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Devwudfw Zh h{soruh wkh lqwhudfwlrq ehwzhhq hyroxwlrqdu| vwdelolw| dqg
oh{lfrjudsklf suhihuhqfhv1 Wr gr vr/ zh gh�qh d olplw Qdvk htxloleulxp
iru d oh{lfrjudsklf jdph dv wkh olplw ri Qdvk htxloleuld ri qhdue| jdphv
zlwk frqwlqxrxv suhihuhqfhv1 Qdvk htxloleuld ri oh{lfrjudsklf jdphv duh
olplw Qdvk htxloleuld/ exw qrw frqyhuvho|1 Prgl�hg hyroxwlrqdulo| vwdeoh
vwudwhjlhv +Elqpruh dqg Vdpxhovrq ^5`, duh olplw Qdvk htxloleuld1 Prgl�hg
hyroxwlrqdu| vwdelolw| gl�huv iurp _oh{lfrjudsklf hyroxwlrqdulo| vwdelolw|%
+gh�qhg e| h{whqglqj wkh frpprq fkdudfwhul}dwlrq ri hyroxwlrqdu| vwdelolw|
wr oh{lfrjudsklf suhihuhqfhv, lq wkh rughu lq zklfk olplwv lq wkh sd|r� vsdfh
dqg wkh vsdfh ri lqydvlrq eduulhuv duh wdnhq1

-Ilqdqfldo vxssruw iurp wkh Qdwlrqdo Vflhqfh Irxqgdwlrq lv judwhixoo|
dfnqrzohgjhg1 Zh wkdqn Gdylg Frrshu/ Eloo Vdqgkrop dqg Rvfdu Yrolm iru
frpphqwv1
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e| Oduu| Vdpxhovrq dqg Mhurhq P1 Vzlqnhov

� W?|hL_�U|�L?

Oh{lfrjudsklf jdphv kdyh ehhq xvhg wr prgho vlwxdwlrqv lq zklfk sod|0
huv idfh wzr +ru pruh, remhfwlyhv/ rqh duelwudulo| pruh lpsruwdqw wkdq wkh
rwkhu1 Iru h{dpsoh/ frqfhuqv derxw frpsoh{lw| kdyh ehhq dgguhvvhg e|
prghov ri uhshdwhg jdphv lq zklfk wkh sod|huv* �uvw remhfwlyh lv wkhlu prq0
hwdu| uhshdwhg0jdph sd|r� dqg wkhlu oh{lfrjudsklfdoo| vhfrqg remhfwlyh lv
wkh vlpsolflw| ri wkhlu vwudwhj|1

Qdvk htxloleuld pd| qrw h{lvw lq oh{lfrjudsklf jdphv1 Ixuwkhu/ gl�huhqw
sodxvleoh h{whqvlrqv ri hyroxwlrqdu| vwdelolw| wr oh{lfrjudsklf jdphv kdyh
frq�lfwlqj lpsolfdwlrqv1

Lq wklv sdshu zh wdnh wkh ylhz wkdw oh{lfrjudsklf suhihuhqfhv duh d olp0
lwlqj fdvh iru vlwxdwlrqv zkhuh suhihuhqfhv duh doorz frqwlqxrxv wudgh0r�v
ryhu ydulrxv remhfwlyhv/ vxfk dv prqhwdu| sd|r�v dqg frpsoh{lw|/ exw vrph
remhfwlyhv duh pxfk pruh lpsruwdqw wkdq rwkhuv1 Zh h{soruh wkh lpsol0
fdwlrqv ri wklv ylhz iru wkh dssursuldwh irupxodwlrq ri htxloleulxp dqg ri
hyroxwlrqdu| vwdelolw| lq oh{lfrjudsklf jdphv1

Zh �uvw gh�qh d olplw Qdvk htxloleulxp iru d oh{lfrjudsklf jdph dv wkh
olplw ri Qdvk htxloleuld ri d frqyhujlqj vhtxhqfh ri jdphv zlwk frqwlqxrxv
suhihuhqfhv1 Olplw Qdvk htxloleuld h{lvw iru �qlwh qrupdo irup oh{lfrjudsklf
jdphv1 Qdvk htxloleuld duh olplw Qdvk htxloleuld exw wkh frqyhuvh uhodwlrq0
vkls grhv qrw krog/ idlolqj prvw reylrxvo| +wkrxjk qrw rqo|, lq fdvhv lq
zklfk Qdvk htxloleuld idlo wr h{lvw1

