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The stability of the rational expectations equilibrium of a simple asset market
model is studied in a situation where a group of traders learn about the relationship
between the price and return on the asset using ordinary least squares estimation,
and then use their estimates in predicting the return from the price. The model
which they estimate is a well-specified model of the rational expectations
equilibrium, but a misspecified model of the situation in which the traders are
learning. It is shown that for appropriate values of a stability parameter the
situation converges almost surely to the rational expectations equilibrium. Journal
of Economic Literature Classification Numbers: 022, 026.

1. INTRODUCTION

This paper addresses the question of convergence to rational expectations
equilibrium. It has been claimed that agents can learn how to form rational
expectations. Grossman and Stiglitz [5] write that, if expectations are not
rational and the stochastic process of the underlying random variables is
stationary,

an individual will eventually observe that the frequency distribution of returns,
conditional on the observable variables, is different from the subjective distribution,
and accordingly, ought to revise his expectations.

This statement is very plausible. However, even if it is accepted, it does not
imply that the revised expectations are rational, or even that multiple
revisions eventually lead to rational expectations. The difficulty is that in
many models with rational expectations equilibria (including that of

* This paper owes much to J. A. Mirrlees and J. E. Stiglitz, who supervised the thesis from
which it is taken. I am also grateful to K. W. S. Roberts and D. Gale for the comments they
gave in the course of examining the thesis. D. M. Kreps and J. M. Harrison were extremely
helpful on probability theory. R. Radner’s detailed comments were invaluable in revising the
paper. All responsibility for errors of course rests with me.
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Grossman and Stiglitz [5]) the objective distribution of variables depends
upon agents’ subjective beliefs about the distribution. Outside a rational
expectations equilibrium the objective distribution of variables differs both
from agents’ subjective beliefs, and from the objective distribution which
would prevalil in a rational expectations equilibrium. Agents may learn about
the relationship between variables, given their current beliefs. However, when
they modify their beliefs in the light of what they have learned, the
relationship changes. Agents may attempt to learn about the relationship,
using Bayesian or classical statistical techniques which are based on =z
correct specification of the rational expectations equilibrium. In doing so
they fail to take into account the dependency of outcomes on beliefs. Their
estimation technique is based on a misspecification of the situation. For
example, in the rational expectations equilibrium of the asset market modej
studied in this paper, the price and return on the asset at different dates form
an i.i.d. sequence of normal random variables. In this situation ordinary least
squares is an appropriate statistical procedure for learning about the
price-return relationship. However, suppose that ageats in the model use
OLS (or any other statistical procedure) to estimate the price—return
relationship outside the rational expectations equilibrium, and use their
estimates in forecasting returns. The stochastic process of price and return is
then neither stationary, nor independent. The use of OLS estimation is inap-
propriate,

Fully rational agents should estimate a correctly specified model, which
takes into account the feedback from forecasts to outcomes. This is likely 1o
entail a complicated learning strategy based on a considerable degree of
understanding of the situation. Qutside the rational expectations equilibrium,
it is not usually rational to use estimation techniques which are based on a
correct specification of the rational expectations equilibrium, such as OLS in
the mode! considered here. Nevertheless the use of such technigques might be
described as reasonable. The major propositions of this paper establish
conditions, for the model presented here, under which OLS estimation
ultimately generates rational expectations.

The model is basically an infinitely repeated version of the
Grossman-Stiglitz [5, 6] model of an asset market with informed and unin-
formed traders. As in the Grossman-Stiglitz model, the informed agents in
this model know how to form rational expectations, giver the information
available tc them. In the Grossman-Stiglitz. model the uninformed traders
also form rational expectations about return, given the price. In this model,
however, the uninformed traders lack the knowledge about the structure of
their world needed to form rational expectations. Instead they estimate the
price—return relationship from past history, using OLS regression, and use
their estimates in forecasting return from price.

Two learning processes are studied. In the first, agents revise the estimates
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used in forecasting return at infrequent intervals. In the second, they revise
the estimates each time a new data point is observed. In both cases
conditions are derived under which expectations are, in the limit, rational.

The model is described in Section 2. Section 3 contains a discussion of the
relationship between forecasts and expectations. The major propositions on
learning are in Section 4. The nature of the parameter which determines
whether the learning processes converge is discussed in Section 5. Section 6
concludes the paper. See Blumeetal [1], for a discussion of the related
literature.

2. THE MODEL

The model is simple and special. There are two types of traders, N, > 0
informed traders and N, >0 uninformed traders. Both types of traders
observe the market price p, at ¢, and the return on the asset r, at a date after ¢
but before ¢ + 1. In addition the informed traders observe information 7, at .
Information I/, may be a vector or a scalar random variable. The asset is
supplied in quantity s, at £. Demand is a function of the asset price and of
traders’ point or mean predictions of the return. Under the assumptions of
the model the informed traders need use only their private information 7, in
forming predictions which are rational expectations, in the sense of being the
correct conditional expectations of return given all the variables, past and
present, observed by the informed traders. The uninformed traders forecast
return from price on the basis of their estimates of the price-return
relationship derived from past history using ordinary least squares.

