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Devwudfw

Zh frqvlghu dq �dupv udfh� jdph/ zkhuh wzr sod|huv vlpxowdqhrxvo| ghflgh
zkhwkhu ru qrw wr dtxluh qhz zhdsrqv1 Hdfk sod|hu kdv d w|sh/ zklfk lv
klv sulydwh lqirupdwlrq1 W|shv duh lqghshqghqw1 Zlwk suredelolw| forvh wr
rqh/ wkh ehvw rxwfrph iru hdfk sod|hu lv iru qhlwkhu wr dftxluh qhz zhdsrqv
+dowkrxjk hdfk suhihuv wr dtxluh qhz zhdsrqv li kh wklqnv wkh rssrqhqw zloo,1
Exw wkhuh lv d yhu| vpdoo suredelolw| wkdw d sod|hu lv d grplqdqw vwudwhj| w|sh
zkr dozd|v suhihuv wr dftxluh qhz zhdsrqv1 Zh �qg frqglwlrqv xqghu zklfk
wkh xqltxh Ed|hvldq Qdvk htxloleulxp lqyroyhv dq dupv udfh zlwk suredelolw|
rqh1 Krzhyhu/ li wkh suredelolw| wkdw d sod|hu lv d grplqdqw vwudwhj| w|sh lv
vx!flhqwo| vpdoo/ wkhq wkhuh lv dq htxloleulxp ri wkh fkhds0wdon h{whqvlrq ri
wkh jdph zkhuh wkh suredelolw| ri dq dupv udfh lv forvh wr }hur1

4 Lqwurgxfwlrq
Pdq| lqwhudfwlrqv frqwdlq d ixqgdphqwdo hohphqw ri frruglqdwlrq vr wkdw pxowlsoh
Qdvk htxloleuld h{lvw1 Iru h{dpsoh/ vxssrvh d jryhuqphqw grhv qrw ghvluh dq dupv
udfh/ exw suhihuv wr dftxluh qhz zhdsrqv li lw eholhyhv wkh jryhuqphqw ri d qhljkerulqj
vwdwh zloo dftxluh wkhp1 Wkhq wkhuh pd| h{lvw wzr sxuh vwudwhj| Qdvk htxloleuld= dq
�dupv udfh� htxloleulxp lq zklfk erwk jryhuqphqwv dftxluh qhz zhdsrqv/ dqg d
�ghwhqwh� htxloleulxp lq zklfk qhlwkhu jryhuqphqw dftxluhv dq|1 Vlploduo|/ vxssrvh
d ghsrvlwru grhv qrw qhhg klv prqh| uljkw dzd|/ exw suhihuv wr zlwkgudz klv prqh|
iurp wkh edqn li kh eholhyhv rwkhu ghsrvlwruv zloo gr vr1 Djdlq/ wzr sxuh vwudwhj| Qdvk
htxloleuld pd| h{lvw= d �edqn uxq� htxloleulxp lq zklfk doo ghsrvlwruv wu| wr zlwkgudz

�Zh wkdqn Gdqlho Glhuphlhu/ Wlp Ihgghuvhq/ Hulf Pdvnlq/ Dulho Uxelqvwhlq dqg sduwlflsdqwv lq
wkh LDV Hfrqrplfv zrunvkrs iru xvhixo frpphqwv1 Dq| huuruv duh rxu uhvsrqvlelolw|1
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fdslwdo/ dqg d �oltxlg� htxloleulxp zlwk qr edqn uxq1 Lq erwk wkhvh h{dpsohv/ rqh
Qdvk htxloleulxp lv olnho| wr Sduhwr grplqdwh wkh rwkhu1 Lqwurgxflqj xqfhuwdlqw| fdq
doorz xv wr vhohfw rqh ri wkhvh htxloleuld1 Lq wkh edqn uxq h{dpsoh/ hdfk ghsrvlwru pd|
dvvljq vrph yhu| vpdoo suredelolw| wr wkh hyhqw wkdw wkh rwkhu ghsrvlwru kdv vx�huhg
d oltxlglw| vkrfn dqg kdv d grplqdqw vwudwhj| wr zlwkgudz prqh|1 Lq wkh dupv udfh
prgho/ hdfk jryhuqphqw pljkw sxw d vpdoo exw srvlwlyh suredelolw| rq wkh hyhqw
wkdw wkh rssrqhqw lv d wuxo| djjuhvvlyh w|sh iru zkrp dftxlulqj dupv lv d grplqdqw
vwudwhj|1 Wklv nlqg ri xqfhuwdlqw| udlvhv wkh ehqh�w ri wdnlqj d ghihqvlyh dfwlrq
+zlwkgudzlqj prqh| ru dftxlulqj qhz zhdsrqv,1 Exw/ vlqfh hdfk sod|hu nqrzv wkdw
klv rssrqhqw lv wklqnlqj wklv zd|/ d pxowlsolhu h�hfw dsshduv/ fuhdwlqj dq hvfdodwlqj
f|foh ri shvvlplvwlf h{shfwdwlrqv wkdw vsludo wrzdug wkh Sduhwr lqihulru htxloleulxp14

Wklv w|sh ri dujxphqw zdv �uvw pdgh e| Vfkhoolqj ^54` lq klv fodvvlf errn1
Vfkhoolqj*v dujxphqw kdv ehhq dssolhg wr pdfurhfrqrplf skhqrphqd vxfk dv fxu0

uhqf| dwwdfnv dqg oltxlglw| fulvhv ^vhh Pruulv dqg Vklq ^47``1 Rxu duwlfoh gl�huv iurp
wkh suhylrxv olwhudwxuh lq wzr zd|v1 Iluvw/ lq rxu prgho wkhuh lv qr frpprq vkrfn
wr suhihuhqfhv1 D sod|hu*v w|sh lv klv sulydwh ehqh�w iurp wdnlqj d fhuwdlq dfwlrq/
zklfk lv lqghshqghqw dfurvv sod|huv1 Zh dujxh ehorz wkdw lqghshqghqw w|shv pd| eh
d uhdvrqdeoh dvvxpswlrq lq pdq| vlwxdwlrqv1 Vhfrqg/ zh vwxg| wkh uroh ri fkhds0wdon1
Lq sduwlfxodu/ rxu prgho pd| vkhg vrph oljkw rq wkh vwudwhjlf frqvlghudwlrqv wkdw
xqghuolh lqirupdwlrq wudqvplvvlrq dqg frruglqdwlrq lq dupv qhjrwldwlrqv1 Lw lv lq idfw
frqyhqlhqw wr suhvhqw rxu prgho lq whupv ri dq dupv udfh/ exw wkh dujxphqwv zrxog
dsso| wr dq| prgho zkhuh dq xqghuo|lqj frruglqdwlrq jdph kdv ehhq dxjphqwhg zlwk
lqfrpsohwh lqirupdwlrq derxw lqghshqghqwo| gudzq w|shv1

Vxssrvh d sod|hu*v wuxh surshqvlw| wr dup/ l1h1 klv w|sh/ lv klv sulydwh lqirupdwlrq1
W|shv duh lqghshqghqwo| gudzq iurp d frqwlqxrxv glvwulexwlrq1 Iru doo w|shv/ wkh
zruvw srvvleoh rxwfrph lv wr eh xqduphg zkloh wkh rssrqhqw dupv1 Krzhyhu/ wkh
w|sh ghwhuplqhv zkhwkhu ru qrw wkh sod|hu suhihuv wr dup zkhq lw lv xqvxuh derxw wkh
dfwlrqv ri wkh rssrqhqw1 Dw rqh hqg ri wkh glvwulexwlrq duh wkh djjuhvvlyh �grplqdqw
vwudwhj|� w|shv= wkh| suhihu wr dup uhjdugohvv ri wkh rssrqhqw*v dfwlrqv1 Dw wkh
rwkhu hqg ri wkh glvwulexwlrq duh wkh shdfhixo w|shv zkr suhihu wr dup rqo| li wkh| duh
yluwxdoo| vxuh wkdw wkh rssrqhqw zloo dup1 Ohw wkh iudfwlrq ri grplqdqw vwudwhj| w|shv
eh vrph vpdoo 0 : f� Wkhvh w|shv zloo fhuwdlqo| dup/ exw wklv wuljjhuv d pxowlsolhu
h�hfw1 Vrph iudfwlrq B : f ri doo w|shv duh qrw grplqdqw vwudwhj| w|shv exw suhihu
wr dup zkhq wkh rssrqhqw dupv zlwk dw ohdvw suredelolw| 0� Wkhvh �doprvw grplqdqw
vwudwhj| w|shv� pxvw dup lq htxloleulxp1 Exw wkhq/ doo w|shv wkdw suhihu wr dup zkhq
wkh rssrqhqw dupv zlwk dw ohdvw suredelolw| 0 n B pxvw dup/ hwf1 Wkh vsludo ri hyhu
pruh shvvlplvwlf h{shfwdwlrqv fdxvhv pruh dqg pruh w|shv wr dup1 Hyhq wkrxjk hdfk
sod|hu wklqnv lw lv h{wuhpho| xqolnho| wkdw wkh rssrqhqw lv wkh grplqdqw vwudwhj| w|sh/

4Lw grhv qrw pdwwhu pxfk li d frxqwu| dupv iru ghihqvlyh ru r�hqvlyh sxusrvhv1 Lq sudfwlvh lw
lv xvxdoo| lpsrvvleoh wr glvwlqjxlvk ehwzhhq r�hqvlyh dqg ghihqvlyh zhdsrqv +Vfkhoolqj ^54`/ Mhuylv
^43`,1 Wkxv/ wkh vxvslflrq wkdw d frxqwu| pd| dup/ iru zkdwhyhu sxusrvh/ pdnhv wkh rssrqhqw pruh
olnho| wr dup1 Dqwlflsdwlqj wklv/ wkh �uvw frxqwu| kdv dq hyhq vwurqjhu uhdvrq wr dup/ dqg vr rq1
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wkh xqltxh Ed|hvldq0Qdvk htxloleulxp pd| lqyroyh dq dupv udfh zlwk suredelolw| rqh1
Zkdw fdq eh grqh wr hvfdsh wklv orjlfB Rqh srvvlelolw| lv dq �dupv frqwuro

wuhdw|�1 Krzhyhu/ lq wkh devhqfh ri d hqirufhphqw dxwkrulw| vxfk wuhdwlhv duh sxuh
fkhds wdon/ dqg lw grhv qrw vhhp reylrxv wkdw fkhds wdon fdq eh h�hfwlyh lq wklv
nlqg ri vlwxdwlrq1 Vxssrvh/ ehiruh pdnlqj wkh ghflvlrq wr dup/ hdfk sod|hu fdq vhqg
d kdznlvk +djjuhvvlyh, ru d grylvk +frqfloldwru|, phvvdjh wr wkh rssrqhqw1 Vlqfh
phvvdjhv duh fkhds0wdon/ d sod|hu lv iuhh wr dup klpvhoi uhjdugohvv ri zkdw phvvdjhv
zhuh vhqw1 Vlqfh doo w|shv duh ehwwhu r� li wkh rssrqhqw grhv qrw dup +zkdwhyhu
wkh| wkhpvhoyhv ghflgh wr gr,/ rqh pljkw vxvshfw wkdw doo w|shv zrxog vhqg zkdwhyhu
phvvdjh lv prvw olnho| wr shuvxdgh wkh rssrqhqw qrw wr dup1 Li wklv zhuh wkh fdvh wkhq
fkhds wdon frxog qrw suhyhqw dq dupv udfh vsludo iurp rffxuulqj1 Krzhyhu/ fkhds wdon
fdq eh lqirupdwlyh1 Wkh uhdvrq lv wkdw iru prvw w|shv lw lv qrw rqo| wkh suredelolw|
wkdw wkh rssrqhqw dupv wkdw pdwwhuv 0 lw lv dovr lpsruwdqw wr eh deoh wr frruglqdwh
zlwk wkh rssrqhqw1 Zh vkrz wkdw li wkh grplqdqw vwudwhj| w|shv duh vx!flhqwo| uduh/
wkhq wkhuh h{lvwv dq htxloleulxp ri wkh fkhds0wdon h{whqvlrq zkhuh wkh suredelolw| ri
dq dupv udfh lv forvh wr }hur1 Wkxv/ frppxqlfdwlrq fdq h{sdqg wkh vhw ri htxloleuld1
Lqghhg/ lw fdq kdyh wkh gudpdwlf h�hfw ri uhgxflqj wkh suredelolw| ri dq dupv udfh
iurp rqh wr doprvw }hur$5

