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Devwudfw= Zh ghyhors d prgho ri lqqrydwlqj �upv wkdw lv ulfk hqrxjk wr frqiurqw wkh ghwdlohg hylghqfh

|hw sduvlprqlrxv hqrxjk wr eh dqdo|wlfdoo| wudfwdeoh1 Wkh prgho ghvfulehv wkh g|qdplf ehkdylru ri lqgl0

ylgxdo khwhurjhqrxv �upv/ fdswxuhv lqgxvwu| ehkdylru wkurxjk glvwulexwlrqv ri rxwfrphv/ dqg djjuhjdwhv

lqwr d jhqhudo htxloleulxp prgho ri hqgrjhqrxv jurzwk1 Dorqj wkh zd| lw jlyhv qhz lqwhusuhwdwlrqv wr

wkh hpslulfdo hylghqfh1 Dffruglqj wr wkh prgho wkh zlgho| vwxglhg hpslulfdo uhodwlrqvkls ehwzhhq U)G

dqg surgxfwlylw| frqwdlqv olwwoh lqirupdwlrq derxw wkh lpsdfw ri U)G rq lqqrydwlrq1 Wkh prgho h{sodlqv

zk| U)G h�ruw lv vwurqjo| uhodwhg wr surgxfwlylw| dqg sdwhqwlqj |hw hvvhqwldoo| xquhodwhg wr �up vl}h

ru jurzwk1 Lq wkh hqg/ wkh prgho ghprqvwudwhv wkdw wkh �up0ohyho hylghqfh/ zkloh vhhplqjo| sx}}olqj/

vxssruwv wkh ylhz wkdw U)G lv fuxfldo iru djjuhjdwh jurzwk1

MHO fodvvl�fdwlrq= {{

Nh|zrugv= {{

� ���
��������

Uhfhqw wkhruhwlfdo zrun kdv hpskdvl}hg whfkqrorjlfdo lqqrydwlrqv jhqhudwhg e| U)G lqyhvwphqw dv wkh

sulpdu| hqjlqh ri jurzwk1 Djjuhjdwh frpsdulvrqv ri jurzwk/ lqqrydwlrq/ dqg U)G ohqg vxssruw wr wkhvh

wkhrulhv/ exw wkh hylghqfh lv pruh vxjjhvwlyh wkdq frqfoxvlyh14 Wr rewdlq d vkdushu xqghuvwdqglqj ri

U)G*v uroh pd| uhtxluh h{sorlwlqj wkh ghwdlohg revhuydwlrqv dydlodeoh dw wkh �up ohyho1

Ilup ohyho hylghqfh/ krzhyhu/ grhv qrw surylgh dv fohdq d slfwxuh dv rqh pljkw kdyh krshg1 Iluvw/ d

qxpehu ri �upv vhhp wr vxuylyh dqg survshu lq kljk0whfk lqgxvwulhv zkloh uhsruwlqj olwwoh ru qr U)G1

WGhsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Rvor/ dqg FHSU1 H0pdlo= w1m1nohwwhChfrq1xlr1qr/ kwws=22zzz1xlr1qr2�wrumn2/
Who= . 7: 55 ;8 84 671 Id{= . 7: 55 ;8 83 681

_Ghsduwphqw ri Hfrqrplfv/ Ervwrq Xqlyhuvlw|/ dqg QEHU1 H0pdlo= nruwxpCex1hgx 1
4Rq wkh wkhruhwlfdo vlgh zh kdyh lq plqg Djklrq dqg Krzlww +4<<5,/ Jurvvpdq dqg Khospdq +4<<4,/ dqg Urphu +4<<3,

zkloh rq wkh hpslulfdo vlgh Fdeedohur dqg Md�h +4<<6,/ Frh dqg Khospdq +4<<8,/ Nruwxp +4<<:,/ Hdwrq dqg Nruwxp
+4<<<,/ dqg Krzlww +5333,1



Vhfrqg/ wkhuh lv olwwoh fruuhodwlrq ehwzhhq U)G lqwhqvlw| dqg �up vl}h ru jurzwk1 Wklv vhfrqg idfw lv

sduwlfxoduo| sx}}olqj lq oljkw ri wkh vwurqj fruuhodwlrq dfurvv �upv ehwzhhq U)G h�ruw dqg erwk �up

surgxfwlylw| ohyhov dqg sdwhqwlqj dfwlylw|1 Dgglqj wr wkh sureohp lv wkdw wkh hylghqfh rq U)G/ lqgxvwu|

fkdudfwhulvwlfv/ dqg �up ohyho shuirupdqfh lv vfdwwhuhg dfurvv vhsdudwh olqhv ri uhvhdufk1 Wkhuh kdv ehhq

qr frkhuhqw vxppdu| ri wkh fdxvdo uhodwlrqvklsv ehwzhhq U)G/ �up vl}h/ sdwhqwlqj dqg surgxfwlylw|1

Wkh dydlodeoh wkhrulhv rq U)G/ lqqrydwlrq/ dqg jurzwk duh ri olwwoh khos lq pdnlqj vhqvh ri wkhvh �up0

ohyho revhuydwlrqv vlqfh wkh| w|slfdoo| gr qrw frqwdlq d wkhru| ri wkh �up1 Lq prvw vxfk prghov/ wkhuh lv

d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq surgxfwv dqg �upv/ zlwk hdfk qhz jrrg lqwurgxfhg e| d qhz �upv1

Wklv wljkw uhodwlrqvkls ehwzhhq d �up dqg d surgxfw lv kdug wr uhfrqfloh zlwk �up0ohyho gdwd1

Wr dgguhvv wkhvh sureohpv/ wklv sdshu suhvhqwv d wkhruhwlfdo iudphzrun iru �up0ohyho dqdo|vlv1 Zh

xvh hylghqfh iurp d ydulhw| ri vrxufhv wr prwlydwh rxu prgho ri lqqrydwlqj �upv1 Wkh hylghqfh lqfoxghv

vwdwlvwlfv rq uhvhdufk h�ruw/ lqqrydwlrq dqg surgxfwlylw|/ dqg �up jurzwk1 Wkhvh wkuhh vhwv ri hpslulfdo

revhuydwlrqv/ wkdw suhylrxvo| kdyh ehhq frqvlghuhg vhsdudwho|/ duh jlyhq d xql�hg lqwhusuhwdwlrq zlwk rxu

prgho1 Wkh prgho lv ulfk hqrxjk wr frqiurqw wklv hylghqfh |hw sduvlprqlrxv hqrxjk wr eh dqdo|wlfdoo|

wudfwdeoh1 Lw ghvfulehv wkh g|qdplf ehkdylru ri lqglylgxdo khwhurjhqrxv �upv/ fdswxuhv lqgxvwu| ehkdylru

wkurxjk glvwulexwlrqv ri rxwfrphv/ dqg djjuhjdwhv lqwr d jhqhudo htxloleulxp prgho ri hqgrjhqrxv jurzwk1

Rxu prgho exlogv rq wkuhh wkhruhwlfdo olwhudwxuhv wkdw kdyh ghyhorshg dorqj vxusulvlqjo| lqghshqghqw

sdwkv1 Wkh �uvw lv prghov ri �up g|qdplfv ri wkh vruw sxw iruzdug e| Shqurvh +4<8<, dqg Lmlul dqg Vlprq

+4<::, dqg uhfhqwo| uhylyhg e| Vxwwrq +4<<;, dqg Dpdudo hw do1 +4<<;,1 Dowkrxjk wkhvh prghov duh deoh

wr pdwfk vw|ol}hg idfwv derxw �up jurzwk dqg vl}h glvwulexwlrqv/ wkh| duh fulwlfl}hg iru dvfulelqj ryhuo|

phfkdqlfdo ehkdylru wr �upv1 Wkh vhfrqg lv uhgxfhg irup prghov xvhg wr prwlydwh �up0ohyho hfrqrphwulf

vwxglhv ri U)G/ sdwhqwlqj/ dqg surgxfwlylw|/ dv vxppdul}hg lq Julolfkhv +4<<3, dqg Julolfkhv +4<<8,1

Zkloh pxfk kdv ehhq ohduqhg iurp wklv zrun derxw wkh uhodwlrqvkls ehwzhhq lqqrydwlyh rxwsxwv dqg

U)G h�ruw/ d vkruwfrplqj lv wkdw wkh dqdo|wlfdo iudphzrun grhv qrw |lhog d vdwlvidfwru| h{sodqdwlrq ri

zkdw gulyhv wkh yduldwlrq dfurvv �upv lq U)G h�ruw1 Wkh wklug lv wkh prghov ri hqgrjhqrxv whfkqrorjlfdo

fkdqjh ghyhorshg uhfhqwo| e| Djklrq dqg Krzlww +4<<5,/ Jurvvpdq dqg Khospdq +4<<4,/ dqg Urphu

+4<<3,1 Wklv zrun jhwv dw wkh ghwhuplqdqwv ri djjuhjdwh lqqrydwlyh h�ruw/ exw lw odfnv d frpshoolqj

wkhru| ri �upv dv qrwlfhg deryh1 Dv d uhvxow lw lv gl!fxow wr uhodwh wkh sdudphwhuv ri wkhvh prghov wr wkh

ydvw dprxqw ri hpslulfdo zrun dw wkh �up ohyho1

Zkloh hdfk ri wkhvh wkuhh dssurdfkhv kdv lwv sureohpv/ zh eholhyh wkdw e| eruurzlqj zkdw lv ehvw

iurp hdfk zh fdq dgguhvv wkh vkruwfrplqjv1 Iurp wkh �uvw olwhudwxuh zh eruurz wkh lghd wkdw �upv jurz

e| wdnlqj ryhu qhz pdunhwv1 Iurp wkh vhfrqg zh eruurz wkh lghd ri wkh �up0ohyho vwrfn ri nqrzohgjh

dqg wkh lqqrydwlrq surgxfwlrq ixqfwlrq1 Iurp wkh wklug zh eruurz wkh lghd ri dq hfrqrp| fkdudfwhul}hg

e| gl�huhqwldwhg surgxfwv zlwk prqrsrolvwlfdoo| frpshwlwlyh �upv1 Wkh uhvxow lv d prgho ri uhvhdufk

dqg h{sorudwlrq lq wkh vslulw ri Hulfvrq dqg Sdnhv +4<<8,/ exw zlwk qr vwudwhjlf lqwhudfwlrq ehwzhhq
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�upv5 1 Lq idfw/ wkh rqo| lqwhudfwlrq ehwzhhq �upv lq rxu prgho lv wkdw zkloh hdfk rqh wdnhv wkh kd}dug

ri orvlqj d pdunhw dv jlyhq/ lq htxloleulxp wklv kd}dug lv wkh uhvxow ri wkhlu frpelqhg lqqrydwlyh h�ruw/

dv lq Jurvvpdq dqg Khospdq +4<<4,1 Zkloh wkh odfn ri vwudwhjlf lqwhudfwlrq olplwv wkh dssolfdelolw| ri

rxu prgho lq lqgxvwulhv zlwk d vpdoo qxpehu ri odujh �upv/ lw grhv hqdeoh xv wr jr txlwh idu lq h{solflwo|

fkdudfwhul}lqj �up g|qdplfv6 1

Wkh qh{w vhfwlrq vxuyh|v hpslulfdo vwxglhv zklfk kdyh vkrzq frqvlghudeoh yduldwlrq dfurvv �upv

zlwklq qduurzo| gh�qhg lqgxvwulhv doprvw lq hyhu| glphqvlrq lqfoxglqj vdohv/ surgxfwlylw|/ sur�w pdujlqv/

sdwhqwlqj/ dqg U)G lqyhvwphqw +vhh h1j1 Frkhq +4<<8, dqg Jhurvnl +4<<;,,1 Pxfk ri wklv khwhurjhqhlw|

lv txlwh shuvlvwhqw ryhu d qxpehu ri |hduv1 Wkh vhfwlrq vxppdul}hv wkh dydlodeoh hylghqfh lq d vhulhv ri

vw|ol}hg idfwv1

Wkhvh vw|ol}hg idfwv irup wkh wdujhw iru rxu wkhruhwlfdo prgho/ zklfk lv ghyhorshg ryhu Vhfwlrqv 60

:1 Vhfwlrq 6 lqwurgxfhv rxu prgho ri �up0ohyho lqqrydwlrq zkloh Vhfwlrq 7 ghulyhv wkh lpsolfdwlrqv iru

�up g|qdplfv1 Vhfwlrq 8 pryhv wr wkh lqgxvwu| ohyho/ ghvfulelqj wkh hqwu| frqglwlrq dqg ghulylqj wkh

vl}h glvwulexwlrq ri �upv1 Vhfwlrq 9 h{whqgv wkh prgho wr lqfrusrudwh �up0ohyho khwhurjhqhlw| lq U)G

lqwhqvlw|1 Vhfwlrq : uhwxuqv wr wkh vhw ri vw|ol}hg idfwv dqg uhylhzv wkhp lq oljkw ri wkh wkhru|1 Vhfwlrq ;

pryhv wr wkh djjuhjdwh ohyho dqg vroyhv wkh prgho lq jhqhudo htxloleulxp1 Vhfwlrq < frqfoxghv1

� �������� �� ���������� 	�
��

Wklv vhfwlrq suhvhqwv d frpsuhkhqvlyh olvw ri hpslulfdo uhjxodulwlhv ru idfwv zklfk kdyh hphujhg iurp d

odujh qxpehu ri vwxglhv ri �up0ohyho gdwd1 Wkh wkhruhwlfdo iudphzrun suhvhqwhg lq wkh vxevhtxhqw vhfwlrqv

lv dlphg dw surylglqj d frkhuhqw lqwhusuhwdwlrq ri wkhvh idfwv1

Zh kdyh olvwhg wkh idfwv wkdw duh urexvw dqg hfrqrplfdoo| vljql�fdqw1 Iroorzlqj Frkhq dqg Ohylq

+4<;<, dqg Vfkpdohqvhh +4<;<,/ zh kdyh ljqruhg uhodwlrqvklsv +hyhq zkhq vwdwlvwlfdoo| vljql�fdqw, li wkh|

vhhp revfxuh1

��� ��� �
���������� ��� �������

Idfw & 4 Wkhuh lv d srvlwlyh uhodwlrqvkls ehwzhhq phdvxuhg surgxfwlylw| dqg ydulrxv phdvxuhv ri U)G

dfwlylw| dfurvv �upv1 Ilup0ohyho surgxfwlylw| jurzwk lv qrw vwurqjo| uhodwhg wr phdvxuhv ri U)G dfwlylw|1

Wkhuh lv d ydvw olwhudwxuh yhuli|lqj d srvlwlyh dqg vwdwlvwlfdoo| vljql�fdqw uhodwlrqvkls ehwzhhq phd0

vxuhg surgxfwlylw| dqg U)G dfwlylw| dw wkh �up ohyho> vhh h1j1 Julolfkhv +4<<8/ 4<<; fk1 45, dqg Kdoo

5
Wzr rwkhu uhodwhg vwxglhv duh Krshqkd|q +4<<5, dqg Plwfkhoo +5333,1 Wkh �uvw vwxg| wuhdwv lqqrydwlrqv dv h{rjhqrxv

surfhvvhv/ zkloh wkh vhfrqg vwxg| hpskdvl}hv frvwohvv ohduqlqj udwkhu wkdq U)G0lqyhvwphqw dqg lqqrydwlrq dv wkh g|qdplf
irufh lq �up jurzwk1

6Zh duh qrw wkh �uvw wr wu| dqg eulqj uhdolvwlf ihdwxuhv ri �upv lqwr prghov ri hqgrjhqrxv whfkqrorjlfdo fkdqjh1 Suhylrxv
h�ruwv/ vxfk dv Wkrpsvrq +4<<9,/ Shuhwwr +4<<;,/ dqg Nohwwh dqg Julolfkhv +5333, kdyh doo dvvxphg d �up surgxfhv d vlqjoh
surgxfw1 Rxu dssurdfk khuh lv pruh olnh hduolhu prghov ri �up g|qdplfv/ krzhyhu/ lq zklfk �upv jurz e| dftxlulqj qhz
surgxfwv1 D vkruwfrplqj ri rxu dssurdfk lv wkdw zh fdqqrw fdswxuh wkh idfw wkdw �upv riwhq lpsuryh rq wkhlu rzq surgxfwv1
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+4<<9,1 Wklv srvlwlyh uhodwlrqvkls kdv ehhq frqvlvwhqwo| yhul�hg lq d qxpehu ri vwxglhv irfxvlqj rq furvv0

vhfwlrqdo gl�huhqfhv dfurvv �upv1 Wkh orqjlwxglqdo uhodwlrqvkls ehwzhhq �up0ohyho gl�huhqfhv lq U)G

dqg surgxfwlylw| jurzwk/ zklfk frqwuro iru shupdqhqw gl�huhqfhv dfurvv �upv/ kdv wxuqhg rxw wr eh iudjloh

dqg w|slfdoo| lqvljql�fdqw vwdwlvwlfdoo|1

Idfw & 5 Wkhuh lv dssur{lpdwho| d frqvwdqw uhwxuqv uhodwlrqvkls ehwzhhq sdwhqwv dqg U)G lq wkh furvv0

vhfwlrqdo glphqvlrq/ zkloh wkh orqjlwxglqdo glphqvlrq vxjjhvwv glplqlvklqj uhwxuqv1

