
LQVWDQWDQHRXV JUDWLILFDWLRQ

E| Fkulvwrskhu Kduulv dqg Gdylg OdlevrqW

Pd| 63wk 5334

Devwudfw1 Zh sursrvh d wudfwdeoh frqwlqxrxv0wlph prgho ri k|shuerolf

glvfrxqwlqj wkdw fdq eh xvhg wr vwxg| wkh ehkdylru ri oltxlglw|0frqvwudlqhg

frqvxphuv1 Zh vkrz wkdw rxu g|qdplfdoo| lqfrqvlvwhqw prgho vkduhv wkh

vdph ydoxh ixqfwlrq dv d uhodwhg g|qdplfdoo| frqvlvwhqw rswlpl}dwlrq sureohp

zlwk d zhdowk frqwlqjhqw xwlolw| ixqfwlrq1 Xvlqj wklv sduwldo htxlydohqfh/ zh

fdq vkrz erwk h{lvwhqfh dqg xqltxhqhvv ri d k|shuerolf htxloleulxp1 Zh dovr

vkrz wkdw wkh htxloleulxp frqvxpswlrq ixqfwlrq lv frqwlqxrxv dqg prqrwrqlf

lq zhdowk1 Qrqh ri wkhvh surshuwlhv dsso| jhqhudoo| wr dqdorjrxv glvfuhwh0

wlph prghov ri k|shuerolf glvfrxqwlqj1 Doo ri wkh sdwkrorjlfdo surshuwlhv ri

glvfuhwh0wlph k|shuerolf prghov duh holplqdwhg e| rxu frqwlqxrxv0wlph prgho1

MHO fodvvl�fdwlrq= F9/ F:6/ G<4/ H541

Nh|zrugv= k|shuerolf glvfrxqwlqj/ wlph suhihuhqfh/ g|qdplf lqfrqvlv0

whqf|/ frqwlqxrxv wlph/ frqvxpswlrq/ vdylqjv/ ex�hu vwrfn/ Hxohu Uhod0

wlrq/ g|qdplf jdphv/ dowuxlvwlf jurzwk1

�Zh wkdqn Guhz Ixghqehuj/ Jhrujh Pdlodwk/ Dqguhz Srvwohzdlwh dqg vhplqdu sduwlf0
lsdqwv dw Kduydug Xqlyhuvlw|/ Sulqfhwrq Xqlyhuvlw|/ dqg wkh Xqlyhuvlw| ri Shqqv|oydqld1
Odxud Vhuedq dqg Hygrnld Qlnroryd surylghg rxwvwdqglqj uhvhdufk dvvlvwdqfh1 Odlevrq
dfnqrzohgjhv �qdqfldo vxssruw iurp wkh Qdwlrqdo Vflhqfh Irxqgdwlrq +VEU0<843<;8,/ wkh
Rolq Irxqgdwlrq/ wkh Qdwlrqdo Lqvwlwxwh rq Djlqj +U340DJ04998, dqg wkh PdfDuwkxu Irxq0
gdwlrq1 Fkulvwrskhu Kduulv= Fdpeulgjh Xqlyhuvlw|/ Nlqj*v Froohjh/ Fdpeulgjh/ Xqlwhg
Nlqjgrp/ FE5 4VW1 Gdylg Odlevrq= Kduydug Xqlyhuvlw|/ Ghsduwphqw ri Hfrqrplfv/ Olw0
wdxhu P047/ Fdpeulgjh/ PD/ 3546;1
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41 Lqwurgxfwlrq

Urehuw Vwurw} +4<89, �uvw vxjjhvwhg wkdw glvfrxqw udwhv duh kljkhu lq wkh vkruw uxq

wkdq lq wkh orqj uxq1 Doprvw hyhu| h{shulphqwdo vwxg| rq wlph suhihuhqfh kdv

vxssruwhg klv frqmhfwxuh +Dlqvolh 4<<5,1 Wr fdswxuh wklv hpslulfdo uhjxodulw|/ Odle0

vrq +4<<:d, dgrswhg d glvfuhwh0wlph glvfrxqw ixqfwlrq/ i�c qBc qB2c qB�c � � � �jc zklfk
Skhosv dqg Sroodn +4<9;, kdg suhylrxvo| xvhg wr prgho lqwhujhqhudwlrqdo wlph suhi0

huhqfhv1 Zlwk q 	 �c wklv ck|shuerolf* glvfrxqw ixqfwlrq fdswxuhv wkh jds ehwzhhq d

kljk vkruw0uxq glvfrxqw udwh dqg d orz orqj0uxq udwh1 Lq wkh odvw vhyhudo |hduv/ wklv

glvfuhwh0wlph glvfrxqw ixqfwlrq kdv ehhq xvhg wr prgho d zlgh udqjh ri ehkdylru= h1j1/

vdylqj/ frqwudfwv/ mre vhdufk14

Wkh k|shuerolf glvfrxqw ixqfwlrq lpsolhv wkdw fxuuhqw suhihuhqfhv duh lqfrqvlvwhqw

zlwk wkrvh khog lq wkh ixwxuh1 Ehjlqqlqj zlwk wkh zrun ri Vwurw}/ vxfk g|qdplf lqfrq0

vlvwhqf| kdv ehhq dqdo|}hg e| wuhdwlqj wkh lqglylgxdo dv d vhtxhqfh ri lqghshqghqw

vhoyhv zkrvh fkrlfhv duh prghoohg dv dq lqwudshuvrqdo jdph1

Wklv jdph0wkhruhwlf iudphzrun kdv suryhg iuxlwixo1 D uhfxuuhqw sureohp kdv/

krzhyhu/ sodjxhg prvw ri wkhvh k|shuerolf dssolfdwlrqv= vwudwhjlf lqwhudfwlrq dprqj

lqwudshuvrqdo vhoyhv riwhq jhqhudwhv frxqwhuidfwxdo srolf| ixqfwlrqv1 K|shuerolf frq0

vxpswlrq ixqfwlrqv qhhg qrw eh joredoo| prqrwrqlf lq zhdowk/ dqg pd| hyhq gurs

glvfrqwlqxrxvo| dw d frxqwdeoh qxpehu ri srlqwv1 Qxphurxv dxwkruv/ lqfoxglqj Odle0

vrq +4<<:e,/ Pruulv dqg Srvwohzdlwh +4<<:,/ R*Grqrjkxh dqg Udelq +4<<<d,/ Kduulv

dqg Odlevrq +5334e,/ dqg Nuxvhoo dqg Vplwk +5333, kdyh lghqwl�hg k|shuerolf h{dp0

sohv lq zklfk wkh frqvxpswlrq ixqfwlrq kdv qhjdwlyho| vorshg lqwhuydov ru grzqzdug

glvfrqwlqxlwlhv1 Iljxuh 4 sorwv h{dpsohv ri vxfk csdwkrorjlfdo* frqvxpswlrq ixqfwlrqv1

Wzr vroxwlrqv wr wklv sureohp kdyh ehhq sursrvhg1 Iluvw/ Kduulv dqg Odlevrq

+5334e, srlqw rxw wkdw sdwkrorjlhv rffxu rqo| zkhq wkh prgho lv fdoleudwhg lq d

4Iru vrph h{dpsohv/ vhh R*Grqrjkxh dqg Udelq +4<<<e,/ Dqjhohwrv/ Odlevrq/ Uhshwwr/ Wredfpdq
dqg Zhlqehuj +5334,/ dqg Ghood Yljqd dqg Sdvhupdq +5333,1
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olplwhg uhjlrq ri wkh sdudphwhu vsdfh1 Zkhq wkh k|shuerolf prgho lv fdoleudwhg zlwk

uhdvrqdeoh ohyhov ri qrlvh +l1h1 lqfrph yrodwlolw|, dqg uhdvrqdeoh ydoxhv iru rwkhu

suhihuhqfh dqg whfkqrorj| sdudphwhuv/ wkh sdwkrorjlhv w|slfdoo| ydqlvk1 Krzhyhu/

Kduulv dqg Odlevrq +5334e, dfnqrzohgjh wkdw wkhuh gr h{lvw ghihqvleoh fdoleudwlrqv

iru zklfk wkh sdwkrorjlhv duh vwloo suhvhqw +qrwdeo| zkhq wkh frh!flhqw ri uhodwlyh

ulvn dyhuvlrq olhv zhoo ehorz xqlw|,1

Vhfrqg/ R*Grqrjkxh dqg Udelq +4<<<d, srlqw rxw wkdw sdwkrorjlhv dulvh rqo|

wr wkh h{whqw wkdw frqvxphuv uhfrjql}h wkdw wkhlu rzq suhihuhqfhv duh g|qdplfdoo|

lqfrqvlvwhqw1 Li frqvxphuv gr qrw uhfrjql}h wklv/ wkhq wkh| zloo qrw kdyh dq| lqfhqwlyh

wr dfw vwudwhjlfdoo| ylv0ã0ylv wkhlu rzq ixwxuh vhoyhv1 Khqfh/ qdlyh frqvxphuv zkr gr

qrw dqwlflsdwh wkhlu rzq g|qdplf lqfrqvlvwhqf| zloo qrw h{klelw sdwkrorjlhv1 Krzhyhu/

wklv vroxwlrq uhtxluhv wkdw frqvxphuv eh frpsohwho| qdlyh derxw wkhlu rzq ixwxuh

suhihuhqfhv1 Dq| sduwldo nqrzohgjh ri ixwxuh g|qdplf lqfrqvlvwhqf| uhlqvwdwhv wkh

sdwkrorjlhv1

Lq wkh fxuuhqw sdshu zh lghqwli| d vroxwlrq wr wkh sdwkrorj| sureohp wkdw lv

pruh urexvw wkdq hlwkhu ri wkrvh flwhg deryh1 Iluvw/ zh sursrvh d frqwlqxrxv0wlph

prgho ri wlph glvfrxqwlqj wkdw fdswxuhv wkh txdolwdwlyh surshuwlhv ri wkh glvfuhwh0wlph

k|shuerolf prgho1 Wklv prgho glvwlqjxlvkhv ehwzhhq wkh csuhvhqw* dqg wkh cixwxuh*1

Wkh suhvhqw lv ydoxhg glvfuhwho| pruh wkdq wkh ixwxuh/ pluurulqj wkh rqh0wlph gurs

lq ydoxdwlrq lpsolhg e| wkh glvfuhwh0wlph txdvl0k|shuerolf glvfrxqw ixqfwlrq +Skhosv

dqg Sroodn 4<<;/ Odlevrq 4<<:, dqg lwv frqwlqxrxv0wlph jhqhudol}dwlrqv +Eduur 4<<</

Oxwwphu dqg Pdulrwwl 5333,1 Lq dgglwlrq/ zh dvvxph wkdw wkh wudqvlwlrq iurp wkh

suhvhqw wr wkh ixwxuh lv ghwhuplqhg e| d frqvwdqw kd}dug udwh1 Wklv vlpsoli|lqj

dvvxpswlrq hqdeohv xv wr uhgxfh rxu sureohp wr d v|vwhp ri wzr gl�huhqwldo htxdwlrqv

wkdw fkdudfwhul}h suhvhqw dqg ixwxuh ydoxh ixqfwlrqv1

Vhfrqg/ zh vkrz wkdw rxu prgho kdv d olplw fdvh wkdw lv dqdo|wlfdoo| wudfwdeoh dqg

sv|fkrorjlfdoo| uhohydqw1 Wklv lv wkh fdvh lq zklfk wkh suhvhqw lv ydqlvklqjo| vkruw1
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E| irfxvlqj rq wklv sv|fkrorjlfdoo| lpsruwdqw olplw fdvh/ zh wdnh wkh skudvh �lq0

vwdqwdqhrxv judwl�fdwlrq� olwhudoo|1 Zh dqdo|}h d prgho lq zklfk lqglylgxdov suhihu

judwl�fdwlrq lq wkh suhvhqw lqvwdqw glvfuhwho| pruh wkdq frqvxpswlrq lq wkh prphq0

wdulo| ghod|hg ixwxuh1 Wklv prgho lv d xvhixo ehqfkpdun wkdw fdswxuhv wkh hvvhqfh ri

qhdue| prghov lq zklfk wkh suhvhqw lv vkruw/ exw qrw suhflvho| lqvwdqwdqhrxv1

Wklug/ zh vkrz wkdw wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho/ zklfk lv g|qdplfdoo|

lqfrqvlvwhqw/ vkduhv wkh vdph ydoxh ixqfwlrq dv d uhodwhg g|qdplfdoo| frqvlvwhqw rswl0

pl}dwlrq sureohp zlwk d zhdowk0frqwlqjhqw xwlolw| ixqfwlrq1 Xvlqj wklv sduwldo htxly0

dohqfh/ zh fdq vkrz erwk h{lvwhqfh dqg xqltxhqhvv ri wkh k|shuerolf htxloleulxp1

Krzhyhu/ rxu hfrqrp| lv qrw revhuydwlrqdoo| htxlydohqw wr wkh uhodwhg g|qdplfdoo|

frqvlvwhqw rswlpl}dwlrq sureohp1 Wkh sduwldo htxlydohqfh dssolhv wr wkh ydoxh ixqf0

wlrqv exw qrw wr wkh srolf| ixqfwlrqv1

Zh dovr vkrz wkdw wkh htxloleulxp frqvxpswlrq ixqfwlrq ri wkh k|shuerolf sureohp

lv frqwlqxrxv dqg prqrwrqlf lq zhdowk1 Wkh prqrwrqlflw| surshuw| uholhv rq wkh

frqglwlrq wkdw wkh orqj0uxq glvfrxqw udwh lv zhdno| juhdwhu wkdq wkh lqwhuhvw udwh1

