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In "The Equity Risk Premium: A Pmxle', Mehra and Prescott (1985) developed an Arrow- 
Debreu asset pricing model. They rejected it because it could not explain high enough equity risk 
premia. They concluded that only non-Arrow-Debreu models would solve this 'puzzle'. Here, I 
re-specify their model, capturing the effects of possible, though unlikely, market crashes. While 
maintaining their model's attractive features, this allows it to explain high equity risk premia and 
low risk-free returns. It ~1oes so with reasonable degrees of time preference and risk aversion, 
provided the crashes are plausibl;/severe and not too improbable. 

1. Introduction 

In 'The Equity Risk Premium: A Puzzle', Rajnish Mehra and Edward C. 
Prescott (1985, p. 145) wrote: 

'Restrictions that a class of general equilibrium ~odels place upon the 
average returns of equity and Treasary bills are ~ound to be strongly 
violated by the U.S. data in the 1889-1978 period. This result is robust to 
model specification and measurement problems. ~Ve conclude that, most 
likely, an equilibrium model which is not an Arrow-Debreu economy will 
be the one that simultaneously rationalizes both historically observed 
large average equity return (sic) and the small average risk-free return.' 

I believe that their conclusion is too drastic and that their puzzle can be 
solved. The solution involves noting that, while some sp~ification changes do 
not affect their results, other simple changes do. In particular, by specifying 
Mehra and Prescott's model to include a low-probability, depression-like third 
state, I can explain both high equity risk premia and low risk-free returns 
without abandoning the ,M'row--Debreu paradigm. 

*For me.ny helpful discussions, I thank Charles Whiteman, Robert Forsythe and the members 
of the Ph.D. seminar at the University of Iowa during the fall of 1986. I also thank Charles Plosser 
and an anonymous referee for insightful comments on an earlier draft of this paper. 

03~4-3932/88/$3.50© 1988, Elsevier Science Publishers B.V. (Noz~J-Holland) 
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The motwation for adding the third state is simple. Risk-averse equity 
owners demand a high return to compensate for the extreme losses they may 
incur during an unlikely, but severe, market crash. To the extent that equity 
returns have been high with no crashes~ equity owners have been compensated 
for the crashes that happened not to occur. High risk premia should not be 
puzzling in such a world. 

2. 'Pne consumption asset Wgcing model 

Mehra and Prescott model a frictionless pure exchange economy with a 
single representative agent and a single perishable consumption good pro- 
duced by a single productive unit or 'tree'. There are two assets, an equity 
share in the tree and a risk-free asset. The tree yields a random dividend each 
period and the equity share entitles its owner to that dividend in perpetuity. 
The risk-free asset entitles its owner to one unit of the consumption good in 
the next period only. 

Tradinf~ in competitive markets, the agent maximizes 

....) .1. 

subject to the budget constraint: 

c t =  y t e , _ l  + pT( e t_ l  - e , )  + f t _ l  - pftft, (2i 
where c t is the agent's consumption in period t, fl is the agent's subjective 
time discount factor, U(-) is the agent's utility function, E0(- ) is the mathe- 
matical expectation operator conditional on information in period zero, y, is 
the tree's dividend in period t, p~ and pt t are the prices of the equity and 
risk-free asset in period t, and e t and f ,  are the agent's equity and risk-free 
asset holdings in period t. 

The first-order conditions for this problem are 

= + P : + I ) ,  
(3) 

p:U'(c , )  = E,OU'(c,+,) ,  

Market cleating implies 

c, = Y  t, et = 1, f~ = O, for all t. (4) 
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The agent displays constant relative risk aversion as given by the utility 
function 

c :~ - ~ ) -  1 
m = !.-.' (5) 

where a is the parameter of relative risk aversion. When a = 1, the utihty 
function is iogarithmie. 