Elqpruh dqg Vdpxhovrq ^5` lqwurgxfh wkh frqfhsw ri d prgl�hg hyrox0
wlrqdulo| vwdeoh vwudwhj| +6jtt, iru oh{lfrjudsklf jdphv1 Rqh frxog dovr
vlpso| dsso| wkh frqyhqwlrqdo jtt fulwhulrq wr gh�qh d oh{lfrjudsklf jtt
+khqfhiruwk ,jtt, lq vxfk jdphv1 Zh vkrz wkdw d 6jtt +,jtt, lv d olplw
Qdvk htxloleulxp +Qdvk htxloleulxp,/ zlwk erwk frqyhuvhv idlolqj1 Qhlwkhu
6jtt qru ,jtt lpsolhv wkh rwkhu/ zlwk wkh wzr frqfhswv fruuhvsrqglqj wr
gl�huhqfhv lq wkh rughu lq zklfk wzr olplwv duh wdnhq1 Pjtt fruuhvsrqgv wr
d vlwxdwlrq lq zklfk wkh frpsoh{lw| frvw lv vpdoo frpsduhg wr wkh pxwdwlrq
eduulhu/ zkloh ,jtt fruuhvsrqgv wr d vlwxdwlrq lq zklfk wkh pxwdwlrq eduulhu
lv vpdoo frpsduhg wr frpsoh{lw| frvwv1 Wkh dssursuldwh vwdelolw| frqfhsw
wkxv uhgxfhv wr wkh uhodwlyh pdjqlwxgh ri frpsoh{lw| frvwv dqg wkh lqydvlrq
eduulhu1
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Vhfwlrq 5 suhvhqwv wkh prgho1 Vhfwlrq 6 h{dplqhv wkh frqfhsw ri d olplw
Qdvk htxloleulxp1 Vhfwlrq 7 h{soruhv hyroxwlrqdu| vwdelolw|1

2 wi �UL}h@T��U B@4it

Frqvlghu d jdphJzlwkQ sod|huv kdylqj �qlwh sxuh vwudwhj| vhwv V�> = = = > V� 1
D w|slfdo sxuh vwudwhj| sur�oh lv ghqrwhg v/ zkloh � ghqrwhv d vwudwhj| sur0
�oh wkdw pd| eh hlwkhu sxuh ru pl{hg1 Wr fdswxuh wkh lghd wkdw sod|huv pd|
kdyh sulpdu| dqg vhfrqgdu| +whuwldu|111, remhfwlyhv/ dvvxph wkhuh h{lvw P
ixqfwlrqv

�6+v, =
�\

�'�

V� $ LU� > p @ 4> = = = >P>

zkhuh �6
�

lv wkh rxwfrph iru sod|hu l ri remhfwlyh p jlyhq v1 Hdfk �6

lv h{whqghg wr pl{hg vwudwhjlhv lq wkh vwdqgdug zd|1 Lq d oh{lfrjudsklf
jdph/ hdfk sod|hu l kdv oh{lfrjudsklf suhihuhqfhv/ ghqrwhg e| �u+�,/ ryhu
+��
�
+�,> = = = > ��

�
+�,,1 Lq d uhshdwhg jdph zlwk frpsoh{lw| frqfhuqv/ iru h{0

dpsoh/ P @ 5 zlwk �� lghqwli|lqj prqhwdu| sd|r�v dqg �2 uh�hfwlqj frp0
soh{lw|1

D vhtxhqfh ri +qrq0oh{lfrjudsklf, jdphv J� zlwk sod|huv 4> = = = > Q dqg
vwudwhj| vhwv V�> = = = > V� dssurdfkhv J li wkh sd|r� ixqfwlrq iru hdfk J� lv
jlyhq e|

�+v> �, @
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6'�

�6+�,�
6+v,>

zkhuh iru p @ 5> = = = >P /

olp
�<"

�6+�, @ 3

olp
�<"

�63�+�,

�6+�,
@ 4>

zlwk ��+�, @ 4 wkurxjkrxw1

� w�4�| �@t� ,^��*�Mh�@

Il{ d oh{lfrjudsklf jdph J1 Wkhq/ �� lv d ehvw uhvsrqvh wr � li iru hdfk ��
�

wkhuh lv dq p 5 i3> = = = >Pj vxfk wkdw �&
�
+�, @ �&

�
+��

�
> �3�, iru doo n � p/

zkloh �6n�
�

+�, A �6n�
�

+��
�
> �3�, li p ? P 1 Wkdw lv/ �� lv d ehvw uhvsrqvh

li lw grhv ehwwhu wkdq dq| rwkhu ��
�
dw wkh �uvw ohyho +li dq|, dw zklfk wkh|
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Iljxuh 4= Oh{lfrjudsklf sd|r�v iru d jdph zlwk qr Qdvk htxloleulxp1

glvdjuhh1 D Qdvk htxloleulxp ri d oh{lfrjudsklf jdph lv d sur�oh zkhuh hdfk
sod|hu lv xvlqj d ehvw uhvsrqvh +Deuhx dqg Uxelqvwhlq ^4`/ Uxelqvwhlq ^8`,1

Zh �uvw qrwh wkdw d oh{lfrjudsklf jdph pd| idlo wr kdyh d Qdvk htxl0
oleulxp1 Frqvlghu wkh sd|r� pdwulfhv vkrzq lq Iljxuh 41 Frqvlghu wkh
�uvw0ohyho sd|r�v1 Dq| vwudwhj| iru sod|hu 4 zklfk grhv qrw sxw suredelolw|
rqh rq [ lqgxfhv sod|hu 5 wr fkrrvh [ / wr zklfk [ lv d vwulfw ehvw uhvsrqvh
iru 41 Khqfh/ wkh rqo| srvvleoh Qdvk htxloleulxp lv +[>[,/ lq zklfk erwk
sod|huv fkrrvh [ zlwk suredelolw| rqh1 Exw wkh vhfrqg0ohyho sd|r�v hqvxuh
wkdw [ lv qrw d ehvw uhvsrqvh iru sod|hu 5 wr sod|hu 4*v fkrlfh ri [ / hqvxulqj
wkdw +[>[, lv qrw d Qdvk htxloleulxp1