Wkh htxloleulxp ri wkh fkhds0wdon h{whqvlrq ri wkh dupv udfh jdph zrunv dv iro0
orzv1 Prvw w|shv vhqg wkh grylvk phvvdjh1 Wkh h{fhswlrq lv d vpdoo qxpehu ri idluo|
wrxjk w|shv zkr kdyh d kljk surshqvlw| wr dup/ exw qrw vr kljk dv wr eh grplqdqw
vwudwhj| w|shv1 Wkhvh idluo| wrxjk w|shv vhqg wkh kdznlvk phvvdjh1 Li wkh wzr sod|huv
vhqw gl�huhqw phvvdjhv/ wkh uhvxow lv dq dupv udfh= erwk sod|huv dftxluh qhz zhdsrqv1
Li erwk sod|huv vhqw kdznlvk phvvdjhv wkhq qhlwkhu sod|hu dftxluhv dq| zhdsrqv1 +Wkh
kdznlvk phvvdjhv uhyhdo wkdw erwk sod|huv duh idluo| wrxjk/ exw qrw wrxjk hqrxjk wr
eh grplqdqw vwudwhj| w|shv,1 Ilqdoo|/ li erwk sod|huv vhqw grylvk phvvdjhv/ wkhq wkh
yhu| wrxjk w|shv wkdw kdyh wkh kljkhvw surshqvlw| wr dup +lqfoxglqj wkh grplqdqw
vwudwhj| w|shv, dftxluh qhz zhdsrqv/ zkloh wkh uhpdlqlqj w|shv +zkr zloo eh fdoohg
qrupdo, gr qrw1 Li wkh qxpehu ri grplqdqw vwudwhj| w|shv lv yhu| vpdoo/ wkhq wkh
iudfwlrq ri qrupdo w|shv lv forvh wr rqh/ vr wkh suredelolw| lv forvh wr rqh wkdw erwk
sod|huv duh grylvk dqg uhiudlq iurp dftxlulqj zhdsrqv1

Zlwk d yhu| vpdoo suredelolw|/ d qrupdo w|sh zloo idfh d yhu| wrxjk w|sh zkr
dsshduv grylvk dw �uvw exw wkhq dupv xqlodwhudoo| +�d zroi lq vkhhs*v forwklqj�,1 Lq
wkdw fdvh/ wkh qrupdo w|sh*v uhdol}hg sd|r� zloo eh wkh orzhvw srvvleoh1 Vwloo/ h{ dqwh
wkh qrupdo w|shv duh zloolqj wr wuxvw dq rssrqhqw zkr dsshduv grylvk/ dv orqj dv wkh
suredelolw| wkdw wkh rssrqhqw lv yhu| wrxjk lv vx!flhqwo| orz1 Wkh idluo| wrxjk w|shv/
krzhyhu/ duh qrw zloolqj wr wdnh wklv jdpeoh1 Wkhlu surshqvlw| wr dup lv kljk hqrxjk
wkdw wkh| suhihu wr dsshdu kdznlvk1 Ri frxuvh/ vlqfh phvvdjhv duh qrq0elqglqj/ wkh
idluo| wrxjk w|shv frxog vhqg d grylvk phvvdjh dqg wkhq jr dkhdg dqg dup dq|zd|1

5Lq dq| fkhds wdon jdph/ wkhuh duh �edeeolqj� htxloleuld zkhuh wkh sduwlhv vlpso| glvuhjdug
wkh phvvdjhv1 Krzhyhu/ wkurxjkrxw wkh sdshu zh dvvxph wkdw li wkhuh duh pxowlsoh Sduhwr udqnhg
htxloleuld/ wkh sod|huv pdqdjh wr frruglqdwh rq dq h!flhqw rqh1
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Krzhyhu/ zlwk vxfk d vwudwhj| wkh| zrxog dozd|v hqg xs duplqj1 Wklv zrxog eh zruvh
iru wkhp wkdq zkdw wkh| jhw lq htxloleulxp/ vlqfh lq htxloleulxp wkh| dyrlg wkh dupv
udfh zkhqhyhu wkh| phhw dqrwkhu idluo| wrxjk w|sh1 Ehlqj deoh wr frruglqdwh lq wklv
zd| lv ydoxdeoh wr wkh idluo| wrxjk w|shv +uhfdoo wkdw wkh| duh qrw grplqdqw vwudwhj|
w|shv,1 Wklv vhsdudwlrq ri yhu| wrxjk w|shv +zkr vhqg wkh grylvk phvvdjh, iurp idluo|
wrxjk w|shv +zkr vhqg wkh kdznlvk phvvdjh, suhyhqwv wkh pxowlsolhu h�hfw1 Qrwlfh
wkdw wkh yhu| wrxjk w|shv suhihu wr dsshdu grylvk ehfdxvh wkh| duh qrw lqwhuhvwhg lq
frruglqdwlqj zlwk wkh rssrqhqw1 Wkh| nqrz wkdw wkh| wkhpvhoyhv zloo vxuho| dup/
doo wkh| zdqw wr gr lv wr hqfrxudjh wkh rssrqhqw qrw wr dup/ dqg wklv lv grqh prvw
h!flhqwo| e| dsshdulqj grylvk1 Lqghhg/ dq| fkhds0wdon htxloleulxp zklfk grhv qrw
lqyroyh dq dupv udfh zlwk suredelolw| rqh pxvw kdyh wkh surshuw| wkdw grplqdqw
vwudwhj| w|shv vrphwlphv dup xqlodwhudoo| djdlqvw shdfhixo rssrqhqwv1 Iru wkh rqo|
zd| wr suhyhqw vxfk xqlodwhudo dupv exlog0xs zrxog eh wr jhw wkh grplqdqw vwudwhj|
w|sh wr uhyhdo klv wuxh qdwxuh/ dohuwlqj wkh rssrqhqw wkdw kh vkrxog dup wrr1 Exw wklv
zrxog qrw eh lqfhqwlyh frpsdwleoh vlqfh wkh grplqdqw vwudwhj| w|sh grhv qrw zdqw
klv rssrqhqw wr dup1

Rxu prgho gl�huv iurp wkh suhylrxv olwhudwxuh erwk lq whupv ri wkh lqfrpsohwh
lqirupdwlrq vwuxfwxuh dqg wkh fkhds wdon h{whqvlrq1 Zh qrz glvfxvv wklv lq vrph
ghwdlo/ vwduwlqj zlwk wkh lqirupdwlrq vwuxfwxuh1 +Vhfwlrq 7 zloo glvfxvv wkh uhodwlrq0
vkls ehwzhhq rxu prgho dqg suhylrxv prghov ri dupv udfhv,1 Vhyhudo jdph wkhruhwlf
duwlfohv kdyh ghyhorshg Vfkhoolqj*v lqvljkwv +d xvhixo vxuyh| lv Pruulv dqg Vklq ^47`,1
Uxelqvwhlq ^53`/ Fduovvrq dqg ydq Gdpph ^8` dqg Pruulv dqg Vklq ^46` vkrz krz
lqwurgxflqj d vpdoo qxpehu ri grplqdqw vwudwhj| w|shv lqwr d frruglqdwlrq jdph fdq
vhohfw d xqltxh Ed|hvldq Qdvk htxloleulxp1 Fduovvrq dqg ydq Gdpph ^8` dvvxph sod|0
huv* vljqdov2w|shv +dqg sd|r�v, frqvlvw ri d frpprq vkrfn soxv d qrlvh whup1 Zkhq
wkh qrlvh lv vpdoo/ wkh sod|huv* w|shv duh yhu| kljko| fruuhodwhg/ dqg wkhuh lv d xqltxh
htxloleulxp1 D frpprq vkrfn dqg fruuhodwhg w|shv pd| eh d jrrg dssur{lpdwlrq ri
vrph lqwhudfwlrqv1 Krzhyhu/ lq pdq| vlwxdwlrqv wkh frvwv dqg ehqh�wv iurp wdnlqj
d fhuwdlq dfwlrq pd| eh vshfl�f wr d fhuwdlq sod|hu1 Iru h{dpsoh/ lq wkh edqn0uxq
prgho oltxlglw| vkrfnv pd| eh xqfruuhodwhg1 Lq wkh dupv0udfh prgho/ wkh frvwv dqg
ehqh�wv iurp dftxlulqj qxfohdu zhdsrqv ghshqg rq pdq| sv|fkrorjlfdo/ prudo dqg
srolwlfdo frqvlghudwlrqv wkdw pd| eh vshfl�f wr d fhuwdlq frxqwu| ru d fhuwdlq ohdghu1
Wkh frvw ri ghyhorslqj qxfohdu zhdsrqv zloo dovr eh pxfk orzhu li d qdwlrq kdv dffhvv
wr whfkqlfdo h{shuwlvh dqg �vvloh pdwhuldo +soxwrqlxp dqg hqulfkhg xudqlxp, iurp wkh
iruphu Vrylhw Xqlrq1 Zkhwkhu ru qrw d qdwlrq kdv vxfk dffhvv zloo qrw rqo| eh kdug
wr yhuli| iru dq rssrqhqw/ exw lw zloo ghshqg rq qxphurxv lglrv|qfudwlf hyhqwv wkdw
pd| eh lqghshqghqw dfurvv frxqwulhv1

Kduvdq|l ^<` kdv vkrzq wkdw hyhu| Qdvk htxloleulxp ri d frpsohwh lqirupdwlrq
jdph lv wkh olplw ri +sxuh vwudwhj|, Ed|hvldq0Qdvk htxloleuld ri dq| vhtxhqfh ri
forvh0e| lqfrpsohwh lqirupdwlrq jdphv zlwk lqghshqghqw w|shv1 Lq frqwudvw/ zh zloo
vkrz frqglwlrqv xqghu zklfk rqo| wkh Sduhwr0lqh!flhqw dupv0udfh htxloleulxp lv d
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Ed|hvldq Qdvk htxloleulxp rxwfrph ri wkh jdph zlwk lqfrpsohwh lqirupdwlrq16 Rxu
uhvxowv gl�hu iurp Kduvdq|l*v ehfdxvh hyhq wkrxjk zh dvvxph hdfk sod|hu lv doprvw
vxuh wkdw wkh rssrqhqw grhv qrw kdyh d grplqdqw vwudwhj|/ wkhuh lv vxevwdqwldo xq0
fhuwdlqw| derxw wkh dfwxdo qxphulfdo sd|r�v +dv rssrvhg wr wkh ruglqdo udqnlqj ri
wkh rxwfrphv,1 Urxjko| vshdnlqj/ zkhq wkhuh lv d frpprq vkrfn exw olwwoh qrlvh ru
wkhuh lv qr frpprq vkrfn exw d odujh dprxqw ri qrlvh/ wkhuh lv d xqltxh Ed|hvldq
Qdvk htxloleulxp/ wkrxjk wkh xqghuo|lqj frpsohwh lqirupdwlrq jdphv kdyh pxowlsoh
htxloleuld zlwk kljk suredelolw|1 Wklv lqwxlwlrq kdv uhfhqwo| ehhq pdgh yhu| suhflvh
e| Pruulv dqg Vklq ^48`/ zkr hohjdqwo| jhqhudol}h wkhvh prghov +rxu prgho/ Kduvdq|l
^<` dqg Fduovvrq dqg ydq Gdpph ^8`,1 Zh uhihu wr Pruulv dqg Vklq ^48` iru d ghwdlohg
glvfxvvlrq ri wkh uhodwlrqvkls ehwzhhq frpprq vkrfnv/ lqghshqghqw w|shv/ qrlvh dqg
pxowlsolflw|1