The production levels, Yt, and, thus, the consumption levels, c,, evolve 
through time according to 

Yt+ l "~" Xt+ lYt ~" Ct+ l '  (6) 

where xt+~¢ {hl , . . . ,hn}  ~ R  + is the gross growth rate, which follows an 
ergodie Markov process, i.e., 

Prob(xt+l = ~,j I x, = hi) = ¢,/. (7) 

"Fnis pr~ess allows the apparent non-stationafity we observe in the per capita 
consumption stream over the sample period. It also implies that consumption 
is autocorrelated and re aliTations of the growth rate affect all later consump- 
tion levels° 

In this model, the expected utility in eq. (1) exists if, and only if, the matrix 
A, whose elements are given by aiy = f l ~ o - , o ,  is stable. This also e~tablishes 
that a Debreu competitive equilibrium exists. 1 

The period t asset prices may be expressed as functions of the current state, 
(Yt, xt), by 

X a p-(y,,x,) + : (y ,+ .  )}, 

pf(y,, x,) = Et { fl(Yf+~)(Yt)}, 
(8) 

where Yt and Yt+1 have been substituted for ct and ct+ :, al~d yf~ and Yt+'~ 
have been substituted for U'(c,) and U'(ct+l), respectively. 

Note that Yt and x s are sutiieient for forecasting Yt+l and x~+ 1 and that the 
forecast depends only on the levels of Yt and x,, not on the period. Therefore, 

l See Mehra and Prescott (1984, 1985). If the t = 0 consumption level is c and its growth rate is 
?~i, the discounted expected utility t periods in the future is given by 

Eo(Ufc,)) = (A,A'-I,: -~- #9/0 - a}, 
where A, is the ith row of A and t is a column vector of ones. Thus, the infinite sum in (X) will 
converge only when ,4 is stable. 
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we ca,~ ~e-define the state as (~-, i) when Yt = c and x t = X~, and then re-write 
(8) as 

pole. ~)--,  E ~.:(xj~)-°[p°(Xjc. J)+ ~jc] ~o, 
j = l  

/'~ p/ 

p~(c.i) = a E %(~'.F)-°(¢°) = t ~ Z %x;  °, 
j=Z j = l  

(9) 

by substituting c and ~,jc for Yt and Yt+l when the growth rate is hi, and then 
summing over transition probabilities. 

Since the equity's price is homogeneous of degree one in c, it may be written 
as 

pe(c,i)=wic, (10) 

where w~ is an undetermined coefficient. Substituting into (9) yields 

n 

w , = f l E % X ~ - ' ~ ) ( w j + a )  for i = 1  . . . . .  n. (1i)  
j = l  

T~us may be re-written in matrix notation as 

w=A(w+,), (12) 

where w is the column vector of w~'s, L is a column vector of or~es and A is the 
matrix defined above. The stability of A implies tiffs system has a unique, 
positive solution. Lucas (1978) showed that *.here is only one equilibrium 
pricing equation in this context. Since we have found a solution for the as:,et 
pricing function in eqs. (10)-(12), we have found the unique asset pricing 
function. 

If the current state is (c, i) and the next state proves to be (hjc,  j ) ,  the 
equity's return becomes 

p°(Xjc, j) + xjc-p°(c.i) Xj(wj+ i) 
r. ~ = -- 1. (13) 
'J p ° ( c , i )  w~ 

Thus, when the current 

n 

Re= E dpijr~, 
j = l  

and the risk-free asset's 

f m  
R i - 

state is (c, i), the equity's expected return is 

return is 

1 -pf(c,i) 1 
pf(c,i) pt(c,i) 

(14) 

(15) 
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The Markov chain's stationary probabiht~es, z, ~ R "+, exist and satisfy 
~. . .  ,~r~, where ]~i~r~ = 1 and ~pr= (,eji}- Using these, the ur:::,:,nditiona! ex- 
pected re tunls  of  the equity and the risk-free asset are 

/7 n 

R °= E  ,Rr and R'= E (16) 
i = I  i f f i i  

"!he exv~cted equity risk premium is R ~" - R f. 

3. Mehra  and Prescott 's two- and four-state specifications 

For  testing, Mehra a.~ad Prescott specified their model  with either two or 
four states. Using the method of  moments~ they estimated the parameters of  
the consumpt ion  process by matching its mean, variance and first-order 
autocorrelat ion with the corresponding sample moments  from Umted  States 
consumpt ion  data. Using these estimates and eqs. (10)-(16), they calculated 
each specitication's predicted risk premium for given risk preference, parame- 
ters (a ' s )  and  time preference parameters (/~'s). Finally, they searched for a 
values between zero and tez, and fl values between zero and one that gave 
bo th  a reasonable risk-free return and a reasonable risk premium when 
compared  to the United S ta t~  economy. 2 

They found that the sample mean of  the consumption level's g~oss growth 
rate was 1.018, it~ standard deviation was 0.036 and its first-order autocorreLa- 
tion was - 0 . 1 4 .  The ~ o n o m y ' s  annual average risk-free return was 0~80 
percent  and the annual average equity return was 6.98 percent. The average 
risk p remium was 6.18 percent with a standard error of  1.76 percen t )  