ASSUMPTION 1. It is common knowledge that {(I,,r,, s,)} is a sequence
of independent, identically distributed, multivariate normal, random variables
which are exogenously determined.

Assumption 1 ensures that, if traders do not revise their beliefs about the
price-return relationship, (p,, r;) is a sequence of i.i.d. random variables.

AsSUMPTION 2. Each informed trader demands

O(E(r | Hi_ys 15 D) — Py (2.1)

where 6, is a strictly positive constant, and H,_,={(,,p.r) "
(I_ys Pi_1>T1_y)} is the history of prices, returns and information known by
the informed traders at t — 1.

This is essentially an ad hoc specification of the demand function.
However, it will be shown that the conditional distribution of r, given the
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information available to the informed traders is normal with constant
variance. The demand function can thus be derived from a constant absolute
risk aversion utility function, in which case

8, = 1/[risk aversion X var(r,| H,_,, 1,, p}}.

Note that the informed traders are assumed to have rational expectations.
The following assumption will be shown to imply that these expectations in
fact depend only on I,. '

ASSUMPTION 3. [t is common knowledge that
E(rt%lnst):E(rt”t)- (2-2}

Assumption 3 ensures that the informed traders can learn nothing about ,
from s, which they do not already know from 7,. The assumption certainly
holds when s, is a component of /,, but is alsc true in other circumstances.

AssumpPTION 4. Each uninformed trader demands
0P| hy_vs ) — P, (2.3)
where 8, is a positive constant, and the uninformed traders forecast r, by
D(r | h_ s p)=a,_ +b,_,p, (2.4)

The forecasting coefficients a,_, and b, _, are functions of h,_; = {{Dy+ ¥ s
(Pi_1>7,_1)}s the history of price and return known by the uninformed
traders at t — 1.

It will be shown that there are numers a* and b* such that, if a, , =a*
and b,_, = b*, the forecast is the rational expectation, in the sense of being
the correct conditional expectation of p,, given the information available to
the uninformed traders atz In these circumstances the conditional
distribution of r, is normal with constant variance, and the demand is that
which would be generated by a constant absolute risk aversion utility
function. However, in general a,_, #a* and b,_, # b*, the forecasts using
these coefficients are not in any sense rational expectations.

ASSUMPTION 5. It is common knowledge that the market clears, and that
the market clearing price p, is determined by supply s,, information 1,, and
the past history of information, price and return H,_,.

Note that he history observed by the informed traders, H, _,, includes the
history observed by the uninformed traders, &, _,.
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3. FORECASTS AND EXPECTATIONS

The two propositions in this section clarify the nature of traders’ forecasts
and expectations. The market is said to be in temporary equilibrium at ¢ if
the asset market clears, in which case

N,O(E(r,|H,_,,1,, p)— p)+N,0,a,_+b,_,p,—p)=s5, (3.1

Note that in temporary equilibrium the uninformed traders do not, in
general, form rational expectations.

ProroSITION 1. In the temporary equilibrium the informed traders’
conditional expectations of r, depend only on their current informationl,.
That is,

E(r|H,_ys 1, p)=E(r,| 1) (3.2)

Proof. Assumption 5 implies that the informed traders realize that p, is a
function of H, ,, I, and s, and so that E(r,|H,_,,I, s, p,)=
E(r,|H,_,,1,,5,). Assumption 1 implies that ({,, r,, s,) is independent of past
history H,_,, and so that E(r,| H,_;,1,,s,)=E(r,|1,,s,)=E(r,|1,) (using
Assumption 3). Thus E(r,|H,_,,1,,s,, p,)=E(r,|1,). Taking conditional
expectations over s, given (H,_.,1,, p,) implies that E(r,|H,_,,1,, p,)=
E(r 1) 1

An identical argument can be used to show that the conditional
distribution of r, given (H,_,,I,, p,) is the same as the conditional
distribution of r, given I,. As (I,,r,) is iid. normal (Assumption 1), this
conditional distribution is normal with constant variance.

Proposition 1 makes it possible to write p, explicitly as a function using
(3.1} and (3.2):

_ x,+N,0,a,_,
h (Nueu +Ni9i)_Nu0ubt71 ’

P, (3.3)

where
x,=N,0,E(r,|1)—s,. (34)
The estimated regression coefficients a,_, and b,_, are functions of past

history %, ,. From Assumption 1 they are independent of (I,,r,,s,). The
term x, is a linear function of (I,, r,, s,). Thus (r,, x,) is bivariate normal and
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x, is independent of A, ,. Thus E(|h,_,, p)=E(r,|x,). Now
E(r,|x,)=Er,if varx,= 0, and if varx, > 0

cov(r,, x,)

E(r| x)=Er + var x,

(x, — Ex,). (3.5}
Eliminating x, from (3.3) and (3.5) establishes Proposition 2.

ProposiTion 2.

