Learned Convention and Subgame Perfect Equilibrium in
an Overlapping Generations Model with Two-Sided
Altruism *

Professor Lakshmi K. Raut
California State University at Fullerton
Department of Economics
Fullerton, CA92834,USA

Abstract

This paper considers an overlapping generations model of endogenous fertility,
savings and intergenerational transfers. While subgame perfect equilibrium notion
is more relevent to analyze individual incentives in this set-up, due to computational
complexity and lack of an appropriate equilibrium selection theory, most previous
studies employed the open-loop Nash equilibrium. This paper introduces a unifying
notion of equilibrium in which behaviors are guided by best responses, given a fixed
convention and bounded rational expectations about other agents’ behaviors. The pa-
per provides an evolutionary process for convention based on learning. When the
process converges, the limiting equilibrium is shown to be a subgame perfect equilib-
rium. This procedure provides a rationale for equilibrium selection and a method to
compute subgame perfect equilibrium locally. Using this procedure, the paper studies
the effect of a social security program on local subgame perfect equilibrium level of
intergenerational transfers, fertility rate and welfare of a representative agent.

Keywords: Convention, Learning, Endogenous Fertility, Local Subgame Perfect
Equilibrium.

*Correspondence: Professor Lakshmi K. Raut, Department of Economics, California State University at
Fullerton, 800 N. St. College Blvd, LH-702, Fullerton, CA 92834. Phone: (714)278-5481. Fax: (714)278-
1548. E-mail: lIraut@fullerton.edu



Learned Convention and Subgame Perfect Equilibrium in an
Overlapping Generations Model with Two-Sided Altruism

1 Introduction

There are many unresolved issues regarding the pay-as-you-go (PAYG) social security pro-
gram and its effects on fertility, savings and intergenerational transfers in overlapping gen-
erations (OLG) economies. First, what should be an appropriate equilibrium concept to
model individual incentives for intergenerational transfers? While the notion of subgame
perfect equilibrium is an appropriate equilibrium concept, there are generally many equi-
libria and computation of a subgame perfect equilibrium in OLG set-up is very complex.
This led most previous studies in this area to use the notion of open-loop Nash equilibrium
which does not fully capture the incentives in the OLG framework. Second, the literature
has remained elusive on the issues of why does there exist a PAYG social security program,
and whether it can restore Pareto optimality or lead to a Pareto superior allocation for OLG
economies.

Samuelson [1958] explained the need for a PAYG social security program to restore
Pareto optimality in pure exchange OLG economies. He assumed that agents have life-
cycle utility functions and thus there are no voluntary intergenerational transfers. Another
type of explanation postulates that there could be economy of scale and other sources of
market failures in pension provision (see, Diamond [1977]) or there might be adverse selec-
tion/moral hazard problems in private provision of retirement income insurance and these
could be mitigated by compulsory participation (see Diamond and Mirrlees [1978]).

Veall [1986] provided an alternative explanation for PAYG social security. He consid-
ered an OLG model in which each agent is assumed to derive utility not only from his/her
own life-cycle consumption, but also from the level of old-age consumption of his/her par-
ents. Due to this consumption externality, elderly may save little to extract the maximum
possible gifts from their children; "This can lead to an inferior steady state, where no one is
consuming 'enough’ in retirement” (Veall [1986, p.250). If a PAYG social security system
is introduced such that it transfers from the young to the old at least the amount that the old
could extract from their children by saving nothing, such a social security program could

restore inter-temporal efficiency of consumption for each agent and Pareto optimality for



the whole society. However, once the agents begin to save, the young may like to reduce
their social security contribution and have incentive to amend the PAYG social security leg-
islation. Thus such a PAYG system may not be stable. Veall showed that if social security
benefits are set at the level of optimal steady-state old-age consumption, then such a legis-
lation will be honored by all future generations and thus is stable. Moreover, the resulting
allocation will be Pareto optimal.

Hansson and Stuart [1989] provided another closely related explanation by modeling
PAYG social security legislation as a trade among living generations. They considered an
OLG model in which agents derive utility not only from their own young age and old-age
consumption but also from properly discounted young age and old-age consumption of their
parents and of all future generations. They find conditions under which the young and the
old agents would find it beneficial for them to agree upon a stream of PAYG social security
transfers for the current and all future generations such that the resulting allocation is Pareto
optimal and that no future generations would have incentives to amend the program.

These models did not endogenize fertility choices. If agents expect to receive gifts from
their children to support old-age consumption, it is clear that not only savings decisions but
also the fertility decisions will be affected; in fact, agents may like to have more children
than what is socially optimd]. Hence, it is important to relax the exogenous fertility as-
sumption in the above class of models.

Recent models that study the effect of social security on fertility and savings (Barro
and Becker [1989], and Raut [1990]) the existence of a social security is not explained.
Nishimura and Zhang [1992] incorporated fertility choices in Veall's one-sided altruism
framework. They used open-loop Nash equilibrium as a solution concept for decentralized
economy and assumed that agents care only about their parent’s old-age consumption but
not about their children’s well-being and then considered the possibility of implementing
social optimal with social security in an open loop Nash equilibrium. Following Veall,
they viewed the optimal old-age consumption in the steady-state as PAYG social security

benefits. However, when fertility is also a choice variable, it is not possible to implement

! This is an alternative formulation of old-age security hypothesis. Raut and Tran [2004] studied theo-
retically and empirically an alternative formulation of old-age security motive. They examined how parental
investment in children’s human capital is affected when parents expect old-age transfers from their children.
While human capital investment is an important intergenrational transfers decision, the focus of this paper is to
study the link among the savings, fertility and old-age resource transfers decisions.
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the optimal steady-state allocation using only a PAYG social security policy instrument; this
was possible in Veall’'s framework because he treated fertility as exogenous; in fact, once
such a PAYG social security program is enacted, the free rider's problem would cripple
the system since an individual agent will have no incentive to have children (as they do
not affect utility but cost money). Parents would like to depend on others’ children for
contribution to social security program. Since every body would behave this way, such
a social security program is not individually rational. Therefore, viewing optimal steady-
state gifts as a form of PAYG social security in Veall’'s framework loses both normative and
positive virtues once fertility is a choice variable.

