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1 Introduction

Bubbles exist in many markets, not only with those assets whose fundamental values
are hard to be determined or to be observed (stocks, for instance), but also with some
assets whose fundamental values are known to be less than the prices (fiat money, for
instance). How can bubbles be explained and what must be true for the existence
of bubbles? Though claiming that most bubbles are irrational is much easier than
interpreting bubbles in a rational way, economists have made and are still making
efforts to deal with the latter.

Among the huge literature on the existence of bubbles, one strand has developed
the models based on the existence of some irrational agents, often called as noise
traders in the literature (see, for example, De Long, Shleifer, et al. (1990), Abreu and
Brunnermeier (2003), and Zurita (2004)). Papers in this strand interpret the bubbles
by the interaction between the rational and the irrational.!

Another strand of the literature, has tried to model the bubbles under the more
traditional assumption that all agents are rational.? In such settings, an asset bubble
can be explained either by the assumption of infinite horizon or by the infinite presence
of new agents (see Tirole (1982) and Tirole (1985) for example). However, in order to
interpret the existence of a finite horizon bubble? in a rational expectations equilibrium
with a finite number of agents, either change of standard assumptions (for instance,
symmetric information) or introduction of specific settings (for instance, short sale con-
straints) has to be made. Thus the question comes: What is the minimum requirement
for the existence of such a rational bubble?

By the well-known no-trade theorem by Milgrom and Stokey (1982), under the
standard setting, if the initial allocation is efficient relative to each agent’s belief, then
the common knowledge of feasibility of and voluntary participation in trade will give
agents no incentive to trade, no matter whether they have private information or not.
If there is no trade in a finite horizon economy, there is certainly no bubble. Hence the
ex ante inefficiency of endowment allocation, or the potential gains from trade, should
be one necessary condition for such a bubble to exist.*

By Allen, Morris and Postlewaite (1993) (AMP (1993) henceforth), private informa-
tion about the states and short sale constraints for all agents are another two necessary
conditions for the existence of strong bubbles. Under all these three together with a
fourth requirement that the agents’ trade should not be common knowledge, an ex-
ample of strong bubbles in a rational expectations equilibrium with three agents and

!Though the rational agents have incentive to take advantage of the irrational, it is possible that
noise traders may actually earn a higher expected return than rational investors do. For details, see
De Long, Shleifer, et al. (1990).

2In fact it is assumed that the rationality of the agents is common knowledge in most paper of
this strand. Under the assumption of rational expectations, these two are equivalent.

3 Among all the bubble phenomena, finite horizon bubbles have occurred most frequently and are
probably most puzzling.

4For a complete proof, see Tirole (1982).



three periods® is presented in that paper. This model captures the "greater fools"
dynamic pretty well in the sense that due to the asymmetric information agents may
hold a worthless asset at a positive price in the first period (hence the strong bubble),
in hopes of selling it in the second period to someone else who thinks it may be worth
something. In short, a rational bubble can exist under this setting because even though
everyone knows that the asset is overpriced they may still hold it with the belief that
others might think that it is valuable.

Given the success of Allen, Morris and Postlewaite model, economists are somewhat
not satisfied with the last assumption, the one requiring no common knowledge of
trades, since many bubbles do exist in reality with the public information of agents’
actions. Conlon (2004), another paper quite related to the issue we addressed above,
according to my knowledge, was the first to give a strong bubble example in a similar
setting® where there are only two agents. Since trades are automatically common
knowledge for the two-agent case, this result has questioned the necessity of assumption
of no common knowledge of trades for the existence of a finite horizon bubble in a
rational expectations equilibrium. Another contribution of Conlon (2004) is that the
bubble in the model is not only strong but also robust to nth order knowledge, that
is (all agents know that)” the price is higher than any possible dividend agents will
receive.

Based on the fact of the existence of nth order bubbles, one may naturally ask
whether a bubble can be robust to common knowledge. In this paper, by requiring
common knowledge instead of mutual knowledge, we develop two new concepts of bub-
bles: common expected bubble and common strong bubble. The concept of common
strong bubble is so "strong" that it can be showed never to exist in any rational expec-
tations equilibrium. However, we are able to show that under the same framework as
AMP (1993) model but with common knowledge of trades, a strong bubble can exist
in the case of two agents, and this bubble can still exist even when it is common knowl-
edge that the price is higher than the expected dividend agents will receive (hence a
common expected bubble). Moreover, such a bubble, both strong and common ex-
pected, can exist for any finite number of agents.” This result, on one hand, weakens
the assumptions of the models of bubbles by reducing the four necessary conditions
to three, and hence improves these models’ applicability and powers in interpretation.
On the other hand, the surprising result of the existence of common expected bub-

5Tt has been shown in that paper that there is no expected bubble in the last two period under
their framework, which will be described in section 2, hence the minimum number of periods for the
existence of a bubble is 3.

6The setting of Conlon (2004) model differs from AMP (1993) model in the sense that agents’
information structures are determined both by the private signals they receive at the beginning of
period 1 and by the public signals they receive at the beginning of every period. The information
structures are chosen so that prices reveal no additional information.

I will assume that each agent is distinguished from another in the sense that either their beliefs
are heterogeneous or their information structures are different, or both. Otherwise, this result would
hold trivially since each agent can be "divided" according to endowments into any finite number of
subagents.



bles is somewhat counterintuitive but captures the idea that agents do not rush in
face of bubbles since, given the common knowledge of the heterogeneous beliefs and
the information structures, they believe that they can take advantage of it in a later
period.