Wkh uhodwlrqvkls ehwzhhq lqqrydwlrq/ sdwhqwv/ dqg U)G kdv ehhq vxuyh|hg e| Julolfkhv +4<<3,1 Kh

hpskdvl}hv wkdw wkhuh lv txlwh d vwurqj uhodwlrqvkls ehwzhhq U)G dqg wkh qxpehu ri sdwhqwv uhfhlyhg

dfurvv �upv/ zlwk d phgldq U0vtxduh durxqg 31< 1 Iru odujhu �upv wkh sdwhqwv0U)G uhodwlrqvkls lv forvh

wr olqhdu zkloh wkhuh lv d uhdvrqdeo| odujh qxpehu ri vpdoohu �upv wkdw h{klelw vljql�fdqw sdwhqwlqj zkloh

uhsruwlqj yhu| olwwoh U)G1 Wkdw lv wr vd|/ vpdoo �upv dsshdu wr eh pruh h!flhqw/ uhfhlylqj d odujhu

qxpehu ri sdwhqwv shu U)G groodu1 Frkhq dqg Nohsshu +4<<9, hpskdvl}h wklv kljk sdwhqw0U)G udwlr

dprqj wkh vpdoo �upv/ dqg lqwhusuhw lw dv hylghqfh iru vpdoohu �upv ehlqj pruh lqqrydwlyh1

Julolfkhv/ rq wkh rwkhu kdqg/ dujxhv= �wkh dsshdudqfh ri glplqlvklqj uhwxuqv dw wkh furvv0vhfwlrqdo ohyho

lv gxh/ L wklqn/ sulpdulo| wr wzr h�hfwv= vhohfwlylw| dqg wkh gl�huhqwldo uroh ri irupdo U)G dqg sdwhqwv

iru vpdoo dqg odujh �upv +sj1 49:8,1� Wkhuh lv d vhohfwlylw| eldv vlqfh vpdoo �upv lq dydlodeoh vdpsohv

duh qrw uhsuhvhqwdwlyh exw duh w|slfdoo| pruh lqqrydwlyh wkdq wkh dyhudjh vpdoo �up1 Ixuwkhupruh/ vpdoo

�upv duh olnho| wr eh grlqj uhodwlyho| pruh lqirupdo U)G zkloh uhsruwlqj ohvv ri lw dqg khqfh surylglqj

wkh dsshdudqfh ri pruh sdwhqwv shu U)G groodu17 Khqfh/ Julolfkhv vxjjhvwv wkdw lq whupv ri sdwhqwv shu

U)G groodu/ wkhuh lv olwwoh hylghqfh iru glplqlvklqj uhwxuqv lq wkh furvv0vhfwlrqdo glphqvlrq1

Wkhuh lv dovr d urexvw sdwhqwv0U)G uhodwlrqvkls lq wkh orqjlwxglqdo +zlwklq0�up dfurvv0wlph, glphq0

vlrq= �wkh hylghqfh lv txlwh vwurqj wkdw zkhq d �up fkdqjhv lwv U)G h{shqglwxuhv/ sdudooho fkdqjhv

rffxu dovr lq lwv sdwhqw qxpehuv ^Julolfkhv +4<<3,/ sj1 49:7`1� D glplqlvklqj uhwxuqv uhodwlrqvkls eh0

wzhhq sdwhqwv dqg U)G lv pruh surqrxqfhg lq wkh orqjlwxglqdo glphqvlrq wkdq lq wkh furvv vhfwlrq1

Uhihuulqj wr Kdoo hw do1 +4<;9, dqg rwkhu vwxglhv/ Julolfkhv vxjjhvwv wkdw wkh sdwhqw hodvwlflw| ri U)G lv

ehwzhhq 316 dqg 3191 Xvlqj uhfhqw hfrqrphwulf whfkqltxhv rq wkh vdph vdpsoh dv Kdoo hw do1/ Eoxqghoo

hw do1 +4<<<, uhsruw vrphzkdw kljkhu hvwlpdwhv/ lq wkh udqjh 319 wr 31<1

��� ��� ����������

Idfw & 6 U)G lqwhqvlw| lv lqghshqghqw ri �up vl}h1

Wkh odujh olwhudwxuh uhodwlqj U)G h{shqglwxuhv wr �up vl}h lv vxuyh|hg e| Frkhq +4<<8, dqg Frkhq

dqg Nohsshu +4<<9,1 Frkhq dqg Nohsshu vwdwh wkdw dprqj �upv grlqj U)G= �lq prvw lqgxvwulhv lw kdv

qrw ehhq srvvleoh wr uhmhfw wkh qxoo k|srwkhvlv wkdw U)G ydulhv sursruwlrqdwho| zlwk vl}h dfurvv wkh

7Wklv h�hfw kdv ehhq vkrzq wr eh rshudwlyh e| Nohlqnqhfkw +4<;:, dqg rwkhuv1
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hqwluh �up vl}h glvwulexwlrq +sj1 <5<,1� Rq wkh rwkhu kdqg/ wkh| dovr srlqw rxw= �Wkh olnholkrrg ri d �up

uhsruwlqj srvlwlyh U)G h�ruw ulvhv zlwk �up vl}h/ dqg dssurdfkhv rqh iru �upv lq wkh odujhvw vl}h udqjhv

+sj1 <5;,1� Zkloh wkh �uvw vwdwhphqw vxssruwv Idfw & 6/ wkh vhfrqg vhhpv wr frqwudglfw lw1

Dv srlqwhg rxw deryh/ Julolfkhv +4<<3, lqwhusuhwv wkh dsshdudqfh ri ohvv U)G dprqj vpdoo �upv dv

dq duwlidfw ri wkh dydlodeoh gdwd udwkhu wkdq d uh hfwlrq ri gl�huhqfhv lq uhdo lqqrydwlyh dfwlylw| ehwzhhq

odujh dqg vpdoo �upv1 Wkdw lv wr vd|/ wkh kljkhu iudfwlrq ri vpdoo �upv uhsruwlqj qr irupdo U)G lv

r�vhw e| vpdoo �upv grlqj pruh lqirupdo U)G1 Ixuwkhupruh/ vpdoohu �upv whqg wr kdyh d orzhu devroxwh

ohyho ri U)G/ dqg U)G vxuyh|v riwhq kdyh d uhsruwlqj wkuhvkrog uhodwhg wr wkh devroxwh ohyho ri U)G1

Vlploduo|/ wkh lqqrydwlyh dfwlylw| ehlqj vlqjohg rxw lq d �up*v dffrxqwv dv irupdo U)G lv uhodwhg wr wkh

devroxwh ohyho ri U)G1

Idfw & 7 Wkh U)G lqwhqvlw| glvwulexwlrq lv kljko| vnhzhg/ dqg d frqvlghudeoh iudfwlrq ri �upv uhsruw

}hur U)G hyhq lq kljk0whfk lqgxvwulhv1

D qxpehu ri vwxglhv kdyh uhsruwhg vxevwdqwldo yduldwlrq lq U)G lqwhqvlwlhv dfurvv �upv zlwklq wkh

vdph lqgxvwu|> vhh Frkhq +4<<8,1 Frkhq dqg Nohsshu +4<<5, vkrz wkdw wkh U)G lqwhqvlw| glvwulexwlrq

h{klelw d uhjxodu sdwwhuq dfurvv lqgxvwulhv/ lq dffrugdqfh zlwk Idfw & 71 Wkh U)G lqwhqvlw| glvwulexwlrqv

wkh| suhvhqw duh doo xqlprgdo/ srvlwlyho| vnhzhg zlwk d orqj wdlo wr wkh uljkw/ dqg zlwk d odujh qxpehu

ri U)G qrq0shuiruphuv1 Nohwwh dqg Mrkdqvhq +4<<;, uhsruw wkh vdph sdwwhuq ri d xqlprgdo dqg vnhzhg

U)G lqwhqvlw| glvwulexwlrq edvhg rq d vdpsoh ri Qruzhjldq �upv1

Idfw & 8 Gl�huhqfhv lq U)G lqwhqvlw| dfurvv �upv duh kljko| shuvlvwhqw1

Vfrww +4<;7, vkrzv wkdw lq d odujh orqjlwxglqdo vdpsoh ri XV �upv derxw 83 shufhqw ri wkh yduldqfh lq

exvlqhvv xqlw U)G lqwhqvlw| lv dffrxqwhg iru e| �up �{hg h�hfwv1 Nohwwh dqg Mrkdqvhq +4<<;,/ frqvlghulqj

d sdqho ri Qruzhjldq �upv lq kljk0whfk lqgxvwulhv/ frq�up wkdw gl�huhqfhv lq U)G lqwhqvlw| duh kljko|

shuvlvwhqw ryhu d qxpehu ri |hduv/ dqg wkdw U)G lqyhvwphqw lv idu pruh shuvlvwhqw wkdq lqyhvwphqw lq

sk|vlfdo fdslwdo1

Idfw & 9 Ilupv* U)G0lqyhvwphqwv duh forvh wr jhrphwulf udqgrp zdonv1

Lq d vwxg| ri XV pdqxidfwxulqj �upv/ Kdoo hw do1 +4<;9, frqfoxgh e| ghvfulelqj �U)G lqyhvwphqw ^lq

orjv` zlwklq d �up dv hvvhqwldoo| d udqgrp zdon zlwk dq huuru yduldqfh zklfk lv vpdoo +derxw 418 shufhqw,

uhodwlyh wr wkh wrwdo yduldqfh ri U)G h{shqglwxuhv ehwzhhq �upv +sj1 5;4,1� Vlploduo|/ Nohwwh dqg

Julolfkhv +5333, uhsruw }hur fruuhodwlrq ehwzhhq fkdqjhv lq orj U)G dqg wkh ohyho ri U)G iru Qruzhjldq

�upv1
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Idfw & : Wkh vl}h glvwulexwlrq ri �upv lv kljko| vnhzhg1

Wklv idfw kdv ehhq uhfrjql}hg iru d orqj wlph/ vhh Lmlul dqg Vlprq +4<::, dqg Vfkpdohqvhh +4<;<,8 1

Dffruglqj wr Dxguhwvfk +4<<8,/ �yluwxdoo| qr rwkhu hfrqrplf skhqrphqrq kdv shuvlvwhg dv frqvlvwhqwo| dv

wkh vnhzhg dv|pphwulf �up0vl}h glvwulexwlrq1 Qrw rqo| lv lw doprvw lghqwlfdo dfurvv hyhu| pdqxidfwxulqj

lqgxvwu|/ exw lw kdv uhpdlqhg vwulnlqjo| frqvwdqw ryhu wlph +dw ohdvw vlqfh wkh Vhfrqg Zruog Zdu, dqg

hyhq dfurvv ghyhorshg lqgxvwuldol}hg qdwlrqv +sj1 98,1�

Idfw & ; Jurzwk udwhv duh xquhodwhg wr sdvw jurzwk ru wr vl}h/ dw ohdvw iru odujhu �upv1 Vpdoohu �upv

kdyh d orzhu suredelolw| ri vxuylydo/ exw wkrvh wkdw vxuylyh jurz sursruwlrqdoo| idvwhu wkdq odujhu �upv1

Idfw & ; kdv hphujhg iurp d qxpehu ri hpslulfdo vwxglhv iurp wkh odvw 43048 |hduv dv d uh�qhphqw ri

Jleudw*v odz/ zklfk vwdwhv wkdw �up vl}hv dqg jurzwk udwhv duh xqfruuhodwhg9 1 Rxu vwdwhphqw fruuhvsrqgv

wr wkh vxppdulhv ri wkh olwhudwxuh rq Jleudw*v odz e| Jhurvnl +4<<;, dqg Vxwwrq +4<<;,1

Idfw & < Wkh yduldqfh ri jurzwk udwhv lv kljkhu iru vpdoohu �upv1

Wklv sdwwhuq kdv ehhq uhfrjql}hg lq d odujh qxpehu ri vwxglhv glvfxvvhg lq Vxwwrq +4<<:, dqg Fdyhv

+4<<;,1

Idfw & 43 Qhz �upv duh pruh olnho| wr h{lw/ exw wkh kd}dug udwh ghfolqhv zlwk djh1 Dq hqwhulqj frkruw*v

pdunhw vkduh whqgv wr ghfolqh vorzo| dv lw djhv1

Fdyhv +4<<;, uhylhzv wkh hpslulfdo olwhudwxuh rq sdwwhuqv dprqj qhz hqwudqw �upv1

Diwhu zh suhvhqw rxu prgho lq wkh qh{w vhfwlrqv/ zh zloo uhwxuq wr wkhvh hpslulfdo idfwv dqg lqwhusuhw

wkhp lq oljkw ri wkh wkhruhwlfdo iudphzrun1

! ��� (���� �� �� ���������� 	�
�

Wklv vhfwlrq dqg wkh irxu wkdw iroorz lw suhvhqw rxu wkhruhwlfdo prgho1 Zh vwduw khuh e| ghvfulelqj wkh

lqqrydwlrq surfhvv iru dq lqglylgxdo �up1 Lq wkh iroorzlqj vhfwlrqv zh ghulyh �up g|qdplfv/ lqwurgxfh hq0

wu| dqg ghulyh djjuhjdwh g|qdplfv/ lqwurgxfh khwhurjhqhlw| lq �upv* lqqrydwlyh fdsdelolwlhv/ dqg frqqhfw

wkh prgho wr hqgrjhqrxv jurzwk wkhru|1

Zh dvvxph wkdw d �up rshudwhv lq d vlqjoh lqgxvwu| ru djjuhjdwh hfrqrp| ghvfulehg e| d frqwlqxxp ri

glvwlqfw pdunhwv m 5 ^3> 4`1 Zh lqwhusuhw wkhvh pdunhwv dv gl�huhqwldwhg jrrgv dv lq wkhrulhv ri prqrsrolvwlf

frpshwlwlrq1 Lq zkdw iroorzv zh uhihu wr d pdunhw dv d jrrg1

8D uhfhqw frqwulexwlrq wr wkh hpslulfdo olwhudwxuh lv Vwdqoh| hw do1 +4<<8,1
9Wkhru| dqg hylghqfh uhodwhg wr Jleudw*v odz kdyh uhfhqwo| ehhq vxuyh|hg e| Vxwwrq +4<<:, dqg Fdyhv +4<<;,1
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Zh dvvxph wkdw hdfk jrrg lv surgxfhg e| d vlqjoh �up/ jhqhudwhv d xqlw  rz ri uhyhqxhv dqg |lhogv d

sur�w  rz 3 ? �� ? 41 D �up lv gh�qhg e| lwv froohfwlrq ri jrrgv1 Vlqfh jrrgv duh dqrq|prxv/ zh rqo|

qhhg wr nhhs wudfn ri wkh qxpehu ri glvwlqfw jrrgv q @ 4> 5> 6> = = = wkdw d �up surgxfhv1 Wkh vl}h ri d

�up/ q/ lv d vxlwdeoh vwdwh yduldeoh vlqfh wkh �up*v uhyhqxhv duh vlpso| q dqg lwv sur�wv duh q��1

Wr dgg qhz jrrgv d �up lqyhvwv lq lqqrydwlyh dfwlylw| vxfk dv U)G1 Li vxffhvvixo/ vxfk lqyhvwphqw

ohdgv wr d surgxfw ru surfhvv lqqrydwlrq iru d sduwlfxodu jrrg1 Zlwk wklv lqqrydwlrq/ wkh �up fdq

vxffhvvixoo| frpshwh djdlqvw wkh lqfxpehqw surgxfhu ri wkh jrrg vr wkdw wkh lqfxpehqw orvhv wkh surgxfw

wr wkh lqqrydwlqj �up1 H{shqglwxuhv rq U)G frxog |lhog dq lqqrydwlrq uhohydqw wr dq| surgxfw zlwk

htxdo suredelolw|/ l1h1 wkh dfwxdo surgxfw lv gudzq iurp wkh Xqlirup ghqvlw| rq ^3> 4`1 Vlqfh hdfk �up

lv lq�qlwhvlpdo uhodwlyh wr wkh frqwlqxxp ri surgxfwv/ lw zloo qhyhu lpsuryh rq d jrrg lw lv fxuuhqwo|

surgxflqj1

Wkh lqfxpehqw �up orvhv d surgxfw zkhq vrph rwkhu �up frphv xs zlwk dq lqqrydwlrq uhodwhg wr

rqh ri wkh lqfxpehqw*v jrrgv1 Wkh Srlvvrq kd}dug udwh shu surgxfw lv �1 Wklv sdudphwhu/ zklfk zh uhihu

wr dv wkh lqwhqvlw| ri fuhdwlyh ghvwuxfwlrq/ lv wdnhq dv jlyhq e| hdfk �up/ dqg lv dvvxphg wr eh frqvwdqw

ryhu wlph1 Lq odwhu vhfwlrqv zh zloo hqgrjhql}h �1

Wr vxppdul}h/ d �up fdq eh ghvfulehg lq whupv ri wkh qxpehu ri jrrgv q wkdw lw surgxfhv1 D vl}h q

�up uhfhlyhv d  rz ri sur�wv ��q1 Lw orvhv jrrgv dw d Srlvvrq udwh �q1 Lw dftxluhv qhz jrrgv dw d Srlvvrq

udwh L zklfk ghshqgv rq lwv U)G lqyhvwphqw dqg lwv lqqrydwlrq fdsdelolw|/ zklfk zh qrz frqvlghu1

!�� ��� ���������� ����������

Zh dvvxph wkdw d �up*v Srlvvrq lqqrydwlrq udwh L ghshqgv rq erwk lwv lqyhvwphqw lq U)G/ ghqrwhg e|

U/ dqg lwv nqrzohgjh fdslwdo1 Gl�huhqfhv ehwzhhq �upv lq wkhlu dydlodeoh nqrzohgjh fdslwdo lv dvvxphg wr

eh vxppdul}hg e| q1 Qrwlfh wkdw q frxqwv wkh �up*v sdvw lqqrydwlrqv wkdw kdyh qrw |hw ehhq vxshuvhghg

e| qhz lqqrydwlrqv: 1 Wkh nqrzohgjh fdslwdo lv xvhixo iru wkh �up dv lw wulhv wr frph xs zlwk qhz

lqqrydwlrqv; 1

Wkh lqqrydwlrq surgxfwlrq ixqfwlrq lv/

L @ I +U>q,= +4,

Zh sodfh wkh iroorzlqj uhvwulfwlrqv rq I = +l, vwulfwo| lqfuhdvlqj lq U/ +ll, vwulfwo| frqfdyh lq U/ +lll, vwulfwo|

lqfuhdvlqj lq q/ +ly, krprjhqhrxv ri ghjuhh rqh lq L dqg q1 Wkh vhfrqg uhvwulfwlrq fdswxuhv wkh lghd ri

ghfuhdvlqj uhwxuqv wr h{sdqglqj uhvhdufk h�ruw/ dqg doorzv xv wr wlh grzq wkh uhvhdufk lqyhvwphqw ri dq