E(r/|hy_y» p)=E(r/|x)=0a;_,+b,_\p,, - (3.6)
where

a,_=Er,—(k/N,6,) Ex,~ka, ., 3.7
bioy=kWN:0; +N,0,)/N,6,—kb,_,, (3.8)

k=0 if varx,=0
N 3.9

_Nbyeovlrnx) s o)

var x,

The informed traders always form rational expectations in this model.
Thus the market is in a rational expectations equilibrium if the uninformed
traders also form rational expectations.

DerFiNrTioN.  The market is in a rational expectations equilibrium if it is
in temporary equilibrium and if in addition the uninformed traders’ forecasts
are the correct conditional expectation of r,, give #,_, and p,. This requires
that for all values of p,

D(r b1, p)=EQr | b i, )

1t follows immediately from (2.4} and (3.6) that in a rational expéctations
equilibrium a,_,=a,_, and b,_;=5b,_,. It is easy to verify Proposition 3
from (3.7) and (3.8).

PropoSITION 3. A rational expectations equilibrium exists if k+ —1.
The equilibrium is unique. In the rational expectations equilibrium

Er,— (k/N,8,) Ex ‘
a,q:a;_l:a*z( : §l/+k) ’>, (3.10)
k(N161+Nu9u)

A+kyN,0,

by y=b,_,=b*= (3.11)
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Note that if k=—1 and b, ,=0b,_, (3.8) implies that (N.,6,+N,6,)/
(N,6,)=0. This is impossible as it has been assumed that N;>0, ¥, >0,
#;>0, and 6,>0. Thus if k=—1 no rational expectations equilibrium
exists. This is similar to other non-generic examples of the non-existence of
rational expectations equilibrium (e.g., Kreps [8]).

4. ORDINARY LEAST SQUARES LEARNING

Equations (3.6), (3.7), (3.8), (3.10) and (3.11) establish that the
relationship between price and return is of the form

re=a;_ +bi_p+u, (4.1)
where
u,=r,—E(@,|x,), v (4.2)
at/—lz(l +k)a*—kat_1, (4.3)
b, = +k)b*—kb,_,. (4.4)

The variables {u,} form a sequence of i.i.d. normal random variables; u, is
independent of past history and in particular of a;_, and b;_,. As (r,, X,) is
normal, (4.2) implies that u, is independent of x,. If a;_; and b;_ , were
constants over time equal to aj and bg, the conditions of both the
Gauss-Markov theorem (Johnston [7]), and the assumptions of Zellner [8]
under which OLS constitutes a Bayesian learning procedure, would be
satisfied. The regression coefficients when r, is regressed linearly on p, would
converge in probability and almost surely to a; and b. If the initial forecast
rule yielded rational expectations, (¢, =a* and b, =5%*), OLS estimation
would confirm that the expectations were rational, as in this case aj=a*
and b, =b*. An outside observer could appropriately use OLS to estimate
the price-return relationship in repeated realizations of the rational expec-
tations equilibrium. However, the uninformed agents who use OLS fail to
take into account the fact that the relationship changes as they learn; their
estimation procedure is based upon a misspecification of the situation.

I investigate two different regimes in which the uninformed agents use
estimated regression coefficients in forecastiing. In the first regime studied
traders initially forecast r, by ®(r,|h,_,, p,) = ay + by p,. They continue to
use this forecasting rule for a long period, during which they run a linear
OLS regression of r, on p,. While they use the original forecasting rule the
actual relationship between price and return is r,=a} + by p,+u,. As the
length of the estimation period tends to infinity the estimated values of the
regression coefficients converge almost surely to aj and b;. At some date all
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the uninformed traders simultaneously drop the initial forecasting rule, and
adopt the new rule @(r,|k,_,, p)=a,+b,p, where a,=q and b, = by.
They then start to re-estimate the regression coefficients, ultimately reaching
new probability limits a} and b} and changing the forecasting rule again.

After the mth change of forecasting rule the coefficients are (z,,5,)
which are defined recursively by (a,, b,) and the difference equations

a,=(1+k)a*—ka, (4.5)
b,=(l+k)b*—kb, ,. (4.6)

The elementary theory of difference equations implies:

ProrosiTioN 4. If the estimates are revised periodically, and the
forecasting rule after the mth revision is given by (4.5) and (4.6), expec-
tations converge to rationality (in the sense that a,, tends to a* and b, tends
to b*) if and only if |k} < 1.