Zkhq wklv lqhtxdolw| lv vdwlv�hg/ doo ri wkh sdwkrorjlfdo surshuwlhv ri glvfuhwh0wlph

k|shuerolf prghov duh holplqdwhg e| rxu frqwlqxrxv0wlph prgho1

Wzr rwkhu vhwv ri dxwkruv kdyh dqdo|}hg k|shuerolf suhihuhqfhv lq frqwlqxrxv wlph1

Eduur +4<<<, dqdo|}hv wkh fkrlfhv ri k|shuerolf djhqwv zlwk frqvwdqw uhodwlyh ulvn dyhu0

vlrq1 Kh irfxvhv rq wkh jhqhudo htxloleulxp lpsolfdwlrqv ri k|shuerolf glvfrxqwlqj

dqg wkh zd|v lq zklfk k|shuerolf hfrqrplhv pd| eh revhuydwlrqdoo| htxlydohqw wr h{0

srqhqwldo hfrqrplhv1 Oxwwphu dqg Pdulrwwl +5333, dqdo|}h wkh fkrlfhv ri djhqwv zlwk

duelwudu| glvfrxqw ixqfwlrqv/ frqvwdqw uhodwlyh ulvn dyhuvlrq/ dqg vwrfkdvwlf dvvhw uh0

wxuqv1 Oxwwphu0Pdulrwwl jhqhudol}h Eduur*v revhuydwlrqdo0htxlydohqfh uhvxow/ exw dovr

lghqwli| sduwlfxodu hqgrzphqw surfhvvhv iru zklfk wkh k|shuerolf prgho kdv lqwhuhvw0

lqj qhz dvvhw0sulflqj lpsolfdwlrqv +h1j1/ dq hohydwhg htxlw| suhplxp,1 Oxwwphu dqg

Pdulrwwl zrun zlwk jhqhudo glvfrxqw ixqfwlrqv dqg frqvlghu qxphurxv vshfldo fdvhv1
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Wkh| kdyh lqghshqghqwo| lghqwl�hg vrph surshuwlhv ri wkh sduwlfxodu fdvh lq zklfk

wkh suhvhqw lv ydqlvklqjo| vkruw1 Krzhyhu/ wkhlu �qglqjv gr qrw ryhuods zlwk rxuv1

Eduur dqg Oxwwphu0Pdulrwwl erwk uhvwulfw wkhlu dqdo|vlv wr olqhdu srolf| uxohv1 Wkh

h{lvwhqfh ri d olqhdu htxloleulxp ghshqgv rq vshfldo suhihuhqfh dvvxpswlrqv +frqvwdqw

uhodwlyh ulvn dyhuvlrq, dqg pdunhw dvvxpswlrqv +frpsohwh pdunhwv hqdeolqj vdohv ri

ixwxuh oderu lqfrph,1 Zh gr qrw pdnh uhvwulfwlyh dvvxpswlrqv ri wklv nlqg= zh zrun

zlwk d eurdg fodvv ri suhihuhqfhv> dqg zh lqwurgxfh wkh frqvwudlqw wkdw frqvxphuv pd|

qrw eruurz djdlqvw ixwxuh oderu lqfrph1 Zh sxuvxh wkhvh jhqhudol}dwlrqv iru juhdwhu

uhdolvp1 Rxu sureohp grhv qrw dgplw d olqhdu htxloleulxp1 Zh kdyh wr frqwhqg

zlwk wkh sdwkrorjlhv wkdw dulvh lq rxu jhqhudo vhwwlqj/ exw gr qrw dulvh xqghu wkh

Eduur2Oxwwphu0Pdulrwwl dvvxpswlrqv lq hlwkhu glvfuhwh ru frqwlqxrxv wlph1

Rxu uhvxowv dovr gl�hu iurp Eduur dqg Oxwwphu0Pdulrwwl lq wkdw zh duh deoh wr

suryh xqltxhqhvv ri Pdunry htxloleulxp lq wkh fodvv ri doo srolf| uxohv1 Wklv lv d

ghvludeoh dqg xqh{shfwhg uhvxow/ vlqfh wkh k|shuerolf prgho lv d g|qdplf jdph/ dqg

fdq wkhuhiruh jhqhudwh qrq0xqltxhqhvv1 Iru h{dpsoh/ Nuxvhoo dqg Vplwk +5333, kdyh

vkrzq wkdw k|shuerolf Pdunry htxloleuld duh qrw xqltxh lq d ghwhuplqlvwlf glvfuhwh0

wlph vhwwlqj1 Lq wkh fxuuhqw sdshu/ zh surylgh wzr xqltxhqhvv uhvxowv1 Iluvw/ zh suryh

xqltxhqhvv lq d fodvv ri frqwlqxrxv0wlph prghov zlwk vwrfkdvwlf dvvhw uhwxuqv1 Vhfrqg/

zh sursrvh d uh�qhphqw wkdw xvhv wkh xqltxh htxloleulxp lq wkh vwrfkdvwlf vhwwlqj

wr vhohfw d vhqvleoh xqltxh htxloleulxp lq wkh ghwhuplqlvwlf vhwwlqj1 Wklv uh�qhphqw

wdnhv wkh qdwxudo dssurdfk ri vhohfwlqj wkh olplwlqj htxloleulxp rewdlqhg dv wkh qrlvh

lq wkh dvvhw uhwxuqv ydqlvkhv1

Wkh uhvw ri wkh sdshu irupdol}hv wkhvh fodlpv1 Lq Vhfwlrq 5 zh suhvhqw rxu jhq0

hudo frqwlqxrxv0wlph prgho dqg irupxodwh vrph ri wkh surshuwlhv ri wklv prgho1 Lq

Vhfwlrq 6 zh ghvfuleh dq lpsruwdqw olplw fdvh ri rxu prgho1 Zh fdoo wklv olplw fdvh

wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho1 Lq Vhfwlrq 7 zh vkrz wkdw wkh lqvwdqwdqhrxv0

judwl�fdwlrq prgho kdv wkh vdph ydoxh ixqfwlrq dv d sduwlfxodu g|qdplfdoo| frqvlv0
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whqw rswlpl}dwlrq sureohp1 Zh fdoo wklv odwwhu sureohp wkh chtxlydohqw sureohp*/

exw qrwh wkdw lw lv qrw revhuydwlrqdoo| htxlydohqw wr wkh k|shuerolf sureohp1 Wkh

lqvwdqwdqhrxv0judwl�fdwlrq prgho vkduhv wkh vdph orqj0uxq glvfrxqw udwh dv wkh htxly0

dohqw sureohp/ exw wkh wzr sureohpv kdyh gl�huhqw lqvwdqwdqhrxv xwlolw| ixqfwlrqv dqg

gl�huhqw htxloleulxp srolf| ixqfwlrqv15 Lq Vhfwlrq 8/ zh xvh rxu sduwldo htxlydohqfh

uhvxow wr ghulyh vhyhudo lpsruwdqw surshuwlhv ri wkh lqvwdqwdqhrxv0judwl�fdwlrq sure0

ohp/ lqfoxglqj htxloleulxp h{lvwhqfh/ htxloleulxp xqltxhqhvv/ frqvxpswlrq0ixqfwlrq

frqwlqxlw|/ dqg frqvxpswlrq0ixqfwlrq prqrwrqlflw|1 Lq Vhfwlrq 9 zh ghulyh wkh gh0

whuplqlvwlf yhuvlrq ri wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho/ dqg surylgh d frpsohwh

dqdo|vlv ri wkh fdvh ri frqvwdqw uhodwlyh ulvn dyhuvlrq1 Lq Vhfwlrq : zh irupxodwh uhvxowv

wkdw frpsohphqw dqg jhqhudol}h wkh uhvxowv ri Vhfwlrq 61 Lq Vhfwlrq ; zh frqfoxgh1

51 D Frqwlqxrxv0Wlph Frqvxpswlrq Prgho

Rxu prghoolqj iudphzrun lqfrusrudwhv oltxlglw| frqvwudlqwv/ dq lpsruwdqw txdolwdwlyh

ihdwxuh ri frqvxphuv* sodqqlqj sureohpv +fi1 Ghdwrq 4<<4/ Fduuroo 4<<5/ 4<<:,1

5141 G|qdplfv1 Wlph/ |/ lv lqgh{hg e| wkh uhdo qxpehuv1 Dw d srlqw lq wlph/

wkh frqvxphu kdv zhdowk % 5 dfcn4�1 Wkh frqvxphu uhfhlyhv d frqwlqxrxv  rz ri

oderu lqfrph + 5 Efcn4�1

Vlqfh zhdowk lv d vwrfn yduldeoh/ li % : f/ wkh frqvxphu pd| fkrrvh dq| lqvwdqwd0

qhrxv frqvxpswlrq ohyho S 5 Efcn4� � Li % ' f/ vkh pd| fkrrvh dq| lqvwdqwdqhrxv

frqvxpswlrq ohyho S 5 Efc +o> l1h1/ zkhq zhdowk lv }hur/ lqvwdqwdqhrxv frqvxpswlrq

pxvw olh zhdno| ehorz lqvwdqwdqhrxv lqfrph1 Lq sduwlfxodu/ wkh frqvxphu pd| qhyhu

eruurz1

Zkdwhyhu wkh frqvxphu grhv qrw frqvxph lv lqyhvwhg lq dq dvvhw/ wkh uhwxuqv

5E| frqwudvw/ vhh Eduur +4<<<,/ Odlevrq +4<<9,/ dqg Oxwwphu dqg Pdulrwwl +5333, iru wkh vshfldo
fdvh � orj xwlolw| dqg qr oltxlglw| frqvwudlqwv � lq zklfk revhuydwlrqdo htxlydohqfh ri wkh srolf|
ixqfwlrqv grhv krog1
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rq zklfk duh glvwulexwhg qrupdoo| zlwk phdq >_| dqg yduldqfh j2_|/ zkhuh > 5
E�4cn4� dqg j 5 Efcn4�1 Wkh fkdqjh lq khu zhdowk dw wlph | lv wkhuhiruh

_% ' E>%n + � S� _|n j%_5c

zkhuh 5 lv d vwdqgdug Zlhqhu surfhvv1

Zh frxog hdvlo| jhqhudol}h wklv iudphzrun e| dgglqj d vwrfkdvwlf vrxufh ri oderu

lqfrph1 Iru h{dpsoh/ vwrfkdvwlf lqfuhphqwv ri oderu lqfrph frxog iroorz d Srlvvrq

duulydo surfhvv1 Zh gr qrw sxuvxh wklv jhqhudol}dwlrq/ vlqfh lw zrxog qrw txdolwdwlyho|

fkdqjh wkh dqdo|vlv wkdw iroorzv1

5151 Wkh Frqvxphu1 Wkh frqvxphu lv prghohg dv d vhtxhqfh ri dxwrqrprxv

vhoyhv1 Hdfk vhoi frqwurov frqvxpswlrq lq wkh csuhvhqw* dqg fduhv derxw exw grhv qrw

gluhfwo| frqwuro frqvxpswlrq lq wkh cixwxuh1*

Lq wkh vwdqgdug glvfuhwh0wlph irupxodwlrq ri txdvl0k|shuerolf suhihuhqfhv/ wkh

suhvhqw frqvlvwv rqo| ri wkh fxuuhqw +vlqjoh, shulrg1 Wkh ixwxuh frqvlvwv ri doo sh0

ulrgv diwhu wkh fxuuhqw shulrg/ dqg d shulrg ? � � vwhsv lqwr wkh ixwxuh lv glvfrxqwhg

zlwk wkh ryhudoo glvfrxqw idfwru qB? +Skhosv dqg Sroodn 4<9;/ Odlevrq 4<<:,1

Wklv prgho fdq eh h{whqghg wr frqwlqxrxv0wlph dqg jhqhudol}hg lq wzr zd|v1

Iluvw/ wkh suhvhqw fdq odvw iru dq| gxudwlrq A 5 Efc4�1 Vhfrqg/ wkh gxudwlrq ri

wkh suhvhqw/ Ac fdq eh udqgrp1 Zh dvvxph wkdw vhoi � lv �eruq� dw wlph |�� Vhoi �

uhwdlqv frqwuro ri wkh frqvxpswlrq ghflvlrq iurp gdwh |� wr gdwh |�n� ' |� n A�c zkhuh