:
? pd| eh d xvhixo phdvxuh ri wkh �up*v dydlodeoh nqrzohgjh fdslwdo qrw rqo| ehfdxvh wkh nqrzohgjh hperglhg lq

wkh lqqrydwlrqv wkhpvhoyhv duh xvhixo lq pdnlqj qhz lqqrydwlrqv1 ? pd| dovr uh hfw gl�huhqfhv lq wkh txdolw| ri �upv*
oderudwrulhv/ zklfk pd| hyroyh ryhu wlph dv lqglfdwhg e| fkdqjhv lq ?1

;Wkdw U)G dfwlylwlhv lqwurgxfh vfrsh hfrqrplhv lq wkh ghyhorsphqw ri uhodwhg surgxfwv kdv dovr ehhq hpskdvl}hg e|
Mrydqrylf +4<<6, lq d vwdwlf prgho ri �up irupdwlrq1

:



lqglylgxdo �up1 Wkh wklug hperglhv wkh lghd wkdw �upv* nqrzohgjh fdslwdo idflolwdwhv lqqrydwlrq1 Wkh

odvw uhvwulfwlrq qhxwudol}hv wkh h�hfw ri �up vl}h rq wkh lqqrydwlrq surfhvv1<

Iru zrunlqj rxw wkh �up*v rswlpdo U)G srolf|/ lw lv xvhixo wr uhzulwh wkh lqqrydwlrq surgxfwlrq

ixqfwlrq lq wkh irup ri d frvw ixqfwlrq1 Jlyhq wkh dvvxpswlrq pdgh deryh/ zh jhw

U @ F+L> q, @ qf+L@q,> +5,

zkhuh F lqkhulwv wkh krprjhqhlw| surshuw| ri I 1 H{sorlwlqj krprjhqhlw|/ wkh lqwhqvlyh irup ri wkh frvw

ixqfwlrq f+{, lv lqfuhdvlqj dqg frqyh{ lq {1 Wr dyrlg d qxpehu ri xqlqwhuhvwlqj txdol�fdwlrqv lq wkh

dqdo|vlv ehorz zh dvvxph wkdw f+3, @ 3 dqg wkdw f+{, lv gl�huhqwldeoh rq { � 31

Rxu prgho ri �up jurzwk lv frqvlvwhqw zlwk dujxphqwv e| Shqurvh +4<8<,/ wkdw wkhuh duh qr frqvwudlqwv

rq �up vl}h/ exw wkhuh duh frqvwudlqwv rq �up jurzwk143 Lqwhuhvwlqjo|/ dv lq wkh prgho khuh/ Shqurvh dujxhv

wkdw �upv jurz wkurxjk glyhuvl�fdwlrq lqwr qhz pdunhwv1

!�! ��� ���������� ��������

D �up zlwk q � 4 surgxfwv uhfhlyhv d  rz ri sur�wv ��q dqg idfhv d Srlvvrq kd}dug �q ri ehfrplqj d

�up ri vl}h q� 41 E| vshqglqj rq uhvhdufk lw lq xhqfhv wkh Srlvvrq kd}dug L ri ehfrplqj d �up ri vl}h

q. 41 Wkh Ehoopdq htxdwlrq iru wkh ydoxh Y +q, ri d �up zlwk q � 4 surgxfwv lv

uY +q, @ pd{
L

i��q� F+L> q, . L ^Y +q. 4,� Y +q,`� �q ^Y +q,� Y +q� 4,`j > +6,

zkhuh u lv wkh �up*v glvfrxqw udwh1 Dv vkrzq lq wkh dsshqgl{/ wkh vroxwlrq wr wkh Ehoopdq htxdwlrq lv/

Y +q, @ yq

L+q, @ �q>

zkhuh/ iru wkh fdvh ri � A 3/ y dqg � vroyh/

f3+�, @ y

+u . �� �,y @ �� � f+�,= +7,

Lw iroorzv wkdw lqqrydwlrq lqwhqvlw| � lv lqfuhdvlqj lq �� dqg ghfuhdvlqj lq u . � ru lq d sursruwlrqdo

lqfuhdvh lq wkh frvw ixqfwlrq f1 Li f3+3, A ��
u.� wkhq wkh vroxwlrq lv � @ 31 Zh dvvxph wkdw f3+�, A ���f+�,

u

vr wkdw wkh vroxwlrq iru � lv vwulfwo| ohvv wkdq �1 Wkh uhdvrq iru wklv uhvwulfwlrq zloo eh fohduhu ehorz zkhq

zh hqgrjhql}h �1

Rxu dvvxpswlrqv derxw nqrzohgjh fdslwdo duh uh hfwhg lq wkh �up*v ydoxh ixqfwlrq1 Frqvlghu wkh

ydoxh d �up rewdlqv iurp d vlqjoh surgxfw1 Li wkh �up zhuh wr vlpso| pdunhw wklv surgxfw zlwkrxw

<D vlplodu lqqrydwlrq surgxfwlrq ixqfwlrq kdv ehhq xvhg e| Kdoo dqg Kd|dvkl +4<;<, dqg Nohwwh +4<<9,1
43Shqurvh*v dujxphqwv kdyh sduwo| ehhq irupdol}hg e| X}dzd +4<9<,1 Rxu irupxodwlrq ri krz d �up*v nqrzohgjh fdslwdo

h{sdqgv lv dovr forvho| uhodwhg wr wkh irupxodwlrq ri sk|vlfdo fdslwdo dffxpxodwlrq lq Oxfdv dqg Suhvfrww +4<:4,

;



h{sorlwlqj wkh nqrzohgjh fdslwdo wr hqjdjh lq qhz uhvhdufk/ lwv h{shfwhg suhvhqw glvfrxqwhg ydoxh zrxog

eh y4 @ ��@+u . �,1 Wkh dfwxdo ydoxh y h{fhhgv y4 e| wkh dprxqw y5 @ ^���@+u . �, � f+�,`@+u . � � �,

zklfk fdqqrw eh qhjdwlyh vlqfh wkh �up lv iuhh wr fkrrvh � @ 3 +lq zklfk fdvh y5 @ 3,1 Wkh whup y5 lv

ydoxh ri wkh �up*v rswlrq wr h{sorlw lwv nqrzohgjh fdslwdo q e| lqqrydwlqj lq wkh ixwxuh1

Lq wklv prgho U)G dfwlylw| dqg lqqrydwlrq duh ghwhuplqdqw dw wkh �up ohyho |hw wkhuh lv d fhuwdlq

ghfrxsolqj ri lqqrydwlrq dqg wkh vl}h ri �upv1 Vlqfh lqqrydwlrq lqwhqvlw| � lv lqghshqghqw ri �up vl}h/ wzr

�upv ri vl}h q wrjhwkhu zloo lqqrydwh dw wkh vdph udwh dv rqh �up ri vl}h 5q1 Vlploduo| uhvhdufk lqwhqvlw|

+wkh iudfwlrq ri �up uhyhqxhv vshqw rq U)G, lv lqghshqghqw ri �up vl}h/ U@q @ qf+�,@q @ f+�,1 Wkxv/

wrwdo U)G shuiruphg e| d jurxs ri �upv +dqg wkhlu wrwdo dprxqw ri lqqrydwlrq, ghshqgv rq wkh ryhudoo

vl}h ri wkh jurxs exw qrw rq krz �up vl}h lv glvwulexwhg zlwklq wkh jurxs1 Wklv surshuw| ri wkh prgho

zloo nhhs wkh dqdo|vlv yhu| vlpsoh lq zkdw iroorzv1

) 	�
� ���������

Jlyhq wkh lqwhqvlw| ri fuhdwlyh ghvwuxfwlrq �/ dqg kdylqj vroyhg iru lqqrydwlrq lqwhqvlw| �/ zh fdq fkdu0

dfwhul}h wkh jurzwk surfhvv iru dq lqglylgxdo �up1 Frqvlghu d �up ri vl}h q1 Dw dq| lqvwdqw ri wlph lw

zloo hlwkhu uhpdlq lq lwv fxuuhqw vwdwh/ dftxluh d surgxfw dqg jurz wr vl}h q . 4 ru orvh d surgxfw dqg

vkulqn wr vl}h q� 41 D �up ri vl}h rqh wkdw orvhv d surgxfw kdv h{lwhg +vwdwh }hur lv devruelqj,1

Ohw s
q
+w>q3, ghqrwh wkh suredelolw| wkdw d �up lv vl}h q dw gdwh w jlyhq wkdw lw lv vl}h q3 dw gdwh 31

Wkh udwh dw zklfk wklv suredelolw| fkdqjhv ryhu wlph bsq+w>q3, ghshqgv rq wkh suredelolwlhv wkdw wkh �up

pdnhv dq lqqrydwlrq ru orvhv rqh ri lwv surgxfwv1 Dv irupdoo| ghulyhg lq Dsshqgl{ E/ �up hyroxwlrq lv

ghvfulehg e| wkh iroorzlqj v|vwhp ri htxdwlrqv=

bsq+w>q3, @ +q� 4,�sq�4+w>q3, . +q. 4,�sq.4+w>q3,� q +�. �, sq+w>q3, q � 4= +8,

Wkh uhdvrqlqj lv dv iroorzv= +l, li wkh �up kdg q� 4 surgxfwv wkhq zlwk d kd}dug L+q� 4, @ +q� 4,� lw

lqqrydwhv dqg ehfrphv d vl}h q �up/ +ll, li wkh �up kdg q.4 surgxfwv lw idfhv d kd}dug +q.4,� ri orvlqj

rqh dqg ehfrplqj d vl}h q �up/ exw +lll, li wkh �up douhdg| kdg q surgxfwv lw pljkw hlwkhu lqqrydwh ru

orvh d surgxfw lq zklfk fdvh lw pryhv wr rqh ri wkh dgmrlqlqj vwdwhv1 Wkh htxdwlrq iru vwdwh q @ 3 lv/

bs3+w>q3, @ �s4+w>q3,= +9,

H{lw lv dq devruelqj vwdwh1

Wkh vroxwlrq wr wkh vhw ri frxsohg gl�huhqfh0gl�huhqwldo htxdwlrqv +8, dqg +9, fdq eh vxppdul}hg e|

wkh suredelolw| jhqhudwlqj ixqfwlrq +sji,1 Lq wkh dsshqgl{ zh vkrz wkdw wkh sji lv

K+}> w>q3, @
4[
q@3

sq+w>q3,}
q @

�
�+} � 4,h�+���,w � +�} � �,

�+} � 4,h�+���,w � +�} � �,

�q3
=

<



E| uhshdwhg gl�huhqwldwlrq ri wkh sji zh fdq uhfryhu wkh hqwluh ghqvlw| sq+w>q3, iru hdfk gdwh w dqg

frqglwlrqdo rq dq| lqlwldo vl}h q3/ dv vkrzq lq wkh dsshqgl{1 Wr jhw vrph lqwxlwlrq derxw zkdw lv jrlqj

rq/ zh frqvlghu d ihz sduwlfxodu surshuwlhv ri wklv glvwulexwlrq1

)�� %���� 	�
��

Zh dvvxph ehorz wkdw �upv ehjlq zlwk d vlqjoh surgxfw1 Wr wudfn wkh glvwulexwlrq dw gdwh w ri d �up

hqwhulqj dw gdwh 3 zh vhw q3 @ 41 Wkh sji wkhq |lhogv/

s3+w> 4, @
�

�
�+w,> +:,

s4+w> 4, @ ^4� s3+w> 4,`^4� �+w,`>

sq+w> 4, @ sq�4+w> 4,�+w,> q @ 5> 6> = = = >

zkhuh

�+w, @
�+4� h�+���,w,

�� �h�+���,w
=

Wklv whup vdwlv�hv �+3, @ 3/ �3+w, A 3/ dqg olpw$4 �+w, @ �@� ? 41 Iljxuh 4 looxvwudwhv krz d �up

vwduwlqj zlwk rqo| rqh surgxfw hyroyhv vwrfkdvwlfdoo| ryhu wlph +�{lqj � @ 3=66 dqg � @ 3=68,1 Wkh prvw

vwhhso| lqfuhdvlqj fxuyh fruuhvsrqgv wr wkh suredelolw| ri h{lw/ zkloh wkh vl{ rwkhu fxuyhv fruuhvsrqgv wr

wkh �up kdylqj ehfrph wkh surgxfhu ri q @ 4> 5> 6> 8> 43 dqg 53 surgxfwv/ frqglwlrqdo rq vxuylydo1 Qrwlfh

wkdw olpw$4 s3+w> 4, @ 4/ l1h1 doo qhz �upv zloo hyhqwxdoo| h{lw1

Frqglwlrqlqj rq vxuylydo/ zh jhw wkh vlpsoh Jhrphwulf glvwulexwlrq +vkliwhg 4 wr wkh uljkw, dw dq|

�{hg gdwh/

sq+w> 4,

4� s3+w> 4,
@ ^4� �+w,`�+w,q�4> q @ 4> 5> = = = =

Wkh sdudphwhu ri wklv glvwulexwlrq �+w, lqfuhdvhv lq w pdnlqj wkh glvwulexwlrq jurz vwrfkdvwlfdoo| odujhu

ryhu wlph1

)�� 	�
� *��

D �up hqwhuv dw d vl}h ri 41 Ohw D ghqrwh wkh udqgrp djh ri wkh �up zkhq lw hyhqwxdoo| h{lwv1 Wkh

suredelolw| wkdw wkh �up h{lwv ehiruh djh d lv vlpso| s3+d> 4,1 Wkdw lv/ wkh fxpxodwlyh glvwulexwlrq ixqfwlrq

ri �up djh lv Su^D � d` @ s3+d> 4,1 Wkh h{shfwhg ohqjwk ri olih ri d �up lv wkxv/

H^D` @

]
4

3

^4� s3+d> 4,`gd @
oq �

���

�
>

zklfk lv ghfuhdvlqj lq wkh lqwhqvlw| ri fuhdwlyh ghvwuxfwlrq/ �/ kroglqj � �{hg1 Kroglqj � �{hg/ dv � jhwv

forvh hqrxjk wr � wkh h{shfwhg olih ri d �up ulvhv1
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Iljxuh 4= Wkh hyroxwlrq ri d �up vwduwlqj zlwk rqh surgxfw zkhq � @ 3=66 dqg � @ 3=681 Wkh prvw
vwhhso| lqfuhdvlqj fxuyh fruuhvsrqgv wr wkh suredelolw| ri h{lw/ zkloh wkh vl{ rwkhu fxuyhv fruuhvsrqgv wr
wkh �up kdylqj ehfrph wkh surgxfhu ri q @ 4> 5> 6> 8> 43 dqg 53 surgxfwv/ frqglwlrqdo rq vxuylydo1

Wkh kd}dug udwh ri h{lw lv

k+d, @
bs3+d> 4,

4� s3+d> 4,
@

�+�� �,

�� �h�+���,d
@ �^4� �+d,`= +;,

Wkh odvw htxdolw| vkrzv wkdw kd}dug udwh lv vlpso| wkh surgxfw ri wkh udwh ri fuhdwlyh ghvwuxfwlrq dqg

wkh suredelolw| ri ehlqj lq vwdwh q @ 4 iru d �up wkdw kdv vxuylyhg wr djh d1 Lw iroorzv wkdw k+3, @ �/

k3+d, ? 3/ dqg olpd$4 k+d, @ ���1 Dv d �up djhv/ lpso|lqj wkdw lw kdv vxuylyhg/ lw whqgv wr jhw eljjhu

dqg lv wkhuhiruh ohvv olnho| wr h{lw1 Wkh h{shfwhg �up vl}h/ frqglwlrqdo rq vxuylydo/ lv

4[

q@4

q
s
q
+d> 4,

4� s3+d> 4,
@

4

4� �+d,
> +<,

zklfk lqfuhdvhv zlwk djh/ d1

)�! +�
�� 	�
��

Lw lv frqyhqlhqw wr wklqn ri d �up ri vl}h q3 dv li lw frqvlvwv ri q3 glylvlrqv hdfk vwduwlqj rxw dw vl}h 41

Wkh irup ri wkh sji lpsolhv wkdw wkh hyroxwlrq ri wkh hqwluh �up lv rewdlqhg e| vxpplqj wkh hyroxwlrq

ri wkhvh lqghshqghqw glylvlrqv/ hdfk ehkdylqj dv zrxog d vl}h 4 �up1 Frqglwlrqdo rq d vlqjoh glylvlrq

vxuylylqj wr gdwh w/ zh douhdg| ghulyhg wkdw lwv vl}h lv gudzq iurp wkh Jhrphwulf glvwulexwlrq +vkliwhg

rqh wr wkh uljkw, zlwk sdudphwhu �+w,1 Li h{dfwo| 3 ? n � q3 glylvlrqv vxuylyh wr gdwh w/ wkh wrwdo vl}h

ri wkh �up lv wkh vxp ri n lqghshqghqw udqgrp yduldeohv gudzq iurp wkh Jhrphwulf glvwulexwlrq/ zklfk
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lv vlpso| wkh Qhjdwlyh Elqrpldo glvwulexwlrq +vkliwhg n wr wkh uljkw,

�
q� 4
n � 4

�
�+w,q�n^4� �+w,`n1 Wkh

suredelolw| wkdw h{dfwo| 3 � n � q3 glylvlrqv ri wkh �up vxuylyh wr gdwh w lv jlyhq e| wkh Elqrpldo ghqvlw|�
q3
n