In the second OLS procedure studied, traders revise their estimates each
time a new data point is observed. The resulting, highly non-linear stochastic
difference equations are hard to analyze. The problem is rendered tractable
by reducing the number of coefficients estimated by one, by assuming that
the traders know the means of (p,, r,). If the uninformed traders believed the
means to be (p, r), they would regress (r, — r} upon (p,— p). This yields a
forecasting rule of the form &(r,| h,_,, p)=r+b,_(p,— p). Comparing
this with (2.4) shows that here

a,_y=r—>b,_,p. (4.7)

These beliefs about the means of (p,,r,} are rational given the past history
observed by the uninformed traders if and only if E{r,|A,_,})=r and
E(p,\h,_,)= p. Since r, is independent of past history this requires that

r=Er,. (4.8)

From (3.3), (4.7) and (4.8), as x, is independent of k, , and @, _, and b, ,
are functions of &,_,,

Ext + NuHu(Ert - btflp)

E h = . 4.9
(ptl —1) Nu9u+Ni9i—Nz{9ubt—2 4.9)

Rearranging (4.9) implies that p = E(p,| h,_,} if and only if
_ Ex,+N,0,Er, (4.10)

N,0,+ N8,
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Note from (4.8) and (4.10) that as (7,, x,) is i.i.d., if beliefs about means are
correct, (p, r) is not in fact a function of time or past history.

If the uninformed traders have rational expectations about the means of
{(p;» 7). (3.3) and (4.10) imply that

x,—Ex,
Nuau +Ni9i—Nu0ubt~l '

p—pr= 4.11)

In one special case, if the uninformed traders have rational expectations
about the means of p, and r,, they also have rational expectations about the
conditional mean of r, given the information available to them. If var x, =0,
p,= p for all t; no variation in the price is observed, and it is impossible to
regress 7, — r upon p, — p. The uninformed traders’ forecast is

¢(rtlht_”pl):r-b[—l(ptfp):Ert,

which is fully rational, given that the constant price conveys no information.
Assumption 6 eliminates this exceptional case.

ASSUMPTION 6.

var x, > 0. (4.12)

Assumption 7 specifies precisely how the uninformed agents use past
history to define a forecasting rule.

ASSUMPTION 7. The uninformed agents forecast r, by

D(r he_ys P)=a, 1+ b1 Dy (4.13)
where
a, ,=Er,—b, Ep,=r—>b, ,p, (4.14)
p:Ep,:%, (4.15)
and

b :Sobo“”ztl_l(pi‘P)(rf'“r)
ot So+ 217 (2~ p): ’

(4.16)

where 0 < S, < o0 and |by| < o describe the initial beliefs of the uninformed
traders, and are determined exogenously to the model.

If S,=0 (4.16) is the standard ordinary least squares formula for the
regressions of r, — r upon p, — p with zero intercept. The initial value b, can
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be interpreted as the mean, and S,/var u, as the precision of a normal prior

on the coefficient in a Bayesian regression (see Zellner [9]). If S, =0 the

prior is diffuse. It should be noted that the likelihood function which would

be used to give a Bayesian interpretation to (4.16) is misspecified in the

situation in which all the uninformed traders are learning, just as the

classical ordinary least squares model is a misspecification of the situation.
The major proposition of this paper is:

PROPOSITION 5. Given Assumptions 1-7, if k > —1, where
k=N,0,cov(r,, x,)/var x,,

then a, and b, tend to their rational expectations equilibrium values a* and
b* almost surely. In the limit expectations are rational.

Progf. From (3.10), (3.11), (4.14) and (4.15) a, is a continuous function
of b,, and if b, = b*, a,=a*. Thus it is sufficient to show that b, tends to b*
almost surely. This is demonstrated by showing that if £ > —1 and if S, is
defined by

t

St:SO+>:(pi’p)2’ (4.17)
1

(6,,8,) is a time homogeneous Markov Process with the following
properties:

PrROPERTY 1. The random variable b, recurs to every neighbourhood of
b*. That is, for any 6 > 0,

P(|b,— b*| < ¢ infinitely often) = 1.

In addition
P(S,» w)=1

PROPERTY 2. For any 7 in (0,1) and any € > 0, there exist 6 in (0, &)
and N > 0, such that for any (b, S) with |b —b*|Ldand S=N

P(b,—b*| <eforall t >0|by=band Sy=8)>n.

The following argument demonstrates that these two properties imply that
for any ¢ >0, P(|b, — b*| > ¢ infinitely often) =0, and thus that &, tends to
b* almost surely.

Let ¢ be any positive number, let 7 be any number in (G, 1), and let § and
N be such that Property 2 holds. Let E be the event in which §, exceeds &V at
some finite date and |b,— b*| subsequently alternates between being less
than & and greater than ¢ infinitely often. Property 1 implies that, if there is 2

642/26/2-9
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positive probability that |b,— b*| > ¢ infinitely often, then E has positive
probability. It will be shown that £ has probability zero.