In this paper, | extend the literature in two respedigst, | introduce two-sided pa-
ternalistic altruism of the type that agents derive utility not only from their own young age
and old age consumption, but also from the old-age consumption of their parents and the
young age consumption of their childreecond,| introduce a more general notion of
equilibrium which includes open-loop Nash equilibrium and subgame perfect equilibrium
notions as special cases. | assume that behaviors are guided by best responses, given a com-
mon fixed convention and bounded rational expectations about other agents’ behaviors. |
then provide a mechanism for agents in each generation to learn the common convention by
observing their parent generation’s behaviors. When the evolutionary process converges, |
show that the limiting equilibrium produces a subgame perfect equilibrium. This procedure
leads to both selection of a subgame perfect equilibrium and computation of an equilibrium
locally. Using this procedure | study both analytically and numerically the effect of a social
security program on local subgame perfect equilibrium rate of intergenerational transfer,
fertility rate and welfare level of a representative agent.

In section 2, | set up the basic OLG model. In section 3, | define the notions of open-
loop Nash equilibrium, social optimum, and subgame perfect equilibrium. In section 4, |
explain the bounded rational framework involving conventions, learning of conventions and
the computation of a subgame perfect equilibrium locally. In section 5, | study properties

of this equilibrium. Section 6 concludes the paper.



2 The Basic Framework

| use the basic Samuelsonian [1958] overlapping generations framework and introduce two-
sided altruism to endogenize intergenerational transfers. Assume that time is discrete and is
denoted a8 = 0, 1, 2, ....; each person lives for three periods: young, adult, and old. While
young, he depends on his parents for all decisions. | follow the notational convention that
a superscript refers to an adult of periotiand a subscript refers to time period. For
instance¢t andci+1 denote respectively the adult age and old-age consumption of an adult
of period t; howevern; denotes the number of children of an adult of peripgince |
assume that only adults can have children, so from the subscript we can identify

which generation it corresponds to. Assume that for al 1, the wage ratev; and the
interest rate; are exogenously given.

Assume that all children are born identical and they all behave identically in a given
situation. An agent’s behavior regarding fertility, savings and intergenerational transfers are
guided by concerns for the well-being of children and parents which | model by assuming
that an adult of generationderives utility from his own life-cycle consumption and from
consumption level of his children and parents that he observes during his active life-time
(see Kohlberg [1976], and Pollak [1988] for use of similar utility functions in different

contexts). More specifically, agent t's utility function is as follows:
U' = §(ne-1)o(ci™") + av(ey) + Bo(cppq) + v(ne)o(etfy) (1)

Veall [1986] in his exogenous fertility framework and Nishimura and Zhang [1992] in their
endogenous fertility framework assumed thét;) = 0 andd(n;) to be constant, for all
t > 0. In the above specification, | allow the degree of an individual’s concern for his
parents to depend on the number of siblings. However, most of our results gy i§
constant. | will argue later that assumingr;) = 0 leads to unsatisfactory modeling of
fertility decisions.

An adult of periodt earns wage income, in the labor market andxpectgo receive
a bequesb; from his parents. These two sources of income constitute his budget during
adulthood. Rearing cost per child in peribds 6; > 0 units of periodt good. Given his
budget, he decides the amount of saviagghe number of childrem; > 0, the fraction

of income to be transferred to his old pareats> 0; in the next period, he retires and
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expects to receive;1n; amount of gifts from his children, eari$ + r;11)s; as return

from his physical assets, and decides the amount of beguast 0 to leave for each of

his children.
time t=1 t=2 t=31 .. t—1 t
generation
0 b1
1 (a1,m1,51) bo
2 (a2, m2,82) | b3
t—1 (@t—1,m4-1,5¢-1) by
t (at7nt7 St)

Table 1. Time table of actions by overlapping generations of agents

The effects of agentts action,a® = (a¢, ny, s¢, bi11), on the levels of his own life cycle
consumption and the levels of consumption of his parents and children in the periods that
overlap with his life-cycle, depend on his parent’s actioft;! and his children’s action

o't as follows:

s +0my = (1—a))w+ by 2
¢ +nibisr = (14 reg1)se + arpweang 3)
Cfg_l = (I4+re)si—1 — mp—1by + apweng—q 4)
Al = (1= ap)wet + byt — Se41 — Orpinesn )

Civci+1 >0
Similarly, the agent = 0’s utility function is given by
Wo = Bu(}) +~(no)v(er)

and agent = 0 decides the level of bequelt, given his past decisionsy, sg, and his

children’s decisionsy'. The arguments of his utility function are given by

c(l) +nob1 = (14+7r1)so+ aijwing (6)
i = (1—a)w;+b —s;— 0y (7)
c(l) >0



3 Equilibrium notions

3.1 Open-loop Nash Equilibrium

Note that if1 > ay > 0 andb; > 0 is an equilibrium combination of gifts and bequest in
period t, so isy; + € andb; + ewy, for smalle > 0; this can lead to gift-bequest war. This
could be handled by requiring an equilibrium to yield either positive bequest or positive gift
within a period but not both. Most commonly used equilibrium concept is an open-loop
Nash equilibrium which | define as follows:

A sequence of strategie§at}:i0 is feasibleif there exists an associated sequence

of non-negative consumption streafh {cﬁ,ciﬂ}(lx’ such that it satisfies the budget con-

straints [R){I7).