A� lv glvwulexwhg h{srqhqwldoo| zlwk sdudphwhu b 5 dfcn4� � Khqfh/ b uhsuhvhqwv wkh

duulydo udwh ri wudqvlwlrqv iurp wkh suhvhqw wr wkh ixwxuh1 Dw wlph |�n�/ vhoi �n� wdnhv

frqwuro ri wkh frqvxpswlrq ghflvlrq dqg wklv qhz vhoi uhwdlqv frqwuro ri frqvxpswlrq

xqwlo wkh qh{w wudqvlwlrq gdwh/ |�n2 ' |�n� n A�n��

Lq wklv frqwlqxrxv0wlph iudphzrun/ wkh vhw ri vhoyhv lv frxqwdeoh1 Rqh qhz vhoi
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lv dvvrfldwhg zlwk hdfk wudqvlwlrq gdwh | 5 i|f ' fc |�c |2c ���j� Iru vhoi |� wkh suhvhqw
odvwv iurp wlph |� wr wkh vwrfkdvwlf wudqvlwlrq wlph |�n� ' |�nA�1 Iru vhoi |� wkh ixwxuh

ehjlqv dw wlph |�n� ' |� n A� dqg odvwv iruhyhu1

Zh dvvxph wkdw vhoi � ydoxhv wkh ixwxuh glvfuhwho| ohvv wkdq wkh suhvhqw1 Vshfl�0

fdoo|/ vhoi �*v suhihuhqfhv duh jlyhq e|

,|�

�] |�nA�

|�

e3�Er3|��L ES Er�� _rn k

] n"

|�nA�

e3�Er3|��L ES Er�� _r

�
c +4,

zkhuh � 5 Efcn4�/ k 5 Efc �o c dqg L G Efcn4� $ U1 Ehfdxvh wkh wudqvlwlrq gdwh

|� n A� lv vwrfkdvwlf/ vhoi � kdv d vwrfkdvwlf glvfrxqw ixqfwlrq/

(bE|�c r� '

;?= e3�Er3|�� li r 5 d|�c |� n A��

ke3�Er3|�� li r 5 d|� n A�cn4�

<@> �

(bE|�c r� ghfd|v h{srqhqwldoo| dw udwh � xs wr wlph |� n A�/ gursv glvfrqwlqxrxvo| dw

|�nA� wr d iudfwlrq k ri lwv ohyho mxvw sulru wr |�nA�/ dqg ghfd|v h{srqhqwldoo| dw udwh

� wkhuhdiwhu1 Khqfh/ vhoi |� glvfrxqwv doo  rzv lq wkh cixwxuh* � l1h1/  rzv wkdw frph

diwhu wlph |� n A� � zlwk dq h{wud idfwru ri k� Wklv frqwlqxrxv0wlph irupdol}dwlrq

lv forvh wr vrph ri wkh ghwhuplqlvwlf glvfrxqw ixqfwlrqv xvhg lq Eduur +4<<<, dqg

Oxwwphu dqg Pdulrwwl +5333,1 Krzhyhu/ zh dvvxph wkdw wkh gxudwlrq ri wkh suhvhqw/

A�c lv vwrfkdvwlf1 Iljxuh 5 sorwv d vlqjoh uhdol}dwlrq ri wklv glvfrxqw ixqfwlrq/ zlwk

|� ' f dqg A� ' ��e1

Zkhq b ' f rxu glvfrxqw ixqfwlrq uhgxfhv wr wkh vwdqgdug h{srqhqwldo glvfrxqw

ixqfwlrq/ qdpho|

(fE|�c r� ' e3�Er3|�� iru doo r 5 d|�cn4� �

Dv b $ 4 wkh glvfrxqw ixqfwlrq frqyhujhv wr d ghwhuplqlvwlf mxps ixqfwlrq zlwk d
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mxps dw r ' |�/ qdpho|

("E|�c r� '

;?= � li r ' |�

ke3�Er3|�� li r 5 E|�cn4�

<@> �

Ohwwlqj b jr wr lq�qlw| fdswxuhv wkh vshfldo fdvh lq zklfk wkh suhvhqw lv ydqlvklqjo|

vkruw1 Zh vkdoo uhwxuq wr wklv fdvh ehorz1

Iljxuh 6 sorwv wkh h{shfwhg ydoxh ri wkh glvfrxqw ixqfwlrq iru d vhw ri b ydoxhv=

b 5 ifc f��c �c �fc4j� Dqdo|wlfdoo|/ wkh h{shfwhg ydoxh lv jlyhq e|/

,|(bE|�c r� ' e3bEr3|��e3�Er3|�� n E�� e3bEr3|���ke3�Er3|���

5161 H{srqhqwldo Dvvxpswlrqv1 Zh vkdoo qhhg wkh iroorzlqj dvvxpswlrqv iru

wkh dqdo|vlv ri wkh prgho zlwk �qlwh b=

H4 L lv wkuhh wlphv frqwlqxrxvo| gl�huhqwldeoh rq Efcn4�>

H5 L � ES� : f iru doo S 5 Efcn4�>

H6 wkhuh h{lvw f 	 4 � 4 	 n4 vxfk wkdw 4 � 3SL ��ES�
L �ES�

� 4 iru doo S 5 Efcn4�>

H7 � : 4@ 
4Md4c4o E�� 4�

�
>� �

2
4j2

�
1

Dvvxpswlrqv H40H6 fdq eh vxppdul}hg e| vd|lqj wkdw wkh frqvxphu kdv erxqghg

uhodwlyh ulvn dyhuvlrq/ ru EUUD iru vkruw1 Dvvxpswlrq H7 lv wkh qdwxudo lqwhjudelolw|

frqglwlrq iru dq h{srqhqwldo frqvxphu zlwk EUUD suhihuhqfhv= lw hqvxuhv wkdw wkh

h{shfwhg sd|r� ri vxfk d frqvxphu lv zhoo gh�qhg1

Dvvxpswlrqv H40H7 fdq eh gudpdwlfdoo| vlpsol�hg li L kdv frqvwdqw uhodwlyh ulvn

dyhuvlrq 4� Lq wklv fdvh H40H6 uhgxfh wr 4 : f/ dqg H7 uhgxfhv wr � : E�� 4�
�
>� �

2
4j2

�
1
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5171 Htxloleulxp1 Zh frq�qh dwwhqwlrq wr wkh vhw ri shuihfw htxloleuld lq vwd0

wlrqdu| Pdunry vwudwhjlhv1 Pruh suhflvho|/ zh irfxv rq shuihfw htxloleuld lq uhjxodu

frqvxpswlrq ixqfwlrqv1

Gh�qlwlrq 41 D frqvxpswlrq ixqfwlrq � G dfcn4� $ Efcn4� lv uhjxodu l� � Ef� 5
Efc +o dqg � lv Olsvfklw} frqwlqxrxv1

Lq rwkhu zrugv= frqvxpswlrq pxvw wdnh sodfh rxw ri oderu lqfrph zkhq % ' f>

dqg wkhuh h{lvwv u 5 dfcn4� vxfk wkdw/ iru doo %�c %2 5 dfcn4�/ m� E%��� � E%2�m �
u m%� � %2m1

Qrz vxssrvh wkdw � lv d uhjxodu frqvxpswlrq ixqfwlrq1 Wkhq/ iru doo % 5 dfcn4�/

zh pd| �qg wkh wlphsdwk f�
% ri zhdowk vwduwlqj dw % e| vroylqj wkh htxdwlrq

_f�
% E|� '

�
>f�

% E|� n + � �
�
f�

% E|�
��

_|n jf�
% E|� _5 E|� c

f�
% Ef� ' %�

Zh gh�qh wkh frqwlqxdwlrq0ydoxh ixqfwlrq T e| wkh irupxod

T E%� ' ,

�] n"

f

e3�|L
�
�
�
f�

% E|�
��

_|

�
�

Wkh frqwlqxdwlrq0ydoxh ixqfwlrq T glvfrxqwv xwlolw|  rzv h{srqhqwldoo|/ zlwk glvfrxqw

udwh �� Zh gh�qh wkh fxuuhqw0ydoxh ixqfwlrq ` e| wkh irupxod

` E%� ' ,

�] A

f

e3�|L
�
�
�
f�

% E|�
��

_|n ke3�AT
�
f�

% EA �
��

c +5,

zkhuh A uhsuhvhqwv wkh qh{w vwrfkdvwlf wudqvlwlrq gdwh1 Lq wkh gh�qlwlrq ri ` / wkh

frqwlqxdwlrq0ydoxh ixqfwlrq T lv glvfrxqwhg e| wzr pxowlsolfdwlyh whupv= wkh suhvhqw0

ixwxuh glvfrxqw idfwru kc dqg wkh vwdqgdug h{srqhqwldo h{suhvvlrq e3�A � Wkh k idfwru

uh hfwv wkh rqh0wlph glvfrxqwlqj wkdw dulvhv gxulqj d wudqvlwlrq ehwzhhq wkh �suhvhqw�
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dqg wkh �ixwxuh1� Wkh wzr whupv lq wkh lqwhjudo ri htxdwlrq +5, duh gluhfwo| frpsd0

udeoh wr wkh wzr whupv lq htxdwlrq +4,/ zklfk ghvfulehv wkh dfwru*v suhihuhqfhv1

Xvlqj wklv qrwdwlrq/ zh fdq gh�qh htxloleulxp dv iroorzv1

Gh�qlwlrq 51 D uhjxodu frqvxpswlrq ixqfwlrq � lv d uhjxodu htxloleulxp l�=

41 Iru doo uhjxodu frqvxpswlrq ixqfwlrqv h� dqg doo % 5 dfcn4�/ zh kdyh

` E%� � ,

�] A

f

e3�|L
� h� �

f
h�
% E|�

��
_|n ke3�AT

�
f

h�
% EA �

��
�

51 Iru doo % 5 dfcn4�/ zh kdyh T E%� � LE+�
�

1

Wkh �uvw frqglwlrq lq rxu gh�qlwlrq ri htxloleulxp uh hfwv rxu dvvxpswlrq wkdw

wkh fxuuhqw vhoi pdlqwdlqv frqwuro ri wkh frqvxpswlrq ghflvlrq iru wkh gxudwlrq ri wkh

suhvhqw � l1h1/ xqwlo wkh qh{w vwrfkdvwlf wudqvlwlrq gdwh A shulrgv lq wkh ixwxuh1 Vlqfh

dq| vlqjoh vhoi frqwurov frqvxpswlrq iru d wlph lqwhuydo zlwk d vwulfwo| srvlwlyh phd0

vxuh/ wkh frqvxpswlrq vwudwhj| ri wkh fxuuhqw vhoi kdv d pdwkhpdwlfdoo| phdqlqjixo

lpsdfw rq wkh glvfrxqwhg suhvhqw ydoxh ri wrwdo xwlolw|16

Wkh vhfrqg frqglwlrq lq rxu gh�qlwlrq ri htxloleulxp uhtxluhv wkdw htxloleulxp

frqwlqxdwlrq0sd|r� ixqfwlrqv pxvw eh erxqghg ehorz e| wkh sd|r� ixqfwlrq dvvr0

fldwhg zlwk wkh p|rslf srolf| �dozd|v frqvxph ghwhuplqlvwlf oderu lqfrph +�1 Wklv

uhtxluhphqw uxohv rxw htxloleuld vxssruwhg e| srolf| ixqfwlrqv wkdw jhqhudwh h{shfwhg

xwlolw| ri �41 Vxfk lq�qlwho| edg srolf| ixqfwlrqv fdq lq jhqhudo eh htxloleuld vlqfh

qr vlqjoh vhoi kdv dq lqfhqwlyh wr ghyldwh1

6Dowhuqdwlyho|/ zh frxog kdyh dvvxphg wkdw wkhuh h{lvwv d frqwlqxxp ri vhoyhv1 Lq wklv irupxodwlrq
hdfk vhoi/ w> frqwurov frqvxpswlrq iru rqo| dq lqvwdqw/ gw1 Lq dgglwlrq/ hdfk vhoi kdv lwv rzq vwrfkdvwlf
suhvhqw/ iurp w wr w . Ww= Vhoi w dssolhv wkh glvfrxqw idfwru � wr doo xwlolw|  rzv diwhu gdwh w . Ww=
Wklv frqwlqxxp0vhoi prgho |lhogv lghqwlfdo uhvxowv wr wkh frxqwdeoh0vhoi prgho dv orqj dv zh forvh
wkh frqwlqxxp0vhoi prgho zlwk wkh khxulvwlf htxloleulxp frqglwlrq X 3+f, @ Z 3+{,= pdujlqdo xwlolw|
ri frqvxpswlrq htxdov wkh pdujlqdo ydoxh ri zhdowk1
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5181 Fkdudfwhul}dwlrq ri Htxloleulxp1 Lq wklv vxevhfwlrq zh irupxodwh wkh