Let E, be the event in which this alternion happens at least » times after
S, > N. Formally E, is the event that the stopping time ¢, is finite, where ¢,
is defined by

ty=min{t: |b,— b*| < 4, S, > N},

b= b*| <6, k> 1,

t,=min £ _
i |b; — b*| > ¢ for some i between ¢,_, and ¢,

Note that £, ,cE,, E=( ,E,, and, from Property 1, P(E,) = 1.
Let 4, be the event that |b,—b5*| > ¢ and |b;—~b*| <6 for some finite
i>j>¢t Thus

P(E,,|E,)=P4,]|E,). (4.18)

E, is the past and 4, is in the future of the stopping time #,. Thus from the
strong Markov property

P, |E,) =P, |b,=b,S,=S)dFB.S|E,),  (4.19)

where F(b, S | E,) is the distribution function of (4, , S, ) given E,. Note that
as 7,>0 and, from (4.1) S, is increasing, S, >S,> N. By definition
|b, — b*| <9, so the support of F lies entirely in {5, S ||b—b*| <, S = N}.
For these values of (b, S) Property 2 and the fact the (b,,S,) is time
homogeneous Markov implies that

P, |b,=bS, =S)<1l—-n<L (4.20)
Thus from (4.18)—(4.20),
P(En+1 ’En)zp(At,llEn)< l—m

and so as E,cE, ., and P(E;) =1,

PE,) - §n PE|E, | PE)< (1 -

Thus as 7 € (0, 1),
PEYK lim (1 —n)"=0.
n-00

This establishes that the theorem follows from Properties 1 and 2.
Properties 1 and 2 are shown to hold in the Appendix.
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5. THE STABILITY PARAMETER

The proof that Properties 1 and 2 hold in the Appendix makes repeaied
use of k> —1. If k<1 it is easy to show that (b, —5H*)? is a submar-
tingale; that is, E((b,~b*)*|b,_;,S,_y) > (b,_, — b,)*. This suggests, but
does not prove, that if k < —1, b, not only fails to converge to b*, but is also
unbounded. If this is so the boundary between the two types of behaviour
occurs at precisely the point (k = —1) where there is no rational expectations
equilibrium.

The parameter & is clearly crucial. It is defined in (3.9), but is not given
any interpretation. When the supply s, has zero variance (3.4) and (3.9)
imply that £ has a particularly simple form, & = (V,8,)/(¥,8,). In this case,
given a,_, and b,_,, the price is a linear function of E(r,| I,) and a sufficient
statistic for the information. Thus in the rational expectations equilibrium
®,=a* + b*p,= E(r,|I,). Here k is the equilibrium ratio of uninformed to
informed demand and is non-negative. The period by period least squares
learning rule is therefore stable. The process in which the forecasting rule is
changed only when the estimates reach their probability limits is stable if the
uninformed traders demand less than the informed traders in equilibrium.

If var s, > 0, k can be negative if the return on the asset and its supply are
positively correlated. From (3.9) the stability conditions can be reformulated
as

(N, 8, + N;6)
b uy iYi
TN

implies that —1 < k < 1 so both learning processes are stable, and

b < N,8,+N,8)

NH gu
implies that —1 < k, so period ordinary least squares learning is stable. Thus
learning tends to generate instability if either the ratio N,0,/N,#6, is large so
the uninformed traders dominate the market, or the equilibrium value of the
regression coefficient of price on return »* is large.

6. CONCLUSIONS

The results of this paper suggest that a learning method can eventually
yield rational expectations even if it is based upon a misspecification of the
model in the situation when agents are learning. However—as one might
expect——the stability properties of the system are different for different
learning procedures, and instability seems to be a real possibility.
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These results seem to lend weight to the rational expectations hypothesis.
However, it must be borne in mind that expectations are not rational, and
indeed are biased due to the misspecification of the model which is
estimated, at all finite dates. Rational expectations are, if anything, a long
run rather than a short run phenomenon.

APPENDIX

The Appendix contains the proof that (b,, S,) is a time homogeneous
Markov process, and establishes Properties 1 and 2 as Lemmas4 and 3.
Lemmas 1-3 are used in the proof of Lemma 4.

It is convenient to introduce some more notation, and use it to spell out
the relationship between (b,, S,) and (b,_,, S,_,). The history of the model is
determined by the price at each date (4.11), the estimation rule (4.16), the
initial values (b,,.S,) and the realizations of the exogenous ii.d. normal
random variables (r,, x,). Let

v,=(x,— Ex)/N,6,, (A1)
u,=r,—E(r;| x,), (A.2)
c,=(N,0,+N,0,)/N,6,—b,, (A.3)
c*=(N,8,+N;0)/N,0,—b*. (A4)

From (3.11)
c*=(N,6,+ N;8)/(N,0,(1 +k))=b*/k. (A.5)

Note that ¢, is a linear function of b,, and |c, —c*|=]|b,— b*|. Note also
from (A.5) that, if k> ~1, ¢* is strictly positive. From Assumption 1
{{u,,v,)} is a sequence of ii.d. zero mean normal random variables; u; is
independent of v,. From Assumption6 varp,>0. Finally as k=
N,8, cov(r,, x,)/var x,, (3.5), (4.8), (A.1) and (A.2) imply that

r,—r=kv,+u, (A.6)
and from (4.11), {A.1) and (A.3)

p,—p=v/c, ;. (A7)
Equations (4.16), (A.5), (A.6) and (A.7) imply that

_ Solco—c*)—k )1 (Wife;- 1) (e —€*) = i vui/ei
= So+ 3 0/, ) (A8

¢,—¢
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Equations (4.17) and (A.8) can be used to write {(c,, S,) as a function of
c*, ¢ 15 Sy, u and v,
(coy = ™IS, — k(v,/e, )} —vaule,
S+ /e ) ’
S, =8, + /e (A1)

c,—c*¥=

(A.5)

These are the equations which serve to define the stochastic process {c,, S,).
As c* is constant and {(u,,v,)} is i.id. it follows immediately from (A.9)
and (A.10) that (c,,S,) is a time homogeneous Markov Process. It is
obvious from (A.3) and (A.4) that (b, S,) is also a time homogeneous
Markov Process.