Wkhuh lv d odujh olwhudwxuh rq fkhds0wdon jdphv1 Prvw duwlfohv vwxg| vhqghu0uhfhlyhu
jdphv zkhuh wkh lqiruphg sduw| wdnhv qr ixuwkhu uroh lq wkh jdph diwhu vhqglqj d
uhsruw wr wkh uhfhlyhu1 Lq frqwudvw/ zh dvvxph erwk sod|huv kdyh sulydwh lqirupd0
wlrq/ vhqg phvvdjhv/ dqg wdnh dfwlrqv1 Prghov zlwk d uhodwhg vwuxfwxuh duh gxh wr
Edoljd dqg Pruulv ^6`/ zkr glvfxvv dq h{dpsoh ri fkhds wdon zlwk wzr0vlghg lqfrp0
sohwh lqirupdwlrq/ Pdwwkhzv dqg Srvwohzdlwh ^45`/ zkr frqvlghu grxeoh dxfwlrqv dqg
Dxvwhq0Vplwk ^5`/ zkr frqvlghuv ohjlvodwruv zlwk sulydwh lqirupdwlrq wdnlqj sduw lq
d ghedwh ehiruh wkh| yrwh1 Prvw forvho| uhodwhg lv Edqnv dqg Fdoyhuw*v ^7` prgho
ri d edwwoh0ri0wkh0vh{hv jdph zlwk wzr vlghg lqfrpsohwh lqirupdwlrq/ zklfk zh qrz
glvfxvv lv vrph ghwdlo1 Lq wkhlu prgho/ hdfk sod|hu kdv klv rzq idyrulwh rxwfrph/ exw
wkh lqwhqvlw| ri klv suhihuhqfh lv ghwhuplqhg e| klv w|sh +�kljk� ru �orz�,1 Wkhuh lv
qr grplqdqw vwudwhj| w|sh dqg qr pxowlsolhu h�hfw1 Zlwkrxw frppxqlfdwlrq wkhuh
duh h!flhqw dv|pphwulf Ed|hvldq Qdvk htxloleuld zkhuh rqh sod|hu dozd|v jhwv klv
idyrulwh rxwfrph1 Krzhyhu/ wkh rqo| v|pphwulf htxloleulxp lqyroyhv d udqgrpl}dwlrq
zklfk lv lqh!flhqw1 Edqnv dqg Fdoyhuw vkrz krz frppxqlfdwlrq fdq lpsuryh e|
dfklhylqj d v|pphwulf htxloleulxp zkhuh frruglqdwlrq rffxuv pruh iuhtxhqwo|/ dqg
sod|hu �*v idyrulwh dfwlrq lv pruh olnho| wr eh fkrvhq zkhq wkh lqwhqvlw| ri klv suhi0
huhqfh lv kljk1 Lq wkh edwwoh0ri0wkh vh{hv jdph/ sod|hu � dozd|v zdqwv sod|hu � wr
wdnh wkh vdph dfwlrq dv sod|hu �/ zkloh lq rxu jdph sod|hu � dozd|v zdqwv sod|hu � wr
glvdup uhjdugohvv ri zkdw sod|hu � grhv1 Wkxv/ wkh qdwxuh ri frppxqlfdwlrq lv gli0
ihuhqw lq rxu prgho1 Lqghhg/ rxu sd|r� vwuxfwxuh lv pruh olnh wkh �Vwdj Kxqw� jdph
lghqwl�hg e| Dxpdqq ^4` dv rqh zkhuh frppxqlfdwlrq pljkw eh sduwlfxoduo| gl!fxow1
Zh vkrxog dgg wkdw wkh sdshu e| Edqnv dqg Fdoyhuw ^7` lv sduwlfxoduo| lqwhuhvwlqj eh0
fdxvh wkh| vkrz wkdw d phgldwru pd| eh qhfhvvdu| iru h!flhqf|1 Lw wxuqv rxw wkdw zh
fdq dssur{lpdwh �uvw0ehvw h!flhqf| zlwkrxw d phgldwru zkhq wkh grplqdqw vwudwhj|
w|shv duh uduh1 Wkh lvvxh ri zkhwkhu d phgldwru lv xvhixo zkhq wkh grplqdqw vwudwhj|
w|shv duh qrw uduh lv dq lqwhuhvwlqj wrslf iru ixwxuh zrun1 Wkh uroh ri phgldwlrq lq
dupv0udfhv dqg rwkhu frq lfwv lv reylrxvo| ri juhdw sudfwlfdo lpsruwdqfh1

6Zh duh qrz glvfxvvlqj wkh prgho zlwkrxw fkhds wdon1 Wkh fkhds0wdon h{whqvlrq fdq vxssruw d
pxfk ehwwhu rxwfrph1
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Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh edvlf prgho zlwkrxw
frppxqlfdwlrq1 D pxowlsolhu frqglwlrq rq wkh glvwulexwlrq ri w|shv lv vkrzq wr eh
qhfhvvdu| dqg vx!flhqw iru dq dupv udfh wr rffxu zlwk suredelolw| rqh hyhq li wkh
grplqdqw vwudwhj| w|shv duh yhu| uduh1 Vhfwlrq 6 vkrzv krz fkhds wdon uhgxfhv wkh
suredelolw| ri dq dupv udfh wr doprvw }hur zkhq wkh grplqdqw vwudwhj| w|shv duh yhu|
uduh1 Vhfwlrq 7 glvfxvvhv vrph suhylrxv prghov ri dupv udfhv/ dqg krz wkh wkhru|
fdq eh uhodwhg vrph klvwrulfdo hyhqwv1 Vhfwlrq 8 frqfoxghv1 Whfkqlfdo fdofxodwlrqv duh
frqwdlqhg lq wkh dsshqgl{1

5 Wkh Dupv Udfh Jdph
Wzr sod|huv pxvw vlpxowdqhrxvo| dqg lqghshqghqwo| ghflgh zkhwkhu ru qrw wr lqyhvw
lq d qhz zhdsrqv surjudp1 Wkh srvvleoh fkrlfhv duh Exlog qhz zhdsrqv +E, ru Qr
qhz zhdsrqv +Q,1 Zh qrupdol}h wkh sd|r� wr eh }hur iru hdfk sod|hu li erwk fkrrvh
Q1 D sod|hu zkr fkrrvhv Q zkloh wkh rwkhu sod|hu fkrrvhv E vx�huv d orvv ri _ : fc
zklfk uhsuhvhqwv wkh glvxwlolw| ri kdylqj d ohvv dgydqfhg zhdsrqv v|vwhp wkdq wkh
rssrqhqw1 Suhvxpdeo|/ _ frxog eh txlwh odujh1 D sod|hu zkr dftxluhv qhz zhdsrqv
qhyhu kdv wr vx�hu wklv frvw/ dv kh zloo dozd|v eh dw ohdvw dv vwurqj dv klv rssrqhqw1
Krzhyhu/ kh kdv wr sd| wkh frvw ri wkh qhz zhdsrqv1 Ohw sod|hu �*v frvw ri dftxlulqj
qhz zhdsrqv eh ghqrwhg S� � f1 D sod|hu zkr exlogv wkh qhz zhdsrqv v|vwhp zkloh
klv rssrqhqw grhv qrw uhfhlyhv d jdlq ri > : f/ zklfk uhsuhvhqwv wkh ydoxh ri kdylqj d
pruh dgydqfhg zhdsrqv v|vwhp wkdq wkh rssrqhqw1 Zh vkdoo eh pdlqo| lqwhuhvwhg lq
wkh fdvh zkhuh > lv vpdoo/ vr wkdw wkh whpswdwlrq wr exlog qhz zhdsrqv lv qrw wrr elj
+rxu lqwhuhvw lv lq frruglqdwlrq sureohpv/ qrw sulvrqhu*v glohppdv,1 Sod|hu �*v sd|r�v
fdq eh uhsuhvhqwhg lq d sd|r� pdwul{ dv iroorzv +sod|hu � fkrrvhv d urz/ sod|hu � d
froxpq,=

E Q
E �S� >� S�
Q �_ f

+4,

Li _ : S� : > iru hdfk � 5 i�c 2jc wkhq hdfk sod|hu wklqnv wkh ehvw srvvleoh rxwfrph
lv iru qhlwkhu sod|hu wr lqyhvw lq qhz zhdsrqv/ exw wkh zruvw srvvleoh vlwxdwlrq lv wr
qrw lqyhvw zkhq wkh rwkhu grhv vr1 Li wkhvh suhihuhqfhv duh frpprq nqrzohgjh/ wkhq
wkhuh duh wzr sxuh vwudwhj| Qdvk htxloleuld= +E/E, dqg +Q/Q,1 Wklv lv qrw d sulvrqhu*v
glohppd/ dqg udwlrqdo sod|huv vkrxog eh deoh wr frruglqdwh rq wkh Sduhwr grplqdqw
htxloleulxp +Q/Q,/ shukdsv xvlqj frppxqlfdwlrq wr gr vr +R*Qhloo ^49`,1 Krzhyhu/ zh
zloo dvvxph S� lv sod|hu �*v sulydwh lqirupdwlrq17 Zh uhihu wr S� dv sod|hu �*v w|sh1 Hdfk

7Wkh fuxfldo srlqw lv wkdw vrph sulydwho| revhuyhg sdudphwhu lq xhqfhv d sod|hu*v surshqvlw| wr
dup1 Dowkrxjk zh frqvlghu wkh frvw ri dftxlulqj qhz zhdsrqv/ wkh sulydwh lqirupdwlrq frxog htxdoo|
zhoo uhodwh wr/ iru h{dpsoh/ wkh ehqh�w iurp ehlqj duphg zkhq wkh rssrqhqw lv xqduphg1 Wklv zrxog
qrw fkdqjh rxu dujxphqwv1
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sod|hu � nqrzv klv rzq w|sh S�/ exw qrw wkh rwkhu sod|hu*v w|sh S�1 Hyhu|wklqj h{fhsw
wkh wuxh S

�
dqg S

2
lv frpprq nqrzohgjh1 Hdfk S� lv lqghshqghqwo| gudzq iurp wkh

vdph glvwulexwlrq/ zlwk fxpxodwlyh glvwulexwlrq ixqfwlrq ghqrwhg 8� 8 kdv vxssruw
dfc 7So zlwk 8 Ef� ' fc 8 �ES� : f zkhqhyhu f 	 S 	 7Sc dqg 8 E7S� ' �� Dvvxph 7S 	 _1 Zh
zloo pdnh wkh plog uhjxodulw| dvvxpswlrq wkdw 8 kdv d srzhu vhulhv uhsuhvhqwdwlrq1
Wkdw lv/ wkhuh duh frh!flhqwv @

f
c @

�
c @

2
��� vxfk wkdw iru doo S 5 dfc 7Soc

8 ES� '
"[
�'f

@�S
�

zkhuh wkh vhulhv frqyhujhv xqlirupo| rq dfc 7So1
Vlqfh �S� � �7S : �_c E lv dozd|v d +vwulfw, ehvw uhvsrqvh djdlqvw E1 Wkhuhiruh

wkhuh lv d Ed|hvldq Qdvk htxloleulxp zkhuh doo w|shv fkrrvh E zlwk suredelolw| rqh1 Lv
wkhuh dq| rwkhu Ed|hvldq Qdvk htxloleulxpB Qrwlfh wkdw Q lv d ehvw uhvsrqvh djdlqvw
Q iru sod|hu � li dqg rqo| li S� � >� Li S� 	 > wkhq sod|hu � lv d grplqdqw vwudwhj| w|sh=
E lv d vwulfwo| grplqdqw vwudwhj| iru klp1 Wkh suredelolw| wkdw sod|hu � lv d grplqdqw
vwudwhj| w|sh lv 8 E>�c zklfk lv forvh wr }hur li > lv vpdoo1 Wkh h{lvwhqfh ri grplqdqw
vwudwhj| w|shv pd| kdyh d odujh h�hfw rq wkh vhw ri htxloleuld hyhq dv >$ f� Lqghhg/
li wkh iroorzlqj frqglwlrq lv vdwlv�hg wkhq hyhq iru duelwudulo| vpdoo > : f wkh xqltxh
Ed|hvldq Qdvk htxloleulxp lv iru doo w|shv wr sod| E1

Gh�qlwlrq 4 Wkh glvwulexwlrq vdwlv�hv wkh pxowlsolhu frqglwlrq li 8 ES�_ � S iru doo
S 5 dfc 7So�

Iru h{dpsoh/ wkh xqlirup glvwulexwlrq 8 ES� ' S*7S vdwlv�hv wkh pxowlsolhu frqglwlrq
ehfdxvh _ : 7S lpsolhv S_*7S � S iru doo S � f�8 Pruh jhqhudoo|/ wkh pxowlsolhu frqglwlrq
lv vdwlv�hg li 8 lv frqfdyh +ehfdxvh 8 ES� � S*7S � S*_ iru doo S � f zkhq 8 lv
frqfdyh,19

Dq| htxloleulxp zloo kdyh d fxw0r� surshuw|= li w|sh S� exlogv qhz zhdsrqv/ wkhq
dq| w|sh S�

�
	 S� zloo dovr exlog1 Nqrzlqj wkdw wkh grplqdqw vwudwhj| w|shv zloo

sod| E/ d w|sh zklfk lv �doprvw� d grplqdqw vwudwhj| w|sh +> � S� qhjdwlyh exw
forvh wr }hur, zloo dovr sod| E1 Wklv �lqihfwv� rwkhu w|shv zlwk voljkwo| kljkhu S�c zkr
dovr ghflgh wr sod| E/ dqg vr rq1 Li wklv frqwdjlrq vwrsv ehiruh doo w|shv kdyh ehhq
lqihfwhg/ wkhq wkhuh pxvw eh vrph �fxw0r� w|sh� SW