The next section of the paper introduces the basic framework following AMP (1993),
gives four concepts of bubbles, and shows the nonexistence of common strong bubbles in
any rational expectations equilibrium. Section 3 presents a simple example of rational
bubbles with two agents, which is both a strong bubble and a common expected bubble.
Section 4 shows the general results for any finite number of agents, and some concluding
remarks and discussions are made in the last section.

2 The Model

2.1 Basic Setup

The same framework is established here as in AMP (1993), except that the requirement
that the trades should not be common knowledge is removed.

In the pure exchange economy under study, there are I (> 2) risk neutral® agents
(t=1,2,---,1), T (> 3) periods (t = 1,2,--- ,T) and N (> 2) states of the world
represented by w € Q. Only 2 assets exist in the market: one riskless (money) and the
other risky. There is no discount between any two periods. Each share of the risky
asset will only pay a state-dependent dividend denoted by d (w) at the end of period
T.

Agent i is endowed with m; units of money and e; shares of the risk asset at
the beginning of period 1. In each period ¢ and in each realized state w, agents can
exchange claims on the risky asset at a state-and-period-dependent price P; (w). Agent
i’s net trade in period ¢t when state w is realized is denoted by x;; (w), and we write x; =

(i, Tigy - -+ i), T = (T1g, Top, - -+, ) and & = (21, 9, -+ - ,x7). Hence agent i’s final
consumption in state w with net trades z; at price P (w) = ( ( ), Py (w), -, Pr(w)),
denoted by y; (w, P (w),x;), is equal to m; + e;Pr (w) + Z Tit (W) [Pr1 (w) — Py (w)],

where Priy (w) = d(w). Under the assumption of 1dent1ty utility function, agent i’s
payoff in state w with net trades x; at price P (w), is just his final consumption, hence
u; (w, P(w),z;) =y (w, P(w),x;).

Each agent 7 has a subjective belief about the probability distribution of the state,
denoted by m; (w).2 Vi =1,2,--+ ,I,Vw € Q,7; (w) > 0.

8 Agents are assumed to be either risk averse or risk neutral in AMP (1993). Here for simplicity,
I only consider the case of risk neutrality. All the results will remain valid for the risk averse case as
long as the potential gain from trade is high enough.

9We assume that 7;’s are heterogeneous in order to give agents incentive to trade. For other
approaches to induce trade, see AMP (1993) for details.



2.2 Information Structure

At the beginning of each period t, before observing the current price and making
the trade, agent ¢’s information about the state is represented by S;;, a partition of
the space 2, and his price-and-trade-refined information is represented by SZ¥.10 We
denote by s;; (w) (shX (w)) the partition member in Sy (SL¥) containing the state w.
In other words, s;; (w) consists of all the possible states agent i believes he might be in
when the state w is realized. For example, s;; (w1) = {w1, w2} means that at period 1
agent ¢ believes he might be either in w; or ws when w; is realized.

SEX is determined by (Sy, P, x;) such that

Vw € Q, 5% (W) = s (w) N {W'|Py (W) = Py (w) and zy (W) = 2y (w) V' <t}

Obviously Vi = 1,2,--+ , [,Vt = 1,2,--- ,T,Vw € Q, {w} C s5X (w) C 54 (w).
We assume agents have perfect memory so that

Vi=1,2,--,I,Yw e QVt >t sy (w) C s (w)
Obviously this implies that

Vi=1,2,--+,1,Yw € QVt >t s (w) Csli* (w)

It should be noted that when agents make trades to optimize their payoffs, the
information they based on is s;X (w) instead of Sy, since it is assumed that rational

agents should make use of all the information they can obtain.

2.3 Rational Expectations Equilibrium

Before we come to the definition of rational expectations equilibrium, in order to be
consistent with the AMP (1993) model, two concepts have to be introduced first.

Definition 1 (Information Feasibility) Agenti’s net trades x; are information fea-
sible if in each period t, x; is measurable with respect to player i’s price—and-trade-
refined information, SL*. Formally, x; are information feasible if

Vt=1,2,--- ,T,Vw € Q,sﬁx (W) CH{W 2y (W) = 2 (W)}

The last part of the above expression is equivalent to Vo', w” € SE* (W), 24 (w') =
xy (W), which might capture more intuition than the one used in the definition. Ba-
sically, information feasibility rules out the possibility of acting differently given the
same information.

10Tn the AMP (1993) model, they only focus on the price-refined information S%. This is because
they assume that the trades are not common knowledge and hence agents cannot get additional
information from trades.



Definition 2 (No Short Sales) Agent i’s net trades x; satisfy no short sales if in
each period t and in each state w agent i’s holdings of the risky asset are non-negative.
Formally, x; satisfy no short sales if

t
Vi=1,2,--- ,T,VwEQ,ei—FZJGit(w) >0

s=0

As shown in AMP (1993), this no short sales condition is necessary for the existence
of a bubble in a rational expectations equilibrium. It should be noted that there is no
constaint on the short sales of money.

Denote by j; (w) the join of s (W), sor (w), -+, s (W), and by m; (w) the meet
of 817 (W), s9¢ (W), -+, 514 ().

Now we are ready to give the definition of a Rational Expectations Equilibrium in
this pure exchange economy.