Definition 1 An open loop Nash equilibriuris a sequence of feasible stratedies} °

such that for given initial conditiomy, s

O a>0=b=0andb; >0=0a; =0

( II) for anyt > 1, givena"*l = (at_l, Ng—1, St—1, bt) andott! = (at+1, Nt+41, St+1, bt+2)
there does not exist another stratégyfor agentt such that! together withn™, 7 #
t, T > 0 form a feasible sequence of strategies, &hglields higher utility for agent

t.

| distinguish further among different types of equilibréan open-loop bequest equilib-
rium is an equilibrium of the above type that satisfigs= 0, andb; > 0 forall ¢ > 1. An
open-loop gift equilibriunis an equilibrium of the above type that further satisfies- 0,

anda; > 0 forallt > 1.

3.2 Social Optimum

Following Samuelson [1958], | define a social optimum to be an allocation of consumption
(¢y, o) between adults and olds within a given generation and the number of children
such that a representative agent’s utility in a stationary economy is maximized. More

formally, the problem is to choosg, ¢y, andn



max (a4 (n)) v (¢y) + (B + 0 (1)) v ()
subject to
eyt 1 =w—nd

| use this in the numerical example section.

3.3 Subgame Perfect Equilibrium

An open loop Nash equilibrium framework does not fully model the incentives that agents

may have to manipulate their parents’ or their children’s behavior to extract more transfers

from them. For instance, since parents make their consumption and fertility decisions prior

to their children’s, parents may find it strategically advantageous to consume more in their

working age, save little on physical assets and possibly have more children so that when

they become old they have little income of their own. When the children find that their old

parents have little to consume, they will have sympathy for their parents since they care

about their parents’ consumption; thus they will transfer a larger amount of old-age support

than what they would be transferring in the open loop Nash equilibrium. The children in

turn can manipulate their children in the same way and the process could go on for ever.
To proceed more formally, | assume a particular sequencing of decisions within each

period in order to compute and study the properties of subgame perfect equilibrium. More

specifically, | divide each time periotinto two stages denoted hyand¢.1 (staget.1

follows staget) at which the live agents of period t are to make decisions. At gtagkich

is the beginning of period the agent — 1's decisionga;—1,n¢—1, s;—1) are part of history

and are assumed to be observable to the live agenisandt. Denote these past decisions

at stage by h;. Given a realization of the histork;, the agent — 1 decides to bequeath

b; to each of his children and each of his children decides the fraatiah their income

to be given as gift to their parents. Both agents make their decisions simultaneously and

independently. The game moves to stadeat which both agents observe the outcome up

to staget.1. Denote a typical realization of these decisions at stagéy h; ;. Given a

realization of the historys; ; at stage.1, the agent — 1 does not make anymore household

decision, agent, however, decides the number of children and savimgss;) . Figure[1

depicts a part of the extensive form of the game starting at $taljee tree is shown only



up to stage + 1.1; the label of a branch describes the action of the agent that it corresponds

to; the shaded boxes are the information sets of the agents within a given stage.

Figure 1: Extensive form representation of the multi-stage gé&ifie,

Since at stagéethe parent—1 knows that his children will use the information regarding
his observable actions, he will choose his actions in a manner that exploits the reactions of
his children in most favorable way. Or in other words, parents may find it beneficial to
manipulate their children’s behavior. In the above set-up, agents in later stages can use very
complex punishment rules as their strategies. For instance, antageftin stage 5 can

condition his actions as follows:

"he will transfer a certain fractions of his income to his parents if his parents
transferred a certain fractiomy of their income to the agent’'s grandparents,
saved certain amount;, had certain number of children,, and if his grand
parents transferred a certain fracties of their income to the agent’s grand

grand parents, ... and so on.”

While these types of strategies may lead to many subgame perfect equilibria, the equi-
libria that prescribe strategies conditioning on the dead grand parents are hard to execute

since it is not possible to objectively verify if the agent’s grand parents or grand grand par-
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ents did such and such. | consider only pay-off relevant strategies: From equgtions (2)-(5),
and the arguments of the utility function, it is clear that the only information from history
that is relevant to decision making of the agents at stagiagent — 1's own past decision
regarding(s;—1,n¢—1), and thus | consider the bequest decision rule of agent to be of

the formbd, (n;—1, st—1) , and the old-age transfer decision rule of agetat be of the form

at (ny—1,8:—1) ; Similarly at staget.1, the agent’s actions depend on his own past deci-
siona; and his parent’s bequest decisiyn only through the net effecti;w; — b; which

| represent as functions of the formy = n; (a;w; — b;), ands; = s¢(ayw; — by). Thus
agentt’s strategies are functions of the typg:= a:(n¢—1, s¢—1), ne = ny (agwy — by), and

st = s¢(apwy — by) andbgy(ny, s¢). Whenever actions at any stage are functions of past
actions, they are known &saction functions.Putting all the actions and reactions of agent
t from all stages of the game together, it is easy to see thatfie of pure strategieof all

agents together is given by,

A — (at(nt_l, St_l), nt(atwt — bt), st(atwt — bt), bt+1(nt, St)) for all agentg > 1
;=
b1(no, S0) foragentt =0

where, each component belongs to the relevant strategy space specified above. Note that
agentt’s actions,n,, s¢, a;, andb.1 now belong to function spaces, whereas in open loop
Nash equilibrium they were non-negative real numbers. | use the following characterization

of the subgame perfect equilibrium notion.