Ehoopdq v|vwhp wkdw fkdudfwhul}hv uhjxodu htxloleuld1 Zh dovr irupxodwh dq h{lvwhqfh

wkhruhp iru vxfk htxloleuld1 Wr frqvhuyh vsdfh/ zh vwdwh wkhvh prwlydwlqj wkhruhpv

zlwkrxw surylglqj irupdo surriv1 Lqvwhdg/ zh surylgh wkh edvlf lqwxlwlrqv ehklqg wkh

uhvxowv1

Iru doo � 5 Efcn4�/ sxw

s E�� ' @h}4@ 
SMEfcn"�

L ES�� S� dqg sf E�� ' @h}4@ 
SMEfc+o

L ES�� S��

Wkhq=

Gh�qlwlrq 61 Wkh �qlwh0b Ehoopdq v|vwhp lv

�

2
j2%2` �� n E>%n + � ��` � � �` � b E` � kT � n L E�� ' fc +6,

�

2
j2%2T �� n E>%n + � ��T � � �T n L E�� ' fc +7,

� ' s E` �� +8,

zkhq % : f/ dqg

E+ � ��` � � �` � b E` � kT � n L E�� ' fc +9,

E+ ���T � � �T n L E�� ' fc +:,

� ' sf E`
�� +;,

zkhq % ' f1

Htxdwlrq +6, fdq eh xqghuvwrrg lq wkh xvxdo zd| e| dsso|lqj Lwr*v Ohppd1 Lqwx0

lwlyho|/ �
2
j2%2` �� uhsuhvhqwv wkh h{shfwhg ydoxh ri lqvwdqwdqhrxv fkdqjhv lq ` dulvlqj

iurp Eurzqldq yrodwlolw| lq wkh uhwxuqv surfhvv> E>%n + � ��` � uhsuhvhqwv wkh h{0
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shfwhg ydoxh ri lqvwdqwdqhrxv fkdqjhv lq ` dulvlqj iurp h{shfwhg fkdqjhv lq zhdowk>

��` uhsuhvhqwv wkh h{shfwhg ydoxh ri lqvwdqwdqhrxv fkdqjhv lq ` dulvlqj iurp h{0

srqhqwldo glvfrxqwlqj dw udwh �( �b E` � kT � uhsuhvhqwv wkh h{shfwhg ydoxh ri lq0

vwdqwdqhrxv fkdqjhv lq ` dulvlqj iurp wkh vwrfkdvwlf duulydo +zlwk kd}dug udwh b, ri

d wudqvlwlrq ehwzhhq wkh �suhvhqw� zlwk ydoxh ` dqg wkh �ixwxuh� zlwk frqwlqxdwlrq

ydoxh kT > LE�� uhsuhvhqwv wkh lqvwdqwdqhrxv ydoxh ri wkh frqvxpswlrq  rz1 Htxd0

wlrq +7, fdq eh xqghuvwrrg lq wkh vdph zd|1 Wkh rqo| gl�huhqfh lv wkdw wkhuh lv qr

orqjhu d wudqvlwlrq h�hfw/ vlqfh T ghvfulehv frqwlqxdwlrq sd|r�v diwhu wkh ixwxuh kdv

duulyhg1 Iurp wkh shuvshfwlyh ri hdfk vhoi/ wkh ixwxuh rqo| duulyhv rqfh1 Htxdwlrqv

+9, dqg +:, duh dqdorjrxv wr htxdwlrqv +6, dqg +7,1 Wkh rqo| gl�huhqfh lv wkdw wkh|

dsso| wr wkh vshfldo fdvh % ' f�

Htxdwlrqv +8, dqg +;, h{suhvv wkh idfw wkdw frqvxpswlrq lv fkrvhq rswlpdoo|1

Zkhq frqvxpswlrq lv qrw frqvwudlqhg/ htxdwlrqv +8, dqg +;, lpso| wkdw

L �E�E%�� ' ` �E%��

Lqwxlwlyho|/ wkh pdujlqdo xwlolw| ri d xqlw ri frqvxpswlrq lv htxdo wr wkh pdujlqdo

ydoxh ri d xqlw ri zhdowk1

Zh wkhq kdyh wkh iroorzlqj fkdudfwhul}dwlrq wkhruhp1

Wkhruhp 71 Vxssrvh wkdw Dvvxpswlrqv +H40H7, duh vdwlv�hg1 Wkhq d uhjxodu frq0

vxpswlrq ixqfwlrq � lv d uhjxodu htxloleulxp l�= ` dqg T duh frqwlqxrxvo| gl�huhq0

wldeoh rq dfcn4� dqg wzlfh frqwlqxrxvo| gl�huhqwldeoh rq Efcn4�> T E%� lv erxqghg

ehorz e| LE+�
�

> dqg E`cTc�� vdwlv�hv wkh �qlwh0b Ehoopdq v|vwhp1

Zh dovr kdyh wkh iroorzlqj h{lvwhqfh wkhruhp1

Wkhruhp 81 Vxssrvh wkdw Dvvxpswlrqv +H40H7, duh vdwlv�hg1 Wkhq wkhuh h{lvwv d

uhjxodu htxloleulxp1
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Wklv wkhruhp fdq eh prwlydwhg dv iroorzv1 Wkh vwuxfwxuh ri wkh sureohp lpsolhv

wkdw/ iru dq| Eruho phdvxudeoh vwudwhjlhv/ wkh ydoxh ixqfwlrqv ` dqg T pxvw eh

erxqghg1 Wkh vprrwk qrlvh dvvrfldwhg zlwk wkh dvvhw uhwxuqv lpsolhv wkdw ` �� dqg

T �� pxvw eh erxqghg lq wkh lqwhulru +% : f,1 Rswlpl}dwlrq lpsolhv wkdw L �E�E%�� '

` �E%�/ vr L ��E�E%��� �E%� ' ` ��E%�1 Khqfh/ surylghg wkdw frqvxpswlrq lv qrw wrr

odujh/ erxqghgqhvv ri ` �� lpsolhv erxqghgqhvv ri � �1 Lq rwkhu zrugv/ � lv Olsvfklw}

frqwlqxrxv1 Ilqdoo|/ vshfldo dujxphqwv duh uhtxluhg dw wkh erxqgdu| +% ' f,/ zkhuh

wkh vprrwk qrlvh ydqlvkhv vlqfh wkh gl�xvlrq surfhvv lv vfdohg e| %1

Uhpdun 91 Lw fdq lq idfw eh vkrzq wkdw doo htxloleuld duh uhjxodu1 Zh kdyh qrw

irupxodwhg d wkhruhp dorqj wkhvh olqhv/ ehfdxvh grlqj vr zrxog lqyroyh d pdmru

gljuhvvlrq1 Dprqj rwkhu wklqjv/ zh zrxog kdyh wr h{sodlq zkdw lv phdqw e| d vroxwlrq

wr wkh g|qdplfv rq wkh lqwhulru ri Efcn4� zkhq wkh frqvxpswlrq ixqfwlrq lv rqo|

Eruho phdvxudeoh> dqg zh zrxog kdyh wr h{sodlq krz wr qrupdol}h wkh g|qdplfv zkhq

wkh frqvxpswlrq ixqfwlrq lv qrw olqhduo| erxqghg1 Pruhryhu wkh dssdudwxv wkdw zh

zrxog kdyh wr ghyhors dorqj wkh zd| zrxog xowlpdwho| wxuq rxw wr eh uhgxqgdqw1

61 Wkh Lqvwdqwdqhrxv0Judwlilfdwlrq Prgho

Wkh frqwlqxrxv0wlph frqvxpswlrq prgho suhvhqwhg lq wkh odvw vxevhfwlrq kdv dq lp0

phgldwh dgydqwdjh ryhu lwv glvfuhwh0wlph dqdorjxh= wkhuh h{lvwv dq htxloleulxp frq0

vxpswlrq ixqfwlrq � wkdw lv frqwlqxrxv hyhu|zkhuh rq dfcn4�1 Lqghhg/ lw lv srvvleoh

wr vkrz wkdw iru wklv prgho doo htxloleulxp frqvxpswlrq ixqfwlrqv duh frqwlqxrxv

hyhu|zkhuh rq dfcn4� � Krzhyhu/ wkh sulqflsdo sdwkrorj| ri wkh glvfuhwh0wlph k|shu0

erolf frqvxpswlrq prgho uhpdlqv= wkhuh pd| eh lqwhuydov rq zklfk � � 	 f1

Iruwxqdwho|/ zh qhhg qrw eh lqwhuhvwhg lq wkh jhqhudo fdvh ri wkh frqwlqxrxv0wlph

frqvxpswlrq prgho1 Wkh xujh iru �lqvwdqwdqhrxv judwl�fdwlrq� vxjjhvwv wkdw wkh

suhvhqw � l1h1/ wkh lqwhuydo iurp | wr | n A gxulqj zklfk frqvxpswlrq lv sduwlfxoduo|

kljko| ydoxhg � lv yhu| vkruw1 Wkhvh revhuydwlrqv ohdg xv wr frqvlghu wkh olplwlqj fdvh
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lq zklfk b $ n4/ dqg khqfh wkh suhvhqw ehfrphv ydqlvklqjo| vkruw1 Uhfdoo wkdw b lv

wkh duulydo udwh ri wudqvlwlrqv iurp wkh suhvhqw wr wkh ixwxuh1 Zh uhihu wr wkh olplwlqj

fdvh/ b ' n4/ dv wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho vlqfh lq wklv olplw fdvh wkh

kljko| uhzduglqj suhvhqw ehfrphv lqvwdqwdqhrxvo| vkruw1 Ehiruh surfhhglqj/ lw pd|

eh khosixo wr hpskdvl}h wkdw zh zloo vwxg| wkh olplw ri wkh htxloleuld dv b $ n4� Lq

wklv zd| zh duh ohg wr d gh�qlwlrq ri wkh htxloleulxp ri wkh olplw sureohp1

6141 K|shuerolf Dvvxpswlrqv1 Zh vkdoo dovr qhhg wkh iroorzlqj ixuwkhu dv0

vxpswlrqv/ zklfk duh vshfl�f wr wkh k|shuerolf frqwh{w=

K4 wkhuh h{lvw �4 	 Z � Z 	 n4 vxfk wkdw Z � 3SL ���ES�
L ��ES�

� Z iru doo S 5 Efcn4�>

K5 k n 4� � : f>

K6 E2� k� 4� E�� k�Z : f>

K7 � : 4@ 
4M

�
4Ekn43��

E23k�43E�3k�Z
c

4Ekn43��

E23k�43E�3k�Z

� E�� 4�
�
>� �

2
4j2

�
1

Dvvxpswlrq K4 uhtxluhv wkdw wkh frh!flhqw ri uhodwlyh suxghqfh lv erxqghg> Dvvxps0

wlrqv K5 dqg K6 hqvxuh wkdw htxloleulxp lq wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho lv

htxlydohqw wr pd{lpl}dwlrq lq dq htxlydohqw sureohp> dqg Dvvxpswlrq K7 lv wkh

lqwhjudelolw| frqglwlrq iru wkh htxlydohqw sureohp1

Dvvxpswlrqv K40K7 fdq eh gudpdwlfdoo| vlpsol�hg li L kdv d frqvwdqw frh!flhqw

ri uhodwlyh ulvn dyhuvlrq 41 Lq wklv fdvh K40K6 uhgxfh wr kn4�� : f/ dqg K7 uhgxfhv

wr H71 Lq sudfwlfh/ fdoleudwhg prghov zloo xvxdoo| vdwlvi| wklv lqhtxdolw|= hpslulfdo

hvwlpdwhv ri wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq w|slfdoo| olh ehwzhhq � dqg D +l1h1

� 	 4 	 D,/ dqg wkh vkruw0uxq glvfrxqw idfwru lv w|slfdoo| wkrxjkw wr eh dw ohdvw f�D

+l1h1 k : f�D,17 Khqfh/ zh fdq h{shfw fdoleudwhg yhuvlrqv ri wkh prgho wr vdwlvi| wkh

7Vhh Odlevrq hw do +4<<;, dqg Dlqvolh +4<<5,1
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lqhtxdolw| kn4�� : f1 Krzhyhu/ iru frpsohwhqhvv/ zh glvfxvv wkh fdvh kn4�� � f

lq Vhfwlrq :1

6151 Wkh Ehoopdq V|vwhp ri wkh Lqvwdqwdqhrxv0Judwl�fdwlrq Prgho1 Lq

wklv vhfwlrq/ zh fkdudfwhul}h wkh olplwlqj htxloleulxp rewdlqhg dv b $ n41 Zh �uvw

gh�qh wkh lqvwdqwdqhrxv0judwl�fdwlrq Ehoopdq v|vwhp1

Gh�qlwlrq :1 Wkh lqvwdqwdqhrxv0judwl�fdwlrq Ehoopdq v|vwhp lv

` ' kT c +<,

�

2
j2%2T

��
n
�
>%n + � �

�
T
� � �T n L

�
�
�
' fc +43,

� ' s
�
`

�
�

+44,

zkhq % : f> dqg

` ' kT c +45,�
+ ��

�
T
� � �T n L

�
�
�
' fc +46,

� ' sf
�
`

�
�

+47,

zkhq % ' f1

Lw lv hdv| wr prwlydwh wklv gh�qlwlrq ri wkh lqvwdqwdqhrxv0judwl�fdwlrq Ehoopdq

v|vwhp= li zh glylgh htxdwlrqv +6, dqg +9, ri wkh �qlwh0b Ehoopdq v|vwhp wkurxjk

e| b dqg ohw b $ n4/ wkhq zh rewdlq htxdwlrqv +<, dqg +45, ri wkh lqvwdqwdqhrxv0

judwl�fdwlrq Ehoopdq v|vwhp> dqg htxdwlrqv +43,/ +44,/ +46, dqg +47, ri wkh lqvwdqwdqhrxv0

judwl�fdwlrq Ehoopdq v|vwhp duh lghqwlfdo wr htxdwlrqv +7,/ +8,/ +:, dqg +;, ri wkh