�
: f vxfk wkdw doo w|shv zlwk d

orzhu frvw wkdq klp sod| E dqg doo w|shv zlwk d kljkhu frvw sod| Q1 W|sh SW
�
klpvhoi

pxvw eh lqgl�huhqw1 Vxssrvh iru wkh prphqw wkdw wkh htxloleulxp lv v|pphwulf/ vr

8Iru dq| I / �f@I +�f, @ �f ? g/ vr d vx!flhqw frqglwlrq iru wkh pxowlsolhu frqglwlrq wr krog lv iru
f@I +f, wr eh dq lqfuhdvlqj ixqfwlrq1 Wklv lv wuxh lq wkh xqlirup fdvh1

9Li I lv vx!flhqwo| frqyh{ wkhq wkh pxowlsolhu frqglwlrq zloo eh ylrodwhg1 Lq wklv fdvh/ orz frvw
w|shv duh uhodwlyho| uduh frpsduhg wr kljk frvw w|shv/ dqg wkh frqwdjlrq wr sod| E zloo qrw qhfhvvdulo|
lqihfw wkh zkroh srsxodwlrq1

:



SW
�

' SW
2

' SW1 Wkh frqglwlrq wkdw sod|hu �*v w|sh SW lv lqgl�huhqw ehwzhhq E dqg Q
zkhq sod|hu � lv h{shfwhg wr fkrrvh E zlwk suredelolw| 8 ESW� lv 7ESW� ' fc zkhuh

7ES� � 8 ES�E_� S� n E�� 8 ES�� E>� S� +5,

Krzhyhu/ li wkh pxowlsolhu frqglwlrq lv vdwlv�hg wkhq 7ES� : f iru dq| > : f dqg dq|
S � fc vr wkhuh fdq eh qr v|pphwulf Ed|hvldq Qdvk htxloleulxp zkhuh Q lv fkrvhq
zlwk srvlwlyh suredelolw|1 Wkh surri ri Wkhruhp 4 vkrzv wkdw wkhuh duh qr dv|pphwulf
htxloleuld zkhuh Q lv fkrvhq zlwk srvlwlyh suredelolw| hlwkhu1 Wkxv/ li wkh pxowlsolhu
frqglwlrq krogv/ wkhq wkh idfw wkdw wkh grplqdqw vwudwhj| w|shv zloo gh�qlwho| fkrrvh
E wuljjhuv dq dupv udfh zlwk suredelolw| rqh1 Frqyhuvho|/ li wkh pxowlsolhu frqglwlrq
lv ylrodwhg wkhq iru vx!flhqwo| vpdoo > wkhuh h{lvwv SW 	 7S vxfk wkdw 7ESW� ' f� Wkdw
phdqv w|sh SW lv mxvw lqgl�huhqw ehwzhhq exloglqj dqg qrw exloglqj li kh wklqnv klv
rssrqhqw sod|v E zlwk suredelolw| 8 ESW�� Wkhuhiruh/ wkhuh h{lvwv d Ed|hvldq Qdvk
htxloleulxp zkhuh Q lv fkrvhq zlwk srvlwlyh suredelolw|1

Wkhruhp 4 +l, Li wkh pxowlsolhu frqglwlrq lv vdwlv�hg/ wkhq iru dq| > : f wkhuh lv d
xqltxh Ed|hvldq Qdvk htxloleulxp1 Lq wklv htxloleulxp doo sod|huv fkrrvh E/ uhjdugohvv
ri w|sh1 +ll, Li wkh pxowlsolhu frqglwlrq lv ylrodwhg/ wkhq iru vx!flhqwo| vpdoo > : f
wkhuh h{lvwv d Ed|hvldq Qdvk htxloleulxp zkhuh Q lv fkrvhq zlwk vwulfwo| srvlwlyh
suredelolw|1

Surri1 Li > � _ wkhq E lv d grplqdqw vwudwhj| iru doo w|shv/ vr wkh dqdo|vlv lv
wulyldo1 Vxssrvh lqvwhdg wkdw f 	 > 	 _� Iluvw/ zh hvwdeolvk wkh fxw0r� surshuw|= li
E lv d zhdn ehvw uhvsrqvh iru w|sh S� wkhq lw lv d vwulfw ehvw uhvsrqvh iru w|sh S�

�
	 S�1

Lqghhg/ li sod|hu � wklqnv sod|hu � zloo fkrrvh E zlwk suredelolw| R�c wkh sd|r� wr
sod|hu � iurp E lv

R�E�S�� n E�� R�� E>� S�� ' E�� R��>� S�

zkloh wkh sd|r� iurp Q lv R� E�_�nE��R���f� W|sh S� zhdno| suhihuv E li dqg rqo|
li

S� � E�� R��>n R�_ +6,

Qrwlfh wkdw doo ri sod|hu �*v w|shv kdyh wkh vdph eholhiv derxw sod|hu �/ vlqfh w|shv
duh dvvxphg wr eh xqfruuhodwhg1 Li w|sh S� zhdno| suhihuv E/ wkhq lqhtxdolw| +6, lv
vwulfw iru w|sh S�

�
	 S� vr w|sh S�� vwulfwo| suhihuv E1 Qrz zh fdq suryh wkh wzr sduwv ri

wkh wkhruhp1
+l, Li sod|hu � fkrrvhv E zlwk suredelolw| rqh/ wkhq doo ri sod|hu �*v w|shv zloo

fkrrvh E vlqfh 7S 	 _� Wkhuhiruh/ wkhuh lv dozd|v dq htxloleulxp zkhuh doo sod|huv
fkrrvh E/ uhjdugohvv ri w|sh1 Vxssrvh lq dgglwlrq wkhuh lv dq htxloleulxp zkhuh Q lv
sod|hg zlwk srvlwlyh suredelolw|1 Zh fodlp wkh pxowlsolhu frqglwlrq lv ylrodwhg1 Li d
sod|hu fkrrvhv Q wkhq kh pxvw h{shfw wkh rssrqhqw wr fkrrvh Q zlwk vwulfwo| srvlwlyh

;



suredelolw|/ khqfh li Q lv fkrvhq zlwk srvlwlyh suredelolw| e| rqh sod|hu wkhq erwk
sod|huv pxvw fkrrvh Q zlwk srvlwlyh suredelolw|1 Iru � 5 i�c 2j ohw SW

�
eh vxfk wkdw E

lv d zhdn ehvw uhvsrqvh iru sod|hu � dw wkh htxloleulxp li dqg rqo| li klv w|sh vdwlv�hv
S� � SW

�
� E| k|srwkhvlv/ SW

�
	 7Sc iru rwkhuzlvh sod|hu � fkrrvhv Q zlwk suredelolw| }hur1

Wkh suredelolw| wkdw sod|hu � 5 i�c 2j fkrrvhv E lv R� ' 8 ESW
�
�� Vlqfh w|sh SW

�
pxvw eh

lqgl�huhqw ehwzhhq E dqg Q/

SW
�
' E�� R��>n R�_ ' E�� 8 ESW

�
��>n 8 ESW

�
�_

Zlwkrxw orvv ri jhqhudolw|/ vxssrvh SW
�

� SW
2

� Wkhq

SW
�

' E�� 8 ESW
2

��>n 8 ESW
2

�_ � E�� 8 ESW
�

��>n 8 ESW
�

�_ : 8 ESW
�

�_

vlqfh f 	 > 	 _ dqg 8 ESW
�

� � 8 ESW
2

� 	 �1 Wkxv/ wkh pxowlsolhu frqglwlrq lv ylrodwhg1
+ll, Vxssrvh wkh pxowlsolhu frqglwlrq lv ylrodwhg1 Wkhq/ wkhuh h{lvwv S� vxfk wkdw

S� : _8 ES��� Iru vx!flhqwo| vpdoo > : fc zh kdyh 7ES�� � f zkhuh 7 lv gh�qhg e| +5,1
Dovr/ 7E7S� ' _ � 7S : f� E| frqwlqxlw|/ wkhuh lv SW 	 7S vxfk wkdw 7ESW� ' f� Ohw hdfk
sod|hu � fkrrvh E li dqg rqo| li S� � SW1 Vlqfh 7ESW� ' fc e| wkh frqvwuxfwlrq ri 7
lw iroorzv wkdw w|sh SW lv lqgl�huhqw ehwzhhq E dqg Q1 W|sh S� 	 SW vwulfwo| suhihuv
E dqg w|sh S� : SW

�
vwulfwo| suhihuv Q1 Wkxv/ wkhvh vwudwhjlhv irup d Ed|hvldq Qdvk

htxloleulxp1
Uhpdun 41 Wkh surri ri Wkhruhp 4 vkrzv wkdw zkhq wkh pxowlsolhu frqglwlrq

krogv/ wkh jdph lv lqwhulp grplqdqfh vroydeoh1 Diwhu lwhudwhg holplqdwlrq ri vwurqjo|
+lqwhulp, grplqdwhg vwudwhjlhv rqo| wkh �dupv udfh� rxwfrph uhpdlqv1

Uhpdun 51 Wkh dup udfh rxwfrph lv lqh!flhqw ehfdxvh doo w|shv suhihu QQ wr
EE1

Uhpdun 61 Wkh dupv udfh lv fdxvhg e| pxwxdo glvwuxvw1 Vxssrvh/ frqwudu| wr
rxu dvvxpswlrqv/ wkdw S

2
+exw qrw S

�
, ehfrphv frpprq nqrzohgjh dv vrrq dv wkh

w|shv duh ghwhuplqhg e| qdwxuh1 Wkhq wkhuh zrxog h{lvw d Ed|hvldq Qdvk htxloleulxp
zkhuh sod|hu 2 dv zhoo dv doo wkh qrq0grplqdqw vwudwhj| w|shv ri sod|hu � fkrrvh
Q zkhqhyhu S

2
� E� � 8 E>��> n 8 E>�_/ zklfk kdsshqv zlwk suredelolw| forvh wr 4

iru > vpdoo hqrxjk1 Li erwk S
�
dqg S

2
ehfrph frpprq nqrzohgjh dv vrrq dv wkh|

duh ghwhuplqhg e| qdwxuh/ wkhq wkhuh lv dq htxloleulxp zkhuh erwk sod|huv fkrrvh Q
zkhqhyhu S

�
� > dqg S

2
� >/ zklfk djdlq kdsshqv zlwk suredelolw| forvh wr 4 iru >

vpdoo hqrxjk1

6 Fkhds Wdon
Lq wklv vhfwlrq zh zloo dvvxph wkh pxowlsolhu frqglwlrq krogv1 Zlwkrxw fkhds wdon/
wkhuh lv d glvfrqwlqxlw| lq wkh htxloleulxp fruuhvsrqghqfh= li > zhuh }hur wkhq wkhuh
zrxog eh dq htxloleulxp zkhuh doo w|shv fkrrvh Q/ exw iru dq| > : fc d �frqwdjlrq�
lv vwduwhg e| wkh iudfwlrq 8 E>� : f ri grplqdqw vwudwhj| w|shv1 Wkh pxowlsolhu
frqglwlrq jxdudqwhhv wkdw hdfk sod|hu zkr lv qrw d grplqdqw vwudwhj| w|sh zloo fkrrvh

<



E zkhqhyhu kh wklqnv doo w|shv wkdw kdyh orzhu frvw wkdq klp zloo fkrrvh E1 Wkxv/
wkh jdph xqudyhov dqg hyhu|erg| sod|v E/ dv vkrzq lq Wkhruhp 41 Zh qrz vkrz
wkdw dgglqj fkhds wdon uhvwruhv frqwlqxlw| lq wkh vhqvh wkdw iru vpdoo hqrxjk > : f
wkhuh h{lvwv dq htxloleulxp zkhuh doprvw doo w|shv fkrrvh Q1