In  a two-state specification for the consumption growth process, they found 
that 0.35 percent  was the largest risk premium corresponding to a risk-free 
re turn between 0 and 4 percent. Varying the parameters between reasonable 
limits raised the risk premium only t¢ 6.39 percent [Mehra and Prescott (1985, 
pp.  154-160)]. They tested an alternate *,w~state specification in which equity 

2Mehra and Prescott's data covered the period from 1889 to 1978. They used the 
Kuznets-Kendrick-USNIA measure on non-durables - ~  s~5~c~ for real per capita consump- 
tion; the annual average Standard and PooF~ Composite Stock Price Index, the annual dividends 
on this index and the consumption price deflator on non-durables and services to find the equhy's 
return; and the same consumption deflator and the yields on ninety-day Treasury Bills, from 193~ 
to I978, Treasury Certificates from 1920 to 1930 and sixty- to ninety-day prime commerdal pape~ ~ 
from 1889 to 1920 to find the risk-free asset's return. 

3Here, Mehra and Prescott assume that U.S. Treasury bills are risk-free or, more correctly, that 
U.S. Treasury bill returns are a reasonable proxy for risk-free returns. I will make the same 
assumption. The evidence to date suggests this is reasonable. [The govermnent did not default on 
its obligations during the sample period, which included the Great Depression Further, Fama 
(1975, 1976) shows that inflation rate innovations have caused very little uacertainty in real 
returns.] If we allow the possibility of government default, the true risk premium will be $reater 
than 6.18~, but the papers main results still hold. As the examples in section 4 wili show, Mehra 
and Prescott's mode! can explain high risk premia when appropriately specified. 
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owners~ who bear a.ll the risk~ receive only one tenth of the (fi~6dend on 
average. This inci°eased the risk premium only 0.1 percent. 4 A four-state 
specification yielded risk premia ranging from 0.35 to 0.39 percent [Mehra and 
Prescott (1985, pp. 154-t60)]. 

Thus, for acceptable risk-free returns and risk aversion parameters, these 
specifications predict risk premia that are much smaller than the risk prerrfium 
actually observed. This is the puzzle posed by Mehra and Prescott. 

4. The t!n'ee-state specification 

The Mehra-Prescott specifications zi~a:/s assume that consumption growth 
rates are symmetric about their mean and they fall above their mean as often 
as they fall below. Thus, in their two-state zp~ification, ti~es are always 
either good or poor, with the eqmty returns slightly higher or lower than 
average. In their four-state specification, times are good, poor or average, with 
average times twice as likely as either good or poor. 

While equity returns vary little from the norm in good and poor t;~mes, we 
also observe rare bad times or crashes, when consumption fall~ drastically and 
equity returns are far below average. Incorporating a low-probability, depres- 
sion-like t_hird state ~a Mehra and Prescott's model not only captures the 
effects of these crashes, it also solves their puzzle. 5 

To specify a three-state version, assume x t ~ { )~x, X2, 2~3 }, where 

~ = 1 + # + 8 ,  

h 2 = l  + / ~ - ~ ,  

)k 3 = ~(1 + ~), 

and ~ is a fraction or a combination of the other parameters such that 
~ 3 " ( h 2 < h l  0 

4 Here, Mehra and Prescott used a security whose dividend in period t + 1 is the tree's actual 
dividend minus a fraction of its expected dividend. Tlais fraction is assumed to be committed as of 
time t. If 0 is the fraction of the tree's expected dividend which is committed, the price of the 
security becomes 

, , j (X,c)  p (Xjc, j )  + c X , - o  _ *,kcXk c°  
j= l k=l .1 

This can be written in the form pC(c, i) -- wlc, where 

w i = B ~ ¢ , j h .  ° •+Xj-0 ¢~kXk • 
j I "= k = l  

In particular, Mehra and Prescott set 0 = 0.9 so that 90 percent of the expected dividend is 
committed, leaving all of the risk to the borne by the security owners who receive oMy 10 percent 
of the dividend on average. See Mehra and Prescott (1985, pp. 157-158). 