Definition 2 Let ng and sy be the initial condition. A profile of strategies, A7 =
(af(nt,l, 5¢-1), nf (agwy — by), s (agwy — by), b 1 (1, st)), for agentt > 1, and Aj =

bi (no, so) for agentt = 0, is said to bea subgame perfect equilibriuif

1. for all agentst > 1 and for anyn;_1,s;-1, by = b} (ns—1,5¢-1), givenay, (., .),
ni 1(.), si.1(.) the strategies; = af (ni—1, st-1) ,n¢ = ny (agwe—by), st = s7(ayws—
bt), b1 = by (ne, st) maximizeU;, subject to agent t's budget constraint deter-

mined by the given optimal reaction functions of the other agents, and

2. foragent = 0, given(ny, so) , and the optimal reaction function$(., .), ni(.), s7(.)
of agentt = 1, the reaction functionj (ng, so) maximizes his utility within his bud-

get constraint determined by the given optimal reaction functions of agent 1.

10



3.3.1 The First Order Conditions for a Subgame Perfect Gift Equilibrium

Let ary1(ng, $¢)s neg1 (apr1Wer1 — ber1), Se+1(arr1wer1 — beyr) be the optimal reaction
functions of agent + 1, and letn;_1, s;_1 be any feasible actions of agent 1. Taking
these decisions as given, agent t chooses a feadible a;(n;—1, st—1), ne(arwy — by),
st(agwy — by), bey1(ny, s¢) that maximizes his utility. Fot > 1, the first order necessary
conditions for his maximization problem are as follows:

At stage t:

t—1
Ct

d(ne—1)ne—1V' (1 + r)se—1 + apwing—1 — ng_1by)... ®)

t
Ct

—aV'((1 — ap)w — s¢ — Omy + by) < 0,and = 0 if a; > 0

—BV' (¢ i1 + v(—1)V'(c) [1 — 0y (by — agwy) — si(by — agwy)] < 0,
9)
and =0if b; >0

At stage t.1:

t
Ci+1

—aV/(cp) + BV'([1 + req1)se + a1 () wip1ng — ngbiia]) X
t+1
Cii1

(14 res1) + wepineasr1 2(ng, s¢)] — y(ne)V (1 — @e1)wegr — Se+1 — Opp1mus1 + beg1) X

[at+172(nt, St)wt+1] <0, and=0ifs; >0
(10)

—abV'(c}) + BV (ciiy) [arr1(ne, so)wert + newppraer1(ne, )] ..
(11)
‘W'(W)V(Ciﬁ) - W(Ht)V/(Ciﬁ) [wer1at41,1(ne, s¢)] <0, and = 0if ny > 0

Similar to open loop Nash equilibrium, | can define subgame perfect gift equilibrium
and subgame perfect bequest equilibrium. However, in the rest of the paper | analyze only
the properties of the subgame perfect gift equilibria.

In this framework, a subgame perfect equilibrium with differentiable reaction functions

may not exist. Even when there exists one, it is not possible to compute all subgame perfect
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gift equilibrium reaction functions from the above first order conditi§ndf we further
restrict to a stationary local subgame perfect equilibrium, could we compute it using the
first order conditions? More formally, assume that the wagewate w, the interest rate

rs = r, and the cost of raising childrehh = 6 for all ¢t > 1.

Definition 3 A stationary local subgame perfect gift equilibriusa vector of fertility
level, savings amount, and the rate of old-age support to pareritss*,a*) > 0 and a
vector of reaction function&u(n¢—1, st—1), n(arw; — by), s(a;wy — by)) defined in a neigh-

borhood of (n*, s*, a*) such that

a* =a(n*, s, n" =n(a*w)), s* = s(a*w)

and

at(ni—1, st-1) = a(ni—1, s¢—1)
nt(atwt - bt) = n(atwt — bt)
st(atwt — bt) = s(atwt — bt)

by (nt_l, St—l) =0 forallt>1

and that the above satisfies the system of equatipn$ (8)-(11) forall with initial condi-

tion,ng = n*, andsg = s*.

Could one compute a stationary local subgame perfect equilibrium reaction functions
from the above first order conditiong (§)411)? To that end, denote the one period lag value
and the one period forward value of a variablby z_ andz™ respectively, the system of

equations[{8)f(11) for a stationary subgame perfect equilibrium becomes:

V) stom = 2O < TSI T @

U (a(n,s.),s+60n)=—pV(1+7r)s_ +al)wn_)n_+y(n_)..
(13)
V([1-a()]Jw—-s—6n))[l—0n"-s]<0and=0ifb>0

2 See Kohlberg [1976] for a discussion of such problems in a similar framework.
% The adjective "local” in the definition refers to this neighborhood restriction.
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¢ (a(n.,s),a" (n,s),a3 (n,s),n,s, s +6nt) =
—av' ([1 —alw—s—06n))+ BV ((1+7)s+a(n,s)nw) ((1+r) + nwas(n,s)) ...

—y(n)V' ([1 — a(n, s)]jw — sT — On™) [a5 (n,s)w] <O0and =0if s >0
(14)

g (a (n.,s.),at (n,s),af (n,s),n,s, s+ 0n+) =

—adV ([1 —ajw — s —6n)) + V' ((1 +r) + wnat(n,s)) x
(15)
[a®™(n, s)w + af (n, s)wn] ++'(R)V([1 — at(n,s)jw — s —6nT) ...

—y(m)V' ([1 — a™(n, s)]w — sT — On™) [af (n, s)w] <0, and =0if n > 0

Since we are trying to compute a local gift equilibrium, we restrict our computation to
a neighborhood in which(n_, s_) = 0, and thus assume that the no bequest constraint in
equation [[I3) is satisfied as an inequality. Notice that one can solvé foas a function
of n_ ands_ from equation[(12) treating ands as given, and then solve farands from
equations[(14)f(15) after plugging in the values:0f), a1 (.) andas(.). This cannot work
sincen ands in equation[[I2) are implicit functions af and hence it will not be possible to
calculatea(.), a1 (.) andaz(.) from equation[(7]2) alone. This is a curse on subgame perfect

equilibrium in overlapping generations models.