�
^4�s3+w> 4,`

ns3+w> 4,
q3�n1 Iru wkh fdvh ri n @ 3 zh jhw wkh suredelolw| wkdw wkh �up h{lwv e| gdwh

w/ s3+w> 4,
q3 1 Khqfh/ vlqfh olpw$4 s3+w> 4, @ 4/ doo �upv zloo hyhqwxdoo| h{lw1 Wr jhw wkh suredelolw| wkdw

wkh �up lv vl}h q A 3 dw gdwh w zh wdnh d Elqrpldo pl{wxuh ri Qhjdwlyh Elqrpldo glvwulexwlrqv1 Dowkrxjk

wkh uhvxowlqj glvwulexwlrq lv frpsolfdwhg/ wkh prphqwv ri wkh glvwulexwlrq duh hdv| wr rewdlq1 Zh xvh

wkhp ehorz wr dqdo|}h �up jurzwk1

)�) 	�
� #
�$��

Zlwkrxw vroylqj iru sq+w>q3, zh fdq ghulyh wkh prphqwv ri �up jurzwk gluhfwo| iurp wkh sji / dv vkrzq

lq wkh dsshqgl{1 Ohwwlqj wkh udqgrp yduldeoh Qw ghqrwh wkh vl}h ri d �up dw gdwh w/ lwv jurzwk ryhu wkh

shulrg iurp gdwh 3 wr w lv Jw @ +Qw �Q3,@Q31 Lw wxuqv rxw wkdw rxu prgho lv frqvlvwhqw zlwk Jleudw*v

odz/ l1h1 h{shfwhg �up jurzwk jlyhq lqlwldo vl}h lv

H ^JwmQ3 @ q3` @ h�+���,w � 4> +43,

zklfk lv lqghshqghqw ri lqlwldo vl}h1

Wkh yduldqfh ri �up jurzwk jlyhq lqlwldo vl}h lv

Ydu ^JwmQ3 @ q3` @
�. �

q3 +�� �,
h�+���,w

�
4� h�+���,w

�
> +44,

zklfk ghfolqhv lq lqlwldo �up vl}h1 Wkh jurzwk ri d odujhu �up lv dq dyhudjh ri wkh jurzwk ri lwv lqghshqghqw

frpsrqhqwv/ khqfh wkh yduldqfh ri jurzwk lv lqyhuvho| sursruwlrqdo wr wkh �up*v lqlwldo vl}h1

Lq wkh ghulydwlrqv deryh zh kdyh lqfoxghg �upv zklfk h{lw gxulqj wkh shulrg1 Lw lv dovr srvvleoh wr

frqglwlrq rq vxuylydo1 Dv vkrzq deryh/ wkh suredelolw| wkdw d �up ri vl}h q3 dw gdwh 3 vxuylyhv wr gdwh w

lv 4� s3+w>q3, @ 4� s3+w> 4,
q3 @ 4� +�@�,q3�+w,q3 / zklfk lv fohduo| lqfuhdvlqj lq lqlwldo vl}h1 H{shfwhg

jurzwk frqglwlrqdo rq vxuylydo lv

H ^JwmQw A 3> Q3 @ q3` @
h�+���,w

4� ^+�@�,�+w,`q3
� 4>

zklfk lv d ghfolqlqj ixqfwlrq ri lqlwldo vl}h1 Nqrzlqj wkdw dq lqlwldoo| vpdoo �up kdv vxuylyhg vxjjhvwv

wkdw lw kdv jurzq uhodwlyho| idvw1 Iru �upv zklfk duh lqlwldoo| yhu| odujh wkh suredelolw| ri vxuylydo ryhu

wkh shulrg lv forvh wr 4 dq|zd|/ vr Jleudw*v odz zloo eh d yhu| jrrg dssur{lpdwlrq1

, ���
� ��� ������
� ���������

Lq wklv vhfwlrq zh zloo h{dplqh wkh g|qdplf surfhvv fkdudfwhul}lqj dq lqgxvwu| zlwk pdq| frpshwlqj

�upv1 Hdfk �up zlwklq wkh lqgxvwu| lqqrydwhv dffruglqj wr wkh prgho suhvhqwhg lq wkh suhylrxv vhfwlrq1
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Lq frqvlghulqj dq lqgxvwu|/ zh dvvxph wkdw hyhu| surgxfw lv ehlqj surgxfhg e| vrph �up1 Wkh qxpehu

ri jrrgv surgxfhg e| dq| jlyhq �up lv frxqwdeoh/ khqfh wkhuh pxvw eh d pdvv ri �upv wr dffrxqw iru wkh

xqlw frqwlqxxp ri surgxfwv1 Zh fdq ghvfuleh wkh srsxodwlrq ri �upv lq whupv ri wkh phdvxuh ri �upv ri

hdfk vl}h1 Wkhuh lv qr udqgrpqhvv dw wkh lqgxvwu| ohyho1

Zh ghqrwh/ iru gdwh w/ wkh phdvxuh ri �upv lq wkh lqgxvwu| zlwk q surgxfwv e| Pq+w,1 Ehfdxvh wkhuh

lv d xqlw pdvv ri surgxfwv/ dqg hdfk surgxfw lv surgxfhg e| h{dfwo| rqh �up/
S
4

q@4
qP

q
+w, @ 4=

Wdnhq dv d zkroh/ lqgxvwu| lqfxpehqwv lqqrydwh dw udwh

4[

q@4

P
q
+w,L+q, @

4[

q@4

P
q
+w,q� @ �>

zkhuh � lv wkh lqqrydwlrq lqwhqvlw| ri lqfxpehqw �upv1 Lqqrydwlyh dfwlylw| lv uhodwhg wr �up vl}h dqg

|hw wkh vl}h glvwulexwlrq ri �upv kdv qr lpsolfdwlrqv iru wkh wrwdo dprxqw ri lqqrydwlrq fduulhg rxw e|

lqfxpehqwv1

Dowkrxjk hdfk �up wdnhv wkh lqwhqvlw| ri fuhdwlyh ghvwuxfwlrq � dv jlyhq/ wklv pdjqlwxgh lv ghwhuplqhg

hqgrjhqrxvo| iru wkh lqgxvwu|1 Rqh frpsrqhqw ri lw lv wkh udwh ri lqqrydwlrq e| lqfxpehqwv �1 Wkh rwkhu

frpsrqhqw lv wkh udwh ri lqqrydwlrq e| hqwudqwv �/ vr wkdw

� @ � . �= +45,

Zh qrz wxuq wr wkh ghwhuplqdwlrq ri �1

,�� 	�
� ���
�

Dv phqwlrqhg deryh/ zh dvvxph wkdw hqwudqwv ehjlq zlwk d vlqjoh surgxfw1 Wkh ydoxh ri hqwhulqj lv

wkhuhiruh Y +4, @ y1 Zh dvvxph wkdw wkhuh lv d �{hg frvw ri hqwu| I dqg d pdvv ri srwhqwldo hqwudqwv1 Li

wkhuh lv dq| hqwu|/ htxloleulxp uhtxluhv I @ y1

Wkh hqwu| frqglwlrq/ frpelqhg zlwk wkh rswlpdo uhvhdufk srolf| ri lqfxpehqwv/ slqv grzq wkh lqqr0

ydwlrq lqwhqvlw| ri lqfxpehqwv=

f3+�, @ I> +46,

ru � @ 3 li f3+3, A I 1 Li wkh frvw ri hqwu| lv kljkhu lqfxpehqwv duh vklhoghg pruh h�hfwlyho| iurp

frpshwlwlrq dqg wkhuhiruh lqyhvw pruh lq lqqrydwlrq1 Rq wkh rwkhu kdqg/ zlwk dfwlyh hqwu|/ +46, vkrzv

wkdw wkh lqqrydwlrq lqwhqvlw| ri lqfxpehqwv lv xquhodwhg wr ghpdqg vlgh lqfhqwlyhv vxfk dv wkh sur�w

 rz iurp dq lqqrydwlrq/ ��1 Wkh uhdvrq lv wkdw hqwu| uhvsrqgv wr wkhvh ghpdqg vlgh lqfhqwlyhv/ h{dfwo|

qhxwudol}lqj dq| srwhqwldo lq xhqfh rq lqfxpehqwv1

Wr slq grzq wkh udwh ri lqqrydwlrq e| hqwudqwv/ zh uhwxuq wr wkh h{suhvvlrq iru wkh ydoxh ixqfwlrq

iurp +5:,1 Uhduudqjlqj lw xqghu wkh dvvxpswlrq wkdw wkhuh lv dfwlyh hqwu|/ l1h1 I @ y/ dqg xvlqj +45,/

� @
�� � f+�,

I
� u=
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Wr jxdudqwhh � A 3/ zh dvvxph f3+�, A I / zkhuh � vroyhv
���f+�,

u
@ f3+�,1 Dq lpsolfdwlrq lv wkdw � ? �

dv zh dvvxphg deryh1

Kdylqj slqqhg grzq wkh hqwu| udwh/ zh fdq h{dplqh wkh ehkdylru ri d frkruw ri �upv gh�qhg e| zkhq

wkh �upv hqwhu1 Ri wkh frkruw hqwhulqj dw gdwd w � d/ wkh iudfwlrq vxuylylqj xqwlo w lv 4 � s3+d> 4,1 Wkh

pdunhw vkduh iru wklv djh d frkruw lv

�

4[

q@3

qsq+d> 4, @ �
4� �

�
�+d,

4� �+d,
= +47,

Vlqfh/ � A �/ wkh pdunhw vkduh ri d frkruw ghfolqhv vwhdglo| zlwk d1 Hyhq wkrxjk wkh vxuylylqj �upv lq

wkh frkruw whqg wr jhw odujhu/ wklv h�hfw lv pruh wkdq r�vhw e| h{lw iurp wkh frkruw1

,�� ��� %�&� ����
�'�����

Zh qrz kdyh h{suhvvlrqv iru �/ �/ dqg khqfh � @ �.�1 Wkhvh sdudphwhuv duh doo wkdw pdwwhu iru dqdo|}lqj

wkh vl}h glvwulexwlrq ri �upv1 Wkh frq�jxudwlrq ri wkh lqgxvwu| lv vxppdul}hg e| wkh phdvxuh ri �upv

zlwk 4> 5> 6> = = = surgxfwv1 Zh gh�qh P+w, @
S
4

q@4
P
q
+w, wr eh wkh phdvxuh ri �upv lq wkh lqgxvwu|/ dqg

vroyh iru lw ehorz1

Vlqfh wkhuh lv d pdvv ri �upv ri dq| jlyhq vl}h/ zh fdq ghvfuleh lwv udwh ri fkdqjh ryhu wlph e| d

qrq0vwrfkdvwlf gl�huhqwldo htxdwlrq1 Iorzlqj lqwr wkh pdvv ri �upv zlwk q surgxfwv duh �upv zlwk q� 4

surgxfwv wkdw mxvw dftxluhg d qhz surgxfw dqg �upv zlwk q.4 surgxfwv wkdw mxvw orvw rqh1 Iorzlqj rxw

ri wkh pdvv ri �upv zlwk q surgxfwv duh �upv wkdw zhuh ri wkdw vl}h dqg wkdw hlwkhu mxvw dftxluhg ru mxvw

orvw d surgxfw1 Wkxv/ iru q � 5/

bPq+w, @ +q� 4,�Pq�4+w, . +q. 4,�Pq.4+w,� q+�. �,Pq+w,= +48,

Iru q @ 4 zh kdyh

bP4+w, @ � . 5�P5+w,� +�. �,P4+w,= +49,

Wr rewdlq wkh vwhdg| vwdwh glvwulexwlrq zh fdq vlpso| vhw doo wkh wlph ghulydwlyhv wr }hur1 Lq wkh

dsshqgl{/ zh vkrz wkdw wkh vroxwlrq lv

P
q
@

�q�4�

q�q
@

!

q

�
4

4 . !

�
q

> q � 4> +4:,

zkhuh ! @ �@�1 Wkh pdvv ri odujh �upv lv juhdwhvw dv ! dssurdfkhv }hur/ l1h1 zkhq wkhuh lv olwwoh hqwu|1

Wkh wrwdo pdvv ri �upv lv

P @ !
4[
q@4

�
4

4.!

�q
q

@ ! oq

�
4 . !

!

�
= +4;,

Lq d vwhdg| vwdwh/ wkh pdvv ri �upv lq wkh lqgxvwu| lv dq lqfuhdvlqj ixqfwlrq ri wkh hqwu| udwh1 Wkh pdvv

dssurdfkhv rqh dv wkh hqwu| udwh jhwv duelwudulo| odujh +ru � jhwv duelwudulo| vpdoo,1 Lq wklv fdvh doprvw doo
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�upv duh qhz hqwudqwv zlwk mxvw rqh surgxfw1 Dv wkh udwh ri hqwu| dssurdfkhv }hur +ru � jhwv duelwudulo|

odujh,/ wkh pdvv ri �upv lq wkh lqgxvwu| jhwv yhu| vpdoo/ lqglfdwlqj wkdw wkh dyhudjh �up lv odujh/ l1h1 kdv

pdq| surgxfwv144

Pruh jhqhudoo|/ zh fdq dqdo|}h glvwulexwlrq rxwvlgh ri d vwhdg| vwdwh e| lqwhjudwlqj ryhu wkh klvwru| ri

frkruwv ri hqwudqwv zkloh wdnlqj dffrxqw ri krz wkhvh frkruwv hyroyh1 Vwduwlqj zlwk wkh vl}h glvwulexwlrq/

P
q3
+3,> dw gdwh 3/

P
q
+w, @

4[

q3@4

s
q
+w>q3,Pq3

+3, . �

]
w

3

sq+v> 4,gv @
4[

q3@4

sq+w>q3,Pq3
+3, .

�

q�
�+w,q= +4<,

Doo �upv lq h{lvwhqfh dw gdwh 3 zloo hyhqwxdoo| h{lw/ khqfh

olp
w$4

sq+w> q3, @ 3> ; ^q> q3` � 4=

Lw fdq eh vkrzq wkdw wkh �uvw vxppdwlrq lq +4<, glvdsshduv dv w$4/ zkloh wkh vhfrqg whup frqyhujhv

wr �
q�

+�@�,q @ Pq= Wkxv/ wkh v|vwhp frqyhujhv wr wkh vwhdg| vwdwh glvwulexwlrq +4:,/ dqg lq idfw zh fdq

wudfh rxw lwv hyroxwlrq gxulqj wklv surfhvv ri frqyhujhqfh xvlqj +4<,1

- ��������
� ��� �������
�

Zh vkrzhg deryh wkdw d �up*v uhvhdufk lqwhqvlw|/ lwv uhvhdufk h{shqglwxuh dv d iudfwlrq ri uhyhqxhv/

lv U+q,@q @ f+�,1 Wklv uhvxow lv dwwudfwlyh lq wkh vhqvh wkdw uhvhdufk lqwhqvlw| lv slqqhg grzq dw wkh

�up ohyho/ shuvlvwhqw ryhu wlph/ dqg xquhodwhg wr wkh vl}h ri wkh �up1 Krzhyhu/ phdvxuhv ri uhvhdufk

lqwhqvlw| glvsod| frqvlghudeoh furvv0vhfwlrqdo yduldelolw|1 Lq idfw/ wkh yduldwlrq ri uhvhdufk lqwhqvlw| dfurvv

�upv zlwklq lqgxvwulhv lv dw ohdvw dv juhdw dv wkh yduldwlrq ri dyhudjh uhvhdufk lqwhqvlw| dfurvv gl�huhqw

lqgxvwulhv1

Lqfrusrudwlqj khwhurjhqhlw| lq uhvhdufk lqwhqvlw| lqwr wkh prgho/ zh qhhg wr eh fduhixo qrw wr exlog

lq d uhvxow wkdw uhvhdufk lqwhqvlyh �upv ehfrph elj �upv1 Li wklv zhuh wkh fdvh wkhq vl}h zrxog eh d

jrrg suhglfwru ri uhvhdufk lqwhqvlw|/ zklfk lw lv qrw +vhh/ Idfw & 6,1 Wr dyrlg wklv lpsolfdwlrq zh vhhn wr

xqklqjh wkh uhvhdufk surfhvv iurp wkh surfhvv ri uhyhqxh jurzwk1

Zh dvvxph wkdw �upv gl�hu lq krz lqqrydwlyh wkh| duh1 Hpslulfdo uhvhdufk lq hfrqrplfv/ vrflrorj| dqg

pdqdjhphqw vflhqfh kdv hpskdvl}hg wkh kljk ghjuhh ri shuvlvwhqf| lq gl�huhqfhv lq lqqrydwlyh vwudwhjlhv

44Zh uhihu wr �? iru ? ' �c 2c � � � dv wkh vl}h glvwulexwlrq/ dowkrxjk iru lw wr eh d surshu glvwulexwlrq zh vkrxog qrupdol}h
e| wkh wrwdo pdvv ri �upv1 Grlqj vr zh jhw

�? '

�
�

�n�

�?