5Two state spech'icat/ous in which one state represents 'normal'  growth and the other, low 
probability, state represents the crash were rejected because they allow no variance in 'norra;d ~ 
growth. 
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Let the transition probability matrix be 

q~ 1 - C - T /  i l  
~b= 1 - ¢ - ~ 1  ¢ . (17) 

1/2  1/2 

Interpret states 1 and 2 as the 'normal' states and state 3 as a one-time 
crash. A crash will only follow states 1 or 2, and then only with the low 
probability of 71. It never occurs twice in a row. 6 For simplicity, states I and 2 
follow a crash with equal probability. With A 3 low, consumption falls drasti- 
cally when a crash occurs. After a crash, the consumption growth rate returns 
to normal, though a crash WIll effect all future consumption Ievels. 7 

The corresponding stable probabilities are 

"/r ----- 

1/(2(1 + ~)) 

1/(2(1 +71)) 
• q/(1 + ~) 

(18) 

The consumption growth rat¢'s expected value is then 

(1 + ~¢)(1 +/~) 
E(x,)  = (1 + , )  ' 

its second moment about zero is 

(1 +.¢2)(I +~)'+,2 
E(x~) = (1 + , )  ' 

(19) 

(2o) 

6Settin8 ~ .  ~ 0 implies that, while consumption can remm to its pre-crash level only after an 
extended period, its grow.'h rate returns immediately to normal. Tiffs is certainly more plausible 
than consumption returning ~ m m e d i a t e l y  to  its pre-crash level, but may still be unrealistic. Setting 
¢33 > 0 would allow extended periods of exceptionally low growth. This would make the equity 
riskier and, thus, allow lower (more reasonable) risk aversion parameters and lower crash 
probabilities to explain the observed risk premium. 

7This is easily seen by picking a reference year and calling it year zero. Consumption in period 
T > 0 is given by 

T 
cT~C o II x t. 

t-- I 

Thus, all past grow~, rates, including any past crashes, affect c T. Further, one c~a determine how 
many ' average" growth yeats are requited for consumption levels to recover from the cr~h Set 
x~ = ~,~, cr= co and :~, = M L for t > I (where M~ is the mean grc, s growth rate). Then solv~ ~ 
above equation for T- I to get the number of'average' growth years for a complete recovery. For 
examples 1, 2 and 3, consumption recovers 38, 16 and 255 average growth years after a crash 
respectively. 
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and its moment with itself once lagged (again about zero) is 

62(2ep - 1 +r/) + (1 +/~)2(1 - r/+ 2rift) 
E(xtxt- ')= (1 +~1) (20 

Estimating the three-state process 

To estimate risk premia, estimators of the parameters ~:, ~ and q~ must be 
derived for given crash probabilities 01's). First, the specification chosen for 
the parameter q, must be substituted into eqs. (19)-(21). If the resulting 
equations can be inverted to give real solutions for the parameters, the desirexl 
estimators can be derived using the m~:thod of moments, s Then, for any 
particular risk aversion and time prefereac~ parameters, the risk premium may 
be found from eqs. (11)-(16). Some examples follow. Each was chosen so that 
eqs. (19)-(21) can be inverted easily. 

For each of these examples, I calculated risk premia and risk-free returns 
co~espondk~g to various parameters. Using a gxid search, I found that 
maximum risk prer~um subject to the constraints that ~t ~ [0.0001,0.2], 
a ~(0,10], /3~(0,1), the risk-free return is between 0 and 3 percent, 
and the matrix A is stable. I also found the parameter configurations that 
met these constraints while giving risk premia between 5 and 7 percem. My 
results are summarized in the tables with each example. 

Examplel: ik=k,  0 < k < I - 8 / ( 1 + / ~ )  

In this example, ~3 = k(1 + #) < ~t 2 < h 1 (given 8 > 0) and, therefore, is a 
crash state~ Substituting q, = k into (19)-(21) yields the following estimators: 

a--  (1 +,7)Jul/(1 + g~) - ~, (22) 

6 =  [(1 + ~I)M 2 - (1 + rik2)(1 +/2)2] 1/2, (23) 

.~2 ]/ ~;~= [(1+,7)M3-(1-~+ 2~k)(1 +~ +(1-,1)V 2g ~, (24) 

provided that (23) has real solutions. In these equations, M I and M 2 are the 
sample mean and second moment (about 0) of the consumption growth rate; 
M 3 is the sample moment of consumption with itself once lagged (again about 
0). 

SEstimators in terms of the mean, variance and first-order autocorrelation may also be found, 
but the algebra using the moments about zero is more convenient. 
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Table ! 