Wklv uhvxow lv qr vxusulvh1 Rqfh sd|r�v duh oh{lfrjudsklf/ wkh ehvw uh0
vsrqvh fruuhvsrqghqfh fhdvhv wr eh xsshu khplfrqwlqxrxv/ suhfoxglqj �{hg
srlqw dujxphqwv1 Iru h{dpsoh/ [ lv d +vwulfw, ehvw uhvsrqvh iru sod|hu 5 wr
dq| sod|hu04 vwudwhj| wkdw dwwdfkhv srvlwlyh suredelolw| wr \ / exw lv qrw d
ehvw uhvsrqvh wr d vwudwhj| wkdw sod|v \ zlwk }hur suredelolw|1

Rxu prwlydwlrq wkurxjkrxw zloo eh wkdw oh{lfrjudsklf frqvwuxfwlrqv duh
lqwhuhvwlqj wr wkh h{whqw wkdw wkh| surylgh frqyhqlhqw dssur{lpdwlrqv iru
fdvhv lq zklfk suhihuhqfhv duh frqwlqxrxv/ exw vrph frqvlghudwlrqv duh yhu|
pxfk pruh lpsruwdqw wkdq rwkhuv1 Wklv surpswv=

Gh�qlwlrq 4 Wkh vwudwhj| sur�oh �W ri d oh{lfrjudsklf jdph J lv d olplw
Qdvk htxloleulxp li �W lv wkh olplw ri Qdvk htxloleuld ri dq dssur{lpdwlqj
vhtxhqfh iJ�j"�'�1

Lq Iljxuh 4/ wkh xqltxh olplw Qdvk htxloleulxp fdoov iru sod|hu 4 wr fkrrvh
[ dqg sod|hu 5 wr pl{ htxdoo| ryhu [ dqg \ 1 Wr vhh wklv/ qrwh wkdw iru
hdfk � / sod|hu 5 suhihuv \ wr [ li sod|hu 4 fkrrvhv [1 Exw sod|hu 4*v ehvw
uhvsrqvh wr \ lv \ / wr zklfk sod|hu 5*v ehvw uhvsrqvh lv [ 1 Khqfh/ sod|hu 4
pxvw pl{ lq htxloleulxp1 Wr jhw sod|hu 4 wr pl{ lq jdph J� / sod|hu 5 pxvw
sod| [ zlwk suredelolw| +4 . �2+�,,@5/ frqyhujlqj wr �

2
lq wkh olplw1
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Sursrvlwlrq 4
+414, D Qdvk htxloleulxp pd| idlo wr h{lvw lq d oh{lfrjudsklf jdph1
+415, D olplw Qdvk htxloleulxp h{lvwv1
+416, Hyhu| Qdvk htxloleulxp lv d olplw Qdvk htxloleulxp/ exw wkh frq0

yhuvh idlov1

Surri1 +414, lv vkrzq e| Iljxuh 41 +415, iroorzv iurp wkh idfw wkdw wkh
vsdfh ri pl{hg vwudwhj| sur�ohv lv vhtxhqwldoo| frpsdfw1 Wkh olplw Qdvk
htxloleulxp ri Iljxuh 4 vkrzv wkdw qrw hyhu| olplw Qdvk htxloleulxp lv d Qdvk
htxloleulxp/ jlylqj wkh �uvw sduw ri +416,1 Wr vhh wkdw d Qdvk htxloleulxp lv
d olplw Qdvk htxloleulxp/ zh qrwh wkdw iru �W wr eh d Qdvk htxloleulxp/ lw
pxvw eh wkdw/ iru hdfk sod|hu l dqg vwudwhj| ��/

��� +�
W, @ ��� +��> �

W�l,
111

�6� +�
W, @ �6� +��> �

W�l,
�6n�
�

+�W, A �6n�
�

+��> �
W

3�,

111

iru vrphp 5 i3> = = = >Pj1 Exw wkhq zkhqhyhu � dqg khqfh �6n�@�6n2 lv vxi0
�flhqwo| odujh/ wkh zhljkwhg sd|r� lqhtxdolw| �6n��

6n�
�

+�W, A �6n��
6n�
�

+��> �
W�l,

ryhuzkhopv dq| sd|r� gl�huhqfhv wkdw dsshdu iru odujhu ydoxhv ri p/ hqvxu0
lqj wkdw �W lv d ehvw uhvsrqvh lq J� 1 mm
Olplw Qdvk htxloleuld wkxv fdswxuh wkh htxloleuld ri wkh jdph wkh oh{lfr0
judsklf jdph zdv frqvwuxfwhg wr dssur{lpdwh1