Definition 3 (Rational Expectations Equilibrium) (P,z) € RY? x R™NT 4s q
Rational Fxpectations Equilibrium if

(C1)Vi=1,2,--- I, z; are information feasible and satisfy no short sales. Denote
the set of all such x;’s by F; (e;, P,x_;,S;), where S; = (Si1, Sia, -+ , Sir) .13
(C2)Vi=1,2,--- 1, z; € argmaxy/cp,(e;,Pa_.,5;) Z i (W) u; (w, Pyal) ™
weN

I
(C3)Vt =12, TVwe Q> ay(w)=0.
i=1
(C4) ¥t = 1,2,--- T, P, (-) is measurable with respect to j; (w). Formally, ¥t =
172a e 7Tavw € Qajt (CU) g {wl : Pt(w/) = Pt(w>}

Basically, (C1) describes the feasible set of trade for each agent, (C2) says that
each agent maximizes his expected utility given his price-and-trade-refined information,
(C3) requires that the market should clear in equilibrium, and (C4) implies that all
the information contained in price is from the join of the individual information.

1 The join j; (w) of s1¢ (W), 89 (W), -+, s1¢ (w) is such that (1) Vi =1,2,---,1,j; (w) C 54 (w) and
(2) for all j; (w) satisfying (1), j; (w) C ji (w).

12The meet m; (w) of s1; (W), s9; (W), -+, s1¢ (w) is such that (1) Vi=1,2,--- , I, s (w) C my (w)
and (2) for all m} (w) satisfying (1), m: (w) C m} (w).

13Since Va; € F;, x; are information feasible, F; depends on the information structure 9;, the prices
P, and other agents’ trades z_;. Since x; satisfy no short sales, F; depends on the endowment e;.
That’s why it is written as F; (e;, P,x_;,.5;).

4 Another way, perhaps a more intuitive way, to express (C2) is (C2') Vi = 1,2,--- ,I,1; €
arg MaXy: e, (e; Pr_;,5:) Li [ui (w, P, z}) |S£X]. It is easy to see that (C2’) is equivalent to (C2).



2.4 Different Concepts of Bubbles

Different definitions of bubbles will lead to different results even within the same frame-
work. As a base line, we use the concept of expected bubbles, defined in AMP (1993).
As we will see, the stronger the concept of a bubble become, the harder for it to exist
in equilibrium.

Definition 4 (Expected Bubble) As in AMP (1993), an expected bubble is said to
exist in state w at period t if in state w it is mutual knowledge that the price of the
risky asset at t is higher than the expected dividend an agent will receive, that is

Z m; (W) d (W)
> Tl

w'eshX (w)

Vi=1,2,--,I,P(w) >

Definition 5 (Strong Bubble) As in AMP (1993), a strong bubble is said to exist
i state w at period t if in state w it is mutual knowledge that the price of the risky
asset at t is higher than the possible dividend agents will receive, that is

Vi=1,2,--- I,V € s (W), P (w) > d (W)

As is seen above, the concept of strong bubbles strengthens the concept of expected
bubble in a way that it requires the asset price be higher than the maximal possible
dividend. As will be seen below, another way to strengthen the concept of expected
bubble is to require common knowledge instead of mutual knowledge. This requirement
is reasonable since in the real world people’s behaviors do not only depend on their
own beliefs, but also depend on others’ beliefs, others beliefs on their own beliefs, and
so on. Therefore, we might expect to see something different when common knowledge
is introduced into the concept of bubbles.

Definition 6 (Common Expected Bubble) A common expected bubble is said to
exist in state w at period t if in state w it is common knowledge that the price of the
risky asset at t is higher than the expected dividend agents will receive, that is

1
Vi=1,2,-- I,V € m* (w), P (w) > > omW)dw)?
Z 5 (W”) w”EsI-ZX(w’)

W"ESf;X(w’)

Definition 7 (Common Strong Bubble) A common strong bubble is said to exist
i state w at period t if in state w it is common knowledge that the price of the risky
asset at t is higher than the possible dividend agents will receive, that is

Vo' € mf¥ (W), P (w) > d (W)

BmPX (w) is the meet of sTX (W), sEX (W), ,sHX (w).

7



2.5 Nonexistence of Common Strong Bubble in Equilibrium

Among the 4 definitions above, clearly common strong bubble is the strongest one. One
may wonder if there can exist such a bubble in a rational expectations equilibrium. The
answer is NO, due to the following proposition.

Proposition 1 Yw € Q. Vt = 1,2,--- ,T,it is impossible for a common strong bubble
to exist in state w at pertod t in any rational expectations equilibrium.

Proof. Suppose it is possible and Jw, 3t such that a common strong bubble exists in
state w at period ¢ in a rational expectations equilibrium. Then m!™¥ (w) is the set of
states where there is common knowledge among agents when w is realized. Thus we
have Yo' € mI’™X (w), P, (w) = P, (w') > d (w'). By the feature of rational expectations
equilibrium, there must exist some agent ¢ for whom buying is at least as good as
selling, which implies that P; (w) < E; [P (W) [w' € 55X (w)]. Therefore, P; (w) <
Max; MaX,y e Px () P (W) < maxXyenrx () Py (W'). Since sﬁfil) (w) C sEX (w) im-
plies m% (w) € m{™ (w), by induction we have P; (w) < MaX, e, px (o) Pro1 (W) =
MAaX,cpmPx () d (w'). Thus Jw* € mI¥ (w) such that d (w*) > P; (w), which causes a
contradiction. m

The intuition behind the nonexistence of common strong bubble is that if it is
common knowledge that the price today is higher than the highest dividend agents
may receive, then agents might be better off by selling the asset instead of holding it,
no matter what kind of heterogeneous beliefs they may have. Since everyone wants
to sell, there cannot be a rational expectations equilibrium any more. It is worth
noting that the result of proposition 1 is independent of the assumption of common
knowledge of trades. In the case of no common knowledge of trades, the result is still
true. The only modification is replacing the price-and-trade-refined information by the
price-refined information.

