c wWU
�
'

f1
Revhuyh wkdw dv U $4/ wWU $ wW +l1h1/ wkh wW ri dvvxpswlrq D6,1 Lq wkh vshfldo

fdvh zkhuh U ' 2/ wklv uhgxfhv wr �
2
Z Efc wW2� n

�
2
Z E�c wW2� ' f> lq rwkhu zrugv/ wW2 lv

wkh srlqw zkhuh wkh ulvn grplqdqw dfwlrq +Kduvdq|l dqg Vhowhq +4<;;,, vzlwfkhv
iurp f wr �1 Sursrvlwlrq 514 uhpdlqv wuxh dv vwdwhg iru wkh �qlwh sod|hu jdph/ zlwk
wWU uhsodflqj wW1 Wklv zdv hvvhqwldoo| vkrzq e| Fduovvrq dqg ydq Gdpph +4<<6e,1
Wkh nh| vwhs lq wkh surri lv vkrzlqj wkdw lq d v|pphwulf vwudwhj| sur�oh/ hdfk
sod|hu kdv xqlirup eholhiv ryhu wkh sursruwlrq ri sod|huv revhuylqj d kljkhu vljqdo1
Wr vhh zk| wklv lv wuxh/ qrwh wkdw wkh suredelolw| wkdw d sod|hu revhuylqj vljqdo %
dvvljqv wr h{dfwo| sursruwlrq ?
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zkhuh 8 E�� lv wkh f1g1i1 ri s E��1 Ohwwlqj % ' & � j5 dqg fduu|lqj rxw wkh fkdqjh
ri yduldeohv 1 ' &3w

j
/ wklv h{suhvvlrq ehfrphv
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�
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Wklv h{suhvvlrq lv qrz lqghshqghqw ri j dqg &/ vr zh pd| ghqrwh wklv h{suhvvlrq
e| �U

�
?

U3�
( 5
�
1 Iru wkh vdph dujxphqw wr zrun dv lq wkh frqwlqxxp fdvh/ lw lv

hqrxjk wr vkrz wkdw �U E�( f� lv wkh xqlirup glvwulexwlrq1 Exw lqwhjudwlrq e| sduwv
jlyhv=

�U

�
?

U � �
( f

�
'

�
U � �

U � �� ?

� "]
1'3"

s E1� d8 E1�oU3�3? d�� 8 E1�o? _1

'

�
U � �

U � ?

� "]
1'3"

s E1� d8 E1�oU3? d�� 8 E1�o?3� _1

' ���

'

"]
1'3"

s E1� d8 E1�oU3� _1

'
�

U
1

Dsshqgl{ F= SURRI RI OHPPD 516

Uhfdoo wkh iroorzlqj h{suhvvlrq iru d sod|hu*v h{shfwhg sd|r� jdlq wr fkrrvlqj
dfwlrq � iru d sod|hu zkr kdv revhuyhg d vljqdo % dqg nqrzv wkdw doo rwkhu sod|huv
zloo fkrrvh dfwlrq f li wkh| revhuyh vljqdov ohvv wkdq &=
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Zh fdq uh0zulwh wklv h{suhvvlrq dv

ZWj E%c &� ' � E%c &c %�

zkhuh

� E%c &c %�� �
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5'3"

hs E%c 5� } E5c %�� _5
hs E%c 5� � s

�
%� &

j
� 5

�
dqg } E5c %�� � Z E�� 8 E�5� c %��

Qrz revhuyh wkdw/ e| D:/ hs E%c 5� vdwlv�hv d prqrwrqh olnholkrrg udwlr surshuw|/

l1h1/ li % : %/ wkhq
hsE%c5�hsE%c5� lv lqfuhdvlqj lq 5> dovr revhuyh wkdw/ e| D4-/ } E�c %��

vdwlv�hv d vlqjoh furvvlqj surshuw|= wkhuh h{lvwv 5W 5 U ^ i�4c4j vxfk wkdw
} E5c %�� 	 f li 5 	 5W dqg } E5c %�� : f li 5 : 5W1 Qrz ohppd 8 lq Dwkh| +5333e,
lpsolhv wkdw � E�c &c %�� vdwlv�hv d vlqjoh furvvlqj surshuw|= wkhuh h{lvwv %W E&c %��
vxfk wkdw � E%c &c %�� 	 f iru doo % 	 %W E&c %�� dqg � E%c &c %�� : f iru doo % :
%W E&c %��1 Exw e| D5/ zh nqrz wkdw � E%c &c %�� lv vwulfwo| lqfuhdvlqj lq %�1

Qrz vxssrvh � E%c &c %� ' f1 Li %� 	 %/ wkhq

� E%�c &c %�� 	 � E%�c &c %� / e| D5

	 � E%c &c %� / e| wkh vlqjoh furvvlqj surshuw| ri �

E| d v|pphwulf dujxphqw/ zh kdyh %� : %, � E%�c &c %�� : � E%c &c %�1 Wkxv wkhuh
h{lvwv q G U$ U vxfk wkdw

ZWj E%c &� 	 f li % 	 q E&�

ZWj E%c &� ' f li % ' q E&�

ZWj E%c &� : f li % : q E&�

Wkxv li d sod|hu wklqnv wkdw rwkhuv duh iroorzlqj d vwudwhj| zlwk fxwr� &/ d sod|hu*v
ehvw uhvsrqvh lv wr iroorz d vzlwfklqj vwudwhj| zlwk fxwr� q E&�1 Exw e| +D6,/ zh
nqrz wkdw wkhuh h{lvwv h{dfwo| rqh ydoxh ri & vxfk wkdw

ZWj E&c &� '
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Z E,c &� _, ' f1

Wkxv wkhuh lv d xqltxh v|pphwulf vzlwfklqj vwudwhj| htxloleulxp1
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