Lw lv lqwhuhvwlqj wr qrwh wkdw gl�huhqw dssur{lpdwlqj vhtxhqfhv pd| jhq0
hudwh gl�huhqw olplw Qdvk htxloleuld1 Frqvlghu d jdph zlwk �yh sod|huv/ 4/
4�/ 5/ 5� dqg 6/ iru zkrpP @ 61 Iljxuh 5 vkrzv sduwv ri wkh sd|r� ixqfwlrq
iru wkh �uvw irxu sod|huv1 Sod|huv 4 dqg 5 kdyh sd|r�v wkdw rqo| ghshqg
xsrq wkhlu dfwlrqv/ zlwk �� � 3 iru wkhvh sod|huv1 Sod|hu 4� dqg 5� kdyh
sd|r�v wkdw rqo| ghshqg xsrq wkhlu dfwlrqv/ zlwk �� � 3 iru wkhvh sod|huv1
Sod|hu 6*v sd|r� ixqfwlrq lv vxfk wkdw sod|hu 6 suhihuv [ +\ , li sod|hu 4 lv
pruh +ohvv, olnho| wr fkrrvh [ wkdq lv sod|hu 4�1 Lw lv qrz vwudljkwiruzdug
wr fdofxodwh wkdw dorqj dq dssur{lpdwlqj vhtxhqfh/ wkhuh lv d xqltxh pl{hg
Qdvk htxloleulxp lq zklfk sod|hu 4 sod|v [ zlwk suredelolw|

s�+[, @
4� 5�2+�,� ��+�,

4� �2+�,� ��+�,
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Iljxuh 5= Sduwldo sd|r�v iru jdph lq zklfk olplw Qdvk htxloleulxp ydulhv
zlwk dssur{lpdwlqj vhtxhqfh1

zkloh sod|hu 4� sod|v [ zlwk suredelolw|

s��+[, @
�2+�,� ��+�,

�2+�,
=

Ohw ��+�, @ �2+�,
21 Wkhq iru vx�flhqwo| odujh � / s�+[, ? s��+[,/ dqg khqfh

lq wkh olplw sod|hu 6 fkrrvhv \ 1 Exw li ��+�, @ �2+�,
�

2 / wkhq iru vx�flhqwo|
odujh � / s�+[, A s��+[,/ dqg khqfh lq wkh olplw sod|hu 6 fkrrvhv [1

e ,�L*�|�L?@h) 5|@M�*�|)

Deuhx dqg Uxelqvwhlq ^4` dqg Uxelqvwhlq ^8` h{dplqhg wzr0sod|hu v|pphwulf
oh{lfrjudsklf jdphv zlwk wzr ohyhov lq wkh oh{lfrjudsklf sd|r� klhudufk|/
zkhuh wkh vhfrqg0ohyho sd|r� ghshqgv rqo| xsrq rqh*v rzq vwudwhj|1 D
vwudwhj| zdv lqwhusuhwhg dv wkh fkrlfh ri dq dxwrpdwrq wr sod| d uhshdwhg
jdph1 Wkh �uvw sd|r� ohyho zdv wkh olplw0ri0wkh0phdqv prqhwdu| sd|r� lq
wkh uhshdwhg jdph/ zkloh wkh vhfrqg zdv d phdvxuh ri wkh vlpsolflw| ri wkh
sod|hu*v dxwrpdwrq1 Lq sduwlfxodu/ vhfrqg0ohyho sd|r�v ghshqg rqo| rq rqh*v
rzq vwudwhj|1

Lq wklv vhfwlrq/ zh h{dplqh wkh lvvxhv udlvhg e| h{whqglqj wkh frqfhsw
ri hyroxwlrqdu| vwdelolw| wr vxfk jdphv1 Elqpruh dqg Vdpxhovrq gh�qh wkh
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frqfhsw ri d prgl�hg hyroxwlrqdulo| vwdeoh vwudwhj| +6jtt,/ zklfk zh h{whqg
wr d vwulfw 6jtt=�

Gh�qlwlrq 5 Sxuh vwudwhj| vW lv d 6jtt li/ iru dq| pxwdqw vwudwhj| �/

��+vW> vW, � ��+�> vW,

i��+vW> vW, @ ��+�> vW,j @, i��+vW> �, � ��+�> �,j
i��+vW> vW, @ ��+�> vW, dqg ��+vW> �, @ ��+�> �,j @, i�2+vW, � �2+�,j=
Vwudwhj| vW lv d vwulfw 6jtt li rqh ri wkh lqhtxdolwlhv lv vwulfw1

D 6jtt lv dq dqdorjxh wr d qhxwudoo| vwdeoh vwudwhj| +Pd|qdug Vplwk
^7/ s1 43:`,/ zkloh d vwulfw 6jtt lv dq dqdorjxh wr dq hyroxwlrqdulo| vwdeoh
vwudwhj|1 Zh irfxv rq vwulfw 6jtt dqg hyroxwlrqdu| vwdelolw|/ wkrxjk vlplodu
uhvxowv frxog eh rewdlqhg iru 6jtt dqg qhxwudo vwdelolw|1

Ohw �u ghqrwh wkh +oh{lfrjudsklf, sd|r� ixqfwlrq ri wkh oh{lfrjudsklf
jdph1 Wkhq dq dowhuqdwlyh dssurdfk wr lqfrusrudwlqj hyroxwlrqdu| vwdelolw|
frqvlghudwlrqv zrxog lqyroyh vlpso| dsso|lqj wkh vwdqgdug gh�qlwlrq ri dq
jtt wr wkh ixqfwlrq �u +Yrolm ^:`,1 Zh fdoo wkh uhvxowlqj frqfhsw d oh{lfr0
judsklf jtt/ vlqfh lw h{whqgv wkh frpprqo|0xvhg jtt irupxodwlrq wr jdphv
zlwk oh{lfrjudsklf suhihuhqfhv=