~'3 =" (I +/~)/2) (Output fall:~ to one-half of i~ norm~ expected value dur/ng a 
crash.) 

Maximum risk premia for valid crash probabilities 

Ma~,fimum Corresponding Corresponding Corresponding 
Crash risk risk aversion time preference risk-~e 

?roL abiliD • premium parameter parameter return 
(n) (almttal ~) (or) (/3) (ann~al ~) 

0.0001 7.25 10.00 0.997 2,98 
0.0002 11.98 10.00 0.920 2.75 
0.0003 15,45 9.85 0.890 1A9 
0.0004 20.~ 10.00 0.800 2;02 
0.0005 25.23 10.00 0.750 1.88 
0.'0006 29.53 10.00 0.700 2.61 
0.0007 30.29 9..85 0.700 ~ 67 
0.0008 35.61 9.95 0.650 0.1: 
0.0009 ~.69 10.00 0.600 1.53 
0.0010 40.70 9.85 0.600 1.40 
0.0020 70.56 9.95 0.400 0.48 
0.0030 91.33 9.95 0.300 2,23 
0.0040 104,34 9.90 0.250 2.41 

aHerc ~'3 is the gross growth rate in output during a crash year and (1 + #) is the average gross 
growth rate during "normal" years. 

For k = 0.5, output falls about as much in one crash year as it did in the 
first three years of the Great Depression. 9 Table 1 gives the maximum risk 
premJa and the corresponding a's,  f l 's  and risk-free returns for all valid T/'s in 
the grid search when k = 0.5 [i.e., all 7;'s for which (23) has real solutions]. For 
each 7, table 2 shows the a and fl ranges that gave risk premia between 5 and 
7 percent and risk-free returns between 0 and 3 percent. Notice a risk aversion 
parameter as low as 4.7 can lead to both a reasonable risk preafium and a 
reasonable risk~free return. Some particularly interesting parameter se~s are 
given the table 3. They are some of the a and p combinations that give 
risk-free returns and risk premia that are very near those found in the 
economy. Notice that, as expected, the risk aversion parameter needed to 
explain the risk premium decreases as the probability of a crash increases. 

9To pu'~ these disasters in perspective, consider how they would compare to the worst disaster in 
the sample period, tim Great Depression. If, in one year, production were to fall as much as it did 
during the entire Great Depression, the resulting disaster would be similar to example 1. [Real per 
capita industrial production fell to 52~ of its original value between 1929 and 1932. tt  surpassed 
its 1929 value in 1940. The gross growth rate during the recovery period (1932-40) averaged 1.1.] 
Similarly, if, in one year, consumption were to fall as much as it did during the entire, great 
depression, ".he resulting disaster would be similar to example 2. [Real per capita personal 
consumption expenditures fell to 78~ of its Original level between 1929 and 1933. It surpassed it~ 
1929 value in 1939 with an average gross growth rate of 1.04 over the recovery period (1933-39).] 
See the United States Department of Commerce (1973). 

J.Mon-- E 
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Table 2 

h 3 ,~ (1 +/~)/2. a (Output falls to one-half of its norm~ expected value during a 
crash.) 

Risk aversion and time preference par~ter ranges ~at  yield :,zk premia between 5 and 7 
percent with risk-free rettmas under 3 percent for v',~d crash probabilities 

Crash Risk aversion Time preference 
probability parameter parameter 

(~,) (a) range (~) range 

0 . ~  -- 

0.0002 8.85-9.00 0.991-0,999 
0.0003 8.20-8.50 0,989-0.999 
O.fFJ04 7,70-8.10 0,989-0,999 
0.C~5 7.30-7.80 0.980-0.999 
0.0006 7,09-7,60 0.980-0,999 
0.0007 6.~9-7.35 0.980-0.999 
0.0008 6.65=1.20 0.980-0.tY99 
0.0009 6.50-7°05 0.970-0.999 
0.0010 6.35-6.85 0.970-0.999 
0.0020 5.50-6.00 0.970-0.9~:~9 
0.0030 5.00--5.45 0.960-0.999 
0.0040 4.70-5.15 0.960-0.980 

aHere h~ is the gross growth rate in output during a cr~h year and (1 + ~) is the average gross 
growth rate during 'normal' years. 

Example [: 

Table 3 

~3 ~ (1 +/~)/2. a (Output falls to one-half of its normal expected value during a 
crash.) 