Though there is no common strong bubble in any rational expectations equilibrium,
an expected bubble, which is both strong and common, as shown in the next section,
can exist in a rational expectations equilibrium of a three-period two-agent economy.

3 Simple Example: Strong Bubbles and Common
Expected Bubbles with Two Agents

3.1 Exogenous Setting

AMP (1993) has shown a strong bubble in a rational expectations equilibrium of a
three-period three-agent economy with the assumption of no common knowledge of
trades. In this section, I will provide a simple example of the existence of strong bubbles
with two agents where trades become automatically common knowledge. Moreover, as



will be shown, the bubble in the example will also be robust to common knowledge in
the expected sense, hence a common expected bubble.

There are 2 agents (A and B), 3 periods (1, 2, and 3) and 8 states (w1, we, w3, w4,
ws, we, wy and wg). Only 2 assets exist in the market: one is money and the other is
called a risky asset. Each share of the risky asset will pay a dividend of amount 4 at
the end of period 3 if the state is either w; or wy, and will pay nothing otherwise, as
shown in the table below.

State wi ws w3 Wy Wy W Wy Ws
dw) 4 0 0 4 0 0 0 O

Each agent is endowed with m; unit of money and 1 share of the risk asset at the
beginning of period 1. Agents can trade in each of period 1, 2, and 3. At period 3,
after the trade is made, the dividend is realized, and then the consumption takes place.

Keeping in mind that the asymmetric information is the key to generate bubbles,
we achieve this goal by giving agents different information structures. Remind that
agent i’s (i = A, B) information about the state in period ¢ (¢t = 1,2, 3) is represented
by S;:, a partition of the space €). The specific structures of S;;’s are given below.

SAl = {{W17WQ,W3,W4,W57W8} 9 {WG,W7}}
SBl = {{w17w27w47w57w67w8} ) {W3,W7}}
Saz = {{wi,wa,wa}, {ws, ws}, {ws, wr}, {ws}}

Sp2 {{w4, w5,w6} ) {Wla W2} ) {w3,w7} ) {ws}}
Sas = Spz = {{wi} {w2} {ws} {wa} {ws}, {ws}, {wr}, {ws}}

At first glance, this particular structure of information may seem complicated, but
as our analysis goes on, the reason why it is set in this form will become clear. So
far, there are at least three observations: First, at period 3, each agent is perfectly
informed of what the realized state is and hence there is no asymmetric information
then; Second, at period 2, agent A only receives more information when he observed
{w1,wsq, w3, wy, ws,ws } at period 1 and agent B only receives more information when
he observed {wy,ws,wy,ws,ws, ws} at period 1; Third, at period 1, if the state wy is
realized, each agent knows that he will receive no dividend for sure.'® Hence if the
price is positive at period ¢t = 1 in state w = wy, there will be a strong bubble, and
that is part of what we are going for.

In order to generate potential gains from trade, we let each agent have a heteroge-
neous belief about the probability distribution of the state, as shown in the table below
with weight W = 1—16.

16Take agent A into consideration for example. When wy is realized, agent A will have observed
the event {wg,wr}. Since in either state wg or wy, there is no dividend payment, agent A knows that
he will receive no dividend with probability 1.



State w; wo w3 w4 Wy W Wr Wg
TA 2 1 1 1 2 1 1 7
TR 1 2 1 2 1 1 1 7

Also, the structure of the beliefs may seem complicated for now, but it will become
clear why it serves for the existence of a bubble in a rational expectation equilibrium.
So far, it is easy to observe that within the two states where there will be a dividend
of 4, agent A puts a higher weight on state w, agent B puts a higher weight on state
wy. They put the same weight on state w7, and state wg, respectively. The weights
they put on events {w1,ws, w3} and {w4,ws,ws} are also the same, respectively.

3.2 A Rational Expectations Equilibrium with a Bubble

Recall the standard definition given in the last section, and in our example a rational
expectations equilibrium will be a vector (P,z) € RY*® x R?*3*® such that

(C1) Vi = A, B, x; are information feasible and satisfy no short sales.

(C2) Vi = A, B, x; maximizes player i’s expected payoff with respect to his own
price-and-trade-refined information.

(C3)Vt=1,2,3,Vn=1,---,8 x4 (wn) + zp; (W) = 0.

(CHVt=1,2,3,Vn,m=1,---,8, 7 (wn) C{wm : P (wm) = P (wn) }

Although there are multiple rational expectations equilibria for this example, the
one with the equilibrium prices and trades given in the following two tables is what we

are interested in - the one in which there is a strong bubble and a common expected
bubble.

State w; ws w3 w4 Wy W Wy W
Pbw 1 1 1 1 1 1 1 1
PBw 2 2 2 2 2 2 0 0
Ps(w) 4 0 0 4 0 0 0 O

Yw e Qaa (W) =2p1 (W) =243 (W) =23 (W) =0

State W1 Wy W3 W4 Wy Wg Wr Ws
a2 (W) 1 1 1 -1 -1 -1 0 0
Z5s (W) -1 -1 -1 1 1 1 0 0

Taa(@W 44w 0 0 0 0 0 0 0 0

3.2.1 Price-and-Trade-Refined Information

First derive the price—and-trade-refined information for each agent in each period. It is
easy to observe from the price table that P; (w) = 1 Vw € € and from the trade table

10



that 41 (w) = 251 (w) = 0 Vw € €. This implies that the prices and trades in period
1 reveal no information. Hence S4;¥ = Sy41, SEX = Sp;. Since in period 3, all agents
already have full information about the state before observing the prices and making
the trades,'” the prices and trades in period 3 again, reveal no information. Hence
SEX = Sas, SEX = Spz. The only new information revealed by prices and trades at
period 2 is that agents know where they are for sure when the state w; is realized.
Hence agents’ price—and-trade-refined information at period 2 is the following, with
the original information structure attached below for comparison.