Vlqfh zh duh dvvxplqj > : f dqg _ : fc qr pdwwhu zkdw sod|hu � sodqv wr gr
kh dozd|v vwulfwo| suhihuv sod|hu � wr fkrrvh Q1 Wklv pdnhv fuhgleoh frppxqlfdwlrq
gl!fxow exw qrw lpsrvvleoh wr dfklhyh1 Zh zloo glylgh wkh w|shv lqwr wkuhh jurxsv=
�yhu| wrxjk�/ �idluo| wrxjk�/ dqg �qrupdo1� Wkh yhu| wrxjk w|shv kdyh wkh orzhvw
frvw dqg zloo dozd|v sod| E1 Wkh idluo| wrxjk w|shv kdyh d voljkwo| kljkhu frvw/ dqg
duh zloolqj wr sod| Q dv orqj dv wkh| duh dvvxuhg wkdw wkh| duh qrw idflqj d yhu| wrxjk
w|sh +zkr zrxog sod| E djdlqvw wkhp,1 Wkxv/ yhu| wrxjk w|shv dqg idluo| wrxjk w|shv
pxvw vhqg gl�huhqw phvvdjhv/ pdnlqj lw srvvleoh iru idluo| wrxjk w|shv wr frruglqdwh
rq Q zlwk rwkhu idluo| wrxjk w|shv zkloh sod|lqj E djdlqvw yhu| wrxjk w|shv1 Wklv
lv wkh zd| zh euhdn wkh frqwdjlrq1 Ri frxuvh/ wkh yhu| wrxjk w|shv pxvw eh jlyhq
vrph lqfhqwlyh wr vhsdudwh wkhpvhoyhv iurp wkh idluo| wrxjk w|shv lq wklv zd|1 Wklv
lv grqh e| ohwwlqj wkhp srro zlwk wkh qrupdo w|shv/ doorzlqj wkh yhu| wrxjk w|shv
wr dup xqlodwhudoo| djdlqvw wkh qrupdo w|shv1 Wkh qrupdo w|sh lv zloolqj wr eh wdnhq
dgydqwdjh ri lq wklv zd| dv orqj dv lw kdsshqv vx!flhqwo| lqiuhtxhqwo|1 Prvw ri wkh
wlph/ qrupdo w|shv zloo phhw rwkhu qrupdo w|shv dqg frh{lvw shdfhixoo|1 Zh qrz
irupdol}h wkhvh dujxphqwv1

Lq wkh fkhds wdon h{whqvlrq ri wkh dupv udfh jdph wkhuh duh wkuhh vwdjhv1 Lq vwdjh
}hur/ qdwxuh ghwhuplqhv S

�
dqg S

2
/ dqg S� ehfrphv sod|hu �*v sulydwh lqirupdwlrq1 Lq

vwdjh rqh/ phvvdjhv duh dqqrxqfhg vlpxowdqhrxvo| dqg sxeolfo|1 Wkh wzr phvvdjhv
wkdw zloo eh vhqw lq htxloleulxp zloo eh odehoohg Gryh dqg Kdzn1 �Gryh� lv lqwhusuhwhg
dv d frqfloldwru| phvvdjh dqg �Kdzn� lv lqwhusuhwhg dv dq djjuhvvlyh phvvdjh1 +Rwkhu
phvvdjhv fdq eh doorzhg/ exw zloo qrw eh vhqw lq htxloleulxp1, Lq vwdjh wzr/ wkh sod|huv
vlpxowdqhrxvo| fkrrvh hlwkhu E ru Q/ dqg sod|hu �*v sd|r� lv ghwhuplqhg e| klv sd|r�
pdwul{ +4,1 Wkh phvvdjhv vhqw lq vwdjh rqh gr qrw lq xhqfh wkh sd|r�v gluhfwo|/ exw
wkh| pd| frqyh| lqirupdwlrq derxw zkdw wkh sod|huv sodq wr gr lq wkh ixwxuh1 Rxu
pdlq wkhruhp vwdwhv wkdw dupv udfhv fdq eh dyrlghg doprvw vxuho| li wkh iudfwlrq ri
grplqdqw vwudwhj| w|shv 8 E>� lv vx!flhqwo| vpdoo/ wkdw lv/ li > : f lv vx!flhqwo|
vpdoo1

Wkhruhp 5 Vxssrvh wkh pxowlsolhu frqglwlrq lv vdwlv�hg1 Iru dq| B : f wkhuh lv
7> : f vxfk wkdw li f 	 > 	 7> wkhq wkhuh lv d shuihfw Ed|hvldq htxloleulxp ri wkh
fkhds0wdon h{whqvlrq ri wkh dupv udfh jdph zkhuh Q lv sod|hg zlwk dw ohdvw suredelolw|
�� B�

Wkh uhpdlqghu ri wklv vhfwlrq frqvlvwv ri wkh surri ri wklv wkhruhp1 Zh qhhg wkh
iroorzlqj ohppd/ zklfk lv suryhg lq wkh Dsshqgl{1

Ohppd 4 Iru vx!flhqwo| vpdoo > : fc wkhuh h{lvwv d wulsoh ESuc SWc SM� vxfk wkdw

> 	 Su 	 SW 	 SM 	 7S +7,
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�
8 ESM�� 8 ESu�

�
Su '

�
�� 8 ESM�

�
> +8,

�
�� 2

�
8 ESM�� 8 ESu�

��
SM ' 8 ESu�_ +9,

�
�� 8 ESM�

�
E>� SW� n 8 ESu� E�SW� ' 8

�
Su
�
E�_� +:,

Li >$ f wkhq SM $ f1

Qrz ohw ESuc SWc SM� eh dv gh�qhg e| Ohppd 4 dqg frqvlghu wkh iroorzlqj vwudwhjlhv
lq wkh fkhds wdon h{whqvlrq ri wkh dupv udfh jdph1 Sod|hu � lv qrupdo li S� : SM c
idluo| wrxjk li Su � S� � SM c dqg yhu| wrxjk li S� 	 Su� Lq vwdjh 4/ wkh fkhds0wdon
vwdjh/ sod|hu � vd|v Kdzn li kh lv idluo| wrxjk1 Rwkhuzlvh/ kh vd|v Gryh1 Lq vwdjh
5/ wkh dupv udfh vwdjh/ sod|hu � ehkdyhv dv iroorzv1 Li S� � > wkhq kh fkrrvhv E qr
pdwwhu zkdw dqqrxqfhphqwv zhuh pdgh lq vwdjh rqh1 Li S� : > wkhq sod|hu � sod|v
dv iroorzv= +l, li erwk sod|huv vdlg Kdzn wkhq sod|hu � fkrrvhv Q> +ll, li rqh sod|hu
vdlg Gryh dqg wkh rwkhu vdlg Kdzn wkhq sod|hu � fkrrvhv E> +lll, li erwk sod|huv vdlg
Gryh wkhq sod|hu � fkrrvhv Q li dqg rqo| li S� � SW> +ly, Li dq| phvvdjh h{fhsw Gryh
ru Kdzn zdv vhqw e| dq| sod|hu wkhq sod|hu � fkrrvhv E1

Zh ghvfuleh wkh htxloleulxp dqqrxqfhphqwv pdgh lq vwdjh 4/ dqg wkh dfwlrqv
sod|hg rq wkh htxloleulxp sdwk lq vwdjh 5/ lq wkh wdeoh ehorz1 Iru h{dpsoh/ li sod|hu
4 lv yhu| wrxjk +S

�
	 Su, dqg sod|hu 5 lv idluo| wrxjk +Su � S

2
� SM,/ wkhq sod|hu 4

vd|v Gryh dqg sod|hu 5 vd|v Kdzn1 Erwk sod|huv surfhhg wr fkrrvh E/ l1h1/ wkhuh lv
dq dupv udfh1

S
2
	 Su

+Gryh,
Su � S

2
� SM

+Kdzn,
S
2
: SM

+Gryh,

S
�
	 Su

+Gryh,
�� �� ��

Su � S
�
� SM

+Kdzn,
�� �� ��

S
�
: SM

+Gryh,
�� �� ��

Zh fodlp wkdw iru vpdoo hqrxjk > : f/ wkhvh vwudwhjlhv irup d shuihfw Ed|hvldq
htxloleulxp ri wkh fkhds wdon h{whqvlrq ri wkh dupv udfh jdph1 Qrwlfh iru ixwxuh
uhihuhqfh wkdw +8, dqg wkh idfw wkdw > 	 Su lpsolhv wkdw wkhuh duh pruh qrupdo w|shv
wkdq idluo| wrxjk w|shv=

�� 8 ESM� : 8 ESM�� 8 ESu� +;,

Lq idfw wkh uljkw kdqg vlgh ri +;, zloo eh forvh wr }hur dqg wkh ohiw kdqg vlgh forvh wr
rqh iru > vpdoo +iru wkhq erwk Su dqg SM zloo eh forvh wr }hur,1
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Ohppd 5 Wkh vwudwhjlhv vshfl�hg deryh duh vhtxhqwldoo| udwlrqdo lq wkh dfwlrq vwdjh
iru doo w|shv/ iroorzlqj doo phvvdjhv1

Surri1 Li S� � >c wkhq lw lv fohduo| lq sod|hu �*v lqwhuhvw wr fkrrvh E qr pdwwhu
zkdw kdsshqhg lq vwdjh 41 Vxssrvh S� : >� Li erwk sod|huv dqqrxqfhg Kdzn lq vwdjh
4/ wkhq wkh rssrqhqw lv h{shfwhg wr fkrrvh Q lq vwdjh 5/ dqg Q lv d ehvw uhvsrqvh
djdlqvw Q1 Li rqh sod|hu vdlg Gryh dqg wkh rwkhu Kdzn/ ru vrphrqh vdlg vrphwklqj
hovh wkdq �Kdzn� ru �Gryh�/ wkhq wkh rssrqhqw lv h{shfwhg wr fkrrvh E lq vwdjh 5/
dqg E lv d ehvw uhvsrqvh djdlqvw E1 Ilqdoo|/ vxssrvh erwk sod|huv vdlg Gryh lq vwdjh
41 Lq wklv fdvh/ sod|hu � wklqnv klv rssrqhqw lv hlwkhu d qrupdo w|sh zkr zloo fkrrvh
Q/ ru d yhu| wrxjk w|sh zkr zloo fkrrvh E +uhfdoo wkdw idluo| wrxjk w|shv duh wkh rqo|
rqhv zkr vd| Kdzn lq htxloleulxp,1 Qrz wkhuh duh ��8 ESM� qrupdo w|shv dqg 8 ESu�
yhu| wrxjk w|shv1 Wkhq +:, lpsolhv wkdw sod|hu � lv lqgl�huhqw ehwzhhq E dqg Q li kh
lv ri w|sh S� ' SW1 Fohduo| lw lv d ehvw uhvsrqvh iru sod|hu � wr fkrrvh E li S� 	 SW dqg
Q li S� � SW�

Zh qrz wxuq wr wkh fkhds wdon vwdjh1 Qrwlfh wkdw iru dq| w|sh wkh h{shfwhg xwlolw|
iurp iroorzlqj wkh vwudwhjlhv vshfl�hg deryh lv juhdwhu wkdq zkdw kh jhwv iurp sod|lqj
EE iru vxuh1 Khqfh/ qr w|sh kdv dq lqfhqwlyh wr vhqg dq| phvvdjh rwkhu wkdq Kdzn
ru Gryh1

Ohppd 6 Sod|hu � suhihuv wr vd| Gryh li S� � >�

Surri1 Wkh grplqdqw vwudwhj| w|sh zloo jr rq wr fkrrvh E iru vxuh/ vr klv remhfwlyh
lv vlpso| wr pd{lpl}h wkh suredelolw| ri klv rssrqhqw fkrrvlqj Q1 Li sod|hu � vd|v
Kdzn/ klv rssrqhqw zloo fkrrvh Q li dqg rqo| li wkh rssrqhqw lv d idluo| wrxjk w|sh
+zkr vd|v Kdzn dffruglqj wr klv htxloleulxp vwudwhj|,/ dq hyhqw zklfk rffxuv zlwk
suredelolw| 8 ESM� � 8 ESu�� Li sod|hu � vd|v Gryh/ klv rssrqhqw zloo fkrrvh Q li dqg
rqo| li wkh rssrqhqw lv d qrupdo w|sh +zkr vd|v Gryh dffruglqj wr klv htxloleulxp
vwudwhj|,/ dq hyhqw zklfk rffxuv zlwk suredelolw| � � 8 ESM�� E| +;,/ wkh grplqdqw
vwudwhj| w|sh suhihuv wr vd| Gryh1

Ohppd 7 Sod|hu � suhihuv wr vd| Gryh li > 	 S� 	 Su dqg Kdzn li Su � S� 	 SW1

Surri1 Vxssrvh > 	 S� 	 SW� Iluvw/ vxssrvh sod|hu � vd|v Kdzn1 Wkhq li wkh
rwkhu sod|hu dovr vd|v Kdzn erwk zloo fkrrvh Q1 Wklv hyhqw rffxuv zlwk suredelolw|
8 ESM�� 8 ESu�� Rwkhuzlvh/ erwk fkrrvh E1 Wkh h{shfwhg sd|r� wr sod|hu � lv