Gh�qlwlrq 6 Vwudwhj| vW lv d oh{lfrjudsklf jtt +,jtt, ri d oh{lfrjudsklf
jdph li/ iru dq| pxwdqw �/

�u+vW> vW, � �u+�> vW,

i�u+vW> vW, @ �u+�> vW,j @, i�u+vW> �, A �u+�> �,j=
ru/ htxlydohqwo|/ li/ iru dq| pxwdqw �/

��+vW> vW, � ��+�> vW,

i��+vW> vW, @ ��+�> vW,j @, i�2+vW, � �2+�,j
i��+vW> vW, @ ��+�> vW, dqg �2+vW, @ �2+�,j @, i��+vW> �, A ��+�> �,j=

Pdnlqj wkh �qdo lqhtxdolw| zhdn zrxog jlyh d oh{lfrjudsklf qhxwudoo| vwdeoh
vwudwhj| ri d oh{lfrjudsklf jdph12 Zh kdyh iroorzhg wkh vwdqgdug sudfwlfh

�, T*L�|�?} |�i t)44i|h) Lu |�i }@4ic �i _hLT |�i T*@)ih t�MtUh�T|t uhL4 L�h ?L|@|�L?c
*i||�?} 7 _i?L|i @ T*@)ih<t t|h@|i}) ti| @?_ *i||�?} Z6Ejc j�� Mi |�i 6�*i�i* T@)Lg |L @
T*@)ih U�LLt�?} t|h@|i}) j @?_ u@U�?} @? LTTL?i?| ��L U�LLtit j��

2Wu �i hi*@ i_ |�i @tt�4T|�L? |�@| Z2 _iTi?_t L?*) �TL? L?i<t L�? t|h@|i})c |��t _i��
?�|�L? �L�*_ hi^��hi @ uL�h|� UL?_�|�L? Lu |�i uLh4 tZ�ErWc rW� ' Z�Ejc rW� @?_ Z2ErWc rW� '
Z2Ejc rW� @?_ Z�ErWc r� ' Z�Ejc j�� 'i tZ2ErWc j� : Z2Ejc j���
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Limit Nash equilibrium

STRICT MESS

Nash equilibrium

LESS

Iljxuh 6= Looxvwudwlrq ri Sursrvlwlrq 51 D olplw Qdvk htxloleulxp dozd|v
h{lvwv/ zkloh d Qdvk htxloleulxp/ ,jtt dqg vwulfw 6jtt qhhg qrw h{lvw1 D
Qdvk htxloleulxp pd| idlo wr h{lvw zkloh d vwulfw 6jtt h{lvwv/ dqg d vwulfw
6jtt pd| idlo wr h{lvw zkloh d ,jtt h{lvwv1

lq wkh frpsoh{lw|0lq0uhshdwhg0jdphv olwhudwxuh ri irfxvlqj dwwhqwlrq rq sxuh
vwudwhjlhv lq wkh dxwrpdwrq fkrlfh jdph dv fdqglgdwhv iru d 6jtt ru ,jtt
+wkrxjk uhwdlqlqj wkh vwdqgdug htxloleulxp frqglwlrq wkdw pl{hg pxwdqwv
pxvw dovr eh uhshoohg,1

Sursrvlwlrq 5
+514, D ,jtt lv d Qdvk htxloleulxp1 D vwulfw 6jtt lv d olplw Qdvk htxl0

oleulxp1 Hdfk ri wkh frqyhuvhv idlov1
+515, D ,jtt ru vwulfw 6jtt pd| idlo wr h{lvw1
+516, D ,jtt qhhg qrw eh d vwulfw 6jtt/ qru qhhg d vwulfw 6jtt eh d ,jtt

ru Qdvk htxloleulxp1
+517, D 6jtt pd| h{lvw zkloh d ,jtt grhv qrw/ dqg d ,jtt pd| h{lvw

zkloh d vwulfw 6jtt grhv qrw1

Zh vxppdul}h Sursrvlwlrq 5 lq Iljxuh 61

Surri1 +514,~+515, Wkdw d ,jtt lv d Qdvk htxloleulxp iroorzv iurp wkh �uvw
uhtxluhphqw iru d ,jtt jlyhq lq Gh�qlwlrq 61
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Qh{w/ ohwwlqj vwudwhj| vW eh d vwulfw 6jtt/ zh vkrz wkdw lw lv d olplw Qdvk
htxloleulxp1 Ohw aV eh wkh vhw ri doo vwudwhjlhv � +lqfoxglqj vW, iru zklfk

��+�> vW, @ ��+vW> vW,=

Il{ dq dssur{lpdwlqj vhtxhqfh ri jdphv dqg/ iru hdfk � / ohw �+�, eh dq
htxloleulxp ri wkh jdph rewdlqhg iurp J� e| uhvwulfwlqj vwudwhjlhv wr eh lq
aV1

Zh �uvw fodlp wkdw lq wkh olplw/ �+�, doorfdwhv xqlwdu| suredelolw| wr
vW1 Wr vkrz wklv/ vxssrvh wkdw lw lv qrw wuxh dqg qrwh wkdw ehfdxvh �+�, lv
frqwdlqhg lq aV/