4 Convention, Learning, and Subgame Perfect Gift Equilibrium

In the previous section we saw that it was not possible to compute a subgame perfect gift
equilibrium even locally around a steady-state using the first order conditions. Furthermore,
there are generally multiple subgame perfect equilibria, and the literature on equilibrium
selection theory does not guide us in the overlapping generations context to select an equi-
librium. To make progress, | adopt the recent developments in evolutionary game theory
for repeated normal form finite games to the OLG set-up.

Much of the evolutionary game theory literature assumes that a game with a finite num-
ber of pure strategies is played repeatedly many times by randomly drawn players from

a large population (see for instance Fudenberg and Levine [1998], and Weibull[1995]). It

13



combines two processes: a selection process that postulates which strategies yield higher
pay-offs given the actions of all players, and a mutation process which randomly creates

exceptions to the evolutionary process. The selection process has been formulated in vari-
ous ways. For instance, as natural selection, imitation reinforcement and best response. In
this paper, | consider a best response model with bounded rational expectations about other
agents’ behaviors and define a notion of equilibrium with fixed common convention that en-

compasses open-loop Nash equilibrium and subgame perfect equilibrium as specializations

of this equilibrium.

4.1 Gift Equilibrium with a common convention

The bounded rationality of this paper consists of three assumpfianss; at every stage,

each agent follows a common "convention” that if he transfers a fraatiai his income

to his old-parents at stage then he spends; = o (a;) on savings for old-age and on
children at stage.1. Hereo (.) is aconvention It is common to all individuals. It could be
viewed as a threat strategy that a child may use if his parent did not save enough for old-age.
Second each agent assumes that his children will react to his decisions exactly the way he
reacts to his parent’s decisions, that is the reaction funetigrthat he chooses will be also

the reaction function of his childrefhird , given a conventiom () , an individual chooses

an action that maximizes his utility, i.e., individual behavior is guided by best response
given a conventiom () and assumption about others’ behaviors.

Assuming that the conventions belong to a well-behaved family of functions, notice
that given a decisioffia_,n_, s_) of the parent generation, (using implicit function the-
orem) one can solve for the best respofsén_,s_),n(a), s(a)) from equations[(12),
(L3)and [1b) as follows: The reaction functiaf.) is a solution of equation (112) with
s+ 6n = o(a(n_, s_)); the other two functions(a), s(a) are solutions of equationg (14)
and (15) after substituting® + On™ = o (a(n, s)) . | denote the set of best responses by
BR(a—,n_,s_;o) whose elements are the vectdrs n, s) of optimal choices of adult
agentt. While in generalBR (a—,n_,s_; o) could be a correspondence, | assume that
economies satisfy conditions such tliaR (a_,n_, s_; o) is a function. Given a popula-
tion distributionu_ of decisionga_,n_, s_) by adults of previous generation, and given a

conventior, the best response functi@hR (a_, n_, s_; o) determine the distribution @f
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of current generation’s decisio(is, n, s) and the reaction functior{g (n_, s_) , n(a), s(a)) .
For a giveno, | refer to BR (a—_,n_, s_; o) as astationary gift equilibrium with common
conventioro.

The above bounded rationality is very strong and not self-fulfilling. To see this, assume
that a conventiom () is followed at stage.1. Parents make their bequest decisbpr= 0
and an adult child make his old-age transfer decisiprat staget that maximize their
respective utility functions. But when the game moves to stagehe children choose
their best responses (a;) ands; (a;) givena; which may not satisfy the convention that
was assumed at stagei.e.,d (a) = 6n; (a) + s¢ (a) may not be equal te (a) that was
assumed at stage i.e. his decisions are not time-consistent. | will address this in the

subsection on learning. The following result is now straightforward.

Proposition 1 Supposda(n_,s_),n,s) € BR (a_,n_,s_;c*) is a stationary gift equi-
librium with a fixed convention™* such thak (a)+6n (a) = o* (a) . Thena(n_, s_),n(a), s(a)

is a stationary subgame perfect gift equilibrium.

Notice that the fixed convention(.) corresponding to a subgame perfect equilibrium
does not have the time inconsistency problem mentioned above. But how do individuals in

a society arrive at such a common convention? | address this in the next subsection.

4.2 The Gift Equilibrium with Learned Conventions

In the previous subsection | assumed that individuals somehow know the subgame perfect
conventioro (a). In this section | provide a learning mechanism starting with an arbitrary
convention and an evolutionary process with and without mutation, and show that when the
learning process converges, the limiting distribution gives a subgame perfect equilibrium.

This learning procedure could also be used to compute a subgame perfect equilibrium.

4.2.1 Learning

Let u,_, be the population distribution of actiofi&;_1,n:—1, s;—1) that are chosen by the
adults of generatiom — 1. The old parents and the adult children at stagdserve the
distributiony,_,, and then compute conditional expectatiortpf; = 0n,_; + s, given

a;—1. Letthis conditional expectation be denotedras,; (a:—1) . At staget, old parents and
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their adult children presume this will be the convention that will be followed in future and
make choicega;, nt, s;) € BR (at—1,m¢—1,5:—1;0:—1) . Note that given the distribution

sy Of (ap—1,m4—1, st—1), the associated convention_;, and the best response function

BR (at—1,n-1, St—1;01—1) , the distributionu, of actions(a, n¢, s;) and the convention

o (which is the conditional expectation §f = 0n, + s; givena,) are determined and the
process iterates over time to go on for ever. Denote the evolutionary process for convention
by o1 = ® (0,—1). When this process converges, it converges to a fixed pdioft this

map®, which is the long-run learned convention, and it is self-fulfilling and time consistent
and hence also a subgame perfect equilibrium.