? *?
�
�n�

�

� ? ' �c 2c � � � �

Wklv lv wkh zhoo nqrzq orjdulwkplf glvwulexwlrq/ dv glvfxvvhg lq Mrkqvrq hw do1 +4<<6,1 Wkh phdq ri wkh glvwulexwlrq +wkh
dyhudjh qxpehu ri surgxfwv shu �up, lv �3�* *?E�n�3��/ zklfk lv ghfuhdvlqj lq �1 Wkh orjdulwkplf glvwulexwlrq lv glvfxvvhg
lq wkh frqwh{w ri �up vl}hv e| Lmlul dqg Vlprq +4<::,1
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dfurvv �upv45 1 Wr fdswxuh vxfk gl�huhqfhv/ zh uhod{ wkh dvvxpswlrq wkdw doo �upv uhfhlyh wkh vdph  rz

ri sur�wv �� iurp pdunhwlqj d jrrg1 Lqvwhdg zh doorz wkh  rz ri sur�wv � wr ydu| dfurvv �upv1 Dq �up

pdnlqj gudvwlf lqqrydwlrqv rewdlqv d  rz ri sur�wv forvh wr rqh zkloh d ohvv lqqrydwlyh �up rewdlqv �

forvhu wr }hur1 D �up zlwk � forvh wr }hur pd| eh frqvlghuhg pruh ri dq lplwdwru wkdq dq lqqrydwru46 1

Zh lqgh{ �upv e| 3 ? � ? 41 Wkh lqgh{ qrw rqo| d�hfwv wkh  rz ri sur�wv exw dovr wkh frvw ri grlqj

uhvhdufk1 Wr rewdlq lqghshqghqfh ehwzhhq lqyhqwlyhqhvv dqg �up jurzwk/ zh dvvxph wkdw wkh uhvhdufk

frvw ixqfwlrq iru d �up ri w|sh � lv F�+L> q, @ �

��
F+L> q,= Lw iroorzv wkdw wkh lqwhqvlyh irup ri wkh frvw

ixqfwlrq lv f�+L@q, @ �

��
f+L@q,1 Wkh glvwulexwlrq ri � lq wkh srro ri hqwudqwv lv ghqrwhg k+�,/ zlwk wkh

phdq ri wkh glvwulexwlrq ehlqj ��1 Rxu ruljlqdo dvvxpswlrq ri d �{hg  rz ri sur�wv lv rewdlqhg dv wkh

vshfldo fdvh zkhq k+�, kdv }hur yduldqfh1

Uhwxuqlqj wr d �up*v rswlpdo lqqrydwlrq ghflvlrq/ zh prgli| wkh frqglwlrqv rqo| voljkwo|1 Lq sduwlfxodu/

wkh vroxwlrq lv y� @ �

��
y dqg �� @ �/ zkhuh y dqg � zhuh wkh vroxwlrqv iurp ehiruh1 Lqqrydwlyh lqwhqvlw|

dqg khqfh �up jurzwk lv xquhodwhg wr �1 Rq wkh rwkhu kdqg/ wkh ydoxh ri wkh �up ulvhv lq sursruwlrq wr

�1

Zh kdyh wr prgli| wkh hqwu| frqglwlrq rqo| voljkwo|1 Zh dvvxph wkdw hqwudqwv gr qrw nqrz wkhlu w|sh

zkhq wkh| sd| wkh hqwu| frvw/ exw wkh| nqrz wkh glvwulexwlrq ri w|shv lq wkh srro ri hqwudqwv1 Xqghu

wkhvh frqglwlrqv/ li wkhuh lv dfwlyh hqwu| zh vwloo kdyh wkh frqglwlrq I @ H^y�` @ y1 Wkh hqwu| udwh �

uhpdlqv xqfkdqjhg1

Zh kdyh doorzhg iru �up khwhurjhqhlw| lq d zd| wkdw kdv qr h�hfw rq �up g|qdplfv1 Lw iroorzv wkdw

wkh glvwulexwlrq ri � lq wkh srsxodwlrq ri lqfxpehqwv lv k/ zkhwkhu ru qrw zh frqglwlrq rq �up vl}h1

Uhvhdufk lqwhqvlw| ulvhv lq sursruwlrq wr � vlqfh f�+�, @
�

��
f+�,1 Wkxv/ wkh glvwulexwlrq k ghwhuplqhv wkh

glvwulexwlrq ri uhvhdufk lqwhqvlw| dprqj �upv ri dq| vl}h1

Wkh dvvxpswlrq wkdw gl�huhqfhv dfurvv �upv lq wkhlu uhvhdufk fdsdelolw| gr qrw jlyh ulvh wr gl�huhqw

lqqrydwlrq udwhv pd| vhhp uhvwulfwlyh/ dqg zh h{dplqh d pruh jhqhudo vshfl�fdwlrq lq Dsshqgl{ G1

. ���������� ��� ��������

Zh frqfoxgh e| uhwxuqlqj wr wkh hylghqfh rq lqqrydwlqj �upv1 Wr zkdw h{whqw kdyh zh vxffhhghg lq

fdswxulqj wkh ydulrxv idfwvB Wr zkdw h{whqw grhv wkh wkhruhwlfdo prgho ohdg wr d gl�huhqw lqwhusuhwdwlrq

ri wkhvh idfwvB

.�� ��� ����������

Frqvlvwhqw zlwk Idfw & 6/ rxu prgho suhglfwv U)G lqyhvwphqw lq sursruwlrq wr �up vl}h1 Htxlydohqwo|/

U)G lqwhqvlw| lv lqghshqghqw ri vl}h1 Wkh uhdvrq lv wkdw odujhu �upv wdnh dgydqwdjh ri wkhlu juhdwhu

45Vhh h1j1 Khqghuvrq +4<<6,/ Frkhq +4<<8,/ Odqjorlv dqg Urehuwvrq +4<<8,/ Fduuroo dqg Kdqqdq +5333,/ Frfnexuq hw do1
+5333, dqg Mrydqrylf +5333,1 Jhurvnl hw do1 +4<<;, suhvhqwv d frqwudglfwru| ylhz +vhh wkhlu vw|ol}hg idfw 8,1

46Wklv vwru| lv frqvlvwhqw zlwk dujxphqwv lq Qhovrq +4<;;,1
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nqrzohgjh fdslwdo wr r�vhw wkh glplqlvklqj uhwxuqv wr U)G1 Wkh| wkhuhiruh vfdoh xs wkhlu uhvhdufk

lqyhvwphqwv lq sursruwlrq1

Dv jhqhudol}hg lq Vhfwlrq 9/ wkh prgho doorzv iru khwhurjhqhlw| lq uhvhdufk lqwhqvlw|/ lq olqh zlwk Idfw

& 71 Wklv khwhurjhqhlw| fdq eh txlwh jhqhudo/ vlpso| uh hfwlqj wkh glvwulexwlrq k+�,1 Ilupv zklfk pdnh

juhdwhu lqqrydwlyh vwhsv +dv fdswxuhg e| �, duh dovr pruh uhvhdufk lqwhqvlyh1 Rqh pljkw h{shfw vxfk �upv

wr jurz idvwhu dv zhoo/ |hw li wkh| glg zh zrxog suhglfw d vwurqj srvlwlyh fruuhodwlrq ehwzhhq �up vl}h dqg

uhvhdufk lqwhqvlw|1 Wr dyrlg frqwudglfwlqj Idfw & 6 uhtxluhv wkh vwurqj dvvxpswlrq/ lpsrvhg lq Vhfwlrq

9/ wkdw uhvhdufk frvwv ulvh lq sursruwlrq wr wkh sur�wdelolw| ri lqqrydwlrqv1

Dowkrxjk wkh prgho suhglfwv wkdw doo �upv zloo gr dw ohdvw vrph U)G/ �upv zlwk d yhu| vpdoo ydoxh

ri � pd| kdyh olwwoh lqqrydwlyh dfwlylw| wkdw lv uhsruwhg dv irupdo U)G1 Khqfh/ rxu lqwhusuhwdwlrq ri wkh

vhfrqg kdoi ri Idfw & 7 lv wkdw wkhuh duh d frqvlghudeoh qxpehu ri �upv zlwk orz �*v/ rxu lplwdwruv/ hyhq

lq kljk0whfk lqgxvwulhv1

Wkh idfwru ghwhuplqlqj U)G lqwhqvlw| lv prghohg dv ehlqj d fkdudfwhulvwlf ri wkh �up lwvhoi1 Wkxv

U)G lqwhqvlw| lv kljko| shuvlvwhqw ryhu wlph/ lq olqh zlwk Idfw & 81 Lq olqh zlwk Idfw & 9/ wkh ohyho ri

U)G lqyhvwphqw e| d �up iroorzv forvh wr d jhrphwulf udqgrp zdon dv lw vwd|v lq vwhs zlwk wkh fkdqjlqj

qxpehu ri jrrgv surgxfhg e| wkh �up1

.�� ��� ��� ���������

Wkh �up0ohyho lqqrydwlrq surgxfwlrq ixqfwlrq/ +4,/ lv hvvhqwldo wr wkh zrunlqjv ri wkh prgho1 \hw/ lw wxuqv

rxw wr eh txlwh sodxvleoh rq lwv rzq1 Lw hperglhv ghfuhdvlqj uhwxuqv wr h{sdqglqj uhvhdufk dw wkh �up

ohyho/ zklfk lv frqvlvwhqw zlwk wkh vhfrqg kdoi ri Idfw & 51 Rq wkh rwkhu kdqg/ wkhuh duh dovr ehqh�wv

wr vl}h1 Frqvlghulqj �upv ri gl�huhqw vl}hv +exw zlwk qr khwhurjhqhlw| lq �,/ wkhlu rswlpdo U)G srolf|

lv U+q, @ qf+�,1 Soxjjlqj wklv U)G srolf| lqwr wkh lqqrydwlrq surgxfwlrq ixqfwlrq +4, lpsolhv wkdw d

Srlvvrq uhjuhvvlrq ri wkh qxpehu ri lqqrydwlrqv e| d �up rq lwv U)G h{shqglwxuh vkrxog |lhog d Srlvvrq

sdudphwhu sursruwlrqdo wr U)G1 Zkhq wkh qxpehu ri lqqrydwlrqv e| wkh �up lv sur{lhg e| lwv qxpehu

ri sdwhqwv/ wklv suhglfwlrq lv eruqh rxw dv qrwhg lq Idfw & 51

Lq wkh fdvh ri khwhurjhqhrxv uhvhdufk lqwhqvlw|/ wkh furvv0vhfwlrqdo uhodwlrqvkls ehwzhhq lqqrydwlrqv

+dv fdswxuhg e| sdwhqwlqj, dqg U)G ehfrphv ohvv fohdu fxw1 Qrz U)G zloo ydu| dfurvv �upv qrw rqo| gxh

wr khwhurjhqhlw| lq �up vl}h q exw dovr gxh wr khwhurjhqhlw| lq �1 Wkh h{shfwhg qxpehu ri lqqrydwlrqv

ulvhv lq sursruwlrq wr wkh iruphu exw lv xquhodwhg wr wkh odwwhu1 Qrqhwkhohvv odujhu lqqrydwlyh vwhsv pd|

eh dvvrfldwhg zlwk pruh sdwhqwdeoh lqyhqwlrqv1 Li vr/ wkh prgho pd| vwloo eh urxjko| frqvlvwhqw zlwk wkh

furvv0vhfwlrqdo uhodwlrqvkls ehwzhhq sdwhqwv dqg U)G1
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Ohw xv vwduw e| suhvhqwlqj d vrphzkdw vxusulvlqj dujxphqw zklfk zh wklqn kdv vrph lqwhuhvw eh|rqg wkh

iudphzrun suhvhqwhg deryh1 Surgxfwlylw| lq d �up l/ Dl/ lv gh�qhg dv rxwsxw \l uhodwlyh wr dq lqgh{

ri lqsxw [l/ ru Dl @ \l@[l1 Zh dvvxph frqvwdqw uhwxuqv wr vfdoh iru vlpsolflw|1 Sk|vlfdo rxwsxw lv

uduho| revhuyhg/ dqg uhvhdufkhuv w|slfdoo| xvh qrplqdo rxwsxw/ Sl\l/ lqvwhdg ri uhdo rxwsxw zkhq wkh|

frqvwuxfw wkhlu phdvxuh ri surgxfwlylw|1 Khqfh/ phdvxuhg surgxfwlylw| lv �Dl @ Sl\l@[l1 Zlwk lpshuihfw

frpshwlwlrq/ wkh sulfh lv Sl @ plF
3

l
/ zkhuh pl lv wkh pdunxs dqg F3

l
lv pdujlqdo frvwv1 Lw iroorzv wkdw

Sl @ plZl@Dl/ zkhuh Zl lv wkh sulfh shu xqlw ri idfwru lqsxw1 Xvlqj wklv h{suhvvlrq iru Sl/ phdvxuhg

surgxfwlylw| lv

�Dl @ Sl

\l

[l

@ pl

zl

Dl

Dl

@ plZl=

Wkdw lv wr vd|/ gl�huhqfhv lq phdvxuhg surgxfwlylw| gr qrw gluhfwo| uh hfw gl�huhqfhv lq uhdo surgxfwlylw|/

exw rqo| lqgluhfwo| wkurxjk gl�huhqfhv lq pdunxsv dqg idfwru sulfhv li wkh| duh fruuhodwhg zlwk gl�huhqfhv

lq uhdo surgxfwlylw|$ Lq rwkhu zrugv/ wr wkh h{whqw wkdw �upv fdswxuh wkhlu lqqrydwlyh uhqwv wkurxjk

odujh pdunhwv vkduhv udwkhu wkdq kljk pdunxsv/ gl�huhqfhv lq phdvxuhg surgxfwlylw| pd| frqwdlq olwwoh

lqirupdwlrq derxw gl�huhqfhv lq �upv* lqqrydwlyh rxwsxwv147

Uhwxuqlqj wr rxu iudphzrun/ pruh lqqrydwlyh �upv zlwk kljk � zloo whqg wr kdyh kljkhu pdunxsv/

dqg wkh| zloo dovr kdyh kljkhu uhvhdufk frvwv1 Khqfh/ lq d furvv vhfwlrq ri �upv/ wkhuh zloo eh srvlwlyh

fruuhodwlrq ehwzhhq phdvxuhg surgxfwlylw| dqg dq| phdvxuh ri U)G h{shqglwxuhv +l1h1 hlwkhu dq U)G

vwrfn ru U)G lqwhqvlw|,/ frqvlvwhqw zlwk Idfw & 41

Qrwlfh/ krzhyhu/ wkdw wkh uhodwlrqvkls ehwzhhq phdvxuhg surgxfwlylw| dqg U)G frqwdlqv olwwoh lqiru0

pdwlrq derxw wkh udwh ri uhwxuq wr U)G h{shqglwxuhv1 Iru lqvwdqfh/ frqvlghu wkh fdvh zkhuh orqjlwxglqdo

yduldwlrqv lq wkh �*v iru dq| �up duh mxvw udqgrp qrlvh/ xqfruuhodwhg zlwk U)G frvwv1 Lq wklv fdvh/

wkhuh zloo eh }hur fruuhodwlrq ehwzhhq phdvxuhg surgxfwlylw| dqg U)G h{shqglwxuhv/ |hw U)G zloo/ rq

dyhudjh/ hduq wkh uhtxluhg udwh ri uhwxuq1

Ilqdoo|/ zlwk rxu dvvxpswlrq wkdw/ iru dq| �up/ � grhv qrw ydu| ryhu wlph/ rxu prgho vxjjhvwv wkdw

wkhuh zloo eh qr yduldwlrq lq phdvxuhg surgxfwlylw| lq wkh orqjlwxglqdo glphqvlrq +dsduw iurp qrlvh,1 Wkh

hpslulfdo hylghqfh vxssruwv wkh prgho*v lpsolfdwlrq ri shuvlvwhqw gl�huhqfhv dfurvv �upv lq sur�wdelolw|

dqg surgxfwlylw|/ vhh Jhurvnl +4<<;,1 Khqfh/ orqjlwxglqdo pryhphqwv lq phdvxuhg surgxfwlylw| duh

xqlqirupdwlyh derxw lqqrydwlrqv/ dv srlqwhg rxw lq Idfw & 41

47Ehuqdug hw do1 +5333, ghyhors wklv dujxphqw lq wkh frqwh{w ri wkh surgxfwlylw| dgydqwdjh ri h{sruwlqj sodqwv1
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Dv vkrzq lq htxdwlrq +;,/ rxu prgho lpsolhv wkdw wkh kd}dug udwh lv vwhdglo| ghfolqlqj zlwk �up djh/

frqvlvwhqw zlwk Idfw & 431 Rxu prgho lv dovr frqvlvwhqw zlwk wkh vhfrqg kdoi ri Idfw & 43/ vwdwlqj wkdw

�up vl}h/ frqglwlrqdo rq vxuylydo/ lv lqfuhdvlqj/ dv vkrzq lq htxdwlrq +<,/ dqg wkdw d frkruw*v wrwdo pdunhw

vkduh ghfolqhv ryhu wlph/ dv vkrzq lq htxdwlrq +47,1

Wkh ghfolqlqj kd}dug udwh kdv ehhq zlgho| lqwhusuhwhg dv hylghqfh lq idyru ri Mrydqrylf*v +4<;5, prgho

ri vhohfwlrq ri �upv edvhg rq jlyhq gl�huhqfhv lq �wqhvv1 Dffruglqj wr klv prgho/ qhz �upv uhfhlyh qrlv|

vljqdov derxw wkhlu �wqhvv/ dqg wkhvh vljqdov dggv pruh lqirupdwlrq zkhq wkh �upv duh |rxqj1 D odujh

qxpehu ri loo0idwhg �upv uhfrjql}h wkhlu xq�wqhvv xsrq uhfhlylqj wkhlu �uvw vljqdov1 Lq rxu prgho/ wkh

ghfolqlqj kd}dug dulvhv zlwkrxw dq| h{ dqwh gl�huhqfhv lq �wqhvv1 Lqvwhdg wkh ghfolqlqj kd}dug lv gxh wr

vhohfwlrq edvhg rq h{ srvw lqqrydwlrq rxwfrphv1 Wkh vxuylylqj �upv duh rq dyhudjh jurzlqj/ jlylqj wkhp

d ohvv yxoqhudeoh pdunhw srvlwlrq dqg khqfh d vwhdglo| ghfolqlqj kd}dug udwh1

Rxu prgho suhglfwv wkdw �up jurzwk/ frqglwlrqdo rq vxuylydo/ lv d ghfolqlqj ixqfwlrqv ri lqlwldo vl}h/ dv

vkrzq lq +43,1 Iru odujhu �upv/ wkh prgho suhglfwv wkdw Jleudw*v odz lv d yhu| jrrg dssur{lpdwlrq1 Wkh

prgho lv frqvhtxhqwo| frqvlvwhqw zlwk Idfw & ;1 Zh kdyh dovr vkrzq lq +44, wkdw wkh prgho lv frqvlvwhqw

zlwk Idfw & <48 / l1h1 wkh yduldqfh ri �up jurzwk udwhv lv ghfolqlqj lq lqlwldo vl}h1