SiZX = {{wbw??wi"}7{w47w5}7{w6}7{w7}7{w8}}
Sgr = {{ws,ws,we}, {wi,wa}, {ws}, {wr}, {ws}}
Saz = {{wr,wa,ws}, {wa, w5}, {we, wr}, {ws}}
Spa = {{w4>w57w6}7{w1>w2}>{w37w7}7{w8}}

The following graph may give more intuition about the information structure than
the mathematical expression does. In the graph, agent A’s information sets are de-
scribed by the black solid curves, agent B’s information sets are described by the blue
dotted curves, and dividend paying states are emphasized in gray color.

Period 1 Information Structure

Black Solid: Agent A !
IBlue Dashed: Agent B !

It is worth noting that at period 2, with the price-and-trade-refined information,
agent A is better informed than agent B when event {w,, ws,ws} happens, and agent
B is better informed than agent A when event {w1,ws,ws} happens. We will see soon

17 Actually there is no trade in period 3 in the equilibrium under study.

11



that the subgroup of states {wy, ws,ws} is where agent A takes advantage of agent B
by selling the asset he believes is overpriced to agent B, and similarly, the subgroup of
states {w1,wsq, w3} is where agent B takes advantage of agent A.

3.2.2 The Existence of Strong and Common Expected Bubbles

Second note that there is a strong bubble at period 1 in state w; since for agent A,
sh¥ (wr) = {ws, wr}, Py (wr) =1>0=d(we) = d(wy), and for agent B, sh¥ (wr) =
{ws,wr}, Pi(w7) =1 >0 = d(ws) = d(wy). In short, the strong bubble exists at
period 1 in w; because at that state every agent knows the asset is worthless but with
a positive current price.

In this example, m{* (w;) = Q. To see that this bubble is robust to common
knowledge in the expected sense, we need to check that Vi = A, B,Vw € Q,1 >

—_—t Z 7; (W) d (w'). There are four cases:
Z milw) w'eshX (w)
wlesiplx(w)
l w = wy: Agent A observes the event {weg,wr}, agent B observes the event

{ws,wr}, each of them will induce that the expected dividend in period 3 will be
%O + %0 = 0, which is less to the current price.

2 w = wg: Agent A observes the event {wg, w7}, and his expected dividend in
period 3 is 0, less than the current price. Agent B observes Q\ {ws, w7}, and his

expected dividend in period 3 is %4 + %O = S, less than the current price.

3 w = ws: Agent B observes the event {ws, w7}, and his expected dividend in
period 3 is 0, less than the current price. Agent A observes Q\ {wg, w7}, and his

expected dividend in period 3 is %4 + %0 = g, less than the current price.

4 w, € O\ {ws,ws, wr}, Agent A observes the event Q\ {wg, w7}, agent B observes
the event Q\ {ws,wr}, each of them will induce that the expected dividend in
period 3 will be %4 + %0 = g, which is less to the current price.

Therefore, the bubble at period 1 in state w7 is a common expected bubble. Actu-
ally, the reader can check that in our example the common expected bubble exists at
period 1, not only in state w7, but also in any other state.

3.2.3 Check of Equilibrium Conditions

Last check that the prices and trades described above constitute a rational expectations
equilibrium. We check all the four conditions step by step.

Check (C1): We observe from the trade table the minimum amount of trade at
period 2 is —1. By the fact that there is no trade in either period 1 or 3 and that each
agent is endowed with 1 share of the risky asset, the no short sale condition is satisfied
for x4, and xp. To see if x; are information feasible, it suffices to only look at period 2
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since no trade occurs either in period 1 or 3. In period 2, actually each agent’s action
remains the same given the same price-and-trade-refined information.!® This implies
that x4 and xp also satisfy the information feasibility condition.

Check (C2): Maximization of the expected payoff at the beginning of period 1
under the constraints of information feasibility and no short sales, is equivalent to
maximization of the expected payoff in each period given the current price—and-trade-
refined information under the same constraints. In period 3, each agent has no incentive
to trade since the price is exactly equal to the dividend for every state. In period 2,
there are in total 4 cases:

(p2-i)

(p2-i)

(p2-iii)

(p2-iv)

Vi € {A, B}, if agent i observes the event {w;} or {ws}, he knows that with
probability 1 the price in period 3 will be 0, which is equal to the current price,
thus he is indifferent between trading or not at period 2, so the equilibrium trade
of 0 maximizes his expected payoff in this case.

If agent A observes the event {wi,ws, w3} (or if agent B observes the event
{w4,ws,ws}), he will induce that the expected price in period 3 will be %4 + %O +
L—ILO = 2, which is equal to the current price, thus he is indifferent between trading
or not at period 2, so the equilibrium trade of 1 maximizes his expected payoff
in this case.

If agent A observes the event {wy,ws} (or if agent B observes the event {wl, wa}),
he will induce that the expected price in period 3 will be 14 + 20 = 3, which is
less the current price 2, thus he has incentive to sell any of the asset he owns at
period 2, so under the short sale constraint and given there is no trade in period
1, the equilibrium trade of —1 maximizes his expected payoff in this case.