�qlwh0b Ehoopdq v|vwhp1

Htxdwlrqv +<, dqg +45, uh hfw wkh idfw wkdw dv b $ n4 wkh glvfrxqw ixqfwlrq

gursv hvvhqwldoo| lpphgldwho| wr d iudfwlrq k ri lwv lqlwldo ydoxh/ dqg wkdw wkh fxuuhqw0
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ydoxh ixqfwlrq ` lv wkhuhiruh k wlphv wkh frqwlqxdwlrq0ydoxh ixqfwlrq T 1 Khuh T

uhsuhvhqwv wkh h{srqhqwldoo| glvfrxqwhg ydoxh ri wkh vwuhdp ri htxloleulxp xwlolw|

 rzv1 Iurp wkh shuvshfwlyh ri wkh fxuuhqw vhoi/ doo ri wkrvh ixwxuh xwlolw|  rzv

duh dgglwlrqdoo| glvfrxqwhg e| idfwru k/ vr ` ' kT � Htxdwlrqv +43, dqg +46, fdq

eh xqghuvwrrg lq wkh xvxdo zd| e| dsso|lqj Lwr*v Ohppd1 Htxdwlrqv +8, dqg +;,

h{suhvv wkh idfw wkdw frqvxpswlrq lv fkrvhq rswlpdoo|1 Zkhq frqvxpswlrq lv qrw

frqvwudlqhg/ wkh| lpso| wkdw L �
�
�E%�

�
' `

�
E%�1 Pruhryhu htxdwlrqv +<, dqg +45,

lpso| wkdw `
�
E%� ' kT

�
E%�1 Khqfh/

L �
�
�E%�

�
' `

�
E%� ' kT

�
E%��

Lqwxlwlyho|/ wkh pdujlqdo xwlolw| ri d xqlw ri frqvxpswlrq lv htxdo wr wkh pdujlqdo

ydoxh ri d xqlw ri zhdowk/ zklfk lv htxdo wr kT
�
E%��

Htxdwlrqv +< 0 47, duh vlplodu � dowkrxjk qrw lghqwlfdo � wr wkh v|vwhp ri htxd0

wlrqv wkdw zrxog dulvh li d frqvxphu zhuh g|qdplfdoo| frqvlvwhqw1 Wr vlpsoli| frp0

sdulvrq/ dvvxph wkdw wkh frqvxphu lv dozd|v lq wkh lqwhulru ri khu vwdwh vsdfh dqg khu

fkrlfh vsdfh1 Wkhq wkh Ehoopdq v|vwhp wkdw zrxog dsso| wr d frpsohwho| h{srqhqwldo

djhqw +l1h1/ zlwk k ' ��c lv jlyhq e|

�

2
j2%2T

��

. n
�
>%n + � �.

�
T
�

. � �T . n L
�
�.

�
' fc +48,

L �
�
�.E%�

�
' T

�

.E%�� +49,

Frpsduh wkhvh htxdwlrqv wr wkh dqdorjrxv htxdwlrqv iru wkh lqvwdqwdqhrxv0judwl�fdwlrq

prgho +djdlq dvvxplqj wkdw wkh frqvxphu lv dozd|v lq wkh lqwhulru ri khu vwdwh dqg
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fkrlfhv vsdfhv,=

�

2
j2%2T

��
n
�
>%n + � �

�
T
� � �T n L

�
�
�
' fc +4:,

L �
�
�E%�

�
' kT

�
E%�� +4;,

Wkh rqo| gl�huhqfh ehwzhhq Ehoopdq v|vwhp +48049, dqg Ehoopdq v|vwhp +4:04;, lv

wkh k whup wkdw pxowlsolhv T
�
lq wkh odvw htxdwlrq1 Vlqfh k 	 � dqg wkh xwlolw| ixqfwlrq

lv frqfdyh/ wklv gl�huhqfh gulyhv xs frqvxpswlrq lq wkh lqvwdqwdqhrxv0judwl�fdwlrq

prgho uhodwlyh wr frqvxpswlrq lq wkh h{srqhqwldo prgho1 Qdwxudoo|/ wklv lqfuhdvh

lq frqvxpswlrq dovr gulyhv d zhgjh ehwzhhq wkh ydoxh ixqfwlrqv/ T . dqg T c zklfk

fkdudfwhul}h wkh wzr sureohpv1

Irupdo prwlydwlrq iru wkh gh�qlwlrq ri wkh lqvwdqwdqhrxv0judwl�fdwlrq Ehoopdq

v|vwhp fdq eh rewdlqhg dv iroorzv1 Xvlqj htxdwlrqv +<, dqg +45,/ zh pd| vxevwlwxwh

iru ` lq htxdwlrqv +44, dqg +47,1 Vlploduo|/ xvlqj htxdwlrqv +44, dqg +47,/ zh pd|

vxevwlwxwh iru � lq htxdwlrqv +43, dqg +46,1 Lq wklv zd|/ zh rewdlq wkh v|vwhp=

�

2
j2%2T

��
n
�
>%n + � s

�
kT

�
��

T
� � �T n L

�
s
�
kT

�
��

' f +4<,

zkhq % : f> dqg

�
+ � sf

�
kT

�
��

T
� � �T n L

�
sf

�
kT

�
��

' f +53,

zkhq % ' f1 Zh wkhq kdyh wkh iroorzlqj wkhruhp/ wkh surri ri zklfk lv rplwwhg wr

frqvhuyh vsdfh1

Wkhruhp ;1 Vxssrvh wkdw Dvvxpswlrqv H40H7 dqg K40K7 duh vdwlv�hg1 Wkhq/ dv

b $ n4/ T frqyhujhv xqlirupo| rq frpsdfw vxevhwv ri dfcn4� wr d olplw ixqfwlrq
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T zklfk lv wkh xqltxh ylvfrvlw| vroxwlrq8 ri wkh v|vwhp +4<053,1

Wkh fhqwudo gl!fxow| lq surylqj Wkhruhp ; uhodwhv wr wkh idfw wkdw/ zkloh � lv

frqwlqxrxv rq wkh zkroh ri dfcn4�/ lwv olplw � pd| kdyh dq xszdug mxps dw f1 Wkh

vwudwhj| iru flufxpyhqwlqj wklv gl!fxow| fdq eh h{sodlqhg dv iroorzv1 Vxssrvh/ iru

wkh vdnh ri glvfxvvlrq/ wkdw=

41 Wkhuh h{lvwv g 5 dfcn4� vxfk wkdw/ iru doo b 5 dfcn4�/ � E%� � g E� n %�1

51 Wkhuh h{lvw ixqfwlrqv `cT G dfcn4� $ U vxfk wkdw=

+d, ` dqg T duh wzlfh frqwlqxrxvo| gl�huhqwldeoh rq dfcn4�>

+e, ` $ ` dqg T $ T xqlirupo| rq frpsdfw vxevhwv ri dfcn4� dv b $
n4>

+f, ` � $ `
�
/ ` �� $ `

��
/ T � $ T

�
dqg T �� $ T

��
xqlirupo| rq frpsdfw

vxevhwv ri Efcn4� dv b $ n41

+Zh hpskdvl}h wkdw/ zkloh zh dvvxph wkdw wkh erxqg g rq � lv lqghshqghqw ri b/

zh gr qrw dvvxph wkdw wkh Olsvfklw} frqvwdqw u ri � lv lqghshqghqw ri b1 E| wkh

vdph wrnhq/ zkloh zh dvvxph wkdw ` dqg T frqyhujh xqlirupo| rq frpsdfw vxevhwv

ri wkh forvhg lqwhuydo dfcn4�/ zh rqo| dvvxph wkdw ` �/ ` ��/ T � dqg T �� frqyhujh

xqlirupo| rq frpsdfw vxevhwv ri wkh rshq lqwhuydo Efcn4�1 Lq wklv zd|/ zh doorz iru

wkh srvvlelolw| wkdw � pd| kdyh dq xszdug mxps dw f1,

Zh pd| wkhq uhdvrq dv iroorzv1 Sxw ~ ' ` �kT 1 Pxowlso|lqj htxdwlrqv +7, dqg

+:, e| k dqg vxewudfwlqj wkhp iurp htxdwlrqv +6, dqg +9,/ zh rewdlq

�

2
j2%2~ �� n E>%n + � ��~ � � E� n b�~ n E�� k�L E�� ' f

8Vhh Fudqgdoo hw do +4<<5, iru d �xvhu*v jxlgh� wr ylvfrvlw| vroxwlrqv1
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zkhq % � f1 Lq rwkhu zrugv/ ~ lv wkh h{shfwhg suhvhqw glvfrxqwhg ydoxh ri wkh  rz ri

xwlolw| E�� k�L E�� xs wr wlph A|1 Khqfh ~ $ f dv b $ n4/ dqg ` ' kT 1 Wkdw

lv/ htxdwlrqv +<, dqg +45, krog1

Qh{w/ sxw � ' s
�
`

�
�
iru % : f dqg � ' sf

�
`

�
�
iru % ' f1 Lq rwkhu zrugv/

fkrrvh � lq vxfk d zd| dv wr hqvxuh wkdw htxdwlrqv +44, dqg +47, krog1 Wkhq/ sdvvlqj

wr wkh olplw lq htxdwlrq +7,/ zh rewdlq

�

2
j2%2T

��
n
�
>%n + � �

�
T
� � �T n L

�
�
�
' f +54,

zkhq % : f1 Wkdw lv/ htxdwlrq +43, krogv1 Wkhuh duh wkhq wzr fdvhv wr frqvlghu1

Lq wkh �uvw fdvh/ `
�
Ef� � L � E+�1 Lq wklv fdvh/ � Ef� ' � Efn� � +1 Zh pd|

wkhuhiruh sdvv wr wkh olplw lq htxdwlrq +54, wr rewdlq

�
+ ��

�
T
� � �T n L

�
�
�
' f

zkhq % ' f1 Lq rwkhu zrugv/ htxdwlrq +46, krogv lq wklv fdvh1

Lq wkh vhfrqg fdvh/ `
�
Ef� 	 L � E+�1 Lq wklv fdvh/ � Ef� ' + 	 � Efn�1 Lq

sduwlfxodu/ wkhuh lv dq xszdug mxps lq � dw f1 Zh wkhuhiruh surfhhg dv iroorzv1 Ohw

%f eh wkh wlph0sdwk iru dvvhwv vwduwlqj dw f1 Wkhq zh kdyh

_%f E|� '
�
>%f E|� n + � �

�
%f E|�

��
_| n j%f E|� _5 E|� c

%f Ef� ' f

dqg

T Ef� ' ,

�]
e3�|L

�
�
�
%f E|�

��
_|

�
�
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Ohw %f eh dq| olplw srlqw ri %f1 Vlqfh� Efn� : +/ %f pxvw uhpdlq wudsshg dw f iruhyhu1

Zh fdq wkhuhiruh �qg d wlphsdwk ri pl{hg frqvxpswlrqv V G dfcn4� $ S Edfc go�

vxfk wkdw

_%f E|� ' + �
]

S_V ES m |� ' f

iru doo | � f dqg

T Ef� ' ,

�]
e3�|

�]
L ES� _V ES m |�

�
_|

�
�

Khqfh

L E+�

�
� T Ef� � ,

�]
e3�|L

�]
S_V ES m |�

�
_|

�
' ,

�]
e3�|L E+� _|

�
'

L E+�

�
�

Lq sduwlfxodu/ T Ef� ' LE+�
�
1 Vlqfh � Ef� ' +/ lw iroorzv wkdw htxdwlrq +46, krogv lq

wklv fdvh wrr1

Uhpdun <1 Wklv ghulydwlrq ri wkh erxqgdu| frqglwlrq iru wkh Ehoopdq v|vwhp ri wkh

lqvwdqwdqhrxv0judwl�fdwlrq prgho kljkoljkwv wkh lpsruwdqfh ri wkh uhtxluhphqw wkdw

T � LE+�
�

lq wkh gh�qlwlrq ri htxloleulxp1

71 Wkh Htxlydohqfh Uhvxow

Lq wkh suhvhqw vhfwlrq zh vkrz wkdw/ xqghu dssursuldwh dvvxpswlrqv/ wkh ydoxh ixqf0

wlrq T ri wkh k|shuerolf frqvxphu lq wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho lv dovr

wkh ydoxh ixqfwlrq ri dq h{srqhqwldo frqvxphu zlwk dq dssursuldwho| fkrvhq xwlolw|

ixqfwlrq1

Wklv uhvxow fdq eh prwlydwhg e| frpsdulqj wkh Ehoopdq v|vwhp zlwk b ' f zlwk

wkh Ehoopdq v|vwhp ri wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho1 Iru doo � 5 Efcn4�/