.�, %�&� ����
�'�����

Wkh vl}h glvwulexwlrq ghulyhg lq +4:, lv kljko| vnhzhg/ dqg frqvhtxhqwo| frqvlvwhqw zlwk Idfw & : lq

Vhfwlrq 5161 Wkh glvwulexwlrq kdv d orqj wdlo ri odujh �upv/ fruuhvsrqglqj wr kljkhu pdunhw frqfhqwudwlrq/

li wkhuh lv d orz hqwu| udwh ri qhz �upv uhodwlyh wr wkh udwh ri lqqrydwlrq e| lqfxpehqwv +l1h1 ! lv vpdoo,1

Dffruglqj wr +4:,/ wkh vl}h glvwulexwlrq ri �upv dqg/ lq sduwlfxodu/ pdunhw frqfhqwudwlrq lv ghwhuplqhg

e| wkh sdudphwhu ! @ �@�1 Uhfdoo wkdw � dqg � duh wkh udwh ri lqqrydwlrq e| hqwudqwv dqg lqfxpehqwv/

dqg erwk sdudphwhuv kdyh ehhq ghulyhg dv ixqfwlrqv ri pruh edvlf sdudphwhuv lq Vhfwlrq 8141 Wkhuh lv d

odujh hpslulfdo olwhudwxuh vhdufklqj dfurvv lqgxvwulhv iru wkh uhodwlrqvkls ehwzhhq pdunhw frqfhqwudwlrq/

wkh udwh ri hqwu| ri qhz �upv/ dqg wkh udwh ri lqqrydwlrq1 Prvw/ li qrw doo/ vwxglhv kdyh vhdufkhg iru

el0yduldwh uhodwlrqvklsv ehwzhhq hlwkhu wkh udwh ri lqqrydwlrq dqg pdunhw frqfhqwudwlrq/ ru lqqrydwlrq

dqg hqwu|1 Wkh uhvxowv kdyh qrw ehhq yhu| frqvlvwhqw ru urexvw/ dffruglqj wr Frkhq +4<<8,1

Wkh hylghqfh/ li dq|wklqj/ vxjjhvwv +l, d srvlwlyh uhodwlrqvkls ehwzhhq U)G lqwhqvlwlhv dqg pdunhw

frqfhqwudwlrq +Frkhq/ sj1 4<5,/ dqg +ll, d prghvw srvlwlyh dvvrfldwlrq ehwzhhq lqqrydwlrq dqg hqwu|

+Frkhq/ sj1 4<7,1 Lq ylhz ri rxu iudphzrun/ lw lv qrw vxusulvlqj wkdw wkh hpslulfdo �qglqjv kdyh ehhq

udwkhu zhdn/ dv rxu uhvxow lq +4:, vxjjhvwv wkdw wkhuh lv d pruh frpsoh{ wul0yduldwh uhodwlrqvkls1 Vwloo/

rxu uhodwlrqvkls � @ �@! wrjhwkhu zlwk +4:,/ lv frqvlvwhqw zlwk wkh hpslulfdo �qglqjv vxjjhvwlqj wkdw wkh

48Dowkrxjk Dpdudo hw do1 +4<<;, vkrz wkdw wkh yduldqfh ghfolqh pruh prghudwho| zlwk vl}h wkdq suhglfwhg e| +44,1 Vhh
dovr Vxwwrq +5333,1
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udwh ri lqqrydwlrq e| lqfxpehqwv lv srvlwlyho| uhodwhg wr erwk wkh udwh ri hqwu| dqg pdunhw frqfhqwudwlrq1

Qrwlfh wkdw/ dffruglqj wr rxu iudphzrun/ wkh uhodwlrqvkls ehwzhhq lqqrydwlrq/ pdunhw frqfhqwudwlrq/ dqg

hqwu| lv qrw fdxvdo/ exw ghulyhg dv vlpxowdqhrxv rxwfrphv ri pruh edvlf ghwhuplqdqwv ri �up ehkdylru

dqg lqgxvwu| vwuxfwxuh/ l1h1 ghpdqg/ hqwu| frvwv dqg lqqrydwlyh rssruwxqlwlhv1

/ #���
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Zh qrz vkrz krz rxu prgho ri d �up dqg dq lqgxvwu| fdq eh lpehgghg lq d jhqhudo htxloleulxp

prgho ri hqgrjhqrxv whfkqrorjlfdo fkdqjh1 Lq sduwlfxodu/ zlwk d ihz dgglwlrqdo dvvxpswlrqv/ wkh jhqhudo

htxloleulxp dsshduv pxfk olnh wkh txdolw| odgghuv prgho lq fkdswhu 7 ri Jurvvpdq dqg Khospdq +4<<4,1

Iru vlpsolflw| zh frqvlghu wkh vshfldo fdvh lq zklfk uhvhdufk lqwhqvlw| grhv qrw ydu|/ l1h k+�, kdv }hur

yduldqfh1 +Zh eholhyh wkh uhvxowv zloo jhqhudol}h/ zlwk d ihz dgghg frpsolfdwlrqv1, Lq wkh frqwh{w ri d

txdolw| odgghuv prgho rxu lqqrydwlrqv wdnh wkh irup ri surgxfw lpsuryhphqwv1 Wkh lqyhqwlyh vwhs t A 4

uhsuhvhqwv wkh idfwru lpsuryhphqw lq txdolw| vr wkdw li txdolw| zdv {/ diwhu dq lqqrydwlrq lw ulvhv wr t{1

/�� ��� (�
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Wkh uhsuhvhqwdwlyh frqvxphu kdv suhihuhqfhv ryhu wkh frqwlqxxp ri jrrgv=
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zkhuh � lv wkh glvfrxqw udwh/ {� +m, lv frqvxpswlrq ri jrrg m dw gdwh � / dqg M� +m, lv wkh qxpehu ri

lqqrydwlrqv iru jrrg m wkdw kdyh wdnhq sodfh e| gdwh � 1 Iroorzlqj Jurvvpdq dqg Khospdq/ zh fkrrvh

djjuhjdwh h{shqglwxuhv wr eh wkh qxphudluh/ vhwwlqj wkhp wr rqh lq hdfk shulrg1 Wklv qrupdol}dwlrq

gholyhuv rxu dvvxpswlrq deryh wkdw wkh  rz ri uhyhqxhv shu jrrg lv dozd|v rqh1 Dqrwkhu lpsolfdwlrq ri

wklv qrupdol}dwlrq lv wkdw u @ �1

Dq lqqrydwru zloo hqjdjh lq Ehuwudqg frpshwlwlrq zlwk wkh lqfxpehqw kh glvsodfhv1 Wkh uhvxow ri wklv

frpshwlwlrq lv wkdw wkh lqqrydwru wdnhv ryhu wkh pdunhw dqg fkdujhv d pdunxs ri sulfh ryhu pdujlqdo frvw

htxdo wr wkh lqyhqwlyh vwhs/ t1 Wkh sur�w  rz wr dq lqqrydwru lv wkhuhiruh �� @ 4� t�41

Wkhuh lv d �{hg hqgrzphqw ri O zrunhuv1 Zrunhuv fdq hlwkhu surgxfh rxwsxw +dv gr O[,/ fuhdwh vwduw0

xs �upv +dv gr OV,/ ru shuirup uhvhdufk zlwklq lqfxpehqw �upv +dv gr OU,1 Wkxv O @ O[ . OV . OU1

Zh zloo h{dplqh dq htxloleulxp lq zklfk doo dfwlylwlhv wdnh sodfh vr wkdw wkh zdjh z iru hdfk dfwlylw| lv

wkh vdph1

Zh ghulyh oderu ghpdqg iru hdfk ri wkh wkuhh dfwlylwlhv vwduwlqj zlwk surgxfwlrq zrun1 Jlyhq xqlw

h{shqglwxuh shu surgxfw/ wkh txdqwlw| surgxfhg ri hdfk jrrg lv {+m, @ 4@s+m, @ 4@+tz,= Fkrrvlqj xqlwv

ri rxwsxw vr wkdw surgxfwlrq zrunhuv kdyh surgxfwlylw| rqh/ zh jhw O[ @ 4@+tz,1

Zh qrz wxuq wr ghpdqg iru uhvhdufkhuv dw lqfxpehqw �upv1 Zh dvvxph wkdw doo uhvhdufk frvwv duh lq

53



wkh irup ri uhvhdufkhu zdjhv1 Wkxv/ wkh qxpehu ri uhvhdufkhuv hpsor|hg dw dq| �up ri vl}h q lv

OU+q, @ U+q,@z @ qf+�,@z @ q�f+�,>

zklfk lpsolflwo| gh�qhv �f+�, @ f+�,@z1 +D uhvhdufkhu dw dq lqfxpehqw �up jhwv dq lqqrydwlrq dw d

Srlvvrq duulydo udwh ri �@�f+�,1, Djjuhjdwlqj ryhu �upv ri gl�huhqw vl}hv/

OU @
4[

q@4

PqO
U+q, @

4[

q@4

Pqq�f+�, @ �f+�,=

Ilqdoo|/ d zrunhu wu|lqj wr odxqfk d �up jhwv dq lghd iru dq lqqrydwlrq dw d Srlvvrq duulydo udwh #1

Wkxv wkh frvw ri hqwu| lv wkh rssruwxqlw| frvw ri wkh h{shfwhg wlph xqwlo wkh �uvw lqqrydwlrq/ I @ z@#1

Wkh ydoxh ri d vwduw0xs �up +zlwk rqh surgxfw, lv vwloo y1 Wkh htxloleulxp frqglwlrq +dvvxplqj dfwlyh

hqwu|, ehfrphv z @ #y ru y @ z@#1 Vlqfh f3+�, @ y lw iroorzv wkdw �f3+�, @ #�41 Wkxv/ wkh lqqrydwlrq

udwh ri lqfxpehqwv lv wlhg grzq e| wkh surgxfwlylw| # ri hqwudqwv1 Wkh htxdwlrq iru wkh hqwu| udwh

ehfrphv/

� @
�� � f+�,

z@#
� u @

+4� t�4,#

z
� #�f+�,� �=

Jlyhq �/ zh fdq uhdg r� wkh ghpdqg iru vwduw0xs oderu iurp � @ #OV 1

Zh fdq qrz vroyh iru wkh zdjh wkdw htxdwhv wkh oderu hqgrzphqw O dqg wkh wkuhh vrxufhv ri ghpdqg

iru oderu/ dvvxplqj d vwhdg| vwdwh zlwk dfwlyh hqwu|1 Vlpsoli|lqj dqg uhduudqjlqj zh rewdlq z @ #
O#.�

=

Vxevwlwxwlqj wklv ydoxh ri wkh zdjh lqwr rxu h{suhvvlrq iru wkh udwh ri hqwu|/

� @ +4� t�4,O# �
�

t
� #�f+�,=

Wkh htxloleulxp jurzwk udwh ri wkh hfrqrp| lv � oq t/ l1h1 wkh udwh ri lqqrydwlrq e| erwk hqwudqwv dqg

lqfxpehqwv pxowlsolhg e| wkh shufhqwdjh vl}h ri lqyhqwlyh vwhsv1 Wkh ryhudoo lqqrydwlrq udwh lv

� @ � . � @ +4� t�4,O# �
�

t
. �� #�f+�,>

zkhuh/ dv qrwhg deryh/ � vroyhv �f3+�, @ #�41 Wkh �uvw wzr whupv ri wkh h{suhvvlrq iru � duh lghqwlfdo

wr Jurvvpdq dqg Khospdq +4<<4,1 Wkh odvw wzr whupv duh qhz1 Wkh| dulvh ehfdxvh ri wkh nqrzohgjh

fdslwdo ri lqfxpehqw �upv1

Wr looxvwudwh/ zh fdq holplqdwh wkh nqrzohgjh fdslwdo ri lqfxpehqwv e| dvvxplqj �f+�, @ ��f1 Wkh

surgxfwlylw| ri uhvhdufkhuv dw lqfxpehqw �upv lv wkxv 4@�f1 Li zh dvvxph wkh surgxfwlylw| ri uhvhdufkhuv

dw vwduw0xs �upv h{fhhgv wkh surgxfwlylw| ri uhvhdufkhuv dw lqfxpehqw �upv wkhq lqfxpehqw �upv zloo

fkrrvh � @ 3 dqg doo uhvhdufk zloo eh shuiruphg e| hqwudqwv1 Ixuwkhupruh/ wkh odvw wzr whupv lq wkh

h{suhvvlrq iru � gurs rxw/ |lhoglqj wkh Jurvvpdq dqg Khospdq uhvxow h{dfwo|149

49Vlqfh rxu prgho |lhogv djjuhjdwh suhglfwlrqv qhduo| lghqwlfdo wr wkh prgho ri Jurvvpdq dqg Khospdq +4<<4,/ lw wkhuhiruh
vx�huv iurp wkh hpslulfdo sureohpv srlqwhg rxw e| Mrqhv +4<<8,1 Zh eholhyh wkdw wkhvh hpslulfdo vkruwfrplqjv dw wkh
djjuhjdwh ohyho frxog eh holplqdwhg e| prgli|lqj wkh prgho dorqj wkh olqhv ri Nruwxp +4<<:,/ Hdwrq dqg Nruwxp +4<<<,/
ru Krzlww +5333,1
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Lv wkh pdunhw htxloleulxp h!flhqwB Lq wkh dsshqgl{ zh vroyh wkh vrfldo sodqqhu*v sureohp1 Lw wxuqv

rxw wkdw wkh pdunhw htxloleulxp surgxfhv wkh vrfldo rswlpdo lqqrydwlrq lqwhqvlw| iru lqfxpehqwv1 Wkh

ghyldwlrq ehwzhhq wkh vrfldo sodqqhuv vroxwlrq dqg wkh pdunhw htxloleulxp dulvhv iurp gl�huhqfhv lq wkh

hqwu| udwh1 Ghqrwlqj wkh vrfldo sodqqhu*v vroxwlrq zlwk d -/ zh kdyh/

�� � � @ �� � � @
�

t

�
#O

�
. 4�

t

oq t

�
=

Wkh pdunhw hfrqrp| jurzv wrr vorzo| zkhq wkh lqyhqwlyh vwhs t lv lq dq lqwhuphgldwh udqjh1 Rq wkh

rwkhu kdqg/ li t lv hlwkhu yhu| vpdoo ru yhu| odujh wkhq wkh pdunhw hfrqrp| jurzv wrr txlfno|1 Wklv

ghyldwlrq ehwzhhq wkh lqqrydwlrq udwhv lq wkh pdunhw hfrqrp| dqg wkh sodqqhu*v sureohp lv lghqwlfdo

wr wkdw rewdlqhg e| Jurvvpdq dqg Khospdq +4<<4,1 Dowkrxjk wkhlu prgho grhv qrw kdyh uhvhdufk e|

lqfxpehqwv/ lw wxuqv rxw wkdw wkh lqfxpehqwv dozd|v gr wkh rswlpdo dprxqw ri uhvhdufk lq wkh pdunhw

hfrqrp|1

3 4����������

Wklv sdshu ghyhorsv d wkhruhwlfdo prgho ri lqqrydwlqj �upv wkdw lv ulfk hqrxjk wr frqiurqw wkh ghwdlohg

hylghqfh |hw sduvlprqlrxv hqrxjk wr eh dqdo|wlfdoo| wudfwdeoh1 Wkh prgho surylghv d vlpsoh dqg frkhuhqw

iudphzrun wr dffrxqw iru wkh pdq| hpslulfdo �qglqjv rq �up jurzwk dqg vl}h/ pdunhw frqfhqwudwlrq/ dqg

U)G lqsxwv dqg rxwsxwv1 Wkh prgho ghvfulehv wkh g|qdplf ehkdylru ri lqglylgxdo khwhurjhqrxv �upv/

fdswxuhv lqgxvwu| ehkdylru wkurxjk glvwulexwlrqv ri rxwfrphv/ dqg djjuhjdwhv lqwr d jhqhudo htxloleulxp

prgho ri hqgrjhqrxv jurzwk1

Rxu dssurdfk jlyhv qhz lqwhusuhwdwlrqv wr vrph ri wkh hpslulfdo hylghqfh1 Dffruglqj wr wkh prgho wkh

zlgho| vwxglhg hpslulfdo uhodwlrqvkls ehwzhhq U)G dqg surgxfwlylw| frqwdlqv olwwoh lqirupdwlrq derxw

wkh lpsdfw ri U)G rq lqqrydwlrq1 Wkh prgho h{sodlqv zk| U)G h�ruw lv vwurqjo| uhodwhg wr surgxfwlylw|

dqg sdwhqwlqj |hw hvvhqwldoo| xquhodwhg wr �up vl}h ru jurzwk1 Lq wkh hqg/ wkh prgho ghprqvwudwhv wkdw

wkh �up0ohyho hylghqfh/ zkloh vhhplqjo| sx}}olqj/ vxssruwv wkh ylhz wkdw U)G lv fuxfldo iru djjuhjdwh

jurzwk1

Wkh prgho kdv ehhq ghyhorshg lq rughu wr frqiurqw/ dw ohdvw txdolwdwlyho|/ wkh pdlq hpslulfdo hylghqfh

rq lqqrydwlqj �upv1 Zh lqwhqg wr h{whqg wkh hpslulfdo frqiurqwdwlrq lq wzr gluhfwlrqv1 Iluvw/ wkh prgho

frqwdlqv ixuwkhu hpslulfdo lpsolfdwlrqv iru fruuhodwlrqv dfurvv lqgxvwulhv dqg frxqwulhv lq hqwu| udwhv/ wkh

hyroxwlrq sdwwhuq ri qhz frkruwv ri �upv/ ydulrxv vwdwlvwlfv ri wkh �up0vl}h glvwulexwlrqv/ dqg lqqrydwlyh

lqsxwv dqg rxwsxwv1 Wklv olqh ri uhvhdufk zrxog pruh fduhixoo| frqvlghu wkh txdqwlwdwlyh dqg qrw mxvw

wkh txdolwdwlyh suhglfwlrqv iurp wkh prgho1 Wkh vhfrqg h{whqvlrq ri wkh hpslulfdo frqiurqwdwlrq lv wr

frqvlghu lq ghwdlo �up ohyho gdwd iurp dq lqglylgxdo lqgxvwu| wr vhh zkhwkhu d fdoleudwhg yhuvlrq ri wkh
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prgho fdq pdwfk idfwv derxw wkh lqgxvwu|*v hyroxwlrq1
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Dffruglqj wr g|qdplf surjudpplqj/ wkh lqwhuwhpsrudo rswlpl}dwlrq sureohp iru d �up zlwk q � 4

surgxfwv/ idflqj wkh frqvwudlqwv ghvfulehg lq Vhfwlrqv 6140615/ fdq eh irupxodwhg dv

Y +q, @ pd{
L

�
^�q� qf+L@q,`�w.