Parameter configurations that give risk-free returns and risk ~remia 
very ~ear the economy's sample values 

Risk Time Corresponding Corresponding 
Crash aversion preference risk-free risk 

probab~ty parameter parameter return premium 
(,~) (a) (/~) (annual ~) (annual ~) 

0,0008 7.05 0.997 0.77 6.36 
0,0008 7,00 0.999 0,82 6.18 
0.0999 6,90 0.994 0,87 6,38 
0.0009 6.90 0.995 0.77 6,38 
0.0009 6,85 0,997 0.83 6.19 
0.0009 6.85 0.998 0.73 6.19 
0.0010 6.75 0.993 0.88 6.34 
0.0010 6.75 0.994 0.78 6.33 
0.0010 6.70 0.996 0.84 635 
0.0010 6.70 0.997 0.74 6.14 
0.0010 6.65 0.999 0.79 5.96 
0.0020 5.75 0.989 0.83 5.92 
0.0020 5.75 0.990 0.73 5.92 
0.0030 5.30 0.980 0.89 6.15 

aHere ?~s is the gross growth rate in output during a crash year and (1 +/~) is the average gross 
growth rate during "normal' years. 
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Table 4 

Example 2: 1~3 ffi 0"75"a (Oulput fails to three-fourths of its previous value du.dag a cras~h.) 

Maximum risk premia for valid c r ~  probabili~es 

Maximum Co ."responding Corresponding Correspom4ing 
Crash risk risk aversion time preference risk-free 

probability premium parameter parameter return 
(7) (annual ~) (~,) (,8) (ar~ual ~) 

0.0001 0.23 1.75 0.999 2.99 
0.0002 0.23 1.75 0.999 2.99 
0.0003 0.23 1.75 0.999 2.99 
0.0004 0.23 1.75 0.999 2.99 
0.0005 0.23 1.75 0.999 2.98 
0.0006 0.23 1.75 0.999 2.98 
0.0007 0.23 1.75 0.999 2.98 
0.0008 0.23 1.75 0.999 2.98 
0.0009 0.23 1.75 0.999 2.98 
0.0010 0.23 1.75 0.999 2.98 
0.0020 0.24 1.75 0.999 297 
0.0030 0.25 1.75 0.999 2.97 
0.0040 0.25 1.75 0.999 2.% 
0.0050 0.26 1.75 0.999 2.95 
0.0060 0.26 1.75 0,999 2.94 
0.0070 0.27 1.75 0.999 2.94 
0.0080 6.37 10.00 0,992 Z97 
0.0090 6.89 10.00 0,989 2.14 
0.0100 7.45 10o~ 0.980 1.96 
0.0110 8.08 10,00 0.960 2.97 
0.0120 8.65 10.00 0.950 2.98 
0.0130 9.14 10.00 0,950 1,95 
0.0140 9.66 10.00 0.940 2.08 

aHer~ A3 is the gross growth rate in output during a crash year. 

Tab!~ 5 

Example 2: ~3 =~ 0.75: (Output falls to three-fourths of its previous value during a crash.) 

Risk aversion and time preference parameter ranges that yield risk premia between 5 and 7 
percent with risk-free returns under 3 percent for valid crash probabilities 

Crash Risk aversion Time preieren¢~ 
probability parameter patan~ter 

(~) (a) range (fl) :range 

0.0008 9.75-10.0 0.992-0,999 
0.0009 9.40-10,0 0.989-0,999 
0.0010 9.10-9.80 0.9°,'9-0.999 
0.01t0 8.80-9.60 0.980-0.999 
0.0120 8.55-9.40 0.980--0.999 
0.0130 8.30-9.20 0.9~.-0.999 
0.0140 8.15-9.05 0.98(*-0.999 

aHete h 3 is the gross growth rate in output during a crash year. 
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Table 6 

~,3 = 0.75.~ (Output falls to three-fourths of its previous vMue during a crash.) 