To complete that notation let (2, #, P) be the probability space on which
all the random variables are defined, and let .#, be the smallest sub-sigma
field of on which (r{,x;),..., (r,, x,) are measurable. Then & <. #, ... and
(¢ 8,y u,,v,) is F, but not #,_| measurable.

LemMMmA L. If k# —1 the event in which b,_, tends to any limit apart
from b* has probability zero.

The intuitive argument here is that if the coefficient used in forecasting
b,_, converged to b, the conditional expectation of r, — r would converge to
((1 + k)b* —kb)(p,— p). Thus the OLS estimator would converge to
(1 +k)b* —kb. Unless b=>b* this contradicts the original assumption that
b,_, tends to b.

Proof. As |c,—c*|=|b,_ ,—b*| the lemma can be proved by showing
that ¢, almost surely does not tend to any limit other than ¢*.

Suppose that there is an event of positive probability on which ¢, tends to
¢, c# 0 and ¢ # ¢*. If this is so the strong law of large numbers implies that
there is an event G of positive probability on which

! 1
coe  —>uviool —Nup,-0
T i t

Thus on G
1 1
— Y @/ei ) oy —‘< Yupier -0,

Lt
1

1 i
— Y e ) (e — ¢¥) = (@) e ),
1
implying that the right-hand side of (A.8) tends to —k{c — ¢*) while the left-
hand side tends to ¢ — ¢*. This is impossible unless ¢ = ¢*.
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If ¢ tends to O with positive probability, for any & > 0 there is a date n and
event G’ on which, for all # > n, |c,| <&, and using the strong law of large
numbers

HI

1 t
TZ (v/e, )= as - oo
+

From the Cauchy—Schwarz inequality

1 t 1/2
<o) (7 X ud)
t n+1

1~

1
7 (viuifc;_y)

1

1

+

Thus from (A.8)

—(L+k)e*|/t+ k| we + (w)*(Cp. 41)'”

% < SulCn
e, — (1 +k)c*| < S

Taking limits as ¢ tends to infinity all terms on the right-hand side of this
inequality tend to zero except

1 t
W, = 00 and - > ui-o;.
+

Thus the right-hand side tends to |k| e. If ¢ is sufficiently small and £ # —1
this is inconsistent with the initial supposition that |¢,| < € unless in fact ¢,
tends to ¢c*=0. 1

Lemma 2 makes use of the Martingale convergence theorem possible.

LEMMA 2. If k> —1 there exist real functions [ defined on R, and g,
and g, defined on R**, with the following properties:

(1) f is continuous, decreasing on x<0, and

increasing on x > 0. f(0)=0. (A.11)
(i) Forall >0, —0 < g,(5) <c* < g,(5) < o0. (A.12)
(iii) For all § >0, g, is non-decreasing and g, is non-
increasing. (A.13)
(iv) lim g,(S)= lim g,(S)=c*. ' (A.14)
ool S0

(v) Ife,yisnotin (g,(S, 1) &S ))

E(fle,—c*) | F )< femr— %) (A.15)

The function f(c,—c*) is a measure of the “distance” of ¢, from c¥*,
(A.11). Note from (4.17) and Assumption 7 that .S, > 0 for all £ > 0 almost
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surely. Thus (A.12) and (A.15) imply that f(c, — ¢*) satisfies the supermar-
tingale property except in a neighbourhood of ¢*. The critical neighbourhood
becomes smaller as §,_, increases (A.13), collapsing on c¢* as §,_, tends to
infinity {A.14).

The rigorous proof of this lemma is a tedious exercise in calculus. (See
Bray |2 or 3] for details.) The argument is suggested by noting that, given
any ¢,_; # 0, (A.9) implies that if S,_, is sufficiently large, ¢, is likely to be
closer to ¢* than ¢,_,. There are apparent difficulties when ¢, _, is ciose to
zero. In these cases (v/c,_,)* is likely to be large, and ¢, —c* =~
—k{e,_; —c*) =~ kec*. These difficulties are avoided by choosing f so that
[lke*) < f(=c*).

Lemmas 1 and 2 are used in the proof of Lemma 3.

LemMa 3. Ifk>-—1and S, >0, ¢, almost surely visits (g,(So), £,(8¢))
infinitely often.

