THE ENFORCEMENT OF COLLUSION

JIN OLIGOPOLY

by
David Knudsen Levine
B.A., UCLA
(1977)

SUBMITTED IN PARTTAL FULFILLMENT
OF THE REQUIREMENTS FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY

May 1981

Signature Of Author.....‘ll.ll.-l'.lliI.D.Dl.l.‘..IU..II'.I.'I‘........
Department of Economics, May 1, 1981

Il‘.llI.l'II-.!Il.l..llllltl..l..ll...

CertifiEd by..lll.l..lﬂttiltttt.l
Thesis Supervisor

R E R R I R L AL N L

ACCQPEEd by..II.II.I.I..l.ll.l.‘ll..l.‘.....l
Chairman, Department Committee on Graduate Students



ABSTRACT
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The. three essays of this thesis examine oligopolistic outcomes
from the perspective of rational disequilibrium adjustment.

The first essay studies the "local almost perfect" adjustment
path of an industry with a fixed number of identical output
controlling firms. Firms can respond to opponent's output
deviations instantly but not costlessly. The long run industry
equilibrium output is shown to lie between the Cournot-Nash and
monopoly level depending on market conditions.

The second essay is closely related to the first - it asks what
long run outcomes will be in an industry with an arbitrary
technology but no costs of responding to opponents. Subject to
technical qualifications I show that in the long run complete
collusion occurs.

The third and final essay gives a rigorous analysis of "local
almost perfect" equilibrium. In a dynamic game with adjustment
costs firms do not have global information but are assumed to
extrapolate linearly from complete local information. In an
environment in which such extrapolation works well games theoretic
regression is shown not to be a problem: the adjustment path

is essentially unique.
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CHAPTER I: - THE ENFORCEMENT OF COLLUSION IN A

QUADRATIC SYMMETRIC OLIGOPOLY



0. Egggoduétigg

How and to what extent do self-interested oligopolistic
firms successfully collude? .The story of oligopolistic
interaction ought to be a simple one. With the same firms
in a static market over time uncooperative rivals can be
punished and helpful rivals rewarded. Only to the extent
that retaliatory strategies have associated frictional
costs should less than fully collusive behavior be
expected.

Current literature is divided on the guestion of
whether oligopolists successfully collude. One class of
models shows that various ad hoc assumptions about firm
behavior lead to collusion.l Rigorously specified super-
game mode152 lead to less satisfactory conclusions:
almost any industry outcome at all is consistent with
optimal play by firms with rational expectations.3

In a recent paper [10] I argued that when the bounded
rationality of firms is taken account of there is only
one economically significant adjustment process.4 I
argued that firms cannot be expected to know how their
opponents will behave in every contingency, including
contingencies that never occur. I argued that instead
they will use local information near the status quo to
extrapolate future income paths. I then showed that

essentially only one adjustment path is consistent with



firms extrapolating future income linearly. This I called
the local almost perfect adjustment path;

This paper studies the long-run steady states of
the local almost perfect adjustment path of a simple
oligopoly. A fixed number of identical firms control their
own_output, produce at conétant marginal cost and face
linear dcmand.s Only market interactions are considered.
Legal cartels and non-market interactions such as violence
are ruled out. Firms are shown to follow a simple,
sensible adjustment procédure. They choose to reward
cooperative opponents and punish uncooperative ones.
Because firms are assumed to adjust gradually these are
credible threats. 1In this environment I attempt to relate
long-run industry output to exogenously determined features
of the market. My main conclusions are

e Output exceeds the monopoly level only if there
are frictional costs of engaging in

retaliatory policies.

e When enforcement costs are sufficiently high, output
rises to the static Cournot-Nash level.

e Output rises with the number of firms and the
discount rate and falls with market profitability.

e If firms exchange enough information to avoid
counter-reacting to each other's retaliation,

collusion is enhanced.
The paper has five sections. Section one describes
a market in which firms can communicate threats.
Section two derives the local almost perfect adjustment

path for such a market. Section three describes the



nature and stability of the long-run steady states df

the adjustment path. Section four examines a duopoly in
which firms cannot communicate, but do observe each other's
output. Section five reexamines some widely believed
myths about oligopoly in light of the findings of this

paper.



) R The Model

This section describes a simple model of oligopoly
without entry in which firms communicate threats, but
cannot enter into legally binding contracts. The first
half the section describes the actions available to firms
and the information structure by which threats are com-
municated. The second half describes firm income. Dis-

cussion of firm behavior is deferred to section two.