Parameter configurations that g/ve risk-free returns and risk premia 
very near the economy's sample valuez 

Risk Time Co r r e s po nd i ng  CorrespondL-lg 
Crash aversion preference risk-free risk 

~robability p a r a m e t e r  parameter return premium 
(~) (~) (fl) (annual %) (annual ~) 

0.010 9.80 0.999 0.74 6.95 
0.011 9.50 0.999 0.82 6.80 
0.012 9.25 0.999 0.84 6.69 
0.013 9.15 0.995 0.84 6.86 
0.013 9.10 0.997 0.81 6.74 
0.013 9.05 0.999 0.78 6.63 
0.014 9.00 C.994 0.82 6.83 
0.014 8.95 0.996 0.80 6.72 
0.014 ~.90 0.9q8 0.77 0.60 
0.014 8.85 0.999 0.84 6.49 

~Here ~3 is the gross growth rate in output during a crash year. 

Example2: ~ = k / ( l + # ) ,  0 < k < 1 - # - 8  

Here ~'3 = k < )~2 < ~ (given 8 > 0). Substituting 
(19)-(21) yields the following estimators: 

= ( 1  + - . k  - 1 ,  

= k / ( 1  + It) into 

(25) 

~ =  [(1 + ~ ) M 2 - (1 + ~1)2 - ~k2] '/2, (26) 

~=[(1+~l)M3-(1-~)[(l+#)2+~2]-2~lk(1+ft)]/2~ 2, (27) 

provided that (26) has real soh~t.;ons. 
For k = 0.75, consumption fails in one crash year about as much as it did in 

the first four years of the Great Depression. Table 4 gives the maximum risk 
premia and the corresponding a's, fl's and risk-free returns for all valid ~'s 
when k = 0.75. For each 7/, table 5 shows the a and fl ranges that give risk 
prem/a between 5 and 7 percent and risk-free returns between 0 and 3 percent. 
Table 6 gives some parameter sets that correspond to risk-fr~ returns and risk 
premia that are very near those found in the economy. Again the risk aversion 
parameter needed to explain the risk premium decreases as the probability of a 
crash increases. 
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Table 7 

ExampJe 3: A3 =/~.a (AII output is lost except its normal net growth during a crash year.) 

Maximum risk premia for valid crash probabilities 

Maximum Corresponding Corresponding Corresponding 
Crash risk risk aversion time preference risk-free 

Probability premium parameter parameter return 
(.~) (annual ~) (~) (#)  (annual %) 

0.0001 186.83 2.45 0.35 1.42 
0.0002 294.22 2.40 0.2 c 1.09 
O.~Ws03 293.19 2.30 0.25 1.69 
0.0004 382.95 2.30 0.20 2.65 
0.0005 794.45 2.45 0.10 2.96 
0£~q06 1443.85 2.60 0.05 1.7i 
0.0037 291.98 2.10 0.25 !.67 
0.0008 790.84 2.35 0.I0 0.2.2 
0.0009 525.46 2.20 0.15 2.59 
0.O010 789.10 2.30 0.10 0.40 

aHere }'3 is the gross growth r,.to, in output during a crash year and/~ is the expected normal 
net growth rate. 

Table 8 

Example 3: }'3 =/~.a (All output is lost except its normal net growth during a crash year.) 

Risk aversion and time preference parameter ranges that yield risk premia between 5 and 7 
percent with risk-free returns under 3 percent for valid crash probabilities 

Crash Risk aversion Time preference 
probability parameter oaramcter 

(7) (a) range (B) range 

0.0003 1.30-1.35 0.940-0.960 
0,0004 1.20-1.25 0.940-0°960 
0.0005 1.15-1.20 0.940-0.960 
0.0006 1.15 0.940-0.960 
0,0007 1.i0-1.15 0.930-0.960 
0.0008 1,05-1.10 0.940-0.960 
0.0009 1.05 0~940-0,960 
0.0010 1.00-1.05 0.940--0.960 

aHere ~ L~ the gro~ growth rate in output during a crash year and ~ is the expected normal 
net grov~_h rate. 

J.Mon- F 
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Example 3: ~ = ~ / ( t  + ~) 

Here h 3 = # < h2 < ~ .  The estimators are given by 

/2 = M: - 1/(1 + ~), 

g =  [(1 + rl)M2 - (1 +/2)2 - ~/22] :/2, 

~= [(I + ~)M,- (1 + ll)=- ~(/~ 2- 1) + (1 - ~)g=]/2g 2, 

provided that (29) has a positive solution. 

(28) 

"9 (2) 

(30) 

Table 9 

Example 3: h3 =/~.a (All output is lost except its normal net growth during a crash year.) 