If agent A observes the event {wg} (or if agent B observes the event {ws}), he
knows that with probability 1 the price in period 3 will be 0, which is less the
current price 2, thus he has incentive to sell any of the asset he owns at period
2, so under the short sale constraint and given there is no trade in period 1, the
equilibrium trade of —1 maximizes his expected payoff in this case.

In period 1, there are 2 cases:

(pl-i)

If agent A observes the event {wg, w7} (or if agent B observes the event {ws,wr}),
he will induce that the expected price in period 2 will be %2 + %2 = 1, which is
equal to the current price, thus he is indifferent between trading or not at period
1, so the equilibrium trade of 0 maximizes his expected payoff in this case.

18Take agent A for example.

Yw = we, si3 (W) = {we} C {wa,ws,we} = {w' 1 242 (W) = 242 (W)},
Vw € {wy,ws}, shy (W) = {wa,ws} C {ws,ws,we} = {w ZEAQ( N=x4
Vwe{wl,wg,wg},sAf( ) ={wi,wa, w3} ={w : Ta2 (W) =z a0 (w)}}

2 (W)},

Yw € {wr,ws}, shy (w) = {w} C {wr,ws} = {w': 33A2( ) =242 (W)

13



(pl-ii) If agent i observes the event other than the one described in (1-i), he will induce

that the expected price in period 2 will be %2 + 7 0 = 1, which is equal
to the current price, thus he is indifferent between tradmg or not at period 1, so

the equilibrium trade of 0 maximizes his expected payoff in this case.

The above analysis guarantees that the condition (C2) is satisfied.

Check (C3) and (C4): It is seen that the market clears in each period at
each state from the table of trades, hence (C3) is satisfied. Note that P (w) = 1
Vw € Q hence P () is measurable with respect to j; (-) and that j3 (w) = {w}
Vw € € hence Ps(-) is measurable with respect to js(w). To see P (-) is measur-
able with respect to j; (w), note that Vn = 1,--+ |6, js (w,) C {w1,ws, w3, wy, ws, we} =
{w: Py (w) = Py(w,) =2}andVn = 7,8, js (wy,) C {wr,ws} = {w: P (w) = P2 (wy,) =0}
This completes the check that the prices and trades given in the example constitute a
rational expectations equilibrium.

3.3 Discussion

We have shown that, in a simple finite horizon model with asymmetric information
and short sale constraints, a strong bubble and a common expected bubble can exist in
the same period at the same state in a rational expectations equilibrium with common
knowledge of trades, under the same basic setting as in AMP (1993).

It is worthwhile to make some remarks about this simple example.

(1) The initial distribution of the asset is not efficient. To see this, with zero-trade,

each agent’s expected payoff mﬁ—z i (w) |ePr(w) + Z Ty (W) [Pry1 (w) — Py (w)]
we
would have been m; + %, while in the equilibrium, each agent s expected payoff is

m; + 1. Thus our example does not violate the no-trade theorem and the neces-
sary condition of ex ante inefficiency is satisfied here. In fact, as the analysis has
shown, in our example the ones who gain from the trade are the sellers whenever
the trade takes place.

(2) The social welfare is maximized in the rational expectation equilibrium with bub-
bles if there is no initial endowment of money. Note that in our example the social
welfare is maximized when in every state the social planner gives all the assets to
the agent who puts the highest weight on that state. Hence the maximal social
welfare should be % (my1 4+ ma)+2. When either agent has positive endowment of
money, the social welfare of the equilibrium outcome is not maximized. However,
if each agent is endowed with no money, then the social welfare is maximized in
equilibrium. To put it in another way, if the social planner is only allowed to real-
locate on the risky asset, then the equilibrium maximizes the sum of the utilities
of the agents. This implies a surprising observation that the rational bubbles do
not necessarily lead to inefficiency.
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(3) The short sale constraints are binding at period 2 for the sellers whenever the
trade takes place. In the cases of (p2-iii) and (p2-iv), where agents play the seller’s
role, since the expected price for the asset is higher than the current price, agents
would like to take advantage of this and sell as much as they could. If there were
no short sale constraints, an equilibrium would not have been reached under the
current price. This is where the no short sales assumption plays its role.

(4) The asymmetric information functions in the way that even though all agents
know that the asset is overpriced, they are still willing to hold the asset as long
as the information of overpricing is not common knowledge in the strong sense.
And it is this feature that makes a bubble possible in a rational expectations
equilibrium.

(5) For simplicity, the example is constructed in a way that even though the trade is
common knowledge, it reveals no additional information for each agent.

4  General Results

In the last section, an example of rational bubbles, which is both a strong bubble and
a common expected bubble, is presented in a rational expectations equilibrium with 2
agents. Furthermore, as will be shown next, the assumption of no common knowledge
of trade is not necessary for the existence of bubbles for any finite number of players.

Let ST = {{w}|w € Q} and ST is called the perfect information structure for €.
Before constructing bubble examples, we shall make some restrictions on the agents’
information structure so as to avoid trial bubbles from duplications.

Assumption 1 (Different Information Structure) Vi,j=1,--- , I,Vt=1,--- T,
Sit, Sjt # SE = Sy # Sjt.

The assumption of Different Information Structure says that as long as agents don’t
have perfect information, there must be somewhere their information differs from each
other. This assumption rules out the possibility of duplicating identical agents.