The Environment: There are N identical firms,

entry is prohibited and each firm j controls its own

.

output xJ. Information is exchanged costlessly by a

fixed information structure. At time t all firms j announce

that they will respond to autonomous output changes by

é At time t+At all firms k

announce their autonomous output changes of yk.? At time

other firms k at a rate Ri.

t+2At each firm j computes its total output change as

S : -
axd =y + Ty RY" = Iy Ry = =

1. Firms are assumed to observe one another's

where Rg
actual output. When At is infinitesimal relative to the
distant rate j's opponents observe immediately whether
or not he fulfilled his announced commitment given in
(1-1). Thus lying is det:cted instantaneously and (1-1)

may be taken to determine the amount by which j actually
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changes his output. 1In the continuous time limit as At
goes to zero firm j chooses a vector of response rates
(also called reaction coefficients) Rj and an autonomous
rate of change of output yj. Firm j's actual output

follows the equation
J _ 5 gl.k < 7 | i
%7 = )y RY (1-2)

It is important that in this environment firms react
only to opponents' autonomous output change. They do not
counter-;eact to opponents' retaliation. The ability of
firms to communicate is crucial: it is only the information
generated by communication which enables firms to distinguish
between voluntary and reactive movements by rival firms.

The case in which firms cannot communicate is examined in
section four.

In addition to changing output firm j may gradually

alter its commitment RJ over time. This is given as

ﬁi - si | (1-3)

where Sa is the rate at which firm j alters Rﬁ. Thus
firm j chooses paths for the control variables yj and S

in an effort to control the state variables x and R.

Firm Income: The income of firm j is a function of

the state variables

Jer = e - pedh (1-4)
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where 1) is sales revenue minus production costs, ij(Rj) are
frictional reaction costs discussed below and b>0 is a small
scalar constant. Adjustment costs--costs which depend on
j's control variables--could also be included. For nota-
tional simplicity I prefer a model of partial adjustment
as described in section two.

All of the identical firms produce at constant

marginal cost and face linear demand8 so that
1 (x) = E(1-q)x? (1-5)

where E is price minus marginal cost at zero industry
output, g is industry output as a fraction of the competitive

1ével
- k |
q = (B/E) Ek X (1-6)

and B is the slope of the demand curve.

What are the frictional costs bcj? This paper focuses
on the long-run industry steady state and describes the
adjustment towards this steady state. The adjustment is
described as a smooth path capturing long-run trends--
short-run output fluctuations around this trend do not
appear. In reality there will be short-run output fluctua-
tions as firms engage in experimentation to learn about
the environment they face, and because of various short-
run random shocks. It is these short-run frictions (which

are not explicitly modelled) which give rise to reaction
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costs. When firm j is committed to a policy of responding
to k at a rate RE he must hold costly inventories to meet
short-term output movements by k. The larger |R£| the
greater the inventories he must hold. For simplicity

the functional form
. j R
bC- (R”) = bm Ek#j IR | (1-7)

is assumed where m > 0 is a scalar constant.

Besides inventories there are other short-run frictions
which make response costly--most notably it may be costly
to observe opponents messages or output. Explicit models
along these lines are in Green [4], Stigler [20] and
especially Spence [19]. Since I am primarily interested
in the implications rather than the sources of frictional
costs the function (1-7) is given exogenously rather than
derived from underlying economic data. Note that since
b is small frictional costs are presumed small. This is
no limitation on the generality of the results here since
large costs are a special limiting case of small costs.

To summarize, firm j controls yj and Sj. The state
variables are x and R which move according to (1-2) and
(1-3). Firm income is given by (1-4) and firms' objectives
are the present value of future income computed using a
common discount rate 0 < p < . The next section describes

firm behavior.



13

2. Firm Behavior

This section describes firm behavior by applying the
notion of a local almost perfect equilibrium developed
in Levine [10]. This attempts'to model thé bounded
rationality of firms by assuming that they compute present
values of income streams by extrapolating existing rates
of income growth linearly into the future. The first half
of the section derives the local almost perfect adjustment
paths of firms. The second half explicitly computes the
equations of motion of the state variables when initial
conditions are symmetric. The qualitative features of

the adjustment equations are developed in section three.

Local Almost Perfect Adjustment: A strategy (ox

closed-loop strategy) for firm j is a function
3,8 = P, = (£ xR, 07 (,R)) (2-1)

which assigns a vector of control variables to the vector
of state variables. This already embodies a.degree of
bounded rationality since firm j's choice depends only
on the current state variables and not the entire past
history of the market. Suppose that all firms k play

ﬁk. Then firm j receives
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A (x,r) = JO aj(x(t),R(t)) exp (-pt)dt (2-2)

where x(t) and R(t) satisfy the system of differential

equations

ij = Ek RE:Ek (x,R)

& = g2 (x,R) § = 1,000,N

x(0) = x R(0) =R (2-3)
which are derived by substituting (2-1) into the equations
of motion fof the state variables (1-2) and (1-3).