LQVWDQWDQHRXV JUDWLILFDWLRQ 55

sxw

� E�� ' L Es E���� s E��� dqg �f E�� ' 4@ 
SMEfc+o

L Esf E���� sf E����

Wkhq/ sxwwlqj b ' f lq wkh Ehoopdq v|vwhp zlwk �qlwh b/ zh rewdlq=

�

2
j2%2` �� n E>%n +�` � � �` n � E` �� ' f +55,

zkhq % : f> dqg

+` � � �` n �f E`
�� ' f +56,

zkhq % ' f1 Vhfrqgo|/ iru doo � 5 Efcn4�/ sxw

e� E�� ' L Es Ek���� s Ek��� dqg e�f E�� ' L Esf Ek���� sf Ek����

Wkhq wkh Ehoopdq v|vwhp ri wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho fdq eh zulwwhq=

�

2
j2%2T

��
n E>%n +�T

� � �T n e��T �
�
' f +57,

zkhq % : f> dqg

+T
� � �T n e�f �T �

�
' f +58,

zkhq % ' f1

Qrz/ surylghg wkdw e� lv ghfuhdvlqj dqg frqyh{ +zklfk lv jxdudqwhhg e| Dvvxps0
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wlrqv K5 dqg K6,/ zh fdq �qg d xwlolw| ixqfwlrq eL vxfk wkdw

e� E�� ' 4@ 
SMEfcn"�

eL ES�� S��

Vlploduo|/ surylghg wkdw e�f lv ghfuhdvlqj dqg frqyh{ +zklfk lv djdlq jxdudqwhhg e|

Dvvxpswlrqv K5 dqg K6,/ zh fdq �qg d xwlolw| ixqfwlrq eLf vxfk wkdw

e�f E�� ' 4@ 
SMEfc+o

eLf ES�� S��

Krzhyhu/ xqolnh � dqg �f/ e� dqg e�f duh qrw jhqhudwhg e| wkh vdph xwlolw| ixqfwlrq1 Rq
wkh frqwudu|/ eLf grplqdwhv eL 1 Lq sduwlfxodu/ zh kdyh eLf E+� : eL E+�1 Khqfh/ lq rughu

wr rewdlq wkh ghvluhg htxlydohqfh/ wkh xwlolw| ixqfwlrq ri wkh h{srqhqwldo frqvxphu

pxvw eh pdgh wr ghshqg rq khu zhdowk dv khu frqvxpswlrq1 Vshfl�fdoo|/ vkh pxvw

xvh wkh xwlolw| ixqfwlrq eL zkhq % : f dqg wkh xwlolw| ixqfwlrq eLf zkhq % ' f1

7141 Wkh Xwlolw| Ixqfwlrq lq wkh Lqwhulru1 Uhfdoo wkdw e� E�� ' L Es Ek��� �
s Ek��� iru doo � 5 Efcn4�/ dqg sxw

4 ES� '
�SL �� ES�

L � ES�
c Z ES� '

�SL ��� ES�

L �� ES�
c w ES� '

Z ES�

4 ES�

iru doo S 5 Efcn4�1 Wkhq=

Ohppd 431 Vxssrvh wkdw Dvvxpswlrqv H40H7 dqg K40K6 krog1 Wkhq=

41 e�� E�� 	 f iru doo � 5 Efcn4�>

51 e��� E�� : f iru doo � 5 Efcn4�>

61 wkhuh h{lvw f 	 4e� � 4e� 	 n4 vxfk wkdw 4e� � 3�e���E��e��E�� � 4e� iru doo � 5 Efcn4�1
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Surri1 Qrwh �uvw wkdw

e� E�� ' L Es Ek���� s Ek���

' L Es Ek���� ks Ek���� E�� k� s Ek���

' � Ek��� E�� k� s Ek����

Khqfh

e�� E�� ' k�� Ek��� E�� k� s Ek��� E�� k�ks � Ek���

' �ks Ek��� E�� k� s Ek��� E�� k�ks � Ek���

' �s Ek��� E�� k� s � Ek��k�

' �s Ek��

�
� n E�� k�

s � Ek��k�

s Ek��

�
' �s Ek��

�
� n E�� k�

L � Es Ek���

s Ek��L �� Es Ek���

�
' �s Ek��

�
�� �� k

4 Es Ek���

�
'

�s Ek��

4 Es Ek���
Ek n 4 Es Ek���� �� �

Sduw 4 ri wkh ohppd wkhuhiruh iroorzv iurp Dvvxpswlrq K51

Vhfrqg/ dv vkrzq deryh/ zh kdyh

e�� E�� ' �s Ek��� E�� k� s � Ek��k��
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Khqfh

e��� E�� ' �ks � Ek��� E�� k� s � Ek��k� E�� k�ks �� Ek��k�

' �ks � Ek��

�
� n E�� k�

�
� n

s �� Ek��k�

s � Ek��

��
'

�k

L �� Es Ek���

�
� n E�� k�

�
�� L ��� Es Ek���L � Es Ek���

L �� Es Ek���2

��
'

�k

L �� Es Ek���
E� n E�� k� E�� w Es Ek�����

'
�k

L �� Es Ek���
EE2� k�� E�� k� w Es Ek���� �

Sduw 5 ri wkh ohppd wkhuhiruh iroorzv iurp Dvvxpswlrq K61

Wklug/ xvlqj wkh �qdo h{suhvvlrqv rewdlqhg deryh iru e�� E�� dqg e��� E��/ zh kdyh
��e��� E��e�� E�� '

E2� k�� E�� k� w Es Ek���

k n 4 Es Ek���� �
�

Khqfh

4e� � ��e��� E��e�� E�� � 4e�c

zkhuh

4e� '
E2� k� 4� E�� k�Z

4 Ek n 4� ��
dqg 4e� ' E2� k� 4� E�� k�Z

4L
�
k n 4� �

� �

Wklv hvwdeolvkhv sduw 6 ri wkh ohppd1

Lq ylhz ri Ohppd 43/ zh pd| dsso| Ihqfkho*v Wkhruhp wr frqfoxgh wkdw/ li zh

gh�qh wkh ixqfwlrq eL G Efcn4� $ U e| wkh irupxod

eL EeS� ' 4�?
�MEfcn"�

e� E�� n eS�c
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wkhq

e� E�� ' 4@ eSMEfcn"�

eL EeS�� �eS
iru doo � 5 Efcn4�1

Wkhruhp 441 Vxssrvh wkdw Dvvxpswlrqv H40H7 dqg K40K6 krog1 Wkhq=

41 eL lv wzlfh frqwlqxrxvo| gl�huhqwldeoh>

51 eL � EeS� : f iru doo eS 5 Efcn4�>

61 wkhuh h{lvw f 	 4eL � 4eL 	 n4 vxfk wkdw 4eL � 3eSeL ��EeS�eL �EeS� � 4eL iru doo eS 5 Efcn4�1

Surri1 Sxw

e} EeS� ' @h}4�?�MEfcn"�
e� E�� n eS��

Wkhq

eL � EeS� ' e} EeS� c eL �� EeS� ' ��e��� Ee} EeS��
dqg

�eSeL �� EeS�eL � EeS� '
e�� Ee} EeS��

�e} EeS�e��� Ee} EeS�� �
Lq sduwlfxodu/ zh pd| sxw

4eL '
�

4e� dqg 4eL '
�

4e�
�

Wklv frpsohwhv wkh surri ri wkh wkhruhp1
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7151 Wkh Xwlolw| Ixqfwlrq dw wkh Erxqgdu|1 Uhfdoo wkdw e�f E�� ' L Esf Ek����
sf Ek��� iru doo � 5 Efcn4�1 Wkhq=

Ohppd 451 Vxssrvh wkdw Dvvxpswlrqv H40H7 dqg K40K6 krog1 Wkhq

e�f E�� '
;?= L E+�� �+ li f 	 � � L �E+�

ke� E�� li L �E+�
k

	 � 	 n4

<@> �

Pruhryhu e��f �L �E+�
k

�
�

� e��f �L �E+�
k

n
�
1 Lq sduwlfxodu/ e�f lv vwulfwo| ghfuhdvlqj dqg

frqyh{1

Surri1 Wkh �uvw vwdwhphqw lv lpphgldwh iurp wkh gh�qlwlrq ri e�f1 Lw lpsolhv
wkdw

e��f�L � E+�

k
n

�
' e���L � E+�

k

�
'

�s EL � E+��

4 Es EL � E+���
Ekn 4 Es EL � E+���� ��

' �+

�
kn 4 E+�� �

4 E+�

�
� �+ ' e��f�L � E+�

k
�
�
�

Wklv frpsohwhv wkh surri ri wkh ohppd1

Lq ylhz ri Ohppd 43/ zh pd| dsso| Ihqfkho*v Wkhruhp wr frqfoxgh wkdw/ li zh

gh�qh wkh ixqfwlrq eLf G Efc +o $ U e| wkh irupxod

eLf EeS� ' 4�?
�MEfcn"�

e�f E�� n eS�c
wkhq

e�f E�� ' 4@ eSMEfc+o eLf EeS�� �eS�
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Qrz sxw

� '
k n 4 E+�� �

4 E+�
�

Wkhq=

Wkhruhp 461 Vxssrvh wkdw Dvvxpswlrqv H40H7 dqg K40K6 krog1 Wkhq

eLf EeS� '
;?= eL EeS� li f 	 eS 	 �+eL E�+� n EeS� �+� eL � E�+� li �+ � eS � +

<@> �

Pruhryhu eLf E+� ' L E+�1

Surri1 Zh kdyh

e�f E�� '
;?= L E+�� �+ li f 	 � � L �E+�

ke� E�� li L �E+�
k

	 � 	 n4

<@>
dqg

e��f E��
;AAA?AAA=

' �+ li f 	 � 	 L �E+�
k

5 d�+c��+o li � ' L �E+�
k

' e�� E�� li L �E+�
k

	 � 	 n4

<AAA@AAA> �

Khqfh

4�?
�MEfcn"�

e�f E�� n eS� '

;AAA?AAA=
4�?�MEfcn"�

e� E�� n eS� li f 	 eS 	 �+e��L �E+�
k

�
n eSL �E+�

k
li �+ � eS � +

�4 li + 	 eS 	 n4

<AAA@AAA> �
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Pruhryhu

4�?
�MEfcn"�

e� E�� n eS� ' eL EeS�
dqg

e��L � E+�

k

�
n eSL � E+�

k
' e��L � E+�

k

�
n �+

L � E+�

k
n EeS� �+�

L � E+�

k

' eL E�+� n EeS� �+� eL � E�+� �

Ilqdoo|/

e��L � E+�

k

�
n +

L � E+�

k
' L E+�� +

L � E+�

k
n +

L � E+�

k
' L E+� �

Wklv frpsohwhv wkh surri ri wkh wkhruhp1

7161 Wkh Htxlydohqw Frqvxpswlrq Sureohp1 Wkh dqdo|vlv ri Vhfwlrqv 714 dqg

715 vkrzv wkdw T lv wkh ydoxh ixqfwlrq iru wkh frqvxpswlrq sureohp ri d frqvxphu

zkrvh zhdowk hyroyhv dffruglqj wr wkh vdph g|qdplfv dv lq wkh ruljlqdo sureohp/ exw

zkrvh suhihuhqfhv duh jlyhq e|

,|

�] n"

|

e3�Er3|�
�
�te%Er�'f�eLf EeS Er�� n �te%Er�:f�eL EeS Er��� _r

�
�

Lq rwkhu zrugv/ wkh htxlydohqw frqvxphu xvhv d vwdqgdug glvfrxqw ixqfwlrq wkdw ghfd|v

h{srqhqwldoo| dw udwh �/ exw xvhv d qrq0vwdqgdug xwlolw| ixqfwlrq wkdw ghshqgv rq khu

zhdowk1

Uhpdun 471 Zh ghqrwh frqvxpswlrq dqg zhdowk lq wkh htxlydohqw sureohp e| eS
dqg e% lq rughu wr hpskdvl}h wkh idfw wkdw wkh htxlydohqw frqvxphu pdnhv gl�huhqw

frqvxpswlrq fkrlfhv iurp wkh ruljlqdo k|shuerolf frqvxphu1 Lq rwkhu zrugv/ wkh
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htxlydohqw sureohp lv qrw revhuydwlrqdoo| htxlydohqw wr wkh ruljlqdo sureohp1