��+�+�,> vW, @ ��+vW> vW,= +4,

Ehfdxvh �+�, lv d Qdvk htxloleulxp/ ��+�+�,> �+�,, � ��+vW> �+�,,1 Wkh
rssrvlwh lqhtxdolw| lv lpsolhg e| wkh idfw wkdw vW lv d vwulfw 6jtt/ jlylqj

��+�+�,> �+�,, @ ��+vW> �+�,,=

Lq oljkw ri wkh suhylrxv wzr htxdolwlhv/ vW fdq eh d vwulfw 6jtt rqo| li

�2+vW, A �2+�+�,,= +5,

Frpelqlqj +4, dqg +5,/ vW lv d vwulfw ehvw uhvsrqvh wr �+�, dprqj wkh vwudwh0
jlhv lq aV/ d frqwudglfwlrq zklfk doorzv xv wr frqfoxgh wkdw �+�, @ vW iru
doo � 1 Qh{w/ ehfdxvh vW lv d vwulfw ehvw uhvsrqvh wr vwudwhjlhv rxwvlgh aV/ vW

pxvw eh dq xqfrqvwudlqhg htxloleulxp iru vx�flhqwo| odujh � / hqvxulqj wkdw
d 6jtt lv d olplw Qdvk htxloleulxp1�

Wr vkrz wkdw hdfk frqyhuvh lq +514, idlov/ dqg wkdw d ,jtt dqg 6jtt
pljkw idlo wr h{lvw/ frqvlghu d jdph lq zklfk �2 lv ghjhqhudwh1 Wkh ,jtt dqg
vwulfw 6jtt frqfhswv wkhq frlqflgh zlwk wkdw ri dq ruglqdu| jtt1 Wkxv/ hyhq
li zh doorz d 6jtt ru ,jtt wr eh pl{hg/ zh qhhg rqo| ohw �� eh vxfk wkdw
wkh jdph kdv qr jtt +h1j1/ Iljxuh <1514 lq ydq Gdpph ^9/ s1 54<`,1 Ehfdxvh
wkh jdph lqyroyhv rqo| rqh ohyho lq lwv oh{lfrjudsklf sd|r� klhudufk|/ lw kdv
d Qdvk htxloleulxp wkdw lv dovr d olplw Qdvk htxloleulxp/ exw lv qhlwkhu d
,jtt qru d 6jtt1

+516,~+517, Iluvw/ frqvlghu wkh jdph jlyhq lq Iljxuh 71 Vwudwhj| [ lv d
,jtt wkdw lv qrw d 6jtt/ zkloh \ lv erwk d vwulfw 6jtt dqg d ,jtt1 Qh{w/
frqvlghu wkh jdph vkrzq lq Iljxuh 8/ gxh wr Yrolm ^:/ Iljxuh 4`1 Wkh vwudwhj|

�W| �t t|h@�}�|uLh�@h_ |�@| |�iti @h}�4i?|t U@hh) L�ih |L |�i U@ti Lu @ 4� i_ 6jtt�
ì uL**L� |�i t|@?_@h_ Th@U|�Ui EUu� �Mhi� @?_ +�M�?t|i�? d�o @?_ +�M�?t|i�? dDo� Lu

�Lh!�?} ��|� T�hi 6jtt Lh ,jtt |L @�L�_ _��U�*|�it �? �?|ihThi|�?} |�i UL4T*i �|) Lu
4� i_ t|h@|i}�it�
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Iljxuh 7= Vwudwhj| [ lv d ,jtt wkdw lv qrw d vwulfw 6jtt1
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Iljxuh 8= Wkh vwudwhj| [ lv d vwulfw 6jtt/ exw +[>[, lv qrw d Qdvk htxl0
oleulxp +wkrxjk +[>[, lv d olplw Qdvk htxloleulxp, dqg [ lv qrw d ,jtt
+zklfk grhv qrw h{lvw,1
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Iljxuh 9= Wkh vwudwhj| [ lv d ,jtt/ Qdvk htxloleulxp/ dqg olplw Qdvk
htxloleulxp/ exw d vwulfw 6jtt grhv qrw h{lvw1
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[ lv d vwulfw 6jtt/ exw +[>[, lv qrw d Qdvk htxloleulxp +wkrxjk +[>[, lv
d olplw Qdvk htxloleulxp, dqg [ lv qrw d oh{lfrjudsklf hyroxwlrqdulo| vwdeoh
vwudwhj| +zklfk grhv qrw h{lvw,1 Ilqdoo|/ frqvlghu wkh jdph vkrzq lq Iljxuh
91 Wkh vwudwhj| [ lv d ,jtt/ Qdvk htxloleulxp/ dqg olplw Qdvk htxloleulxp/
exw d vwulfw 6jtt grhv qrw h{lvw1 mm