' If firm j has rational expectations it knows how
ﬁj depends on the state variables and simply chooses the
controls to maximize this present value. It is unreasonable
to suppose that firm j can in fact compute ﬂj for this
requires it to know how the industry will behave in all
contingencies. I shall suppose instead that at (x,R)
_firm j knows an estimate ﬁj(x,R] formed by extrapolating
local information in a manner indicated below. Firm j
also knows the derivatives Dﬁj(x,R) (of ﬁj with respect
to the state variables) which are assumed to approximate
Dﬁj(x,R). Firm j then chooses its control variables soO
as to move the state variables in a direction which

(approximately) increases the (rationally expected)'

present value
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)

where the equations of motion (1-2) and (1-3) are used to
compute 3RK/2y7=0, 2%k /2s)=0 and sik/0sd=0 273 &k >0

is a constant adjustment coefficient, and b > 0 is the
same small scalar constant that appears in (1-4), the
import of which is described below.

What (2-4) describes is a partial adjustment model
with bﬁi and b exogenous adjustment rates for the two
types of controls. 1In this model the controls are set
to increase the (approximate) level of present value over
time. The factor b shows that the controls are small--
equivalently that the state variables are adjusted gradually.

Implicitly it is expensive to choose large values of
the controls. Indeed, in another paper [10], I show that
if there are quadratip costs of choosing the controls
the adjustment process (2-4) is almost optimal provided

that DAJ is uniformly close to DAJ the true present
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value derivative.g Naturally adjustment costs and partial
adjustment are dual.

One important reason for a partial adjustment model
is bounded rationality. If firm j wishes to globally and
instantly set the optimal output level (for example) he
must know his demand curve everywhere. If he is content
to restrict himself to change output slowly, he need only
learn a small segment of his demand curve each day to make
an optimal choice subject to his self-imposed constraint.
The point is that the faster a firm moves the more quickly
it must learn. Bounded rationality and large costs of
gathering information imply it will move rather slowly.

How do firms use local information to approximate
thé present value of income? 1f the future income stream
is not too badly non-linear, simply extrapolating income
linearly should be a good approximation--indeed, casual
empiricism igdicates this is a widely used technique.

The remainder of this sub-section gives a heuristic
derivation of the (approximately) unique adjustment
process which is smooth enough to allow reasonably
accurate linear extrapolation by firms. Formal statements
and proofs of these results can be found in Levine [10].

The linearly extrapolated present value of income 1is

kgl
J
"

‘L [aj+éjt]exp[—pt]dt

= sa) + 628 N (2-5)
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where 6=1/p is the discount factor. Expanding aj(t) in
a Taylor series under the integral in (2-2) shows that
the error in this approximation is no worse than
63supl5j|. Similarly DAJ iswithinﬁasuplDﬁji of DAd.
If all firms k play FX with ]?k(,leﬁkl < by for sufficiently
high order p it can be shown that léjl,\Déj\ < H(m,E,B,Y)bz
where H is a fixed function. Thus, if the adjustment of
all firms is slow enough, linear extrapolation will work
well.
| Suppose that b is small enough that firms are willing

to accept an approximation error of order b2. I will now
derive estimates ﬁj for each firm which: (1) depend
solely on local information extrapolated linearly; (2) given
tﬂat all firms k set fk according to (2-4) the estimates
ﬁj are within order b2 of the actual present value ﬂj
and this is true also for Dﬁj and Dij; and (3) the functions
ﬁj are given in terms of the exogenous data describing
the economié environment. I will not show here, although
it is shown in Levine [10], that any other adjustment
. process in which firms make errors of no worse than order
b2 and which permit the possibility of linear extrapolation
are approximately the same as the particular adjustment
process derived below.

To find what the functions ﬁj must be, assume that
they exist and that ﬁj are the corresponding strategies
from (2-4). Once the functions are computed it 1s éhen

straightforward to verify that they have’ the desired
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properties. From (2-5) the linearly extrapolated present

value islo

A = sal + 6°a7

: J . J
3j 2 Jda 2=k da- =~k
il {zzaxz (xR ED + 1 oy

I

J
Ry
PR 2 j LK. =k X
= 6a” + 6 {ziﬂi(szkf ) bmn ZL sgn(Ry) g, (2-6)
' p S T
where L am- /9x ,
+1 z >0
sgn(z) = 0 z = 0 (2-7)
-1 z <0

and 47 is computed using % and R from (2-3) and (1-4).
By assumption, this approximation is good to order bz.
Substitution of (2-4) into (2-6) shows

A = sal + b52£L§ nji ﬁy R Eﬁﬁ + 0(b%)

= ¥ 2" 2 xRk im"k

me

; | . ak
J 2 July oM SA 2 "
§a’ + bs fi{kim(zingRK)R]{ e + 0(b%) (2-8)

where 0(b2) denotes an error of order bz. Thus

ARk

_ = 5% + 0(b) ‘ (2-9)
9x "



19

Recall that Dﬁk is assumed to differ from Dﬁk by at most
0(b?). since DAF also differs from DAF by at most
0(b2),D§ik and Dik differ by at most O(bz). Certainly, then

2Rk

m

= Gni + 0(b) (2-10)
ox

Substituting (2-10) into (2-9) shows

=3 . 5ad 3 j_2,..mk 2 _
A = 6ad + b R 1T (I, MR BT, + O(b7) (2-11)
Thus, if AJ is defined by