Assumption 2 (Distinct Information Everywhere) Vi,j=1,---  INVt=1,--- T,
Yw € Q, sit (W), 550 (w) # {w} = sit # s

The assumption of Distinct Information Everywhere says that as long as agents
don’t have perfect information, their information differs from each other everywhere.
It is easy to know that Assumption 2 is much stronger than Assumption 1. Assumption
2 implies Assumption 1, but not vice versa.
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Assumption 3 (Common Knowledge of Trades) Vi = 1,--- , IVt = 1,--- T,
Ty 18 common knowledge.

Based on the assumptions above, two propositions can be made on the existence of
strong bubbles in a rational expectations equilibrium.

Proposition 2 Under Assumption 1 and 3, for any I > 2, there exists an economy
under the framework described in Section 2, with I agents, 3 periods and 31 4+ 2 states,
presenting a bubble, both strong and common expected, in a rational expectations equi-
librium.

Proof. See the appendix. =

Proposition 3 Under Assumption 2 and 3, for any I > 2, there exists an economy
under the framework described in Section 2, with I agents, 3 periods and I-max {3, }+2
states, presenting a bubble, both strong and common expected, in a rational expectations
equilibrium.

Proof. See the appendix. =

The strong bubble part of the result is not new, and has been analyzed by AMP
(1993) and Conlon (2004). However, by presenting a bubble, not only strong but also
common expected, the obove propositions provide a new answer to what properties of
bubbles we can expect to have in a rational world. The common part of the result is
surprising since it is somewhat counterintuitive that an expected bubble can be robust
to common knowledge in a raitional expecations equilibrium. But actually it is the
common knowledge of the heterogeneous beliefs and the information structures that
guarantees that agents have no incentive to rush in face of bubbles, because by rational
expectations they know that they can take advantage of it in a later period.

It should also be noted that the conclusions above are independent of the assump-
tion of no common knowledge of trade. In Proposition 3 of AMP (1993) paper, the
assumption of no common knowledge of trades was argued as a necessary condition for
the existence of bubbles in a rational expectations equilibrium. The idea of the argu-
ment is the following: Geanakoplos (1992) has argued that with common knowledge of
trades, agents would have behaved in the same way without the private part of their
information (originally stated as "common knowledge of actions negates asymmetric
information about events"), and then there would be no strong bubbles since there is
no asymmetric information about the states. However, as was pointed out by Conlon
(2004), the conclusion that there are no strong bubbles is only true for the new econ-
omy where every agent has the same information, which is the common part of their
original information. The bubble may still exist in the original economy since in period
1 there is no trade and hence there is still private information.
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5 Conclusion

Based on the work of AMP (1993), as well as Conlon (2004), this paper shows that
for any finite number of agents, (1) there is no common strong bubble in any raitonal
expectations equilibrium; and (2) there exists a three-period economy with asymmetric
information and short sales constraints, where an expected bubble can exist in a rational
expectations equilibrium, and moreover this bubble is not only a strong bubble, but
also a common expected bubble. The first result partially answers what properties a
bubble cannot have in a rational world, and the second result tells more about what a
bubble might look like, given the results in AMP (1993) and Conlon (2004).

One direction for future work will be to extend the concept of strong bubbles to
higher orders for any finite number of agents, following the work done in Conlon (2004)
in which an example of higher order bubbles is constructed for the two agents case.
Another direction will be to introduce some irrational agents into the model and to
see whether a common strong bubble can exist in such a setting. Since the bubbles
modeled in this paper are not robust to perturbations of agents’ beliefs, introducing
noise into the model might be another good direction.
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Appendix

Appendix 1:

Proof to Proposition 2:

Write Q = {wpjn=1,2,--+ 31 +2}. Let Qp ={w, € Qn=3i —2,i=1,2,--- | I},
Qow ={w, €Qn=3i—1,i=1,2,--- I}, Q; = {wsi—2,wsi—1,ws; }, ; =L\ {ws} =
{W3Z’_2,C«J3Z‘_1}, 1= 1, 2, YN

Each share of the risky asset will pay a dividend of amount 4 at the end of period
3 if the state w € 2p and will pay nothing otherwise. Each agent is endowed with [
units of money and 1 share of the risk asset at the beginning of period 1.

The specific structures of Sj;;’s are given below.

S = {O\{wsr,wsrs1}, {wsr, wars1}}

Sa = {\{wsi—s,wsri1}, {wsi—s,wsrs1}} Vi=2,--- 1

Stz = {Q1, Q-+, 1, Q) {wart {wsria b, {wsree} )

S = {Q, Qi Uy QL Qg {wsics ) {waria b {wsrse}} Vi=2,-- 1
Siz = STVi=1,2,--- 1

The agents’ beliefs about the states are given by the following functions.

2Wifn=3i—2 or Wy € ng\ {w3i,1}
i (W) = 4r-1)w ifn=23I+2 Vi=1,2,---  I,W=—
w otherwise

To see that the belief of agent ¢ is well defined, note that the number of elements
in (o is I, hence there are I states which are put with probability 21/. Since there is
only one state with probability (37 + 2) W, the number of the states with probability
Wis3[+2—1—1=2I+1. Thus, Zm (W) =Ix2W+1x (4l — 1) W+(2] + 1) xW =

weN

8IW = 1.
The equilibrium with the prices and trades given below is what we look for - the

one in which there is a strong and common expected bubble at period 1 in state w,, .

Py () = 0 fn=3/+1lorn=31+2

2\ 2 otherwise
- 4 ifne Qp

Py (wn) = { 0 otherwise }
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\V/’L:]_,2, ,],VWEQ,I’H(Q}) :[Eig(w>:0

Tig(wp) =4 0ifn=3I4+1lorn=314+2 »Vi=1,2---,1]
-1 otherwise

Observe that neither the prices nor the trades reveal any addition information with
the settings above.