Progf. The proof begins by showing that the first date at which ¢, enters
(g:(55), 82(S0)), t,, is almost surely finite. Define ¢] by ¢, = ¢, if £ ¢,, and
¢, =¢, if t>1,. Note that t, is a stopping time, and that ¢; is .F
measurable. It follows immediately from Lemma 2, (A.11), (A.13) and
(A.15), that E(f(c, —c*)[F,_ )< flejy—c*); fle, —c*) is a positive
supermartingale. Thus from the Martingale Convergence Theorem {Chung
[4, corollary to Theorem 9.4.4]) f(c; — c*) almost surely tends to a finite
limit.

If ¢, is infinite ¢} = ¢, for all ¢, in which case, if f(c] — ¢*) tends 1o a finite
limit, f(c, — ¢*) does so also. Given (A.11) this implies that ¢, is bounded.
Now from (A.9)

(1 +k)e,, — Wi/t +e, vt
et {201 ((wife; )Yt + el S/t

Recall that, as (u,, v,) is i.i.d. normal,

le;—ciql=

1 f
N y?——»gz

z o
1

vl/t-0, wvu/t—0, and

- almost surely,
1
Thus if ¢, is bounded, |¢, — ¢,_,| tends to zero almost surely. From (A.11) if
f(c,~ c*) tends to a limit and |¢, —¢,_,| tends to zero, ¢, tends to a limit, If
1, is infinite ¢, is not in (g,(S,), 8,(S,)) for any ¢ In this case {A.12) implies
that, as ¢* is in (g,(S,), £,(S,)), ¢, cannot tend toc*. Thus if there is
positive probability that ¢, is infinite there is positive probability that ¢, tends
to a lmit other that ¢*. However, (Lemma 1) the probability that ¢, tends to
any limit other that ¢* is zero, so ¢, is almost surely finite.

Now define the sequence of stopping imes &, f,,... recursively by letting 7,
be the first date after £,_, at which ¢, is in (g,{5), g,(8,)). From {4.17), 5,
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is non-decreasing with time, so S, >8,> 0. As (c,, ;) is Markov the
argument used to establish that ¢, is finite establish that, if ¢, is finite, ¢, , is
almost surely finite. Thus ¢z, is almost surely finite for all n. Finally note
from (A.13) that as S, >S,. (g(S,) &(S,)) is a subinterval . of
(81(S0): §2(S0)), s0 ¢, is in (&,(S¢), §2(Sy)) for an almost surely infinite
sequence of stopping times {z,}, which proves the lemma. N

Property 1 is now established by proving Lemma 4.

Lemma 4. Forany 6 >0
P(|b,— b*| < d infinitely often) = 1. (A.16)
In addition
P(S,~ o0)=1. (A.17)

Progf. The proof begins by showing that (A.17) holds. Note from (A.l)
and (A.7) that as var v, >0, p, — p+# 0 almost surely, and so from (4.17),
even if S;=0, §, >0 almost surely. Thus, as the process is Markov, the
dates can always be renumbered so that S, > 0.

Lemma 3 implies that there is a sequence of stopping times {¢,}, such that
c,, is in (g,(Sy), &,(S,)) for all n. Let

¢ = max(| &,(So)} [£:(S,)]) < 20 (A.18)

Thus from. (A.10), as S, is a sum of non-negative terms

[ee] [e o]
lim S, > Z (Ut,,+1/ct,,)2> (Z Utz,,-f—])/crzn' (A.19)
im0 n==0 n=0

{t,} is almost surely an infinite sequence of stopping times defined relative to
the stationary independent stochastic process {(u,,v,)}. Thus from the
optional stopping theorem for such processes (Chung [4, Theorem 8.2.3])
v, .1 is a sequence of i.i.d. variables with the same distribution as v,. As v,
has zero mean and strictly positive variance

[e0)
> v,  almostsurely
n=1

and so from (A.19) S, tends to infinity almost surely.
Using (A.14) this implies that there is, almost surely, a finite date u such
that

c* =9 < gi(S,) <c* < gy(S,) <c*+4.
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Renumbering time starting at u, and using the Markov property, Lemma 3
implies that [c,—c*| < infinitely often. As |b,—b*|=|c,—¢*| this
establishes that (A.16) holds. §

Property 2 is shown to hold by proving Lemma 3.

LemMa 5. If k> —1 then for any nin (0, 1), and any ¢ > 0, there exists
6> 0 and N > 0, such that for any (¢, S) with ¢ —c*|<Sand S=N

P(le,—c*|<eforall t >0]co=c*8,=8) >

As |¢,—c*|=|b,—b*|, and the process {(c,, S,)} is time homogeneous
Markov, this is equivalent to Property 2.

Progf. Heuristically the argument proceeds as follows. Equation {A.8)
shows that if ¢, ~c* and S, is sufficiently large, c,~c* for a long time
after 0. From (A.9) if k > —1, ¢, is in fact likely to move closer to ¢* as time
progresses. If ¢, ~ ¢* for a long time, the model has been close to its rational
expectations equilibrium, the OLS estimator is likely 1o be close to its
rational expectations equilibrium value b*, and so ¢, is likely to continue
close to ¢*.