S 3 Jo &y ik y
A9 = sa’ + b6 R LY (TamaR) Ry (2-12)

it differs from %) and thus aJ by at most'o(bz) and can
be shown to have the properties assumed in its computation.
ft is worth reflecting on how (2-12) solves the
infinite regress problem that plagues game theory. It
says that if firms are willing to extrapolate linearly
they might as well assume in addition that in the future
all firms will behave myopically--that (2-10) will hold
without the error term. The point is that while each
firm's behavior depends on what it thinks its opponents
thinks it thinks, etc. in a model passing through time,
the higher order terms in this chain of double-think
have consequences which are in the distant future. While

the optimal path for ] depends on what k thinks j thinks
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as represented by the error term in (2-10) this has such
a small impact on k's behavior, j may as well ignore it
entifely. Thus, the infinite regress is replaced with a
finite regress and at the final stage opponents assume
everyone is myopic and a unique solution is determined.
My view is that when firms enter an economic environ-
ment they do so with the working hypothesis that they can
extrapolate linearly following (2-12) wi£hout substantial
loss. In the environment of this paper, when all firms
behave this way, this conjecture is true and firms will
never have reason to reject it. 1In this environment the
only economically meaningful adjustment process is that

given above.

Nature of the Solution: From (2-4) the partial

adjustment equation and (2-12) giving the approximate

present value

%) Zka,_f

- Ak .2
0 ax

J.R) (bR] )
k'k . axl oy

TR 2
bkikR]iziRk'd’ﬁi + 0(b%)

- peh 1 I RIRTs + 0(b%) (2-13)

since the first term in (2-13) is 0(b) while the second
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tern is O(bz) to a good approximation
8 i 2 k E
x) = bsl T RER Ty (2-14)

I am not arguing that firms will ignore the second term--to
achieve the same degree of extrapolative accuracy as
provided by linear extrapolation; they cannot. I am
pointing out instead that the qualitative features of
the dynamical system describing the evolution of x and R
over time can be understood without reference to the second
term in ¥33T3). In economic terms, I don't care whether
-a firm's market share is 10% or 12% even though the firm
itseif may care tremendously. In mathematical terms,
including the second term when.b is small enough merely
perturbs the location of steady states slightly without
affecting their stability.l2

The qualitative analysis in this paper focuses on the
case when initial conditions are symmetric.13 since the
adjustment equations are symmetric the system will remain
symmetric for all time. Thus the system is entirely
described by just two variables which may be taken to
be q, industry output as a fraction of the competitive
level given in (1-6), and rERi j#k the common reaction
of any firm to any other firm. In this case equation

(2-14) simplifies to

& = (b6 ReN/E) (1+(N-1)7] [nj+(N—l)rﬁ}j{] (2-15)
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where by symmetry and (1-5) describing the quadratic

profit function

ﬂg = (E/N) [N=(1+N)qg]
wi = ~(E/N)g i # k (2-16)

i from (2-4) the partial adjustment

eugation and (2-12) giving the approximate present value

Turning to R

- 1 Alj

#) = ) = b oA
k k and
Ry

b{~-&bm sgn(Ri)

3 m j k
+ b g,[ZmRkﬂ%wm + 7. ZQNRRR]}

bzﬁ{éngjﬂgsziﬂE s {m "3} - m sgn(r)))  (2-17)

Notice that since all terms in (2-17) are O(bz) none can

be ignored even as an approximation. This is because
frictional reaction costs are assumed small of the same order
as the adjustment rate. When these costs are not small
(2-17) is dominated by the term -bdm sgn(Ri) which is
special case of (2-17)--the case m large. When frictional
reaction costs dominate (2-17) simply says that reaction
coefficients are set to minimize the cost of reacting.

When reaction costs are small the second term in (2-17)
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is important. It shows how a firm should optimally

punish and reward opponents--how to change Ri so as to

get opponents to alter output in a preferred direction.
The crucial insight (ignoring frictional response costs)
is that the only effect reaction coefficients have is
on the future behavior of opponents. As long as firms
care about the future at least enough to use linear
extrapolation rules it is precisely the effect of reac-
tion coefficients on opponents' output that firms pay
attention to in determining how to adjust these co-
efficients. This should be contrasted to (2-13) where
the effect of autonomous output on opponents' future
choice is relatively less important than the direct
impact from having opponents respond instantaneously

]

i

When initial conditions are symmetric, (2-17) sim-

according to precommitted coefficients R
plifies. to

=~ w2srg2 g W T 3 g [ _ J
t = b°6{6 gL[ﬂj(ﬂj+(N l)r1Tk + nk(rﬂj+(1+(N Z)I)ﬂk}]

- m sgn(xr)} (2-18)
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3. Oligopolistic Outcomes