Iljxuh 7 sorwv dq h{dpsoh ri eL dqg eLf iru wkh vshfldo fdvh lq zklfk L kdv d

frqvwdqw frh!flhqw ri uhodwlyh ulvn dyhuvlrq 4 9' �1 Iru wklv vshfldo fdvh zh kdyh wkh

forvhg0irup vroxwlrqv

eL EeS� ' �4

k
L EeS�

dqg

eLf EeS� '
;?= eL EeS� li f 	 eS 	 �+eL E�+� n

�

k
EeS� �+� li �+ � eS � +

<@> c

zkhuh

� '
kn 4� �

4
�

81 Vrph Ihdwxuhv ri wkh Lqvwdqwdqhrxv0Judwlilfdwlrq Prgho

Lq wkh suhvhqw vhfwlrq/ zh h{sorlw wkh sduwldo htxlydohqfh uhvxow ri Vhfwlrq 7 wr lqyhv0

wljdwh wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho1 Zh hvwdeolvk wkh h{lvwhqfh dqg xqltxh0

qhvv ri htxloleulxp/ wkh frqwlqxlw| ri wkh frqvxpswlrq ixqfwlrq lq wkh lqwhulru ri wkh

zhdowk vsdfh/ d vx!flhqw frqglwlrq iru wkh prqrwrqlflw| ri wkh frqvxpswlrq ixqf0

wlrq/ d jhqhudol}hg Hxohu htxdwlrq jryhuqlqj wkh hyroxwlrq ri wkh pdujlqdo xwlolw| ri

frqvxpswlrq dqg d fruuhvsrqglqj htxdwlrq jryhuqlqj wkh hyroxwlrq ri frqvxpswlrq

lwvhoi1 Dvvxpswlrqv H40H7 dqg K40K7 zloo eh lq irufh wkurxjkrxw wkh vhfwlrq1

8141 H{lvwhqfh dqg Xqltxhqhvv ri Htxloleulxp1

Wkhruhp 481 Wkh Ehoopdq v|vwhp ri wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho kdv d

xqltxh vroxwlrq
�
T c �

�
1
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Surri1 Wkh htxlydohqfh uhvxow ri Vhfwlrq 7 vkrzv wkdw
�
T c �

�
vroyhv wkh Ehoo0

pdq v|vwhp ri wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho l� T vroyhv wkh Ehoopdq htxdwlrq

ri wkh htxlydohqw sureohp/ � ' s
�
kT

�
�
zkhq % : f dqg � ' sf

�
kT

�
�
zkhq % ' f1

Pruhryhu vwdqgdug frqvlghudwlrqv vkrz wkdw wkh Ehoopdq htxdwlrq ri wkh htxlydohqw

sureohp srvvhvvhv d xqltxh vroxwlrq1

8151 Frqwlqxlw| ri wkh Frqvxpswlrq Ixqfwlrq1

Wkhruhp 491 Zh kdyh=

41 � lv frqwlqxrxv zkhq % : f>

51 wkhuh h{lvwv >
fulw

5 E�4cn4� vxfk wkdw � Ef� 	 � Efn� iru doo > 	 >
fulw

dqg

� Ef� ' � Efn� iru doo > � >
fulw

1

Surri1 Qrwh �uvw wkdw � lv frqwlqxrxv lq wkh lqwhulru ehfdxvh � ' s
�
T
�
�

wkhuh1 Vhfrqgo|/ � Ef� ' sf
�
kT

�
Ef�

�
' + a s

�
kT

�
Ef�

�
� s

�
kT

�
Ef�

�
' � Efn�1

Khqfh � Ef� � � Efn�/ zlwk htxdolw| l� T
�
Ef� � L �E+�

k
1 Wklugo|/ ohw hT eh wkh ydoxh

ixqfwlrq ri wkh uhvwulfwhg yhuvlrq ri wkh htxlydohqw frqvxpswlrq sureohp lq zklfk

wkh frqvxphu kdv xwlolw| ixqfwlrq eL lqvwhdg ri eLf zkhq khu zhdowk lv f1 Lw fdq eh

vkrzq wkdw T
�
Ef� � L �E+�

k
l� hT Ef� � LE+�

�
1 Pruhryhu= hT Ef� lv vwulfwo| lqfuhdvlqj lq >>hT Ef� '

eLE+�
�

	 LE+�
�

iru doo > vx!flhqwo| vpdoo> dqg hT Ef� $ n4 dv > $ n41

Uhpdun 4:1 Lq wkh fdvh > 	 >
fulw

/ wkh frqvxphu glvvdyhv zkhq khu zhdowk lv orz/

vshqgv doo khu zhdowk lq �qlwh wlph/ dqg h{shulhqfhv d glvfrqwlqxrxv gurs lq frqvxps0

wlrq zkhq khu zhdowk uxqv rxw1 Lq wkh fdvh > : >
fulw

/ dvvhw uhwxuqv duh kljk hqrxjk

wr lqgxfh wkh frqvxphu wr vdyh zkhq khu zhdowk lv orz1

8161 Prqrwrqlflw| ri wkh Frqvxpswlrq Ixqfwlrq1

Wkhruhp 4;1 Vxssrvh wkdw � � >1 Wkhq �
�
: f zkhq % : f1
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Surri1 Qrwh �uvw wkdw � ' s
�
T
�
�
lq wkh lqwhulru1 Khqfh � lv frqwlqxrxvo|

gl�huhqwldeoh wkhuh/ dqg �
�
' s �

�
T
�
�
T
��
1 Khqfh �

�
: f l� T

��
	 f1 Vhfrqgo|/

gl�huhqwldwlqj htxdwlrq +57, zlwk uhvshfw wr %/ zh rewdlq

�

2
j2%2T

���
n E>%n +�T

�� � �T
�
n j2%T

��
n >T

�
n e�� �T �

�
T
��
' f

ru

T
���
'

2

j2%2

�
E� � >�T

� �
��

>n j2
�
%n + n e�� �T �

��
T
��
�
�

Lq sduwlfxodu/ li T
��
' f/ wkhq

T
���
'

2

j2%2
E� � >�T

� � f�

Khqfh/ li wkhuh h{lvwv %� 5 Efcn4� vxfk wkdw T
��
E%�� � f/ wkhq T

�� � f rq E%�cn4�1

Wklugo|/ li wkhuh h{lvwv %� 5 Efcn4� vxfk wkdw T
��
E%�� � f rq E%�cn4�/ wkhq T

jurzv dw ohdvw olqhduo|> dqg wklv frqwudglfwv wkh dvvxpswlrq wkdw 4 � 4 : f1 Ryhudoo/

wkhq/ zh pxvw kdyh T
��
	 f rq Efcn4�1

Uhpdun 4<1 Wkhruhp 58 ehorz vkrzv wkdw/ li � 	 >/ wkhq d gurs lq frqvxpswlrq

pd| rffxu1

8171 Wkh Jhqhudol}hg Hxohu Htxdwlrq1 Vlqfh L �
�
�
�
pd| kdyh d glvfrqwlqxlw|

dw f/ zh fdqqrw xvh Lw÷*v Ohppd wr vwxg| lwv g|qdplfv1 Zh fdq/ krzhyhu/ xvh Lw÷*v

Ohppd wr vwxg| wkh g|qdplfv ri � ' T
�
1 Wkhvh g|qdplfv duh yhu| forvho| uhodwhg

wr wkrvh ri L �
�
�
�
1 Lqghhg/ zh kdyh L �

�
�
�
' k� iru % : f1 Pruhryhu=

41 li � Efn� ' � Ef�/ wkhq wkh g|qdplfv ri � duh lghqwlfdo wr wkrvh ri L �
�
�
�
>
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51 li � Efn� : � Ef� dqg % Ef� 5 Efcn4�/ wkhq wkh g|qdplfv ri � duh lghqwlfdo

wr wkrvh ri L �
�
�
�
rq wkh lqwhuydo Efc ��/ zkhuh � lv wkh �uvw wlph wkdw % klwv f>

dqg

61 li � Efn� : � Ef� dqg % Ef� ' f/ wkhq wkh g|qdplfv ri � duh lghqwlfdo wr wkrvh

ri L �
�
�
�
/ lq wkh vhqvh wkdw erwk duh wulyldo1

Wkh wzr g|qdplfv rqo| gl�hu li � Efn� : � Ef� dqg % Ef� 5 Efcn4�/ lq zklfk fdvh

L �
�
�
�
mxpsv xs dw � 1

Wkhruhp 531 Zh kdyh=

_�

�
'

#
� � >n j24

�
�
� %� �

�
n E�� k��

�

$
_|� j4

�
�
� %� �

�
_5 +59,

li hlwkhu % : f ru % ' f dqg � Efn� ' � Ef�> dqg

_�

�
' f

li % ' f dqg � Efn� : � Ef�1

Wklv wkhruhp jlyhv dq h{dfw h{suhvvlrq iru wkh udwh ri jurzwk ri� 1 Wkh htxdwlrq

lqfoxghv ghwhuplqlvwlf whupv +l1h1 wkh whupv zklfk lqfoxgh _|, dqg d vwrfkdvwlf whup

+l1h1 wkh �qdo whup/ zklfk lqfoxghv _5�1 Wkh vwrfkdvwlf whup fdswxuhv wkh qhjdwlyh

h�hfw wkdw srvlwlyh zhdowk vkrfnv kdyh rq pdujlqdo xwlolw|1

Wkh whup �_| lpsolhv wkdw pdujlqdo xwlolw| ulvhv pruh txlfno| wkh kljkhu wkh orqj0

uxq glvfrxqw udwh �1 Wkh whup �>_| lpsolhv wkdw pdujlqdo xwlolw| ulvhv pruh vorzo|

wkh kljkhu wkh udwh ri uhwxuq >1 Wkh whup j24
�
�
�
%�

�

�
_| fdswxuhv wzr vhsdudwh h�hfwv1

Iluvw/ dvvhw lqfrph xqfhuwdlqw| j2 d�hfwv wkh vdylqjv ghflvlrq1 Vhfrqg/ vlqfh pdujlqdo

xwlolw| lv qrq0olqhdu lq frqvxpswlrq/ dvvhw lqfrph xqfhuwdlqw| d�hfwv wkh dyhudjh ydoxh
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ri ixwxuh pdujlqdo xwlolw|1 Wkh qhw lpsdfw ri wkhvh wzr h�hfwv lv dozd|v srvlwlyh1 Wkh

whup E�� k��
�
_| fdswxuhv wkh h�hfw ri k|shuerolf glvfrxqwlqj1 Qdwxudoo|/ zkhq

k ' �/ wklv h�hfw ydqlvkhv dqg wkh prgho frlqflghv zlwk wkh vwdqgdug h{srqhqwldo

glvfrxqwlqj fdvh1

Surri1 Zh ehjlq e| dsso|lqj Lw÷*v Ohppd wr � wr rewdlq

_� '

�
�

2
j2%2� �� n

�
>%n + ��

�
� �

�
_| n j%� �_5� +5:,

Qh{w/ zh sxw h� ' s Ek��1 Wkhq/ gl�huhqwldwlqj htxdwlrq +43, zlwk uhvshfw wr %/ zh

kdyh

�

2
j2%2� �� n

�
>%n + � h��

� � � �� n j2%� � n >� � h� �� n L �
� h�� h� � ' f

zkhq % : f1 Pruhryhu wklv htxdolw| h{whqgv e| frqwlqxlw| wr wkh fdvh % ' f1 Khqfh

�

2
j2%2� �� n

�
>%n + ��

�
� � '

�

2
j2%2� �� n

�
>%n + � h��

� � n
� h� ��

�
� �

' �� � j2%� � � >� n h� �� � L �
� h�� h� � n

� h� � �
�
� �

' �� � j2%� � � >� n h� �� � k� h� � n
� h� ��

�
� �

'
�
� � >n E�� k� h� �

�
� �

�
j2%�

� h� � �
��

� �

dqg

_�

�
'

�
� � >n E�� k� h� � � j2%

� �

�
n
� h� � �

� � �

�

�
_|n j%

� �

�
_5�
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Qh{w/

� �

�
'

L ��
� h�� h� �

L �
� h�� '

h�L ��
� h��

L �
� h�� h� �h� ' �4

� h�� h� �h� �

Khqfh

_�

�
'

#
� � >n E�� k� h� � n j24

� h�� % h� �h� �
� h� � �

�
4
� h�� h� �h�

$
_|

�j4
� h�� % h� �h� _5� +5;,

Lq sduwlfxodu/ zh kdyh wkh �uvw vwdwhphqw ri wkh Wkhruhp1 Dv iru wkh vhfrqg vwdwh0

phqw/ qrwh wkdw li % ' f dqg � Efn� : � Ef� wkhq � Ef� ' + dqg wkhuhiruh lw iroorzv

gluhfwo| iurp htxdwlrq +5:, wkdw _� ' f1 Lq sduwlfxodu/ zh kdyh

� h� ��
�
4
� h�� h� �h� ' � � >n E�� k� h� ��

L1h1 wkh fruuhfwlrq whup lq htxdwlrq +5;, h{dfwo| fdqfhov wkh rwkhu whupv1

8181 Wkh G|qdplfv ri Frqvxpswlrq1 Vlqfh � pd| kdyh d glvfrqwlqxlw| dw f/

zh fdqqrw xvh Lw÷*v Ohppd wr vwxg| lwv g|qdplfv1 Zh fdq/ krzhyhu/ xvh Lw÷*v Ohppd

wr vwxg| wkh g|qdplfv ri h� ' s Ek��1 Mxvw dv wkh g|qdplfv ri � zhuh yhu| forvho|

uhodwhg wr wkrvh ri L �
�
�
�
/ vr wkh g|qdplfv ri h� duh yhu| forvho| uhodwhg wr wkrvh ri