4

4 . u�w
H ^Y +q3,mL`

�
> +53,

zkhuh q3 lv wkh vwdwh ri wkh �up diwhu vrph vpdoo ohqjwk ri wlph �w kdv hodsvhg1 Zh wuhdw d �up lq vwdwh

q @ 3 dv kdylqj shupdqhqwo| h{lwhg wkh lqgxvwu|/ vr wkdw Y +3, @ 31 Wkh hqwu| ghflvlrq iru d qhz �up lv

prghohg lq Vhfwlrq 814/ dqg zloo qrw eh frqvlghuhg khuh1

Wkh �up lqfuhdvhv lwv qxpehu ri surgxfwv zlwk surshqvlw| L/ zkloh orvlqj surgxfwv dw d udwh �q1 Wkh

�up frqvlghuv � wr eh h{rjhqrxv/ exw dw wkh lqgxvwu| ohyho wkhuh lv d wljkw olqn ehwzhhq � dqg wkh wrwdo

dprxqw ri lqqrydwlrq dfurvv doo �upv dv vkrzq lq Vhfwlrq 81

Ohwwlqj �w eh duelwudulo| vpdoo/ zh qhhg wr zruu| derxw wkh �up hlwkhu dftxlulqj ru vkhgglqj dw prvw

rqh ydulhw|1 Wkxv/

H ^Y +q3,mL` @ ^4� L�w� �q�w`Y +q, . L�wY +q. 4, . �q�wY +q� 4,= +54,

Lqvhuwlqj +54, lqwr +53,/ pxowlso|lqj erwk vlghv e| +4 . u�w,/ dqg qhjohfwlqj whupv ri vhfrqg ru kljkhu

rughu lq �w/ lw iroorzv wkdw

uY +q, @ pd{
L

i��q� qf+L@q, . L ^Y +q. 4,� Y +q,`� �q ^Y +q,� Y +q� 4,`j > +55,

Wkh �uvw rughu frqglwlrq iru wkh �up*v rswlpdo ohyho ri uhvhdufk lv

f3

�
L

q

�
�

@ Y +q. 4,� Y +q,> +56,

zkhuh L� lv wkh rswlpdo ohyho ri U)G1 Vlqfh zh dvvxph wkdw f33 ? 3/ lw iroorzv wkh vhfrqg rughu frqglwlrq

lv vdwlv�hg1 Frqvlghu d vroxwlrq ri wkh irup

Y +q, @ yq +57,

L� @ �q= +58,

Wkhq +56, fdq eh uhzulwwhq

f3+�, @ y= +59,

Vxevwlwxwlqj +57, lqwr +55, dqg glylglqj erwk vlghv e| q/

y @
� � f+�,

u . �� �
> +5:,

zklfk frq�upv rxu frqmhfwxuh wkdw y grhv qrw ghshqg rq q1 Htxdwlrqv +57, dqg +58,/ wrjhwkhu zlwk

+59, dqg +5:,/ lghqwli| wkh ydoxh ixqfwlrq dqg wkh rswlpdo srolf| vroylqj wkh �up*v g|qdplf rswlpl}dwlrq

sureohp1
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Wkh ghulydwlrq ri htxdwlrq +9, fdq eh vhhq dv iroorzv1 Wkh suredelolw| iru wkh �up kdylqj q � 4 surgxfwv

dw wlph w.�w vdwlv�hv wkh uhodwlrqvkls

S ^Q+w.�w, @ q` @ +q� 4,��w S ^Q+w, @ q� 4`

. +q. 4,��w S ^Q+w, @ q. 4`

. ^4� q +�. �,�w` S ^Q+w, @ q` .R +�w,

Iroorzlqj vwdqgdug whfkqltxhv ghvfulehg h1j1 lq fk1 9 lq Wd|oru dqg Nduolq +4<<;, dqg Vhfwlrq 5 lq Jrho

dqg Ulfkwhu0G|q +4<:7,/ zh �qg wkdw

CS ^Q+w, @ q`

Cw
@ olp

�w$3

S ^Q+w.�w, @ q`� S ^Q+w, @ q`

�w

@ +q� 4,� S ^Q+w, @ q� 4` . +q. 4,� S ^Q+w, @ q. 4`

�q +�. �, S ^Q+w, @ q`

ru lq pruh frpsdfw qrwdwlrq

bs
q
+w>q3, @ +q� 4,�s

q�4+w>q3, . +q. 4,�s
q.4+w>q3,� q +�. �, s

q
+w>q3, q � 4= +5;,

Wkh suredelolw| ri h{lw/ l1h1 klwwlqj wkh devruelqj vwdwh q @ 3> lv ghvfulehg e|=

bs3+w>q3, @ �s4+w>q3,= +5<,

Wkh vroxwlrq wr wkh vhw ri frxsohg gl�huhqfh0gl�huhqwldo htxdwlrqv +8, dqg +9, lqyroyhv wkh suredelolw|

jhqhudwlqj ixqfwlrq4: / gh�qhg dv

K+}> w, @
4[

q@3

sq+w, }
q= +63,

Khqfh

CK+}> w,

C}
@

4[

q@3

qsq+w, }
q�4

@
4[

q@4

qsq+w, }
q�4= +64,

Frqvlghu

CK+}> w,

Cw
@
4[

q@3

bs
q
+w, }q @ bs3+w, .

4[

q@4

bs
q
+w, }q= +65,

4:Wkh vroxwlrq surfhgxuh lv ghvfulehg h1j1 lq Jrho dqg Ulfkwhu0G|q +4<:7, +lq sduwlfxodu fkdswhu 5 dqg dsshqgl{ E,
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Wkh �uvw whup rq wkh uljkw kdqg vlgh fdq eh uhvwdwhg e| +9,/ zkloh wkh vhfrqg whup fdq eh uhvwdwhg e|

pxowlso|lqj +8, e| }q dqg vxpplqj ryhu q iurp 4 wr4/ zklfk/ diwhu vrph uhduudqjhphqwv ri whupv jlyhv

CK+}> w,

Cw
@ � +�. �,

4[

q@4

qs
q
+w, }q

.�

4[

q@4

+q� 4, s
q�4+w, }

q

.�

%
s4 .

4[
q@4

+q. 4, sq.4+w, }
q

&
= +66,

Xvlqj +64, rq hdfk ri wkh wkuhh vxpv/ zh �qg wkdw +66, fdq eh uhvwdwhg dv

CK+}> w,

Cw
@

�
�}5 � +�. �,} . �

� CK+}> w,

C}
= +67,

Wklv lv d sduwldo gl�huhqwldo htxdwlrq ri wkh Odjudqjldq w|sh/ dqg lwv vroxwlrq lv glvfxvvhg lq Jrho dqg

Ulfkwhu0G|q +4<:7,1

Wkh vroxwlrq K+}> w, kdv wr ixo�o dq lqlwldo frqglwlrq1 Li zh zdqwhg wr frqvlghu qhz hqwudqwv/ zh zrxog

vhw s4+3, @ 41 Pruh jhqhudoo|/ wr dqdo|}h d �up vwduwlqj lq vwdwh q3/ zh vhw sq3+3, @ 4 dqg sq+3, @ 3 iru

q 9@ q31 Iurp +63, lw iroorzv wkdw

K+}> 3>q3, @
4[

q@3

s
q
+3, }q @ }q3 = +68,

Zlwk wkh frqglwlrq +68,/ wkh vroxwlrq wr +67, fdq eh zulwwhq

K+}> w>q3, @

�
�+} � 4,h�+���,w

� +�} � �,

�+} � 4,h�+���,w
� +�} � �,

�q3
= +69,

E| Wd|oru h{sdqglqj wklv h{suhvvlrq iru K+}> w>q3, lq } dw } @ 3/ zh ghulyh wkh suredelolw| glvwulexwlrq

sq+w, +dv lw hyroyhv iru d �up lq vwdwh q3 dw gdwh 3, dv wkh frh!flhqwv lq wkh Wd|oru vhulhv dv fdq eh vhhq

iurp +63,1

Zh qrwlfh wkdw wkh frqglwlrq
S
4

q@3
sq+w, @ 4> ;w/ uhtxluhv wkdw

K+4> w>q3, @
4[

q@3

sq+w, @ 4> +6:,

zklfk lv vdwlv�hg e| wkh h{suhvvlrq rq wkh uljkw kdqg vlgh lq +69,1

Wkh dqdo|wlfdo h{suhvvlrq +69, frqwdlqv d ixoo fkdudfwhul}dwlrq ri wkh suredelolw| glvwulexwlrq iru wkh

�up vl}h dw dq| gdwh +w � 3,/ frqglwlrqdo rq wkh �up*v vl}h dw w @ 31 Lq sduwlfxodu/ zh rewdlq wkh

suredelolw| glvwulexwlrq dv

s
q
+w>q3, @

4

q$

Cq

C}q
K+}> w>q3,

�
�
�
�
}@3

> q @ 4> 5> = = =

s3+w>q3, @ K+3> w>q3,=
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Ixuwkhupruh/ iurp +69, rqh fdq hdvlo| ghulyh dq dqdo|wlfdo h{suhvvlrq iru wkh n0wk prphqw iru suredelolw|

glvwulexwlrq ghvfulelqj �up vl}h=

4[

q@3

qn sq+w>q3, @

�
CnK+hv> w>q3,

Cvn

�
v@3

= +6;,

*������" 4 ��� %�&� ����
�'�����

AIurp +48, dqg +49,/ zh kdyh wkdw

bP @ � � �P4= +6<,

Lq vwhdg| vwdwh doo wkh wlph0ghulydwlyhv lq +48,/ +49,/ dqg +6<, duh }hur1 Vwduwlqj zlwk +6<,/ wkh vwhdg|

vwdwh uhtxluhv

P4 @
�

�
= +73,

Vxevwlwxwlqj +73, lqwr +49,/ zh vhh wkdw wkh vwhdg| vwdwh dovr uhtxluhv/

P5 @
��

5�5
= +74,

Dsso|lqj +48,/ lw lv vwudljkwiruzdug wr suryh e| lqgxfwlrq wkdw wkh jhqhudo frqglwlrq iru wkh vwhdg| vwdwh

lv/

Pq @
�q�4�

q�q
> q � 4= +75,

*������" � ��8�
����� �� �����
�� �:������

Fkdqjh qrwdwlrq 0 mxvw vwduwhg lq wkh �uvw htxdwlrq$

Wkh dvvxpswlrq wkdw gl�huhqfhv dfurvv �upv lq wkhlu uhvhdufk fdsdelolw| gr qrw jlyh ulvh wr gl�huhqw

lqqrydwlrq udwhv vhhpv uhvwulfwlyh/ dqg zh zloo qrz h{soruh d pruh jhqhudo vshfl�fdwlrq1 Dvvxph wkdw

wkhuh duh gl�huhqw w|shv wkdw gl�hu lq wkhlu uhvhdufk h!flhqf|/ l1h1 zlwk gl�huhqw uhvhdufk frvwv f+�, zkhuh

wkh vxevfulsw � lqgh{hv wkh w|sh ri �up/ zlwk wkh vhw ri doo w|shv ghqrwhg e| �1 Pruh vshfl�fdoo|/ zh

gh�qh

� @
�

f�+�,
=

Khqfh/ wkhuh zloo eh gl�huhqfhv lq wkh lqqrydwlrq udwhv

�� @

�
y+�> 4> u . �,

4 . �

�4@�
=

Dprqj hqwudqwv/ zh ghqrwh wkh iuhtxhqf| ri w|sh � �upv e| j+�,/ khqfh
S

�5� j+�, @ 41

Doorzlqj iru �upv zlwk gl�huhqw �*v frpsolfdwhv wkh dqdo|vlv ri wkh �up vl}h glvwulexwlrq rqo| voljkwo|1

Zh fdq wklqn derxw wkh gl�huhqw w|shv ri �upv mxvw dv vxshulpsrvhg srsxodwlrqv dqg wkh| rqo| d�hfw

5:



hdfk rwkhu wkurxjk wkh udwh ri fuhdwlyh ghvwuxfwlrq1 Wkdw lv wr vd|/ wkh zkroh dqdo|vlv lq Vhfwlrqv 7 dqg 8

jrhv wkurxjk li zh frqvlghu wkh uhvxowv wr eh frqglwlrqdo rq d jlyhq w|sh ri �up1 Wkh rqo| fkdqjhv wkdw

pxvw eh pdgh lq wkh suhylrxv dqdo|vlv lv wkh ghulydwlrq ri � dqg wkh iuhh hqwu| frqglwlrq1

Jlyhq d vshfl�f w|sh ri �up/ �/ wkh vwhdg| vwdwh dqdo|vlv lq Vhfwlrq 8 jrhv wkurxjk1 Wkdw lv/ lq vwhdg|

vwdwh/ zh kdyh iurp Vhfwlrq 8 wkdw wkh pdvv ri �upv ri vl}h q dqg w|sh � lv jlyhq dv
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zkhuh �j+�, lv wkh hqwu| udwh ri w|sh � �upv1 Lw iroorzv wkdw/ jlyhq dq| w|sh ri �upv �/ wkh iudfwlrq ri

�upv zlwk q surgxfwv lv
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Zh fdq fdofxodwh wkh dyhudjh �up vl}h iru wkh gl�huhqw w|shv ri �upv
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+77,

l1h1 wkh dyhudjh vl}h lv odujhu iru kljk �0�upv/ qrw vxusulvlqjo|1 Htxdwlrq +77, lpsolhv wkdw kljk0� �upv/

zlwk kljk ��/ zloo whqg wr eh odujhu1 Irupdoo|/ wklv lv qdwxudo dv �upv zlwk kljkhu uhvhdufk h!flhqf| zloo

jurz idvwhu dqg frqvhtxhqwo| eh odujhu1 Exw/ wklv lpsolfdwlrq jrhv djdlqvw wkh vhfrqg kdoi ri Idfw & ;1

Wkdw lv/ wkh hpslulfdo hylghqfh vxjjhvwv wkdw vpdoohu �upv jurz idvwhu +ru dw ohdvw qrw pruh vorzo|, wkdq

odujhu �upv1 Khqfh/ wkhuh vhhpv wr eh d fdvh iru doorzlqj iru gl�huhqfhv lq lqqrydwlyh fdsdelolwlhv dorqj

wkh olqhv rxwolqhg lq Vhfwlrq 9 udwkhu doorzlqj iru gl�huhqfhv lq uhvhdufk h!flhqf|1

Krzhyhu/ vwxglhv ri wkh uhodwlrqvkls ehwzhhq jurzwk dqg �up vl}h duh w|slfdoo| frq�qhg wr lqglylgxdo

frxqwulhv1 Khqfh/ gl�huhqw �v pljkw eh frqvlvwhqw zlwk Jleudw*v odz li wkh gl�huhqfhv lq � duh dfurvv

frxqwulhv1 W|slfdoo| Jleudw*v odz lv h{dplqhg vhsdudwho| dfurvv frxqwulhv1 Wkhq rxu prgho frxog eh

xvhg wr h{sodlq gl�huhqfhv lq �up vl}hv dfurvv frxqwulhv> vhh/ Nxpdu hw do1 +4<<<,/ dqg wkh uroh ri U)G

vxevlglhv zlwk lqwhuqdwlrqdo frpshwlwlrq1

Zlwk gl�huhqfhv lq uhvhdufk h!flhqf| dv prghoohg lq wklv vhfwlrq/ uhvhdufk lqwhqvlwlhv zloo eh kljkhu

iru odujhu �upv +yhuli| wklvBB ,/ zklfk dovr frqwudglfwv wkh hylghqfh vxppdul}hg lq Idfw & 61

Wr frpsohwh wkh dqdo|vlv zlwk gl�huhqw w|shv ri �upv/ zh uhfdofxodwh wkh udwh ri fuhdwlyh ghvwuxfwlrq1

Xvlqj wkh gh�qlwlrq ri � zlwk gl�huhqw w|shv ri �upv/ zh kdyh wkdw
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Ghqrwh wkh uljkw kdqg vlgh ri wkh odvw htxdwlrq dv {+�,1 Qrwlfh wkdw olp�$4 {+�, @ 3 dqg olp�&�pd{ {+�, @

4/ zkhuh �pd{ lv wkh odujhvw lqqrydwlrq udwh1 Khqfh/ vlqfh {+�, lv d frqwlqxrxvo| ghfolqlqj ixqfwlrq lq �/

+78, kdv d vroxwlrq zlwk � A �pd{ 4; 1 Wkh lqhtxdolw| � A �pd{ zdv lpsolflwo| dvvxphg wr krog lq +79,1