The lemma is proved by defining new variables (d,, ¢,) by

€, =Cq» (A.20)
d,—c* = Soleo —c*) =k 31 wi/ei_1)(eis —25*) —Yiviue (A21)
So+ 25 (vfe )
and
e,=c*+ 2 if d,>c*+ 2,
e,=d, if Jd,—c*| <2, (A.22)

e,=c*—2¢ if d,<c*—2e
There is no loss of generality in restricting attention to ¢ < 3¢* (recall that
c* is strictly positive). In this case

0<ce*—2ee, Lc* +26 < 2™ {A2D)

These bounds will be used extensively later in the proof,

Comparing (A.8) and (A.20)~(A.22) it is clear that, if |e,—c*|<e¢,
t=1, 2,.., T, then ¢,=d,=e,, and so |¢,—c*| < e for r=1, 2,.., T. It can
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be shown by an induction argument that if |k| < 1, sufficient conditions for
le,—c*| < e, and thus for |¢,—c¢*| <& on t=1, 2,.., T are

lco—c*| <6 =z8(1 — k)
and
[yl <e,=3e(1—|kl), t=1,.,T,
where

2iviue
So+ 21 /e, )

If k > 1, sufficient conditions for |e, — ¢*| < &, and thus for |c, —c*| < & on
t=1,2,.,T are

Y= (A.24)

o= c*|<6=3¢/(1+ k)
|y <e,=38/(L+k), t=1.,T,
'Zt| <6z51/ka t=1,..., T,

where y, is defined by (A.24) and

_ (vt/et—l)z
MY (0o ) (423

See Bray [2 or 3] for details of these arguments.

The proof of the lemma is completed by showing that for any ¢, > 0 and
g, > 0, if §, is sufficiently large, there are events D, to D;, such that |z,| < ¢,
and | p,| < e, for all £ on ();_, D;, and P(();_, D;) > . To this end let n be
a positive integer and define events D, — D by

D, = {w: v} < (c* —2¢)* S, for all £ < n},

el

Z(v u;je;_ l)l —Sye,forallt < nf,

vl 1 (c* —2¢)?
w:Tt<7(—c>‘<—+—2—52—aﬁszforallt>n

1 t
gw -3 v,2>—a forallt>n
r 1

oLE,

W for all l‘
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where
Lovu,
=) 4t A.26)
0=Y - (A26)
Now observe from (A.23) and (A.25)
(c* + 2¢)? v?

2 < (c* —2e)*  Solc* +2e) + 3 v?

soon Dy, ift<n

2
2] < =i < 5,
Sole* —2¢)> ~ ¢
and on D, D,, if t>n
(c* +2e)? v/t e
=207 (Tiopft =™

Thus on D,ND;N D, |z < ¢, for all t. On D,, if ¢ <n, from (A.24)

2, <

t
AR IS vufe;

i

1
/SQ < “E‘ gy < Sy.
It is easy to check from (A.26), using a simple induction argument, that
f i
Z (Uiui/ei—l) =(@+1) Q.- l Q.

Thus on D, D, N D,, if t >n,

127'1(Uiui/ei~1)l+ {(t+1)[Q;|+Z§,\Q,~l}(€*+28)z/f<F
Sp (i)t v

[7.1<

Thus on (;_, D, |y,]<e, and |z,| <&, for all . The proof concludes by
showing that there exists an n such that, if §, is sufficiently large,
PO, D)>m.

Observe that as {v,} is i.i.d. and Ev? =62 < oo,

v;/t—0 as f— o0 as. (A2T)

t
<§: v?)/tq 6. as tow a.s. (A.28)

1

Note also from (A.26), that as u, and v, have zero mean, and are
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independent of each other and of past values of u,, v, and e;, Q, is a
Martingale, and

2

EQ}=0l0 VE(I/ze, )< —tKE o 28)2 Z(l/l)2

Thus from Kolmogorov’s inequality for Martingales (Chung |4, Corollary 1
to Theorem 9.4.1]), if 2 > 0

oo,
P( max |0,/ <2)>1 W~ (1/i)%. (A.29)

Thus, from (A.27)-(A.29), if n is sufficiently large
PD) > (@4+m)/5,  i=3,4,5 (A.30)

Note also that

; (viuife;y)

is a Martingale, and so using Kolmogorov’s inequality for Martingales, for
any 1 >0

2.2
n g, 0,
P(tn}ax e ) <A>>1———-——”—L——.
=1t

AP (e* — 2e)?

Thus, given n, if S, is sufficiently large

P(D,) > (4 +m)/S. (A.31)
As {v} is iid., if S, is sufficiently large

P(D)) > (4 +n)/5. (A.32)

Thus from (A.30)-(A.32), there exists an n such that, if S, is sufficiently
large

P @D,.)':P <L:)D{) <iP(D,f) <l-z

(Here D] is the complement of the event D, in £2.) Thus, as required,

(o)
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