It is possible that when the process= ® (0,_1) converges to the fixed poiat*, the
support of the distributiom, might shrink to the degenerate distribution concentrated at a
point (a*,n*,s*) € BR (a*,n*, s*;0"). Then there will be no variation in the population
distribution of optimal actions. How does one learn the reaction functions if there is only
one type of observation? In evolutionary game theory the problem is handled by assuming
that, in each period, a fractianof population experiments or mutates i.e., instead of choos-
ing (a¢,n¢, s¢) € BR(at—1,n—1,5t—1;0¢—1), an agent makes a random choice around
(at, nt, s¢) in their feasible set. This creates varieties and the support of the distribytion
does not degenerate. One then studies the limiting invariant distributi@md learned

conventionos*. | pursue this line of enquiry in another paper.

4.3 Computation of local gift equilibria with learned conventions

I now use the learning algorithm to compute a local subgame perfect equilibrium and study
the effect on the equilibrium when a PAYG social security program is introduced. No-
tice that since we are computing a local subgame perfect equilibrium, we can restrict our
computation to a small neighborhood around a steady-gtate*, s*) and to a linear spec-

ification for o (.) of the following form:

o(a) = s* +0n* + (a — a*)wo’ (16)

Assume that the utility function satisfies the following:
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Assumption A: 1 (constant elasticity of marginal utility (CEM) function)
cl=r

where—p measures the elasticity of marginal utility.

Assumption A: 2 y(n) = yon! ™71, 0 <y < 1

The significance of this assumption is that parents care about consumption of all children
equally. However, the weight they give to such consumption decreases with the number of

children whenevet;; > 0.
Assumption A: 3 §(n) = §gn’*"1, 0< 4§ < 1

| refer this economy as CEM economy. Consider a PAYG social program of the type
that the an adult of generatigrpaysrw; as social security taxes, and receivesw; 1 as
social security benefits when he is old. Although, the benefiisv;; depends on agent
t's number of childrem;, he takes it as an externality. For a given valuebf= ™ the

steady-state local learning equilibriuntn, s) for our CEM economy is given by

sy — B0/ w0 — w0 — [ 4 0n* —a'0]) ~ (L r)s —nrw o

w(n+ (14 20) (o/a)ondi/e)

For all reasonable non-negative valueg 6 it is clear from equati08) th% <0,
and it is not necessarily equal tel. That is social security does not perfectly crowd-
out private transfers. One can easily verify that betfi) andas(.) are negative for this
reaction function. While it is not possible to analytically derive the effect oh fertility
and savings, for various values @f, | numerically found the effect of on equilibrium
fertility level to be always negative.

A typical phase diagram for the evolution of convention that emerged in our numeri-
cal CEM economies is shown in figufe 2. From the figure, it is clear that there are two
local subgame perfect gift equilibria, and the learning convention converges to the stable

equilibrium.
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Figure 2: Phase diagram of Learning dynamics

| assume that; = .8, vy = 3,74 = 6; p = 1.5; a= 4; 8 = .34;r = .05;
w = 10; andf = .1. Fordy, | consider two cases: (¥, = 0.35 and (2)§y = 0.01.
The main difference between the two cases is that in the first case agents are assumed
to care relatively heavily for their parents as compared to the second case. This will have
implication for social security as we will see shortly. For various valueg'of numerically
solved steady-state gift equilibrium using MathSoft's Maple software and using my own
C++ programs. The numerical strategy | used is as follows: | chose an initial ¥glue
close to the fixed point and simulated the learning equilibrium pagh},., . | found that
in the case 0§ = 0, {o{;"}tZl converged to a stable local subgame perfect gift equilibrium,
o = —0.121472602158 (the equilibrium allocation is shown in tabfe 2 in the row with
7 = 0 and Equilibrium Concept = Learned convention). For the equilibrium type with
s > 0, none of the sequences of learning equilibria that | considered converged. The same
phenomenon is true for the economy with social security taxirate.035. The equilibria
corresponding to second set of parameter values are presented ii table 3.

For all the values of’* that | considered, | found two equilibria one with= 0 and the
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other one withs > 0, and the former equilibrium always produced a higher level of utility
and a higher level of old-age support in the steady-state. Furthermore, a gift equilibrium
with fixed convention with respect to a larg€ is very close to the corresponding open-
loop Nash equilibrium. In panels (a) and (b) of figlire 3 corresponding to the gasds

ands > 0, | have plotted the graph ab(¢’*) around its fixed points for our calibrated

economy.

Table 2: Steady-state local learning and subgame perfect gift equilibria for the economy
with 69 = 0.35

Equilibrium e . s s

T Concept g (n, 8%, 0%, Unax)

o | Nash ] (1.699710194, 0, .4095616885, —1.140189766)
Equilibrium (1.025062190, 1.341247016, .3341720874, —1.241803182)

; Social - n* = 4.4273139, 7% = 296681, Upay = —1.066475

Optimum

Fixed

0 . 573.2 (1.6958508998, 0, 0.409831247, —1.140547454)
Convention

0 Fixed 0 (1.5989049725, 0, 0.41682122123, —1.1501342368)
Convention (.8658794251, 1477940857, .3265849827, —1.270158580)

0 Learned 1 151472602158 (1.59835683672,0, 0.4168619874, -1.1501919166)
Convention
Learned

0.035 . -0.0884944056 | (1.4123165415, 0, 0.39660878 -1.1724263009)

Convention

Table 3: Steady-state local learning and subgame perfect gift equilibria for the economy
with o = 0.01

Equilibrium . . o x

T Concept g (n%, 5%, 0%, Umax)

- Social - n* = 2.229280716, 7% = 2964089, Upax — —.8944282
Optimum

o | Leamed 0.0140687 | (4.260833, 0, 0.0398846038, -1.1509245896)
Convention

0.035| Leamed |4 135004528 (3.6475198, 0,0.00802, -1.1506664)