This section studies the equations of motion derived
in the previous section. It has three parts. The first
part considers some global aspects of the dynamics. It
shows that all stable steady states are contained in a
compact positive invariant region which is reached (for
all initial conditions with r not too greatly negative)
in finite time. Part two considers steady state behavior
in the short run. In the short run the response rate r
is determined by initial conditions while industry output
is at the "conjectural variational equilibrium" where
firms conjecture that opponents will respond with the
variation r. Part three analyzes the long run. In the
long run r is determined endogenously: it is this feature
which distinguishes this theory from previous oligopoly
theories. 1In the long run, steady state output lies
_ between the monopoly and Cournot-Nash output depending
on the exogenous parameters of the market. The most sig-
nificant result is that when there are no frictional costs
of response output is at the monopoly level independent
of other market parameters. Several comparative static
exercises show how long-run output varies with market

parameters when frictional costs are positive.
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Global Aspects: Figure (3-1) sketches the fundamental

region and the continuous strictly negative function

h(g) in g-r space. Note that the fundamental fegion con-
tains the region 0 < r < 1 and 0 £ g 2 1. Appendix (A)
derives the properties of this region. They are: (1) it
is positive invariant--if the system starts in this region
it never leaves it, and (2) if the system starts in the
region r > h(qg) it reaches the fundamental region in
finite time.

Intuitively what this analysis indicates is that we
should expect to observe r 2 0 but not too large and
0 < g < 1l. The latter property is sensible: since q 1is
industry output as a fraction of the competitive output,
and since frictional costs are a negligible component of
total costs g < 1 is (approximately) the region of non-
negative profits. The region r < 0 does not make economic
sense: when r is negative each firm rewards its opponents
for hurting it and punishes its opponents for cooperating.
Finally if r is extremely large each firm gives its opponents
such large rewards for cutting their output that industry
-output will actually be below the monopoly level--not a
desirable situation from anyone's point of view.

This analysis has one drawback. I1f the system starts
with r < h(q) the fundamental region may never be reached.
In fact there can be steady states with r < 0. Evidently
the myopic behavior of firms can cause the system to get
stuck in a region which is, in the long run, undesirable.

It is shown in Appendix (B), however, that any steady
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state.with r < 0 isunstable. I conjecture also that the
set of initial conditions with r < h(g) for which the
system doesn't reach the fundamental region has measure
zero so that small random perturbations would eventually
cause the fundamental region to be reached.
The fact that the system could in principle remain
forever in a region where firms make negative profits
does point up a weakness in the preceding formulation.
In most cases it is reasonable to suppose that firms know
only the local effect of small changes near the status
quo. The important exception is that firms know they can
make zero profits by closing down. This can be integrated
into the analysis here by simply assuming firms shut down
whenever ﬁjtheextrapolated present value becomes negative.
In the remainder of the section attention is restricted

to the fundamental region.

- The Short Run: Inspection of the equations of motion

(2-15) and (2-18) shows that g adjusts at a speed propor-
“tional to b while f is proportional to b2, Since b is
assumed small this means g adjusts much more quickly than r.
In the short run g moves rapidly towards the curve §=0,
while r is close to its starting value. Examination of

(2-15) shows thatwhenr > -1/(N-1) §=0 implies

0

[ng: + (v-Drmd] = 0 . (3-1)
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This is exactly the first order condition for choosing

the optimal output level subject to the conjecture that

opponents of j respond to output changes Ax? by rAx?. Thus,

in the short run, the steady state resembles the tradi-
tional conjectural variational equilibrium, as described
for example by Seade [17].

From (3-1) and (2-16) giving the profit derivatives

the curve =0 is seen to be

N - (1+N)g -
r = N-119 (3-2)

which is sketched in figure (3-2). The curve strictly
decreases. This reflects the fact that the more j's
opponents reward him for cutting output by responding with
output cuts of their own, as reflected in large r, the
lower j will choose to set his output. Note that (2-15)
is oPly an approximation to (2-14) --incorporating the
extra term of order b2 would have the effect of shifting
the curve (3-2) by an amount proportional to b.

At the monopoly output

gt = (1/2) (3-3)

the reaction r=1 while at the Cournot-Nash output

N_. N _
9 TTFN . 3

the reaction r=0. Finally, from (2-15) and (2-16)



Figure(3-3):

The Short Run Steady State Curve
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-

%‘3 =-(bsR B) (1+(N-1)r) [(1+(N-1)x) + N] (3-5)

which is negative for r > -1/(N-1). Thus in the short run
gmoves towards the curve §=0, and the short-run steady

states are globally stable.

The Long Run: The theory of oligopoly developed in

the previous sections differs from orthodbx theory because
in the long run r is determined endogenously. In addition
to satisfying =0, in the long run steady state r=0 must
be satisfied. Using the equation of motion for r (2-18)
and the profit derivatives (2-16) shows that ¥=0 along

the curve

(mNzlEzézh.) *[(N2+2N+2)q2 - 2N(1+N)g + NZ]
r = 2 2 (3-6)
[(N“+2N-2)g - N']g

Equating (3-6) with (3-2) and solving gives long-run

steady state output as

s _3_ L= —7)
q o 4 1 M (3 7;
=345 -n (3-8)

where the constant
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- (=1)m
M = > 0 (3-9)
25252 R .