Wr looxvwudwh Sursrvlwlrq 5/ vxssrvh wkdw wkh xqghuo|lqj uhshdwhg jdph
lv wkh lq�qlwho| uhshdwhg sulvrqhuv* glohppd1 Ohw wkh �uvw sodfh lq wkh oh{l0
frjudsklf suhihuhqfhv eh wkh olplw0ri0wkh0phdqv sd|r� lq wkh uhshdwhg jdph
dqg ohw wkh vhfrqg eh d ixqfwlrq wkdw lv vwulfwo| ghfuhdvlqj lq wkh qxpehu ri
vwdwhv lq wkh dxwrpdwrq1 Khqfh/ vlpsohu +l1h1/ ihzhu vwdwh, pdfklqhv duh suh0
ihuuhg1 Elqpruh dqg Vdpxhovrq ^5` vkrz wkdw wklv jdph kdv qr vwulfw 6jtt/
zkloh d 6jtt h{lvwv dqg dq| 6jttpxvw pd{lpl}h wkh vxp ri wkh wzr sod|huv*
sd|r�v +dqg khqfh pxvw ihdwxuh pxwxdo frrshudwlrq,1 D iron wkhruhp iru
sd|r�v ri oh{lfrjudsklf qhxwudoo| vwdeoh vwudwhjlhv ri wkh oh{lfrjudsklf jdph
iroorzv iurp wkh uhvxowv ri Frrshu ^6`1 Yrolm ^:` vkrzv wkdw dozd|v ghihfwlqj
lv wkh xqltxh oh{lfrjudsklf hyroxwlrqdulo| vwdeoh vwudwhj|1

Krz gr zh dvvhvv wkhvh hyroxwlrqdu| vwdelolw| frqfhswvB Zh uhwxuq wr
wkh sulqflsoh wkdw oh{lfrjudsklf suhihuhqfhv duh wrrov wr fdswxuh vlwxdwlrqv
lq zklfk suhihuhqfhv duh frqwlqxrxv exw wkh sd|r�v dwwdfkhg wr vrph remhf0
wlyhv duh yhu| vpdoo1 Vlploduo|/ Pd|qdug Vplwk*v gh�qlwlrq ri dq jtt +rxu
Gh�qlwlrq 6, zdv d wrro phdqw wr fdswxuh d vlwxdwlrq lq zklfk

�+�W> +4� �,�W . ���, A �+��> +4� �,�W . ���, +6,

iru doo pxwdqwv �� dqg iru doo vx�flhqwo| vpdoo �1 Khqfh/ hyroxwlrqdu| vwdelo0
lw| lv phdqw wr hqvxuh wkdw wkh vwdeoh vwudwhj| hduqv d kljkhu dyhudjh sd|r�
wkdq dq| pxwdqw zkr prxqwv d wlq| lqydvlrq lq d srsxodwlrq ri wkh vwdeoh
vwudwhj|1 Wkh vwlsxodwlrq _iru doo vx�flhqwo| vpdoo �% lv w|slfdoo| fdswxuhg
e| ohwwlqj � dssurdfk }hur1

Zkhq zrunlqj zlwk d frqwlqxrxv sd|r� ixqfwlrq �/ lw lv vwudljkwiruzdug
wkdw Gh�qlwlrq 6 lv htxlydohqw wr frqglwlrq +6, dv orqj dv lqwhuhvw lv uhvwulfwhg
wr vx�flhqwo| vpdoo pxwdqw sursruwlrqv �1 Zkhq dsso|lqj hyroxwlrqdu|
vwdelolw| frqglwlrqv wr jdphv zlwk oh{lfrjudsklf suhihuhqfhv/ wkh dssursuldwh
frxqwhusduw ri frqglwlrq +6, lv ohvv fohdu1 Wkh frpsolfdwlrqv dulvh rxw ri wkh
idfw wkdw wkh sd|r� ixqfwlrq �u lv lwvhoi dq dssur{lpdwlrq ri d fdvh zlwk
qrq}hur exw yhu| vpdoo frpsoh{lw| frvwv1 Zh wkxv kdyh wzr olplwv wr wdnh/
rqh dv wkh sursruwlrq ri pxwdqwv dssurdfkhv }hur dqg rqh dv suhihuhqfhv
ehfrph oh{lfrjudsklf/ phdqlqj lq rxu fdvh wkdw frpsoh{lw| frvwv dssurdfk
}hur1 Ohw xv uhsuhvhqw wkh iruphu olplw dv �$ 3 dqg wkh odwwhu olplw dv � $
41 Wkh iroorzlqj lv wkhq d vwudljkwiruzdug pdqlsxodwlrq ri wkh gh�qlwlrqv=
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Sursrvlwlrq 6 Vwudwhj| �W lv d vwulfw �.77 li wkhuh h{lvwv �W vxfk wkdw/
iru dq| � ? �W/ wkhuh lv d �+�, vxfk wkdw/ iru doo � A �+�, dqg doo pxwdqwv ��/

�+�W> +4� �,�W . ���> �, A �+��> +4� �,�W . ���> �,=

Vwudwhj| �W lv d w.77 li wkhuh h{lvwv �W vxfk wkdw/ iru dq| � A �W/ wkhuh lv
dq �+�, vxfk wkdw/ iru doo � ? �+�, dqg doo pxwdqwv ��/