It can be similarly checked following the procedures described in the two-agent
example that the above prices and trades constitute a rational expectations equilibrium.
And since at period 1 in state w,, , each agent knows that he will receive nothing at
the end of period 3, given the positive price of 1 at period 1, there exists a strong
bubble in this equilibrium.

Note that m{*X (w,,,,) = Q. To see that this bubble is robust to common knowl-
edge in the expected sense, we need to check that Vi = 1,2,--- [,Vw € Q,1 >

L Z m; (W) d(w'). Note that for agent 1 (or agent 7, i > 2), either

Z mi(w) w'eshX (w)

X
he will observe {W3[7 w3]+1} (OI‘ {Ld3i_3, W3]+1}), or he will observe Q\ {w3[,w3[+1} (OI‘
O\ {wsz;_3,wsrs1}). If it is the first case, his expected dividend will be %0 + %O = 0;
If it is the second case, his expected dividend will be SI]’:124 + g:go = iﬁ? In either
case, the expected dividend is less than the price. Therefore, the bubble at period 1 in
state w3y is a common expected bubble.

However it should noted in the structure above, Vw, € Q\ {wsr.1,wsri2}, at pe-
riod 2 in state w, there are always (I — 1) agents who observes the same event ); =
{wsi—2, w3i—1,ws; } 9 where i is determined such that w,, € ;. Obviously this violates
Assumption 2. In order to ensure that agents’ information differs from each other
everywhere when this is no perfect information, the number of the states has to be

great enough to guarantee the existence of bubbles.

w'es

Appendix 2:

Proof to Proposition 3:

The case of 2 agents has already been shown in section 3. Here it suffices to consider
the case when I > 3.

Write Q = {wpln=1,2,--- , [*?+2}. Let Qp={w, € Qn=10G—-1)+1,i=1,2,--- , I},
Quyw={wn €Qn=101—-1)4+2,i=1,2,--- I}, ={w, € QI (j — 1)+ 1 <n < Ij},
QF =\ {wig-nsn}, ik =1,2,--- 1.

Again, each share of the risky asset will pay a dividend of amount 4 at the end of
period 3 if the state w € €)p and will pay nothing otherwise. Each agent is endowed
with [ units of money and 1 share of the risk asset at the beginning of period 1.

Y Though there is one agent observing {w,} or ;\ {w,}, Q; is common knowledge in this case.
And this feature holds also for the constructed example under proposition.
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Let a;; be the ith row and jth column element of the following I x I matrix. Hence
WI(j—1)+a,; 18 the a;jth element in €.

The specific structures of S;;’s are given below.

2 3 . I-1 I
I 2 ... I-2 -1
-1 1 2 .. T2
34 - I 2
2 3 .- I-1 I |

Si = {WN\A{wm;,wrzi1}, {wmk,, w21} where k; is determined by az, = I
S = {{wig-1yrey} 1 1<G S Lj#i}U {Qj 1<j<Ij# z} U{Q, {wr i} {wrea)}
Sig = S'Vi=1,2,--- 1
The agents’ beliefs about the states are given by the following functions. Vi =
1,2,--,1,
(I-1)Wifn=1({-1)4+1o0rw, € Qu_nyw)\ {wI(i_ng} 1
i (W) = I(I-1)-1)W ifn=12+2 ,Wzm

w otherwise

To see that the belief of agent i is well defined, note that the number of elements
in Q_nyw is I, hence there are I states which are put with probability (/ —1)W.
Since there is only one state with probability (27 (I —1) — 1) W, the number of the

states with probability W is I? + 2 — I —1 = I (I —1) + 1. Thus, Zﬂ'i (w) =

Ix(I-

we

DWH+IxQII-1)-1D)W+TI-1)+1)xW=4I(I-1)W =1.

The equilibrium with the prices and trades given below is what we look for - the
one in which there is a strong and common expected bubble at period 1 in state W,

P (w) = Vwel

Py (wn) = 0 ifn=~FP+1lorn=1%?+2
2\Wn) = 2 otherwise

P3(wn) _ {04 lfHGQD }

otherwise

\V/’L:]_,Q, ,],VWEQ,QIH(W) :xig(w):()

Tip(wp) =R 0 ifn=IrF+1lorn=1*+2 pVi=1,2,---,1
-1 otherwise
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Observe that neither the prices nor the trades reveal any addition information with
the settings above.

It can be similarly checked following the procedures described in the two-agent
example that the above prices and trades constitute a rational expectations equilibrium.
And since at period 1 in state Wy, each agent knows that he will receive nothing at

the end of period 3, given the positive price of 1 at period 1, there exists a strong

bubble in this equilibrium.
Note that m!™X (wﬂﬂ) = (2. To see that this bubble is robust to common knowl-

edge in the expected sense, we need to check that Vi = 1,2,--- [ [.Vw € Q1 >
L Z 7; (w') d (w'). Note that for agent 1, either he will observe {wy,, wr2,1},

Z milw) w'eshX (w)

w/GSPlX (w)

or he will observe O\ {wrk,,wrzy1}. If it is the first case, his expected dividend will
be %O + %O = 0; If it is the second case, his expected dividend will be %4 +
41(1211()1__253(21_1)0 =3 1—4 m— In either case, the expected dividend is less than the price.
Therefore, the bubble at period 1 in state W, is a common expected bubble.
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