Convention

Note that in both economies, a PAYG social security reduces the local subgame perfect

19



0.000 -
=005 7
=0.01A 1
=0.015 1

=—0.010 4

—0.016 o

—0,030 1=0
=035 §

_ﬂ'a.iul-'llll||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||
=040 =038 =0,039 —0018 —0.040 =006 =0.am —0.006 2400
G'*

(a)

s> 0

P(o'*)

0
5] 45 line

Figure 3: Phase diagram of learning equilibrium for numerical CEM economy

20



equilibrium fertility level. The main distinguishing features of these two economies are that
for the economy of the first table, the socially optimal fertility rate is above the local sub-
game perfect equilibrium level of fertility and introduction of a social security reduces the
steady-state welfare level of a representative agent. For the economy of the second table,
the socially optimal fertility level is below the local subgame perfect equilibrium fertility
level, and introduction of a social security program improves the steady-state welfare level
of a representative agent. These qualitative properties are insensitive to small changes to
the parameter values. Furthermore, neither economies produced convergent convention se-
guences for equilibrium of either type (i..= 0, or s > 0) when | tried social security tax

rate close to the rate implied by the social optimal solution.

5 Properties of Gift Equilibrium

In this section | study the properties of steady-state local learning equilibria for which the
associated’ > —1. These results are also true, in particular, for any local subgame per-
fect gift equilibria for which the associated® > —1 (this is true for instance, for the CEM

economy in our numerical example above). The following proposition shows that the equi-
librium reaction of children to parents’ higher savings is to reduce old-age support to their

parents.

Proposition 2 Let v(.) be twice continuously differentiable witl'(c) < 0V ¢ > 0,
then for all (n, s) that lead to positive consumptions in each period, equafign (13) has a

continuously differentiable solutiom(n, s) andda(n, s)/ds < 0.

Proof. Assume that- = 0. Substitutings + 6n = o(a) from equation [(16) in equation
(L2), we have an implicit functio®(n, s, a) = 0 for which

0%(.)
Oa

= —w [V'(c})(1 + ™) +V"(c3)d(n)n?/a] >0

Hence the first part follows from the implicit function theorem. Using the implicit function

theorem again, we have

da(n,s) _ (14 rV'(c3)d(n)n/a <0
b5~ wVIE)( + o) + V() (mn/a)

Q.E.D.

21



While the effect of a parent’s savings on the rate of transfers from children is negative,
it's effect on the number of children is ambiguous. To see this, denotg¢by= 6(n).n/«
and assume that(n) is an increasing function of. Proceeding in the same manner as in

the proof of the previous proposition, it follows that

Oa(,,.) _  ¢'(V'(c3) + [$(n)a(., Juv"(c5)]

on [wv"(c])(1 + 0™) + ¢(n)wnv"(c3)]

Note that both the bracketed terms in the above are negative and the first term of the nu-
merator are positive. Thus the sign of the right hand side of the above partial derivative will
depend on the relative magnitudes of the bracketed terms and the first term on the numera-
tor. In the numerical example that | considered earlier, the right hand side is unambiguously
negative for all the parameter values that | considered. That means, if parents have more
children, they would receive less gifts from each child. The total gift, however, could be
higher.

The following proposition finds condition under which a local learning equilibrium is

also a open-loop gift equilibrium in the steady-state.

Proposition 3 A stationary local gift equilibrium with common conventiet* = oo is

also a steady-state open-loop gift equilibrium

Proof. Notice above that i&"* = oo, then botha; (n, s) andaz(n, s) are zero for equilib-
rium reaction functiora(.), and thus it follows from equation§ (13)-{12) and equati®?) (
that the equilibrium conditions for the steady-state local learning equilibrium is the same as

the conditions for steady-state open-loop gift equilibrium.
Q.E.D.

Although, a threat to parents by the children of the tyffe= o leads to open-loop

Nash equilibrium but it is incredible since it sounds like:

"if his parents choose levels of fertility and saving different from that are pre-
scribed by the open loop Nash-equilibrium lexél s* and thus induce him to
transfer more (resp. less) amount than that is prescribed by open-loop Nash
equilibrium, he will consume nothing (resp. consume everything that he has,

and if necessary he will borrow against his children) during his adult age.”
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A feasible steady-state allocation is said toRseto Optimalif there does not exist

another feasible steady-state allocation that gives higher utility to a representativelagent.

Proposition 4 Consider an economy that has a stationary local gift equilibrium with com-
mon conventiow’* as(s*, n*, a*(.,.)) with s* = 0 and no bequest constraifif|13) holds as

a strict inequality, and suppose further that the equilibrium satisfies:

B— <7(nz*)> . <$Ezg> =p>0andd(n*) < p (19)

then all agents can be made better-off with a suitably designed pay-as-you-go social security

program. Hence such an equilibrium is not Pareto optimal.

Proof. Consider a pay-as-you-go social security program which marginally taxes all adult
agents and redistributes the revenues equally among their old parents. Suppose for the
moment that agents do not change their fertility and savings decisions in response to in-
troduction of such a social security program. The utility gains of a representative agent
is n*BV/(c3) from the increased consumption in the old-age. The utility loss is given by
av'(c}) + v(n)V'(c}), where the first term corresponds to welfare loss due to fall in own
adult-age consumption and the second term corresponds to the welfare loss due to reduction

in children’s adult-age consumption. Thus the net gain is

AU = n*BV(c5) —av'(c}) —y(n*)V(c})
= n*pV(cs) —6(n")n"V'(c3) — y(n")V'(c})
= n* (V' (c5) —v(n*)WV(c])) — S(n*)n*V/(c3)

> 0

In deriving the above | have used equatign] (13). The fertility will also respond to the
social security program.. If the fertility rate without a social security program is above
the social optimal rate ( in our numerical simulation | found this to be the case when an
economy satisfies conditiof {19), for instance, the economy in fable 3), introduction of a

social security program with a small tax ratewill lead to a higher utility level of the

4 This is a modified version of Pareto Optimality, modified to take into account the problem of comparing
non-existing individuals’ utililities under two different feasible steady-state allocations. See Raut [1990] for a
discussion of this problem and the related literature on this issue.
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representative agent (see again the numerical example injtable3). If the initial fertility
rate of the subgame perfect equilibrium without social security is, however, lower than the
socially optimal fertility level, one needs to integrate a social security program with an
appropriate population policy so that fertility rate does not fall because of social security.
With this integration of policies, a social security program can lead to a higher utility level

of a representative agent in the steady-state.
Q.E.D.