ParaLqeter co~_figuratioas that give risk.free returns and risk premia 
very near the economy's sample values 

Risk Time Corresponding Corresponding 
Crash aversion preference risk-free risk 

probability parameter parameter return premium 
(7) (a) (~) (annual ~) (annual ~) 

0.0001 1.590 0.960 0.86 6.17 
0.0001 1.595 0.960 0.75 6.29 
0.0001 1.585 0.962 0.75 6.04 
0.0002 ~ .430 0.956 0.82 6.37 
0.0002 ~.420 0.958 0.83 6.!2 
0.0002 1.425 0.958 0.72 6.24 
0.0002 1.415 0.960 0.73 6.00 
0.0063 1.325 0.956 0.83 6.18 
0.0003 1.330 0.956 0.72 6.30 
0.0003 1.320 0.958 0.73 6.fff, 
0.0004 1.260 0.954 0.85 6.2~ 
0.0004 1.250 0.956 0.86 6.03 
0.0004 1.255 0.956 0.75 6.15 
0.0005 1.205 0.954 0.82 6.22 
0.0005 1.195 0.956 0.82 5.98 
0.0005 1.200 0.956 0.71 6.09 
0.0006 1.160 0.954 0.80 6.17 
0.0007 1o130 0.952 0.82 6.32 
0.0007 1.120 0.954 0.83 6.07 
0.0007 1.125 0.954 0.72 6.19 
0.0008 1.095 0.952 0.86 6.22 
0.0008 1.100 0~952 0.75 6.34 
0.0008 1.090 0.954 0~76 6.09 
0.0009 1.065 0.952 0.89 6.15 
0.0009 1.070 0.952 0.77 6.27 
0.0069 1.060 0.954 0.78 6.02 
0.001,0 1.050 0.950 0.86 6.38 
0.0010 1.040 0.952 0.87 6.12 
0.0010 1.045 0.952 0.76 6.24 
0.0010 1.035 0.954 0.77 6.00 

aHere h 3 is the gross growth rate in output during a crash year and ~ is the expected normal 
net growth rate, 
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This is an unprecedented, but conceivable crash. Because this crash is so 
extreme, its probability must be very low to be consistent with the consump- 
tion series' observed moments (~'s greater than 0.001 are inconsistent). For 
each r/, table 7 shows the maximum ~sk premium and the corresponding a, fl 
and risk-free return. Table 8 shows the a and/3 ranges that give risk premia 
between 5 and 7 percent and risk-free returns between 0 and 3 percent. Table 
9 gives some parameter sets that correspond to risk-free returns and risk 
premia that are very near those found in the economy. Again the risk aversion 
parameter needed to explain the risk premium decreases as the probability of a 
crash increases. Note risk aversion parameters as low as 1 can explain both the 
high risk premium and low risk-free returns. 

4. Conclusions 

In an attemp~ to explain the equity risk premium, Mehra and Prescott 
(1985) developed a frictionless, pure exchange Arrow-Debreu economy. They 
also rejected it on the grounds that it seemed inconsistent with the data. 
Further, they concluded that we will need to abandon Arrow-Debreu type 
asset pricing models to explain both high equity risk premia and low risk-free 
returns. 

In this paper, I specified their model to capture the effects of possible, 
though unlikely, crashes. This specification does not alter the attractive fea- 
tures of their model. The economy is still a finite state version of Lucas' (1978) 
model and still has a Debreu con~?etidve equilibrium with non-stationary 
consumption levels. There are no frictions and no closed markets. But, with 
the addition of a crash state, the model explains both high equity risk premia 
and low risk-free returns; it solves the Mehra-Prescott puzzle. Further, it does 
so with reasonable degrees of time preference and risk aversion provided the 
crash is plausibly severe and not too improbable. 

References 
Fama, E.E, 1976, Inflation uncertainty and expected returns on Treasury bills, Journal of Political 

Economy 84, 427-448. 
Fama, E.F., 1975, Short-term interest rates as predictors of i~qation, American Economic Review 

65, 269-282. 
Lueas, P..E., 1978, Asset prices in an exchange economy, Econometrica 46, 1429-1445. 
Mehra, R. and E.C. Prescott, 1984, Asset prices with nonstationary consumption, Working paper 

(Graduate School of Business, Columbia University, New York). 
Mehra, R. and E.C. Prescott, 1985, The equity premium: A puzzle, Journal of Monetary 

Economics 15, 145-161. 
United States Department of Commerce, 1973, Long term economic growth: 1860-1970 (United 

States Government Printing Office, Washington, DC). 