Ilqdoo|/ zh vkrxog frqvlghu wkh iuhh hqwu| frqglwlrq zkhq wkhuh duh gl�huhqw w|shv ri �upv1 Dvvxplqj

wkdw wkh hqwudqwv gr qrw nqrz wkhlu w|shv sulru wr vxqn wkh hqwu| frvwv4< / wkh iuhh hqwu| frqglwlrq lv jlyhq

e|

I @

[

�5�

]
4

4

y +�+t,> �f�+t,> u . �, j+�,k�+t, gt

@
[
�5�

y +�> 4> u . �, j+�,

]
4

4

�+t,k�+t,gt=

*������" � ��� %����� ������
5� �
�'���

Wkh sodqqhu*v remhfwlyh ixqfwlrq lv wkh vdph dv wkh uhsuhvhqwdwlyh frqvxphu*v/ dqg fdq eh vlpsol�hg dv
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4;Zh qhhg wr dvvxph wkdw #Ebw� : f iru doo bw lq wkh srsxodwlrq ri �upv wr jhw wklv uhvxow1
4<Wkh dowhuqdwlyh dvvxpswlrq/ wkdw hqwudqwv nqrz wkhlu w|sh sulru wr vlqnlqj wkhlu frvwv/ lqyroyhv pruh frpsolfdwhg

dojheud/ dqg lv qrw frqvlghuhg khuh1
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Djklrq/ S1 dqg S1 Krzlww +4<<5,= D prgho ri jurzwk wkurxjk fuhdwlyh ghvwuxfwlrq1 Hfrqrphwulfd/ 93/

656�841

Djklrq/ S1/ F1 Kduulv/ S1 Krzlww/ dqg M1 Ylfnhuv +5333,= Frpshwlwlrq/ lplwdwlrq dqg jurzwk zlwk vwhs0

e|0vwhs lqqrydwlrq1 plphr/ Eurzq Xqlyhuvlw|1

Dpdudo/ O1/ V1 Exog|uhy/ V1 Kdyolq/ P1 Vdolqjhu dqg K1 Vwdqoh| +4<<;,= Srzhu odz vfdolqj iru d v|vwhp

ri lqwhudfwlqj xqlwv zlwk frpsoh{ lqwhuqdo vwuxfwxuh1 Sk|vlfdo Uhylhz Ohwwhuv / ;3/ 46;8�46;;1

Dxguhwvfk/ G1 +4<<8,= Lqqrydwlrq dqg Lqgxvwu| Hyroxwlrq1 Fdpeulgjh +X1V1,= PLW Suhvv1

Ehuqdug/ D1/ M1 Hdwrq/ M1 Mhqvhq dqg V1 Nruwxp +5333,= Sodqwv dqg surgxfwlylw| lq lqwhuqdwlrqdo wudgh1

QEHU Zrunlqj sdshu qr1 :9;;1

Eoxqghoo/ U1/ U1 Jul!wk dqg I1 Zlqgphlmhu +4<<<,= Lqglylgxdo h�hfwv dqg g|qdplfv lq frxqw gdwd prghov1
LIV Zrunlqj Sdshu Z<<26 +Orqgrq,1

Fdeedohur/ U1 dqg D1 Md�h +4<<6,= Krz kljk duh wkh jldqwv* vkrxoghuv= Dq hpslulfdo dvvhvvphqw ri
nqrzohgjh vslooryhuv dqg fuhdwlyh ghvwuxfwlrq lq d prgho ri hfrqrplf jurzwk1 Lq R1 Eodqfkdug dqg

V1 Ilvfkhu +hgv1,/ QEHU Pdfurhfrqrplf Dqqxdo 4<<6 / 48�:61 Fdpeulgjh/ Pdvv1= PLW Suhvv1

Fduuroo/ J1 dqg W1 Kdqqdq +5333,= Wkh Ghprjudsk| ri Frusrudwlrqv dqg Lqgxvwulhv 1 Qhz Mhuvh|= Sulqfh0

wrq Xqlyhuvlw| Suhvv1

Fdyhv/ U1 +4<<;,= Lqgxvwuldo rujdql}dwlrq dqg qhz �qglqjv rq wkh wxuqryhu dqg prelolw| ri �upv1 Mrxuqdo
ri Hfrqrplf Olwhudwxuh/ 69/ 4<7:�;51

Frfnexuq/ L1/ U1 Khqghuvrq dqg V1 Vwhuq +5333,= Glvhqwdjqolqj wkh ruljlqv ri frpshwlwlyh dgydqwdjh1
Plphr1 +Iruwkfrplqj lq Vwudwhwjlf Pdqdjhphqw Mrxuqdo/ Vshfldo Lvvxh rq wkh Hyroxwlrq ri Ilup Fd0

sdelolwlhv,1

Frh/ G1 dqg H1 Khospdq +4<<8,= Lqwhuqdwlrqdo U)G vslooryhuv1 Hxurshdq Hfrqrplf Uhylhz / 6</ ;8<�;<:1

Frkhq/ Z1 +4<<8,= Hpslulfdo vwxglhv ri lqqrydwlyh dfwlylw|1 Lq S1 Vwrqhpdq +hg1,/ Kdqgerrn ri wkh

Hfrqrplfv ri Lqqrydwlrq dqg Whfkqrorjlfdo Fkdqjh/ 4;5�5971 R{irug= Eodfnzhoo1

Frkhq/ Z1 dqg V1 Nohsshu +4<<5,= Wkh dqdwrp| ri lqgxvwu| U)G lqwhqvlw| glvwulexwlrqv1 Dphulfdq

Hfrqrplf Uhylhz / ;5/ ::6�<<1

� +4<<9,= D uhsulvh ri vl}h dqg U)G1 Hfrqrplf Mrxuqdo / 439/ <58�841

Frkhq/ Z1 dqg U1 Ohylq +4<;<,= Hpslulfdo vwxglhv ri lqqrydwlrq dqg pdunhw vwuxfwxuh1 fk1 4; lq U1

Vfkpdohqvhh dqg U1 Zloolj +hgv,= Kdqgerrn ri Lqgxvwuldo Rujdql}dwlrq/ LL/ Qruwk Kroodqg Sxeo1 Fr11
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Gxqqh/ W1/ P1 Urehuwv dqg O1 Vdpxhovrq +4<;<,= Wkh jurzwk dqg idloxuh ri XV pdqxidfwxulqj sodqwv1
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 437/ 9:4�9<;1

Hdwrq/ M1 dqg V1 Nruwxp +4<<<,= Lqwhuqdwlrqdo whfkqrorj| gl�xvlrq= Wkhru| dqg phdvxuhphqw1 Lqwhuqd0
wlrqdo Hfrqrplf Uhylhz / 73/ 86:�:31

Hulfvrq/ U1 dqg D1 Sdnhv +4<<8,= Pdunhw shuihfw lqgxvwu| g|qdplfv= D iudphzrun iru hpslulfdo dqdo|vlv1

Uhylhz ri Hfrqrplf Vwxglhv / 95/ 86�;51

Hydqv/ G1 V1 +4<;:,= Whvwv ri dowhuqdwlyh wkhrulhv ri �up jurzwk1 Mrxuqdo ri Srolwlfdo Hfrqrp| / <8/
98:�9:71

Jhurvnl/ S1 +4<<;,= Dq dssolhg hfrqrphwulfldq*v ylhz ri odujh frpsdq| shuirupdqfh1 Uhylhz ri Lqgxvwuldo

Rujdql}dwlrq/ 46/ 5:4�<61

Jhurvnl/ S1 D1/ L1 Vpdoo dqg F1 I1 Zdowhuv +4<<;,= Djjorphudwlrq hfrqrplhv/ whfkqrorj| vslooryhuv dqg

frpsdq| surgxfwlylw| jurzwk1 FHSU Glvfxvvlrq Sdshu Qr1 4;9:/ Orqgrq1

Jrho/ Q1 dqg Q1 Ulfkwhu0G|q +4<:7,= Vwrfkdvwlf Prghov lq Elrorj| 1 Qhz \run= Dfdghplf Suhvv1

Julolfkhv/ ]1 +4<<3,= Sdwhqw vwdwlwlfv dv hfrqrplf lqglfdwruv= D vxuyh|1 Mrxuqdo ri Hfrqrplf Olwwhudwxuh

5;/ 499404:<:11

� +4<<8,= U)G dqg surgxfwlylw|= Hfrqrphwulf uhvxowv dqg phdvxuhphqw lvvxhv1 Lq S1 Vwrqhpdq +hg1,/
Kdqgerrn ri wkh Hfrqrplfv ri Lqqrydwlrq dqg Whfkqlfdo Fkdqjh1 R{irug= Eodfnzhoo1

� +4<<;,= U)G dqg Surgxfwlylw|= Wkh Hfrqrphwulf Hylghqfh1 Fklfdjr= Xqlyhuvlw| ri Fklfdjr Suhvv dqg

QEHU1

Jurvvpdq/ J1 dqg H1 Khospdq +4<<4,= Lqqrydwlrq dqg Jurzwk lq wkh Joredo Hfrqrp|1 Fdpeulgjh/
+X1V1,= PLW Suhvv1

Kdoo/ E1 +4<<9,= Wkh sulydwh dqg vrfldo uhwxuqv wr uhvhdufk dqg ghyhorsphqw1 Lq E1 Vplwk dqg F1 Edu�hog

+hgv1,/ Whfkqrorj|/ U)G/ dqg wkh Hfrqrp| / 473�4951 Zdvklqjwrq GF= Eurrnlqjv Lqvwlwxwlrq dqg DHL1

Kdoo/ E1 +4<;:,= Wkh uhodwlrqvkls ehwzhhq �up vl}h dqg �up jurzwk lq wkh XV pdqxidfwxulqj vhfwru1

Mrxuqdo ri Lqgxvwuldo Hfrqrplfv / 6/ 8;6�9391

Kdoo/ E1/ ]1 Julolfkhv dqg M1 Kdxvpdq +4<;9,= Sdwhqwv dqg U)G= Lv wkhuh d odjB Lqwhuqdwlrqdo Hfrqrplf

Uhylhz / 5:/ 598�;61

Kdoo/ E1 dqg I1 Kd|dvkl +4<;<,= Uhvhdufk dqg ghyhorsphqw dv dq lqyhvwphqwB QEHU Zrunlqj sdshu qr1

5<:61

Khqghuvrq/ U1 +4<<6,= Xqghulqyhvwphqw dqg lqfrpshwhqfh dv uhvsrqvhv wr udglfdo lqqrydwlrqv= Hylghqfh

iurp wkh skrwrolwkrjudsklf lqgxvwu|1 UDQG Mrxuqdo ri Hfrqrplfv / 57+5,1

Krshqkd|q/ K1 +4<<5,= Hqwu|/ h{lw/ dqg �up g|qdplfv lq orqj uxq htxloleulxp1 Hfrqrphwulfd/ 93/
445:�831

Krzlww/ S1 +5333,= Hqgrjhqrxv jurzwk dqg furvv0frxqwu| lqfrph gl�huhqfhv1 Dphulfdq Hfrqrplf Uhylhz /

<3/ ;5<�791

Lmlul/ \1 dqg K1 Vlprq +4<::,= Vnhz glvwulexwlrqv dqg wkh vl}hv ri exvlqhvv �upv 1 Dpvwhugdp= Qruwk

Kroodqg Sxeo1Fr1

Mrkqvrq/ Q1/ V1 Nrw} dqg D1 Nhps +4<<6,= Xqlyduldwh Glvfuhwh Glvwulexwlrqv1 Qhz \run= Zloh|1
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Mrqhv/ F1 +4<<8,= Prghov ri U)G dqg hqgrjhqrxv jurzwk1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ 436/ :8<�;71

Mrydqrylf/ E1 +4<;5,= Vhohfwlrq dqg hyroxwlrq ri lqgxvwulhv1 Hfrqrphwulfd/ 83/ 97<�:31

� +4<<6,= Wkh glyhuvl�fdwlrq ri surgxfwlrq1 Eurrnlqj Sdshuv rq Hfrqrplf Dfwlylw| / +Plfurhfrqrplfv,/

4<:�5681

� +5333,= Ilwqhvv dqg djh1 Mrxuqdo ri Hfrqrplf Olwhudwxuh/ +iruwkfrplqj,1

Nohlqnqhfkw/ D1 +4<;:,= Phdvxulqj U)G lq vpdoo �upv= Krz pxfk duh zh plvvlqjB Mrxuqdo ri Lqgxvwuldo

Hfrqrplfv / 69/ 586�91

Nohwwh/ W1 +4<<9,= U)G/ vfrsh hfrqrplhv dqg sodqw shuirupdqfh1 UDQG Mrxuqdo ri Hfrqrplfv/ 5:/

835�551

Nohwwh/ W1 dqg ]1 Julolfkhv +5333,= Hpslulfdo sdwwhuqv ri �up jurzwk dqg U)G0lqyhvwphqw= D txdolw|
odgghu prgho lqwhusuhwdwlrq1 Hfrqrplf Mrxuqdo / 443/ 696�;:1

Nohwwh/ W1 dqg I1 Mrkdqvhq +4<<;,= Dffxpxodwlrq ri U)G0fdslwdo dqg g|qdplf �up shuirupdqfh= d

qrw0vr0�{hg h�hfw prgho1 Dqqdohv g*Hfrqrplh hw gh Vwdwlvwltxh/ +7<283,/ 6;<�74<1

Nruwxp/ V1 +4<<:,= Uhvhdufk/ sdwhqwlqj/ dqg whfkqrorjlfdo fkdqjh1 Hfrqrphwulfd/ 98/ 46;<�474<1

Nxpdu/ N1/ U1 Udmdq dqg O1 ]lqjdohv +4<<<,= Zkdw ghwhuplqhv �up vl}hB QEHU Zrunlqj Sdshu Qr1

:53;1

Odqjorlv/ U1 dqg S1 Urehuwvrq +4<<8,= Ilupv/ Pdunhwv dqg Hfrqrplf Fkdqjh1 Qhz \run= Urxwohgjh1

Oxfdv/ U1 +4<:;,= Rq wkh vl}h glvwulexwlrq ri exvlqhvv �upv1 Ehoo Mrxuqdo ri Hfrqrplfv / </ 83;�8561

Oxfdv/ U1 dqg H1 Suhvfrww +4<:4,= Lqyhvwphqw xqghu xqfhuwdlqw|1 Hfrqrphwulfd/ 6</ 98<�9;41

Plwfkhoo/ P1 +5333,= Wkh vfrsh dqg rujdql}dwlrq ri surgxfwlrq= Ilup g|qdplfv ryhu wkh ohduqlqj fxuyh1
UDQG Mrxuqdo ri Hfrqrplfv / 64/ 4;3�5381

Qhovrq/ U1 +4<;;,= Prghoolqj wkh frqqhfwlrqv lq wkh furvv vhfwlrq ehwzhhq whfkqlfdo surjuhvv dqg U)G

lqwhqvlw|1 UDQG Mrxuqdo ri Hfrqrplfv / 4</ 7:;�;81

Sdnhv/ D1 dqg U1 Hulfvrq +4<<;,= Hpslulfdo lpsolfdwlrqv ri dowhuqdwlyh prghov ri �up g|qdplfv1 Mrxuqdo

ri Hfrqrplf Wkhru| / :</ 4�781

Shqurvh/ H1 +4<8<,= Wkh Wkhru| ri wkh Jurzwk ri wkh Ilup1 R{irug= Edvlo Eodfnzhoo1

Shuhwwr/ S1 +4<<;,= Frvw uhgxfwlrq/ hqwu|/ dqg wkh lqwhughshqghqfh ri pdunhw vwuxfwxuh dqg hfrqrplf
jurzwk1 Mrxuqdo ri Prqhwdu| Hfrqrplfv / +iruwkfrplqj,1

Urphu/ S1 +4<<3,= Duh qrqfrqyh{lwlhv lpsruwdqw iru xqghuvwdqglqj jurzwkB DHU Sdshuv dqg Surfhhglqjv

;3/ <:0436 1

Vfkpdohqvhh/ U1 +4<;<,= Lqwhu0lqgxvwu| vwxglhv ri vwuxfwxuh dqg shuirupdqfh1 Lq U1 Vfkpdohqvhh dqg

U1 Zloolj +hgv1,/ Kdqgerrn ri Lqgxvwuldo Rujdql}dwlrq/ Yro1 LL 1 Dpvwhugdp= Qruwk Kroodqg Sxeo1 Fr1

Vfrww/ M1 +4<;7,= Ilup yhuvxv lqgxvwu| yduldelolw| lq U)G lqwhqvlw|1 Lq ]1 Julolfkhv +hg1,/ U)G/ Sdwhqwv
dqg Surgxfwlylw|1 Fklfdjr= Xqlyhuvlw| ri Fklfdjr Suhvv dqg QEHU1

Vwdqoh|/ P1 K1/ V1 Y1 Exog|uh/ V1 Kdyolq/ U1 Q1 Pdqwhjqd/ P1 D1 Vdolqjhu dqg K1 H1 Vwdqoh| +4<<8,= ]lsi

sorwv dqg wkh vl}h glvwulexwlrq ri �upv1 Hfrqrplfv Ohwwhuv / 7</ 786�:1
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Vxwwrq/ M1 +4<<:,= Jleudw*v ohjdf|1 Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 68/ 73�8<1

� +4<<;,= Pdunhw Vwuxfwxuh dqg Whfkqrorj|1 Fdpeulgjh/ Pdvv1= PLW Suhvv1

� +5333,= Wkh yduldqfh ri �up jurzwk udwhv= Wkh *vfdolqj* sx}}oh1 Plphr/ Orqgrq Vfkrro ri Hfrqrplfv1

Wd|oru/ K1 dqg V1 Nduolq +4<<;,= Dq Lqwurgxfwlrq wr Vwrfkdvwlf Prghoolqj/ Wklug Hglwlrq1 Vdq Glhjr=

Dfdghplf Suhvv1

Wkrpsvrq/ S1 +4<<9,= Whfkqrorjlfdo rssruwxqlw| dqg wkh jurzwk ri nqrzohgjh= D Vfkxpshwhuldq ds0
surdfk wr phdvxuhphqw1 Mrxuqdo ri Hyroxwlrqdu| Hfrqrplfv/ 9/ ::�<:1

X}dzd/ K1 +4<9<,= Wlph suhihuhqfh dqg wkh Shqurvh h�hfw lq d wzr0fodvv prgho ri hfrqrplf jurzwk1

Mrxuqdo ri Srolwlfdo Hfrqrp| / ::/ 95;�851
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