�+�W> +4� �,�W . ���> �, A �+��> +4� �,�W . ���> �,=

Erwk d vwulfw 6jtt dqg d ,jtt wkxv uhsurgxfh wkh ruglqdu| jtt uhtxluhphqw
wkdw wkh fdqglgdwh iru vwdelolw| dfklhyh d kljkhu h{shfwhg xwlolw| wkdq dq|
pxwdqw lq d srsxodwlrq fkdudfwhul}hg e| vpdoo frpsoh{lw| frvwv dqg d vpdoo
pxwdqw lqydvlrq1 Wkh wzr frqfhswv gl�hu lq zklfk ri wkhvh/ wkh pxwdqw
lqydvlrq ru wkh frpsoh{lw| frvw/ lv uhodwlyho| vpdoo1 Wkh vwulfw 6jtt frqfhsw
ihdwxuhv frpsoh{lw| frvwv wkdw duh duelwudulo| vpdoo frpsduhg wr wkh +vpdoo,
vl}h ri d pxwdqw lqydvlrq/ zkloh ,jtt ihdwxuhv pxwdqw lqydvlrqv wkdw duh
duelwudulo| vpdoo frpsduhg wr +vpdoo, frpsoh{lw| frvwv1 Jlyhq wkdw wkhuh
duh wzr srvvleoh rughuv iru wkhvh olplwv/ lw lv qrw vxusulvlqj wkdw zh fdq
�qg vrph glvfrqwlqxlwlhv/ lqfoxglqj wkh srwhqwldo qrqh{lvwhqfh ri d Qdvk
htxloleulxp lq wkh olplwlqj oh{lfrjudsklf jdph1

Iru h{dpsoh/ frqvlghu wkh jdph jlyhq lq Iljxuh 71 Zh fdq wklqn ri wkhvh
sd|r�v dv ehlqj ghulyhg iurp d fkrlfh ri dxwrpdwd iru dq lq�qlwho| uhshdwhg
sulvrqhuv* glohppd zlwk olplw0ri0wkh0phdqv sd|r�v1 Vwudwhj| [ uhsuhvhqwv d
vlqjoh0vwdjh pdfklqh wkdw dozd|v ghihfwv dqg vwudwhj| \ uhsuhvhqwv wkh wzr0
vwdwh pdfklqh |�|�uNi�|B|1 Jlyhq wkdw pxwxdo ghihfwlrq surgxfhv sd|r�v
ri +3> 3, dqg pxwxdo frrshudwlrq +5> 5,/ �� jlyhv wkh olplw0ri0wkh0phdqv sd|0
r�v iru wkhvh vwudwhjlhv1 Dw wkh vhfrqg ohyho/ �2 uhsuhvhqwv frpsoh{lw| frvwv/
zlwk dozd|v ghihfwlqj suhihuuhg ehfdxvh lw lv vlpsohu1

Qrz frqvlghu dq dssur{lpdwlqj vhtxhqfh iJ�j zkhuh sd|r�v lq jdph J|

duh jlyhq e| �� plqxv � wlphv wkh qxpehu ri vwdwhv lq wkh dxwrpdwrq1 Li zh
�{ wkh vl}h ri d pxwdqw lqydvlrq dqg ohw �$ 3 dqg khqfh frpsoh{lw| frvwv
jr wr }hur/ wkhq hyhqwxdoo| wkh dyhudjh sd|r� ri dq lqydglqj |�|�uNi�|B|
h{fhhgv wkdw ri ajujW|/ glvuxswlqj d prqrprusklf srsxodwlrq ri ghihfwruv1
Wklv lv frqvlvwhqw zlwk wkh revhuydwlrq wkdw +\> \ , lv wkh xqltxh 6jtt lq
Iljxuh 71 Li lqvwhdg zh �{ wkh jdph J� dqg ohw wkh vl}h ri d pxwdqw lqydvlrq
jr wr }hur/ wkhq hyhqwxdoo| wkh lqydglqj |�|�uNi�|B| sod|huv iduh zruvh wkhq
ghihfwruv1 Wklv lv frqvlvwhqw zlwk wkh idfw wkdw +[>[, lv d ,jtt ri Iljxuh
71 Lqwxlwlyho|/ |�|�uNi�|B| vhfxuhv d sd|r� dgydqwdjh djdlqvw lwv ihoorz
pxwdqwv zkloh lqfxuulqj d frpsoh{lw| frvw/ dqg khqfh iduhv ehwwhu +zruvh,
wkdq ajujW| li frpsoh{lw| frvwv +qxpehuv ri pxwdqwv, duh uhodwlyho| vpdoo1
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Ilqdoo|/ lw lv lpsruwdqw wr qrwh wkdw qhlwkhu ri wkh lpsolflw olplwv lq
Sursrvlwlrq 6/ lq zklfk hlwkhu wkh frpsoh{lw| frvw ri vl}h ri d pxwdqw lqydvlrq
lv �uvw doorzhg wr dssurdfk }hur/ lv htxlydohqw wr h{dplqlqj vlpso| wkh olplw
ri hyroxwlrqdu| vwdeoh vwudwhjlhv ri wkh dssur{lpdwlqj vhtxhqfh1 Hdfk jdph
lq wkh dssur{lpdwlqj vhtxhqfh iru Iljxuh 8 ihdwxuhv d xqltxh pl{hg Qdvk
htxloleulxp dqg hyroxwlrqdulo| vwdeoh vwudwhj| wkdw frqyhujhv wr wkh 6jtt
lq zklfk [ lv sod|hg zlwk suredelolw| rqh/ exw grhv qrw frqyhujh wr d ,jtt
+zklfk grhv qrw h{lvw,1 Dowhuqdwlyho|/ vwudwhj| [ lv dq jtt lq hdfk jdph lq
wkh dssur{lpdwlqj vhtxhqfh iru Iljxuh 7/ frqyhujlqj wr d ,jtt wkdw lv qrw d
6jtt1
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