�
�� E8 ESM�� 8 ESu��

�
E�S�� +<,

Vxssrvh lqvwhdg sod|hu � vd|v Gryh1 Vlqfh S� 	 SW sod|hu � zloo wkhq fkrrvh E dw wkh
dfwlrq vwdjh zkdwhyhu klv rssrqhqw +sod|hu �, kdv vdlg1 Sod|hu � zloo fkrrvh Q li dqg
rqo| li kh lv d qrupdo w|sh +zkr vd|v Gryh dffruglqj wr klv htxloleulxp vwudwhj|,/ dq
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hyhqw zklfk rffxuv zlwk suredelolw| �� 8 ESM�� Wkhuhiruh/ sod|hu �*v h{shfwhg sd|r�
iurp vd|lqj Gryh lv

�
�� 8 ESM�

�
E>� S�� n 8 ESM� E�S�� +43,

Exw/ htxdwlrq +8, lpsolhv wkdw +<, htxdov +43, li S� ' Su vr sod|hu � ri w|sh Su lv
lqgl�huhqw ehwzhhq Gryh dqg Kdzn1 Li S� : Suc +43, lv vpdoohu wkdq +<, vr sod|hu �
suhihuv wr vd| Kdzn1 Li > 	 S� 	 Suc +43, lv eljjhu wkdq +<, vr sod|hu � suhihuv wr vd|
Gryh lq wklv fdvh1

Ohppd 8 Sod|hu � suhihuv wr vd| Kdzn li SW � S� � SM dqg Gryh li S� : SM1

Surri1 Vxssrvh S� � SW� Iluvw/ vxssrvh sod|hu � vd|v Kdzn1 Li wkh rssrqhqw lv d
idluo| wrxjk w|sh +zkr vd|v Kdzn dffruglqj wr klv htxloleulxp vwudwhj|, wkhq erwk
zloo fkrrvh Q lq wkh dfwlrq vwdjh1 Wklv hyhqw rffxuv zlwk suredelolw| 8 ESM�� 8 ESu��
Rwkhuzlvh/ erwk zloo fkrrvh E1 Wkhuhiruh/ sod|hu �*v h{shfwhg sd|r� iurp vd|lqj Kdzn
lv

�
�� �

8 ESM�� 8 ESu�
��

E�S�� +44,

Vxssrvh lqvwhdg sod|hu � vd|v Gryh1 Li wkh rssrqhqw lv d idluo| wrxjk w|sh +zkr vd|v
Kdzn dffruglqj wr klv htxloleulxp vwudwhj|, wkhq erwk zloo fkrrvh E dw wkh dfwlrq
vwdjh1 Rwkhuzlvh/ wkh rssrqhqw zloo vd| Gryh/ sod|hu � zloo fkrrvh Q dw wkh dfwlrq
vwdjh/ dqg wkh rssrqhqw zloo fkrrvh E li kh lv yhu| wrxjk dqg Q li kh lv qrupdo1
Wkhuhiruh/ sod|hu �*v h{shfwhg sd|r� iurp vd|lqj Gryh lv

�
8 ESM�� 8 ESu�

�
E�S�� n 8 ESu� E�_� � +45,

Exw/ htxdwlrq +9, lpsolhv wkdw +44, htxdov +45, li S� ' SM vr sod|hu � ri w|sh SM lv
lqgl�huhqw ehwzhhq vd|lqj Gryh dqg Kdzn1 E| +;,/ li S� : SM wkhq +44, lv vpdoohu
wkdq +45, vr sod|hu � suhihuv wr vd| Gryh1 Li SW � S� 	 SM c +44, lv eljjhu wkdq +45, vr
sod|hu � suhihuv wr vd| Kdzn1

Wkhvh uhvxowv vkrz wkdw wkh vwudwhj| sur�oh vshfl�hg lv d shuihfw Ed|hvldq htxl0
oleulxp ri wkh fkhds wdon h{whqvlrq ri wkh dupv udfh jdph1 Vlqfh Su $ f dqg SM $ f
dv > $ fc lw lv hylghqw iurp wkh frqvwuxfwlrq ri wkh vwudwhjlhv wkdw wkh iudfwlrq ri
w|shv wkdw sod| E lq htxloleulxp jrhv wr }hur dv > jrhv wr }hur1

7 Dupv Udfhv lq Wkhru| dqg Sudfwlfh
Zh eholhyh rxu prgho irupdol}hv vrph lpsruwdqw lqvljkwv1 Lq idfw/ wkh lghd wkdw ihdu
dqg pxwxdo glvwuxvw +vsdunhg e| xqfhuwdlqw| derxw wkh rssrqhqw*v prwlyhv, pd| fdxvh
frq lfw kdv d orqj klvwru|1 Wkxf|glghv ^56` +Errn L/ 56, dujxhg wkdw �wkh jurzwk ri
Dwkhqldq srzhu dqg wkh ihdu zklfk wklv fdxvhg lq Vsduwd� pdgh wkh Shorsrqqhvldq
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Zdu lqhylwdeoh1: Urxvvhdx +txrwhg lq Mhuylv ^43`, dujxhg wkdw �Lw lv txlwh wuxh wkdw lw
zrxog eh pxfk ehwwhu iru doo phq wr uhpdlq dozd|v dw shdfh1 Exw vr orqj dv wkhuh lv
qr vhfxulw| iru wklv/ hyhu|rqh/ kdylqj qr jxdudqwhh wkdw kh fdq dyrlg zdu/ lv dq{lrxv
wr ehjlq lw dw wkh prphqw zklfk vxlwv klv rzq lqwhuhvw dqg vr iruhvwdoo d qhljkeru/
zkr zrxog qrw idlo wr iruhvwdoo wkh dwwdfn lq wxuq dw dq| prphqw idyrudeoh wr klpvhoi/
vr wkdw pdq| zduv/ hyhq r�hqvlyh zduv/ duh udwkhu lq wkh qdwxuh ri xqmxvw suhfdxwlrqv
iru wkh surwhfwlrq ri wkh dvvdlodqw*v rzq srvvhvvlrqv wkdq d ghylfh iru vhl}lqj wkrvh
ri rwkhuv1� Sljrx +4<74/ Fkdswhu 5, dujxhg wkdw �lq ylhz ri wkh hqruprxv h{shqvh
ri prghuq plolwdu| dqg qdydo rshudwlrqv/ dqg ri wkh fkdqfh wkdw d zdu ehjxq rq
d vpdoo vfdoh pd| gudz lq rwkhu Srzhuv/ lw lv h{wuhpho| lpsuredeoh wkdw wkhuh zloo
eh wr dq| frxqwu| lq wkh hqg dq| edodqfh ri hfrqrplf jdlq111Wkh ihdu ri zdu lwvhoi
irufhv jryhuqphqwv wr dgrsw srolflhv wkdw pdnh zdu pruh olnho|111Qxuvhg e| wkh ihdu
ri zdu/ wkh| wkhpvhoyhv pdnh zdu pruh olnho| dqg duh wkh fdxvh ri ixuwkhu ihduv1�
Lw lv riwhq dujxhg wkdw wkh dupv udfh vsludo wkdw suhfhghg Zruog Zdu L zdv fdxvhg
e| Eulwdlq*v dqg Jhupdq|*v pxwxdo glvwuxvw ri hdfk rwkhu/ udwkhu wkdq dq| qdwlrq*v
ghvluh wr �jkw d zdu +Zdlqvwhlq ^57` dqg Vrqwdj ^55`,1 Pdq| dxwkruv kdyh dujxhg
wkdw vlplodu phfkdqlvpv rshudwhg gxulqj wkh frog zdu1 Urqdog Uhdjdq uhfrjql}hg
wkh srwhqwldo iru frppxqlfdwlrq wr eh h�hfwlyh= �L kdyh d ihholqj zh*oo jhw qrzkhuh
zlwk dupv uhgxfwlrqv zkloh wkh| duh dv vxvslflrxv ri rxu prwlyhv dv zh duh ri wkhluv1
L eholhyh zh qhhg d phhwlqj wr vhh li zh fdq*w pdnh wkhp xqghuvwdqg zh kdyh qr
ghvljqv rq wkhp exw wklqn wkh| kdyh ghvljqv rq xv� +Uhdjdq ^4<`,1 Dowkrxjk Uhdjdq
xvhg djjuhvvlyh ukhwrulf/ ghfodulqj wkh Vrylhw Xqlrq wr eh dq �hylo hpsluh� suhsduhg
�wr frpplw dq| fulph/ wr olh/ wr vwhdo� wr dfklhyh lwv jrdov +Uhdjdq ^4;`,/ dupv frqwuro
wdonv hyhqwxdoo| glg ohdg wr d 83( uhgxfwlrq lq vwudwhjlf irufhv/ dqg wkh holplqdwlrq
ri lqwhuphgldwh dqg phglxp0udqjh edoolvwlf plvvlohv lq Hxursh1 Wkh Lqgld0Sdnlvwdq
dupv udfh lv d frqwhpsrudu| h{dpsoh ri hvfdodwlrq ixhoohg e| pxwxdo glvwuxvw zlwk
hdfk vlgh eodplqj wkh rwkhu iru fdxvlqj djjuhvvlrq1;

:D idprxv sdvvdjh ghvfulehv krz wkh Vsduwdqv duh vsxuuhg rq e| wkh Frulqwkldqv= �\rx Vsduwdqv
duh wkh rqo| shrsoh lq Khoodv zkr zdlw fdopo| rq hyhqwv/ uho|lqj rq |rxu ghihqvh qrw rq dfwlrq
exw rq pdnlqj shrsoh wklqn |rx zloo dfw1 \rx dorqh gr qrwklqj lq wkh hduo| vwdjhv wr suhyhqw dq
hqhp|*v h{sdqvlrq> |rx zdlw wloo wkh hqhp| kdv grxeohg klv vwuhqjwk1 Fhuwdlqo| |rx xvhg wr kdyh wkh
uhsxwdwlrq ri ehlqj vdih dqg vxuh hqrxjk> qrz rqh zrqghuv li wklv uhsxwdwlrq zdv ghvhuyhg1111111Wkh
Dwkhqldqv111olyh forvh wr |rx/ |hw |rx vwloo gr qrw dsshdu wr qrwlfh wkhp> lqvwhdg ri jrlqj rxw wr phhw
wkhp/ |rx suhihu wr vwdqg vwloo dqg zdlw wloo |rx duh dwwdfnhg/ wkxv kd}duglqj hyhu|wklqj e| �jkwlqj
zlwk rssrqhqwv zkr kdyh jurzq idu vwurqjhu wkdq wkh| zhuh ruljlqdoo|� +Errn L/ 9</ ^56`,1

;�Sdnlvwdq grhv qrw lqwhqg wr djjuhvv111^Z`h duh wkh ylfwlp ri +Lqgldq, djjuhvvlrqv� ^Iruhljq
Plqlvwhu Jrkdu D|xe Nkdq txrwhg e| wkh Sdnlvwdq Qhzv Vhuylfh +Mxqh 4<<<,`1 �Lq Lqgld/ rqh riwhq
khduv wkdw cSdnlvwdq xqghuvwdqgv* wkdw Lqgld kdv qr krvwloh ghvljqv rq lw111Lq Sdnlvwdq/ krzhyhu/ wkhuh
lv vwurqj vhqvh wkdw wkh qdwlrq*v vxuylydo lv srwhqwldoo| dw ulvn lq wkh hyhqw ri d pdmru Lqgldq dwwdfn1
Zlwkrxw d fohduhu xqghuvwdqglqj ri Lqgld*v ghihqfh grfwulqh/ wklv frxog jhqhudwh d fdwdvwursklf
plvfdofxodwlrq� ^FVLV Vrxwk Dvld Prqlwru +Iheuxdu| 4/ 4<<<,`1 �Zkdwhyhu kdsshqv lq Lqgld/ wkh|
eodph Sdnlvwdq1 Zkdwhyhu kdsshqv lq Sdnlvwdq/ zh eodph Lqgld111^Q`hlwkhu Sdnlvwdq qru Lqgld kdv
jdlqhg dq|wklqj iurp wkh frq lfwv dqg whqvlrqv ri wkh sdvw 58 |hduv� ^Qdzd} Vkduli txrwhg e| wkh
Zdvklqjwrq Srvw/ Ihe1 55/ 4<<<`1
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Mhuylv ^43` ghvfulehv wkh vhfxulw| glohppd dv d vlwxdwlrq zkhuh hdfk vwdwh wklqnv
wkh ehvw srvvleoh rxwfrph lv iru qrerg| wr lqyhvw lq qhz zhdsrqv/ exw wkh ihdu wkdw
wkh rssrqhqw pd| dup fdxvhv doo vwdwhv wr ex| zhdsrqv1 Zkhq wklv lqlwldo dupv
exlog0xs ehfrphv sxeolf lqirupdwlrq/ lw wuljjhuv vxevhtxhqw urxqgv ri dupv exlog0xs/
zklfk Mhuylv fdoov wkh vsludoolqj prgho1 Mhuylv glg qrw surylgh dq| irupdo prgho dqg
lq idfw dujxhg wkdw luudwlrqdolw| lv d fuxfldo frpsrqhqw ri dupv udfhv dqg frq lfw= �li
wkh vsludo wkhru| lv fruuhfw/ lw lv vr sduwo| ehfdxvh wkh dfwruv gr qrw xqghuvwdqg lw
ru iroorz lwv suhvfulswlrqv� +Mhuylv ^43`/ sdjh ;4,1 Vfkhoolqj ^54` glg surylgh d irupdo
prgho zkhuh ixoo| udwlrqdo sod|huv pd| dwwdfn hdfk rwkhu lqdgyhuwhqwo| ehfdxvh ri d
�idovh dodup1� Nqrzlqj wkdw wkh rwkhu pd| lqdgyhuwhqwo| dwwdfn/ hdfk zloo eh pruh
olnho| wr prxqw dq lqdgyhuwhqw dwwdfn/ khqfh wkhuh lv d pxowlsolhu h�hfw/ mxvw dv lq
rxu prgho1 Krzhyhu/ li wkh xqghuo|lqj sureohp lv dq lpshuihfw zduqlqj v|vwhp wkhq
wkhuh lv qr sulydwh lqirupdwlrq wkdw fdq eh wudqvplwwhg yld fkhds wdon1 Rxu uhvxowv
vkrz wkdw fkhds wdon fdq eh kljko| xvhixo zkhq wkh xqghuo|lqj sureohp lv lqfrpsohwh
lqirupdwlrq derxw suhihuhqfhv1