Since r > 0 is assumed, by (3-2) these steady states exist
only when the corresponding output is no greater than qN.
In addition neither steady state exists if M > (1/16).
Appendix (C) shows that when they exist the steady state
at qs is stable and the steady state at qU unstable.

There is one other possible steady state. There
can be a steady state along r=0 since ¥=0 is discontinuous
there. JInspection of figure (3-2) shows that if this
occurs it must be at the Cournot-Nash output qN. As
shown in figure (3-3) there will be a steady state at
r=0, q=qN if and only if when evaluated at q=qN and r > 0
but small & < 0. If this steady state exists, it is
stable as figure (3-3) shows. A computation using (2-18)

and (2-16) shows that for

My = N1 5 (3-10)
2 (14N)

the condition for a steady state at qN is M > MN.

The next stage of analysis is to determine how the
location of steady states depends on M, N fixed. After
showing industry output as a fraction of the competitive
ljevel increases in M the issue of how M (and therefore
market competitiveness) depends on market parameters is

addressed. There are two cases in analyzing steady state
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The Flow near ¢

Figure(3-3):
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output N=2,3 and N > 4. The economic significance of the
cutoff value N=4 is doubtful--it is probably an artifact
of the choice of functional form.

Examination of (3-8) shows that when N=2,3 qU > qN
and thus there is no steady state at qU. Examination of
(3-7). shows qs increases in M. When M=0, qs=qM. As M
increases qs increases until it reaches qN when M=MN.
Thus when N=2,3 there is a unique.steady state with r > 0,
and it is stable. For 0 < M < MY the steady state output
is given by qs. For M > MN steady state output is at
the Cournot-Nash level. This situation is illustrated
in figure (3-4).

When N > 4 the situation is more complex. Define
the cutoff point
M® = (1/16) (3-11)

L}
-

When M=0 there is a unique steady state (which is stable)

at qs=qM and r=1. As M increases to MN there is still a
unique steady state (stable) with output qs. For MN <M< MB
there are three steady states with output qS (stable),

B‘ qS and qU

qU (unstable) and qN (stable). When M > M
meet at (3/4)=(qM+l)f2 and vanish leaving just one

steady state (stable) at qN. Figure (3-4) diagrams steady
state output. As in the case N=2,3 output increases in M.

However a discontinuity in steady state output can occur

when M=MN or M=MB as the system jumps from one steady
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Figure(3-4): The Case N=3,4
arrows denote movement in q  for N fixed as M increases
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state to another. In the language of catastrophe theory
this is the double fold catastrophe.l2

From (3-4) M and thus industry output as a fraction
of the competitive level increases in N and m and
decreases in E, ¢ and gL. That increases in N lead to
more competition shouldn't be too surprising. In this
model m represents the marginal cost of enforcing a
collusive arrangement--of increasing Ri. Thus when m is
large there is less collusion. There is also a public
goods problem in allocating enforcement costs among firms.
When N is largé each firm has less incentive to bear its
share of the burden and long-run output is greater. The
fact that competitiveness declines in E is perhaps a bit
surprising. This happens for two reasons. First, m/E,
which is the cost of enforcing collusion divided by a
variable describing the marginal profitability of increas-
ing output, declines. Thus E serves to scale m: it
isn't enforcement costs, but the ratio of marginal enforce-
ment costs to marginal market profitability that matters.
" Ssecond, from the equation of motion for q (2-15), when
E increases, firms adjust output more quickly due to the
increasea marginal profits from doing so. Increasing %L
also increases the speed with which firms adjust. Why
does more rapid adjustment of output enhance collusion?
The benefit of setting high values of Ri and thus realiz-
ing relatively collusive arrangements lies in the effect

this has on opponents' future output. The more quickly



36

qN stable
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Figure(3-5): Steady State Industry Output

Hzﬁ and held fixed
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they adﬁust,the more quickly these benefits are realized
and with discounting fixed, the more valuable they are.
Naturally, increasing the discount factor ¢ has the same
effect, placing mofe weight on the future benefits of
collusion, less on the immediate costs. Thus raising E,ﬁL

or & all have the effect of reducing competitiveness.
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4. Duopoly without Communication

One drawback of the preceding analysis is that it

| requires that firms distinéuish between voluntary output
changes by rivals and reactions by rivals to voluntary
output changes. Without communication between firms this
distinction is impossible. This section analyzes a
duopoly in which the firms observe each other's output,

but cannot communicate. It has four parts. Part one
describes an environment in which each firm reacts after
an infinitesimal lag to its rival's observed output change.
pPart two derives the local almost perfect adjustment

path for firms. Part three computes steady state output.
part four compares this output with the steady staté output

in the model of section three.