The implication of the above results for social security program is that when fertility
is endogenous, introduction of a social security program may improve welfare level of a
representative agent. But unlike in the case of exogenous fertility, the social security by
itself would not produce the social optimal welfare level for a representative agent. The
social security program needs be complemented by an appropriate population policy to

attain social optimal.

6 Conclusion

In this paper | have considered an OLG model of endogenous fertility, savings and inter-
generational transfers. | have argued that the commonly used open-loop Nash equilibrium
does not fully capture the individual incentives that agents have in making these decisions
in an OLG economy. It is more appropriate to use the notion of subgame perfect equilib-
rium. There are generally multiple subgame perfect equilibria and it is, in general, difficult
to compute a subgame perfect equilibrium. | have introduced a unifying notion of equilib-
rium in which behaviors are guided by best responses given a fixed convention and bounded
rational expectations about other agents’ behaviors. This equilibrium notion includes both
the notions of subgame perfect equilibrium and the open loop Nash equilibrium as special
cases. | have provided a learning mechanism specifying how agents learn about the common
convention by observing their parent generation’s choices. This generates an evolutionary
process for convention. | have shown that when this evolutionary process converges, the
resulting learned convention produces a subgame perfect equilibrium. This provides a ra-

tionale for equilibrium selection and a method to compute a subgame perfect equilibrium
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locally around a steady-state. | have used this method to compute a local subgame perfect
equilibrium numerically using the Maple software and my own C++ codes.

Based on analytical and numerical results, | have shown that a PAYG social security
program improves the steady-state welfare level of a representative agent when the fertility
level without social security in the subgame perfect equilibrium is higher than the socially
optimal level. When the fertility level without social security in the subgame perfect equi-
librium is lower than the socially optimal level, a PAYG social security program lowers
the welfare level. Furthermore, | have shown that a PAYG social security program always
reduced the fertility level and the level of voluntary within family old-age support. The
reduction in old-age support is, however, less than a dollar for a dollar increase in social

security benefits.

25



References

Barro, R. [1974], "Are Government Bonds Net Wealtbgurnal of Political Economics
vol. 82(6):1095-1117.

Becker, G.S. [1974], "A Theory of Social Interactiong@urnal of Political Economics
vol 82(6):1063-1093.

Becker, G.S. and Barro, R. [1988], "A Reformulation of Economic Theory of Fertility”,
Quarterly Journal of Economicspl. CllI(1):1-25.

Bernheim, B.D.; A. Shleifer, and L.H. Summers [1985], "The Strategic Bequest Motive,”
Journal of Political Economigsvol. 93(6):1045-1076.

Browning, E.K. [1975], "Why the social insurance budget is too large in a democracy”,
Economic Inquiryvol. 13: 373-388.

Diamond, P. A. [1977] " A framework for social security analysidgurnal of Public
Economicsvol. 8:275-298.

Diamond, P.A. and J. A. Mirrlees [1978], "A model of social insurance with variable
retirement,”Journal of Public Economigwsol. 10:295-336.

Fudenberg, D. and D. Levine [1998], "Learning and Evolution: Where do we stand?,”
European Economic Reviewol.42, n3-5: 631-39

Hansson, | and C. Stuart [1989], "Social Security as Trade among Living Generations”,
American Economic Reviewol.79(5).

Kohlberg, Elon [1976], "A Model of Economic Growth with altruism between genera-
tions,” Journal of Economic Theoryol.13:1-13.

Nishimura K and Zhang, J. [1992], "Pay-as-you-go Public Pensions with Endogenous
Fertility,” Journal of Public Economigsvol.48:239-258.

Pollak, R. [1988], "Tied Transfers and Paternalistic Preferencésierican Economic
Reviewvol.78(2).

Raut, L.K. [1990], "Capital Accumulation, Income Distribution and Endogenous Fertility
in an Overlapping Generations General Equilibrium Modéburnal of Development
Economicsvol.34(1/2): 123-150.

Raut, L.K. and L. H. Tran [2004], "Parental Human Capital Investment and Old-Age
Transfers from Children: Is it aloan contract or reciprocity for Indonesian families?”,
Journal of Development Economjdserthcoming.

Samuelson, Paul [1958], "An Exact Consumption-Loan Model of Interest with or without
the Social Contrivance of MoneyJburnal of Political Economigd_XVI(6).

Veall, M. R. [1986], "Public Pensions as Optimal Social Contradtirnal of Public
Economicsvol.31:237-251.

Weibull, Jorgen W. [1995], Evolutionary Game Theoyy MIT Press, Cambridge, Mas-
sachusetts.

26



	Introduction
	The Basic Framework
	Equilibrium notions
	Open-loop Nash Equilibrium
	Social Optimum
	Subgame Perfect Equilibrium
	The First Order Conditions for a Subgame Perfect Gift Equilibrium


	Convention, Learning, and Subgame Perfect Gift Equilibrium
	Gift Equilibrium with a common convention
	The Gift Equilibrium with Learned Conventions
	Learning

	Computation of local gift equilibria with learned conventions

	Properties of Gift Equilibrium
	Conclusion