Fkhds0wdon lq wkh irup ri qrq0elqglqj djuhhphqwv vhhp wr eh lpsruwdqw lq sudf0
wlvh1 Iru h{dpsoh/ wkh vljqlqj ri d whvw edq wuhdw| e| wkh Xqlwhg Vwdwhv dqg wkh Vrylhw
Xqlrq lq 4<96 dsshduv wr kdyh ehhq d eudnh rq wkh dupv udfh/ hyhq wkrxjk wkh wuhdw|
zdv hvvhqwldoo| qrq0hqirufhdeoh lq wkh devhqfh ri d �zruog jryhuqphqw1� Exw rffdvlrq0
doo|/ d uxwkohvv ohdghu zloo euhdn wkh surplvhv kh kdv pdgh1 Lq 4<68 wkh Eulwlvk dqg
wkh Jhupdqv h{fkdqjhg grylvk phvvdjhv/ uhvxowlqj lq d qdydo dffrug zklfk olplwhg
wkh Jhupdq  hhw wr 68 ( ri wkh Eulwlvk1 Klwohu/ ri frxuvh/ glg qrw lqwhqg wr uhvshfw
dq| wuhdw|/ exw wkh Eulwlvk glg qrw nqrz wkdw1< Wkh Eulwlvk uhdol}hg wkdw wkh dffrug
zdv �fkhds wdon� dqg wkh| zruulhg derxw wkh idfw wkdw Klwohu*v wuxh plolwdu| vwuhqjwk
zdv gl!fxow wr dvvhvv/ exw wkh| ihow wkdw wuxvwlqj Klwohu zdv d fkdqfh zruwk wdnlqj
+Nlvvlqjhu ^44`/ ss1 5<805<9,1 Lq 4<73/ Jrheehov ghvfulehg Klwohu*v vxffhvv dw wdnlqj
dgydqwdjh ri wkh fuhgxolw| ri wkh zhvwhuq srzhuv= �xs wr qrz zh kdyh vxffhhghg lq
ohdylqj wkh hqhp| lq wkh gdun frqfhuqlqj Jhupdq|*v uhdo jrdov111 Wkh| ohiw xv dorqh
dqg ohw xv vols wkurxjk wkh ulvn| }rqh/ dqg zh zhuh deoh wr vdlo durxqg doo gdqjhurxv
uhhiv1 Dqg zkhq zh zhuh grqh/ dqg zhoo duphg/ ehwwhu wkdq wkh|/ wkhq wkh| vwduwhg wkh
zdu$� +Nlvvlqjhu ^44`/ s1 5<8,1 Lq frqwudvw/ wkh phvvdjhv vhqw e| wkh Eulwlvk dqg wkh
Jhupdqv lq 4<45 pd| eh lghqwl�hg dv grylvk dqg kdznlvk/ uhvshfwlyho|1 Wkh pdmru
qhz zhdsrqv whfkqrorj| zdv wkh Guhdgqrxjkw zduvkls1 Zlwk dq dupv udfh orrplqj
rq wkh krul}rq wkh Eulwlvk ihow �lw pljkw eh srvvleoh e| iulhqgo|/ vlqfhuh dqg lqwlpdwh
frqyhuvdwlrq wr dyhuw wklv shulorxv ghyhorsphqw� dqg wkdw �vxuho| vrphwklqj frxog eh
grqh wr euhdn wkh fkdlq ri eolqg fdxvdwlrq� +Fkxufkloo ^9`/ s1 :8,1 Fkxufkloo sursrvhg
d �qdydo krolgd|� iru 4<46/ zkhuh hdfk qdwlrq zrxog surplvh qrw wr exlog dq| qhz
Guhdgqrxjkwv/ exw wkh phvvdjhv frplqj iurp wkh Ndlvhu zhuh qrw dw doo frqfloldwru|1
Dq dupv udfh iroorzhg +Fkxufkloo ^9`/ ss1 :<0;4,1 Shukdsv vrph ri wkh orjlf ri d
fkhds0wdon htxloleulxp fdq eh vhhq lq wkhvh h{dpsohv1

<Klwohu*v deurjdwlrq ri wkh qdydo dffrug lv ghvfulehg e| Fudlj ^:` sdjhv 9;90:431 Rwkhu grylvk
phvvdjhv vhqw e| Klwohu lqfoxghg wkh vljqlqj ri wkh Jhupdq0Srolvk qrq0djjuhvvlrq sdfw1
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8 Frqfoxvlrq
Wklv sdshu pdnhv wzr frqwulexwlrqv1 Iluvw/ zh surylgh d irupdol}dwlrq ri Vfkhoolqj*v
^54` pxowlsolhu h�hfw xvlqj lqfrpsohwh lqirupdwlrq derxw suhihuhqfhv udwkhu wkdq dq
lpshuihfw zduqlqj v|vwhp1 Rxu prgho lv yhu| forvh wr Vfkhoolqj*v lqirupdo dujxphqw=
�Li L jr grzqvwdluv wr lqyhvwljdwh d qrlvh dw qljkw/ zlwk d jxq lq p| kdqg/ dqg �qg
p|vhoi idfh wr idfh zlwk d exujodu zkr kdv d jxq lq klv kdqg/ wkhuh lv d gdqjhu ri dq
rxwfrph wkdw qhlwkhu ri xv ghvluhv1 Hyhq li kh suhihuv wr ohdyh txlhwo|/ dqg L zlvk klp
wr/ wkhuh lv d gdqjhu wkdw kh pd| wklqn L zdqw wr vkrrw/ dqg vkrrw �uvw1 Zruvh/ wkhuh
lv gdqjhu wkdw kh pd| wklqn wkdw L wklqn kh zdqwv wr vkrrw1 Ru kh pd| wklqn wkdw
L wklqn kh wklqnv L zdqw wr vkrrw1 Dqg vr rq1� +Vfkhoolqj ^54`/ sdjh 53:,1 Qrwlfh
wkdw Vfkhoolqj*v dujxphqw grhv qrw vhhp wr uho| rq suhihuhqfhv ehlqj fruuhodwhg1 Rxu
vhfrqg frqwulexwlrq lv wr vkrz krz fkhds wdon fdq uhvroyh Vfkhoolqj*v glohppd1 Wkh
fkhds0wdon htxloleulxp kdv vhyhudo lqwhuhvwlqj surshuwlhv1 Iluvw/ wkhuh lv d srvlwlyh
suredelolw| wkdw d sod|hu vhqgv d kdznlvk phvvdjh1 Li erwk sod|huv gr wklv/ wkhuh lv qr
dupv udfh/ exw wkh frpelqdwlrq ri d kdznlvk dqg d grylvk phvvdjh wuljjhuv dq dupv
udfh1 Vhfrqg/ wkhuh lv d srvlwlyh suredelolw| wkdw d sod|hu vhqgv d grylvk phvvdjh exw
wkhq hpedunv rq d xqlodwhudo dupv exlog xs1 Lq vxfk d fdvh/ wkh rssrqhqw zloo eh dw d
glvdgydqwdjh/ exw iurp dq h{ dqwh shuvshfwlyh wkh jdpeoh zdv zruwk wdnlqj1 Lq idfw/
wkh lqwurgxfwlrq ri fkhds wdon udlvhv doo w|shv* h{shfwhg sd|r�v/ vlqfh zlwkrxw fkhds
wdon wkh xqltxh htxloleulxp lqyroyhv dq dupv udfh zlwk suredelolw| rqh1

9 Dsshqgl{
Ehiruh jlylqj wkh surri ri Ohppd 4 zh qhhg d whfkqlfdo uhvxow1

Ohppd 9 Li wkh pxowlsolhu frqglwlrq krogv/ wkhq wkhuh h{lvwv � : f vxfk wkdw 8 �ES�_ :
� iru doo S 5 Efc ���

Surri1 Vlqfh 8 kdv d srzhu vhulhv uhsuhvhqwdwlrq e| dvvxpswlrq/ wkh ixqfwlrq
bES� � 8 ES�_� S dovr kdv d srzhu vhulhv uhsuhvhqwdwlrq

bES� '
"[
�'f

&�S
� +46,

Wkh pxowlsolhu frqglwlrq vd|v wkdw bES� � f iru doo S � f� Pruhryhu/ &
f
' f vlqfh

bEf� ' f� Dovr/ dv bE7S� ' _ � 7S : f e| dvvxpswlrq/ wkhuh lv � vxfk wkdw &� 9' f1 Ohw
? � � eh wkh vpdoohvw lqwhjhu vxfk wkdw &? 9' f� Iru vpdoo hqrxjk S : f wkh h{suhvvlrq
lq +46, zloo eh grplqdwhg e| wkh whup &?S

?� Khqfh/ zh pxvw kdyh &? : f iru bES� � f
wr eh wuxh iru S forvh wr }hur1 Wkh ghulydwlyh ri bES� lv

b�ES� '
"[
�'�

�&�S
�3�
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zklfk iru vpdoo hqrxjk S : f lv grplqdwhg e| wkh whup ?&?S
?3� : f1 Khqfh/ b�ES� '

8 �ES�_� � : f iru S : f forvh hqrxjk wr }hur1
Surri ri Ohppd 41
Gh�qh wzr ixqfwlrqv M dqg C dv iroorzv=

ME%c +� � d8 E+�� 8 E%�o%� E�� 8 E+��> +47,

CE%c +� � d�� 2 E8 E+�� 8 E%��o + � 8 E%�_ +48,

Wkhq/ htxdwlrqv +8, dqg +9, duh htxlydohqw wr wkh vwdwhphqw wkdw E%c +� ' ESuc SM�
vroyhv wkh htxdwlrq v|vwhp

ME%c +� ' f
CE%c +� ' f

+49,

Wr dqdo|}h wklv v|vwhp frqvlghu wkh vkdsh ri wkh wzr fxuyhv gh�qhg e| +49,/
uhvwulfwlqj rxu dwwhqwlrq wr % dqg + lq dfc 7So � Zh kdyh

MEfc +� ' � E�� 8 E+��>

Wkhuhiruh/ wkhuh lv d xqltxh + 5 dfc 7So c qdpho|/ + ' 7Sc vxfk wkdwMEfc +� ' f� Vlploduo|/

ME7Sc +� ' � E�� 8 E+�� E>n 7S�

vr wkdw wkhuh lv d xqltxh + 5 dfc 7So c qdpho|/ + ' 7Sc vxfk wkdwME7Sc +� ' f� Iru f 	 % 	 7S
zh qrwlfh wkdw

ME%c f� ' �8 E%�%� > 	 f

ME%c 7S� � d�� 8 E%�o % : f

dqg

YME%c +�

Y+
' 8 �E+� E%n >� : f

Wkhuhiruh/ wkhuh lv d xqltxh + 5 Efc 7S� wkdw vdwlv�hv ME%c +� ' f� Zh pd| zulwh
+ ' �E%�c zkhuh ME%c �E%�� � f iru doo % 5 dfc 7So � Qrwlfh wkdw iru doo % : fc > $ f
lpsolhv �E%�$ %�

Qh{w/ zh wxuq wr wkh C ixqfwlrq1 Zh kdyh

CE%c f� � �8 E%�_

4:



vr wkdw wkhuh lv d xqltxh % 5 dfc 7So c qdpho|/ % ' fc vxfk wkdw CE%c f� ' f� Ohw S6e_

ghqrwh wkh phgldq w|sh +8 ES6e_� ' �*2,1 Zh kdyh

CE%c S6e_� �
�
�� 2

�
�

2
� 8 E%�

��
S6e_ � 8 E%�_ ' 8 E%�

�
2S6e_ � _

�

Qrwlfh wkdw 2S6e_ ' S6e_*8 ES6e_� � _ e| wkh pxowlsolhu dvvxpswlrq1 Li S6e_*8 ES6e_� '
_ wkhq CE%c S6e_� ' f iru doo % 5 dfc 7So1 Krzhyhu/ li S6e_*8 ES6e_� 	 _c wkhq wkhuh lv d
xqltxh % 5 dfc 7So c qdpho| % ' fc vxfk wkdw CE%c S6e_� ' f�

Qrz vxssrvh f 	 + 	 S6e_� Wkhq

CEfc +� � d�� 28 E+�o + : f

dqg

CE+c +� � + � 8 E+�_ � f

e| dvvxpswlrq1 Pruhryhu/ iru + 	 S6e_

YCE%c +�

Y%
' 8 �E%� E2+ � _� ' 8 �E%�

�
+

8 ES6e_�
� _

�
	 8 �E%�

�
+

8 E+�
� _

�
� f +4:,

xvlqj wkh pxowlsolhu frqglwlrq1 Khqfh/ iru hdfk + 5 Efc S6e_�c wkhuh lv d xqltxh % 5
Efc +o vxfk wkdw CE%c +� ' f� Zh pd| zulwh % ' wE+�c zkhuh CEwE+�c +� � f iru doo
+ 5 Efc S6e_��

Fodlp1 Li f 	 % � + dqg % dqg + duh vx!flhqwo| forvh wr }hur/ wkhq

f 	
_wE+�

_+
	 �

Surri1 Wrwdoo| gl�huhqwldwlqj CEwE+�c +� � fc zh rewdlq

_wE+�

_+

YCE%c +�

Y%
n
YCE%c +�

Y+
' f

Zh fdofxodwh

YCE%c +�

Y%
� 8 �E%� E2+ � _�

dqg

YCE%c +�

Y+
� �� 2 E8 E+�� 8 E%��� 28 �E+�+

Wkhuhiruh/

_wE+�

_+
' �YCE%c +�*Y+

YCE%c +�*Y%
'

�� 2 E8 E+�� 8 E%��� 28 �E+�+

8 �E%� E_� 2+�
+4;,

4;



Iru vpdoo hqrxjk % dqg +c +4;, lv vwulfwo| srvlwlyh vlqfh erwk qxphudwru dqg ghqrp0
lqdwru duh vwulfwo| srvlwlyh1 Wr vkrz wkdw +4;, lv vwulfwo| vpdoohu wkdq 4/ lw vx!fhv wr
vkrz wkdw

�� 2 E8 E+�� 8 E%��� 28 �E+�+

8 �E%� E_� 2+�
	

�

8 �E%�_
+4<,

vlqfh/ iru vpdoo hqrxjk %c 8 �E%�_ : � e| Ohppd 91 Exw +4<, lv htxlydohqw wr

E8 �E+�_� �� + n E8 E+�� 8 E%�� _ : f +53,

Wkh �uvw whup lq +53, lv vwulfwo| srvlwlyh iru vpdoo hqrxjk +c e| Ohppd 9/ zkloh wkh
vhfrqg whup lv qrq0qhjdwlyh vlqfh + � %� Wkxv/ +53, lv vdwlv�hg1

Iljxuh 4 lv d w|slfdo ghslfwlrq ri +49,1 Qrwlfh wkdw wkh C ixqfwlrq grhv qrw lqyroyh
>c khqfh wkh ixqfwlrq w grhv qrw lqyroyh > hlwkhu1 Krzhyhu/ iru doo % : fc > $ f
lpsolhv �E%� $ %� Vlqfh f 	 _wE+�*_+ 	 �c iru vpdoo hqrxjk > : f wkh wzr fxuyhv
+ ' �E%� dqg % ' wE+� pxvw kdyh dq lqwhuvhfwlrq duelwudulo| forvh wr wkh srlqw Efc f�
lq wkh srvlwlyh txdgudqw/ dqg zlwk + : % : f dv ghslfwhg lq wkh Iljxuh1 Wklv srlqw lv
ghqrwhg E%c +� ' ESuc SM�� Qrwlfh wkdw SM : Su�

Lw uhpdlqv rqo| wr vkrz wkdw > 	 Su 	 SW 	 SM � Qrwlfh wkdw iru ESuc SM� forvh wr
}hur zh duh jxdudqwhhg wkdw

�� 8 ESM� : 8 ESM�� 8 ESu� +54,

Wkh htxdwlrq MESuc SM� ' f lpsolhv�
8 ESM�� 8 ESu�

�
Su '

�
�� 8 ESM�

�
> +55,

Vlqfh Su : f dqg > : fc +54, dqg +55, lpso| > 	 Su1
Ilqdoo|/ ohw SW vroyh +:,1 Wkdw lv/ ohw SW vdwlvi|�

�� 8 ESM� n 8 ESu�
�
SW '

�
�� 8 ESM�

�
>n 8

�
Su
�
_ +56,

Fohduo| SW h{lvwv/ ehfdxvh �� 8 ESM� n 8 ESu� : f1 Zh fodlp wkdw Su 	 SW 	 SM 1 Wkh
htxdwlrq CESuc SM� ' f lpsolhv�

�� 8 ESM�� �
8 ESM�� 8 ESu�

��
SM ' 8 ESu�

�
_� Su

�
+57,

Vlqfh Su 	 SM c +57, lpsolhv�
�� 8 ESM�� E8 ESM�� 8 ESu��

�
Su 	 8 ESu�

�
_� Su

�
+58,

dqg dovr �
�� 8 ESM�

�
SM � E8 ESM�� 8 ESu��Su : 8 ESu�

�
_� SM

�
+59,

Qrz vxevwlwxwh iurp +55, lqwr +58, dqg +59, wr jhw�
�� 8 ESM� n 8 ESu�

�
Su 	

�
�� 8 ESM�

�
>n 8 ESu�_

dqg �
�� 8 ESM� n 8 ESu�

�
SM :

�
�� 8 ESM�

�
>n 8 ESu�_

Exw wkhvh wzr lqhtxdolwlhv dqg htxdwlrq +56, lpso| Su 	 SW 	 SM 1

4<



Uhihuhqfhv
^4` Urehuw Dxpdqq +4<<3,/ �Qdvk Htxloleuld duh Qrw Vhoi0Hqiruflqj/� lq Hfrqrplf

Ghflvlrq0Pdnlqj= Jdphv/ Hfrqrphwulfv dqg Rswlpl}dwlrq +M1 M1 Jdev}hzlf}/
M10I1 Ulfkdug dqg O1 D1 Zrovh|/ Hgv,/ Hovhylhu1

^5` Gdylg Dxvwhq0Vplwk +4<<3,/ �Lqirupdwlrq Wudqvplvvlrq lq Ghedwh/� Dphulfdq
Mrxuqdo ri Srolwlfdo Vflhqfh1

^6` Vdqghhs Edoljd dqg Vwhskhq Pruulv +5333,/ �Frruglqdwlrq/ Vslooryhuv dqg
Fkhds0Wdon/� plphr/ Qruwkzhvwhuq Xqlyhuvlw|1

^7` Edqnv/ M1 dqg Fdoyhuw/ U1 +4<<5,/ �D Edwwoh0ri0wkh0Vh{hv Jdph zlwk Lqfrpsohwh
Lqirupdwlrq�/ Jdphv dqg Hfrqrplf Ehkdylru 7= 67:06:5

^8` K1 Fduovvrq dqg Hulf ydq Gdpph +4<<6,/ �Joredo Jdphv dqg Htxloleulxp Vh0
ohfwlrq/� Hfrqrphwulfd/ 94= <;<0434;1

^9` Zlqvwrq Fkxufkloo +4<64,1 Wkh Zruog Fulvlv +deu1 dqg uhylvhg,1 Qhz \run= F1
Vfuleqhu1

^:` Fudlj/ J1 +4<:;, Jhupdq| 4;9904<78/ R{irug Xqlyhuvlw| Suhvv/ Qhz \run

^;` Ylqfh Fudzirug dqg Mrho Vreho +4<;5,/ �Vwudwhjlf lqirupdwlrq wudqvplvvlrq/�
Hfrqrphwulfd 83 / 4764047841

^<` Mrkq Kduvdq|l +4<:6, �Jdphv zlwk Udqgrpo| Glvwxuehg Sd|r�v= D Qhz Ud0
wlrqdoh iru Pl{hg Vwudwhj| Htxloleulxp Srlqwv/� Lqwhuqdwlrqdo Mrxuqdo ri Jdph
Wkhru|/ 5= 40561

^43` Urehuw Mhuylv +4<:9,1 Shufhswlrq dqg Plvshufhswlrq lq Lqwhuqdwlrqdo Srolwlfv1
Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv1

^44` Nlvvlqjhu/ K1 +4<<7,1 Glsorpdf|1 Wrxfkvwrqh/ Qhz \run

^45` Pdwwkhzv/ V1 dqg D1 Srvwohzdlwh +4<;<, �Suh0sod| Frppxqlfdwlrq lq Wzr0
Shuvrq Vhdohg0Elg Grxeoh Dxfwlrqv�/ Mrxuqdo ri Hfrqrplf Wkhru| 7;= 56;0596

^46` Vwhskhq Pruulv dqg K|xq Vklq +4<<;,/ �Xqltxh Htxloleulxp lq d Prgho ri Vhoi0
Ixo�oolqj Fxuuhqf| Dwwdfnv/� Dphulfdq Hfrqrplf Uhylhz/ ;;= 8;:08<:1

^47` Vwhskhq Pruulv dqg K|xq Vklq +4<<;,/ �Joredo Jdphv= Wkhru| dqg Dssolfd0
wlrqv/� plphr/ \doh Xqlyhuvlw|1

^48` Vwhskhq Pruulv dqg K|xq Vklq +5334,/ �Olwwoh Qrlvh/ Elj Qrlvh/� plphr/ \doh
Xqlyhuvlw|1
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^49` Eduu| R*Qhloo1 Krqru/ V|perov dqg Zdu1 Dqq Dueru= Xqlyhuvlw| ri Plfkljdq
Suhvv1

^4:` Sljrx/ D1F1 +4<74,/ Wkh Srolwlfdo Hfrqrp| ri Zdu1 Uhylvhg hglwlrq/ PdfPloodq
Frpsdq|/ Qhz \run1

^4;` Urqdog Uhdjdq +4<;6,1 Sxeolf Sdshuv ri wkh Suhvlghqwv ri wkh Xqlwhg Vwdwhv/
Urqdog Uhdjdq/ errn 41 Zdvklqjwrq Gryh1F1= X1V1 Jryhuqphqw Sulqwlqj R!fh1

^4<` Urqdog Uhdjdq +4<<3,1 Dq Dphulfdq Olih1 Qhz \run= Vlprq dqg Vfkxvwhu1

^53` Dulho Uxelqvwhlq +4<;<,/ �Wkh Hohfwurqlf Pdlo Jdph= Vwudwhjlf Ehkdylru xqghu
Doprvw Frpprq Nqrzohgjh/� Dphulfdq Hfrqrplf Uhylhz/ :</ 6;806<41

^54` Wkrpdv F1 Vfkhoolqj +4<93/4<;3,1 Wkh Vwudwhj| ri Frq lfw1 Fdpeulgjh= Kduydug
Xqlyhuvlw| Suhvv1

^55` Ud|prqg Vrqwdj +4<66,1 Hxurshdq Glsorpdwlf Klvwru|/ 4;:404<651 Qhz \run=
Dssohwrq0Fhqwxu|0Furiwv1

^56` Wkxf|glghv +4<:5,1 Wkh Klvwru| ri wkh Shorsrqqhvldq Zdu1 Orqgrq= Shqjxlq
Fodvvlfv1

^57` Ohrqdug Zdlqvwhlq +4<:4,/ �Wkh Guhdgqrxjkw Jds/� lq Urehuw Duw dqg Nhqqhwk
Zdow}/ hgv1/ Wkh Xvh ri Irufh1 Ervwrq= Olwwoh Eurzq1
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