-

The Environment: Consider first an infinitesimal

reaction lag, At. Firms react to opponents' output change

in the previous period

Axd (t+bt) = g + ﬁiaxk{t} i #k : (4-1)

where y:l is firm j's voluntary output change and ﬁﬁ is its

(structural) reaction coefficient. Define



_ 0 ﬁ;

R = (4-2)
=2 |
1

Let

A(R) = |ROR? | ' (4-3)

be the largest absolute eigenvalue of R. Then for A <1

the discrete time dynamical system (4-1) converges to

Ax = Ry (4-4)
where
Rz [I-R™" " (4-5)

so that the (reduced form) reaction coefficients are

a2 I - 537122 -
Rj = 1/(1=)1"7) Rk = Rk/(l A7) (4-6)
and
T Q. 1 - -
BRmIBRk = Rij (4-7)

Thus iﬂ the continuous time limit when X < 1

B = LRl -3

39
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while if A > 1 the system explodes instantaneously. Since
with even small adjustment costs an explosion is infinitely
costly to all firms A< 1is assumed to act as a con-
straint on the system: £firms will never choose to permit
A > 1.

finally, letting Si be the rate of change of ﬁi the
rate of change of Ri by (4-7) is ‘
ﬁi = R.Rﬁsi + RiRiS? (4-9)
Thus when A < 1 the state equation for X remains unchanged
from (1-2) while (4-9) replaces (1-3).

The frictional reaction cost function is taken to be

bcj(Rj) = bm(le—ll + iRil)  (4-10)

L

which vanishes Qhen no reaction takes place--when ﬁa = 0.
This is analogous to (1-7) except that it is no longer
necessarily true that Rg is equal to one. The reason that
frictional costs are taken to depend on the reduced form
reaction coefficients is that it is these coefficients,
rather than the structural coefficients, whicﬂ magnify
short-run fluctuations in autonomous output and thus

determine the level of inventories that must be held.

The Local Almost Perfect Adjustment Equations:

Provided that the coefficients of section two are interpreted
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as reduced form coefficients, the reasoning behind the
derivation of (2-13) and (2-14) describing ik'remains

unchanged and

kK _ ok | ,
y* = 2 = poR I iR, (4-11)

is the approximate equation for autonomous output change.

With symmetric initial conditions define

= 7) = rI/R3 =
r = Ry = RJ/R; | | (4-12)

and observe that

g} = 170152 (4-13)

e

Thus (4-11) reduces to

yk _ _bs &'2 [,nl]: 4 r“];] | (4-14)
l-1x

Turning to Sﬂ as in (2-17)
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; . f,
" 23 OR

s oA m
k Lém et g3
k

. aRJ . aﬁg

= b 4 -ébm [sgn(RQ—l) —1 + sgn(Rj] ——q-]
) asJ k" ag)
k k

2 5 2 h %
8 e
+ 87y Th - (LgRgy™) (4-15)
k
_ 3 h L _m_k 2 _h_k
= bG{GEh ﬂhzﬂ[bsg'REEmHijRE +y RjRE]
_ | 3y (pdy 2 E
bm[Rij + sgn(Rk)(Rj) 1} (4-16)

where (4-8) and (4-9) are used and sgn(R%—l)=l from (4-6)

and A < 1.

The Steady State: Reasoning as in appendix (A) shows
that the region r < 0 is of no interest. When r > 0 -

(4-8) shows that

y =0 s =0 jk = 1,2 5 # Kk (4-17)

determine the position of the steady state. The condition

yk=0 means from (2-16) giving the profit derivatives

5 & 2230 = 2 | (4-18)
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which is (3-2) in the duopoly case. Using ykso and (4-14)
to cancel terms in (4-16) and equating the resulting ex-
pression to zero gives the second equation for the

steady state

2
si = HEEA = 5}3 [rmd + 13} 2 --——Jlf—i (1+r] y =0
(1-x7) {1-r )

(4-19)

Using (4-18) and (4-19) the steady state output is computed

to be

Q' = L4 oom | (4-20)

I
o]
+

since the second root that occurs when (4-18) and (4-19)
are solved has negative levels of output for M > 0. Here

M is as in (3-9)

m
M = (4-21)
2E26° KR,

Comparison to the Previous Model: From section

three equilibrium output when N=2 is

g = % S e S | (4-22)

py (3-7). Equating (4-20) and (4-21) shows C=g® if
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and only if either M=0 in which case qNC=qS=qM or if M=MN

in which case qNC=qS=qN. Evaluating BqNCIBM = 4 and

BqSIEM = 2 at M=0 shows that for 0 < M < MN qNC > qs.
Naturally, for M > MY output in both cases is at the
Cournot-Nash level qN. This situation is illustrated in
figure (4-1).

In economic terms what is going on? Without communica-
tion the firms can't distinguish autonomous from total
output movements. Thus they counter-react to each other's
reactions. This has two effects. First, the incentives
] are complicated by the fact that the

k
rates of change of all the reduced form reaction co-

for choosing S

; as (4-9) shows. In the

previous case only ﬁi depends on si. Actually, this,

while complicating (4-16) greatly, is of no economic

efficients are affected by S

significance: each firm can still control its rival's
output by rewarding and punishing it, just as before.

The second consideration is that to achieve a given
level of response as measured by Ri/Rﬁ the sequence of
" counter-reactions forces Rg to be greater than one.
The sequence of counter-reactions has the effect of
magnifying reaction costs by enlarging the reduced form re-
actions required to enforce a particular output level along
4=0. Except when m=0 and there are no reaction costs
to be magnified or r=0 so that no one reacts, firms have
an incentive to react less strongly than in the previous

section to avoid the increased marginal cost of response.



Figure(4-1): Output with and without Communication
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Hence long-run output is greater without communication.
How significant is the difference between long-run
output with and without communication? A calculation
shows the largest case is M=(1/32) in which case qNC-qS
is 3% of competitive output. This is a modest effect

relative to the gap between monopoly output qM and Cournot-

Nash output qN, which is 17% of competitive output.



5. Facts and Myths about Oligopoly

The results of this paper contradict a number of
widely believed myths about oligopoly. To conclude the

paper I debunk several of these myths.

Infinite Response is Optimal: Frequently in seminars

I have been told that by making sufficiently large threats
against opponents a firm can get them to do anything it
wants. Thus, when there are no frictional costs of response,
an infinite response is optimal. Our results indicate

that in the context of this paper the argument is false--
the long-run steady state reaction coefficient (r) was
computed equal to one. It is true in this.paper that each
firm controls the output of all its rivals when they follow
the equilibrium adjustment procedure. The objective,
however, is profit and not control of opponents output.

A firm controls its rival's output only by losing control

- of its own output. It can drive opponents' output to zero,
-and perhaps even increase its market share while doing

so, but to do so it must cut its own output. A large

share of small profits doesn't amount to much. Of course
if a firm could convince its opponents to leave the market
without changing its own output it would do so--but it's
hard to see how it could do so, and in the environment

here it certainly can't.

47
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A more sophisticated version of this myth holds
that the way to convince opponents to leave the market is
to first increase output a great deal, then begin the
predatory policy outlined above. The initial increase
in output insures that even when his opponents are driven
from the market the predator will still have substantial
sales. The reason such a policy does not work in the
environment of this paper is that the poténtial predator's
opponents are committed to retaliatory policies of their
own. They will match the predator's initial output in-
crease causinglprices to drop precipitously. Although
in the long run his rivals may be driven out of the market
the short-run losses incurred by the predator more than
offset these future gains.

If a firm can permanently commit itself to a policy

of predatory threats, and if opponents adjust instantly

to this policy, one firm may successfully dominate the
market. In the environment here, as in real life, this

possibility cannot occur.

Negative Response is Optimal: This myth might best

be labelled the Cournot-Nash confusion. The assertion
is that when an opponent increases output it is optimal
to reduce output. In this paper, however, the converse
is true--all stable steady states have non-negative
response rates. Why is this?
Lowering output in response to an opponent's increase

has two effects: it increases profits, and it encourages
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the rival firm to increase output even further. At a
steady state only the latter effect matters--rival firms
aren't going to change output unless encouraged to do soO.
The Cournot-Nash confusion ignores the fact that retalia-
tion affects the behavior of opponents. Only when it does

not should opponents output increases be met with reductions.

Negotiation Matters: The institutional industrial

organizational literature15 frequently distinguishes
between explicit collusion where firms negotiate output
shares and implicit collusion where they do not. It
argues that in the former case firms will always collude
fully because it is "jointly optimal" to do so. Of
course if firms can enter into legally binding contracts
which can be costlessly enforced, this might be true, but
is it true without legally binding contracﬁs? The error
does not lie in believing negotiation matters. Communica-
tion can (as ;e-saw in section four) enhance collusion.
It is also possible that explicit negotiations can reduce
. frictional costs of enforcing collusive arrangements.
But does explicit collusion invalidate the results of this
paper?

The key question is: how is collusion enforced?

Even if an agreement is reached what keeps firms from

cheating on it? Once an agreement is reached, firms will

cheat and other firms retaliate--this process of learning
and enforcement is what this paper is all about. A

negotiated agreement could determine the starting point



50

for the‘dynamical system described here, but those
equations of motion will determine the history. of the
industry from that point on. It is a mistake to think that
talk alone will cure the problem of enforcing collusive

arrangements.

Facts about Oligopoly: Learning is a time-consuming

activity. Because it takes time to reoptimize, firms

are implicitly committed to the status quo. This paper
has examined how firms (almost) rationally choose these
implicit commitments. The result is a simple sensible
story of oligopoly: firms punish uncooperative opponents
and reward cooperative ones. In the long-run steady state
this implies that market competitiveness depends on the

frictional costs of enforcing collusive arrangements.