�1 Lqghhg/ zh kdyh h� ' � iru % : f1 Pruhryhu=

41 li � Efn� ' � Ef�/ wkhq wkh g|qdplfv ri h� duh lghqwlfdo wr wkrvh ri �>

51 li � Efn� : � Ef� dqg % Ef� 5 Efcn4�/ wkhq wkh g|qdplfv ri h� duh lghqwlfdo wr

wkrvh ri � rq wkh lqwhuydo Efc � �/ zkhuh � lv wkh �uvw wlph wkdw % klwv f> dqg
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61 li � Efn� : � Ef� dqg % Ef� 5 f/ wkhq wkh g|qdplfv ri h� duh lghqwlfdo wr wkrvh

ri �/ lq wkh vhqvh wkdw erwk duh wulyldo1

Wkh wzr g|qdplfv rqo| gl�hu li � Efn� : � Ef� dqg % Ef� 5 Efcn4�/ lq zklfk fdvh

� mxpsv grzq dw � 1

Iru doo S 5 Efcn4�/ sxw Z ES� ' �SL ���ES�
L ��ES�

1 Wkhq=

Wkhruhp 541 Zh kdyh=

_ h�h� ' �
3C� � >

4
� h�� n j2

% h� �h� n
E�� k� h� �

4
� h�� � �

2
j2Z

� h��#
% h� �h�

$2
4D_|n j

% h� �h� _5 +5<,

li hlwkhu % : f ru % ' f dqg � Efn� ' � Ef�> dqg

_ h�h� ' f

li % ' f dqg � Efn� : � Ef�1

Htxdwlrq +5<,/ zklfk ghvfulehv wkh hyroxwlrq ri frqvxpswlrq/ frpsduhv forvho|

wr htxdwlrq +59,/ zklfk ghvfulehv wkh hyroxwlrq ri pdujlqdo xwlolw|1 Wr xqghuvfruh

wkh vlplodulwlhv/ ehjlq zlwk htxdwlrq +59,/ uhsodfh � zlwk h�/ dqg wkhq glylgh e|

4
� h��

1 Wkhuh duh rqo| wzr gl�huhqfhv ehwzhhq wkh uhvxowlqj htxdwlrq dqg htxdwlrq

+5<,= d vhulhv ri vljq uhyhuvdov> dqg wkh dsshdudqfh ri wkh qhz ghwhuplqlvwlf whup

��
2
j2Z

� h���
% h��h�

�2
_|1 Wkh vljq uhyhuvdov uh hfw wkh lqyhuvh uhodwlrqvkls ehwzhhq frq0

vxpswlrq dqg pdujlqdo xwlolw|1 Wkh qhz ghwhuplqlvwlf whup uh hfwv wkh h�hfwv ri

suxghqfh1 Wkh vljq ri wkh suxghqfh h�hfw ghshqgv rq wkh vljq ri L ���= zkhq L ��� 	 f/

wkh suxghqfh whup udlvhv wkh jurzwk udwh ri frqvxpswlrq1 +Fi1 Nlpedoo +4<<3,1,
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Surri1 Zh kdyh

_ h�h� '
�h�
�
s � Ek��k_� n

�

2
s �� Ek��k2 E_��2

�

+dsso|lqj Lw÷*v Ohppd wr h� ' s Ek��,

'
�h�
#
s � Ek��k�

_�

�
n

�

2
s �� Ek��k2�2

�
_�

�

�2
$

+froohfwlqj whupv,

'
L �
� h��

h�L ��
� h�� _�

�
� �

2

L ���
� h��

L �
� h��2

h�L ��
� h��� �

_�

�

�2

+ehfdxvh L � lv wkh lqyhuvh ri s,

' � �

4
� h�� _�

�
n

�

2

Z
� h��

4
� h��2

�
_�

�

�2

+e| gh�qlwlrq ri 4
� h��

dqg Z
� h��

,

' � �

4
� h�� ##

� � >n E�� k� h� � n j24
� h�� % h� �h� �

� h� ��
�
4
� h�� h� �h�

$
_|

�j4
� h�� % h� �h� _5

$
n

�

2

Z
� h��

4
� h��2

#
j4

� h�� % h� �h�
$2

_|
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+vxevwlwxwlqj iru _�
�

iurp htxdwlrq +5;,,

' �
3C� � >n E�� k� h� �

4
� h�� n j2

% h� �h� � �

2
Z
� h��#

j
% h� �h�

$2

�
� h� � �

� h� �h�
4D _|

nj
% h� �h� _5

+vlpsoli|lqj,1

91 Wkh Ghwhuplqlvwlf Fdvh

Lq wkh suhvhqw vhfwlrq/ zh djdlq h{sorlw wkh htxlydohqfh uhvxow ri Vhfwlrq 7 wr wdnh

wkh olplw ri wkh lqvwdqwdqhrxv0judwl�fdwlrq prgho rewdlqhg dv j $ fn1 Uhfdoo wkdw

j uhsuhvhqwv wkh vwdqgdug ghyldwlrq ri dvvhw uhwxuqv1 Zh vkrz wkdw/ e| ylhzlqj

wkh ghwhuplqlvwlf lqvwdqwdqhrxv0judwl�fdwlrq prgho dv d olplwlqj fdvh ri wkh vwrfkdv0

wlf lqvwdqwdqhrxv0judwl�fdwlrq prgho/ zh duh deoh wr slqsrlqw d xqltxh htxloleulxp

ydoxh ixqfwlrq iru wkh ghwhuplqlvwlf prgho1 Ixuwkhupruh/ wkh Ehoopdq v|vwhp iru wkh

ghwhuplqlvwlf ydoxh ixqfwlrq wxuqv rxw wr eh sduwlfxoduo| wudfwdeoh1 Iru rqh wklqj/

zkloh wkh Ehoopdq v|vwhp iru wkh vwrfkdvwlf ydoxh ixqfwlrq lv d vhfrqg0rughu qrq0

dxwrqrprxv ruglqdu| gl�huhqwldo htxdwlrq/ wkh Ehoopdq v|vwhp iru wkh ghwhuplqlvwlf

ydoxh ixqfwlrq lv d �uvw0rughu qrq0dxwrqrprxv ruglqdu| gl�huhqwldo htxdwlrq1 Iru dq0

rwkhu/ lq wkh fdvh lq zklfk L kdv frqvwdqw uhodwlyh ulvn dyhuvlrq/ wkh Ehoopdq v|vwhp

iru wkh ghwhuplqlvwlf ydoxh ixqfwlrq srvvhvvhv d v|pphwu| wkdw doorzv xv wr wudqvirup

lw lqwr d �uvw0rughu dxwrqrprxv ruglqdu| gl�huhqwldo htxdwlrq1 Zh duh wkhuhiruh deoh

wr surylgh d frpsohwh dqdo|vlv ri htxloleulxp lq wklv fdvh1 Lq sduwlfxodu/ zh rewdlq dq

h{dpsoh wkdw vkrzv wkdw wkh frqglwlrq � � > xvhg lq rxu surri ri prqrwrqlflw| ri wkh

frqvxpswlrq ixqfwlrq lv qhfhvvdu|/ dw ohdvw lq wkh ghwhuplqlvwlf fdvh1 Dvvxpswlrqv

H40H7 dqg K40K7 zloo eh lq irufh wkurxjkrxw wkh vhfwlrq1
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9141 Ghulydwlrq ri wkh Ghwhuplqlvwlf Prgho1 Wkh iroorzlqj wkhruhp ghvfulehv

wkh vhqvh lq zklfk wkh ghwhuplqlvwlf lqvwdqwdqhrxv0judwl�fdwlrq prgho lv wkh olplw ri

wkh vwrfkdvwlf lqvwdqwdqhrxv0judwl�fdwlrq prgho1 Wkh surri ri wkh wkhruhp iroorzv

vwdqgdug olqhv dqg lv rplwwhg wr frqvhuyh vsdfh19

Wkhruhp 551 Zh kdyh=

41 wkhuh lv d frqwlqxrxv ixqfwlrq T f G dfcn4� $ U vxfk wkdw T $ T f xqlirupo|

rq frpsdfw vxevhwv ri dfcn4� dv j $ fn>

51 T f lv wkh xqltxh ylvfrvlw| vroxwlrq ri

E>%n +�T
�

f � �T f n e��T �

f

�
' f +63,

zkhq % : f dqg

+T
�

f � �T f n e�f �T �

f

�
' f +64,

zkhq % ' f1

Lq sduwlfxodu/ zh rewdlq dq htxloleulxp0uh�qhphqw uhvxow iru wkh ghwhuplqlvwlf

prgho1 E| ohwwlqj j $ fn zh vhohfw d vhqvleoh htxloleulxp iru wkh ghwhuplqlvwlf prgho

Ej ' f�� Nuxvhoo dqg Vplwk +5333, kdyh vkrzq wkdw k|shuerolf Pdunry htxloleuld duh

qrw xqltxh lq d ghwhuplqlvwlf glvfuhwh0wlph vhwwlqj1 Rxu uh�qhphqw surylghv d qdwxudo

phwkrg iru vhohfwlqj dprqj wkhvh htxloleuld1

9151 Wkh Fdvh ri Frqvwdqw Uhodwlyh Ulvn Dyhuvlrq1 Lq wklv vhfwlrq zh dgrsw

wkh iroorzlqj sdudphwulf dvvxpswlrqv=

9Vhh Fudqgdoo hw do +4<<5, iru d �xvhu*v jxlgh� wr ylvfrvlw| vroxwlrqv1
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S4 4 lv frqvwdqw>

S5 > : f1

Xqghu wkhvh dvvxpswlrqv/ zh fdq wudqvirup wkh qrq0dxwrqrprxv v|vwhp +63064, lqwr

dq dxwrqrprxv v|vwhp1

Ohppd 561 Vxssrvh wkdw dvvxpswlrqv S40S5 krog/ dqg wkdw 4 9' �1 Sxw

, ' *L} E>%n +� dqg � E,� '
T f

�
i TE,�3+

>

�
E�� 4�L Ei T E,��

�

Wkhq T f vdwlv�hv htxdwlrqv +63064, l� � vdwlv�hv

> EE�� 4� � n ���� �� n e� E> EE�� 4� � n ���� ' f +65,

zkhq , : *L} E+� dqg

4@ 

�
�

k
c > EE�� 4� � n ���

�
� �� n e��4@ 

�
�

k
c > EE�� 4� � n ���

��
' f +66,

zkhq , ' *L} E+�1

Surri1 Zh surfhhg lq wkuhh vwhsv1 Iluvw/ sxw

�f E%� '
T f E%�

E�� 4�L E>%n +�
�

Wkhq +63, krogv l�

f ' E>%n +� E�� 4� E>L ��f n L��f�� � E�� 4�L�f n e� EE�� 4� E>L ��f n L��f��
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+ehfdxvh T
�

f ' E�� 4� E>L ��f n L��f�/ dqg zkhuh zh kdyh vxssuhvvhg wkh ghshqghqfh

ri L dqg �f rq >%n + dqg % uhvshfwlyho|,

/ f ' E>%n +�

�
>L ��f
L

n ��f

�
� ��f n

e� EE�� 4� E>L ��f n L��f��

E�� 4�L

+glylglqj wkurxjk e| E�� 4�L,

/ f ' EE�� 4�>�f n E>%n +� ��f�� ��f n e�#E�� 4� E>L ��f n L��f�

EE�� 4�L�
4

43�

$

+ehfdxvh E>%n +�L � ' E�� 4�L dqg e� lv krprjhqhrxv ri ghjuhh �� �
4
,

/ f ' EE�� 4�>�f n E>%n +� ��f�� ��f n e� EE�� 4�>�f n E>%n +� ��f� +67,

+ehfdxvh EE�� 4�L�
4

43� ' L �,1 Vhfrqgo|/ sxw

� E,� ' �f

�
i T E,�� +

>

�
�

Wkhq +67, krogv l�

f ' EE�� 4�>� n >���� �� n e� EE�� 4�>� n >���

+ehfdxvh ��f E%� '
>��E*L}E>%n+��

E>%n+�
,1 Wklugo|/ qrwh wkdw

T
�

f �
L � E+�

k
/ EE�� 4�>� n >��� � �

k
�

Wkh vdph fkdlq ri uhdvrqlqj wkhuhiruh vkrzv wkdw +64, krogv l�

f ' 4@ 

�
�

k
c E�� 4�>� n >��

�
� �� n e��4@ 

�
�

k
c E�� 4�>� n >��

��
�
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Ohppd 571 Vxssrvh wkdw dvvxpswlrqv S40S5 krog/ dqg wkdw 4 ' �1 Sxw

, ' *L} E>%n +� dqg � E,� ' T f

�
i T E,�� +

>

�
� L Ei T E,��

�
�

Wkhq T f vdwlv�hv htxdwlrqv +63064, l� � vdwlv�hv

>

�
�

�
n ��

�
� �� n e��>��

�
n ��

��
' f +68,

zkhq , : *L} E+� dqg

4@ 

�
�

k
c >

�
�

�
n ��

��
� �� n e��4@ 

�
�

k
c >

�
�

�
n ��

���
' f +69,

zkhq , ' *L} E+�1

Surri1 Zh surfhhg lq wkuhh vwhsv1 Iluvw/ sxw

�f E%� ' T f E%�� L E>%n +�

�
�

Wkhq +63, krogv l�

E>%n +�T
�

f � �T f n e��T �

f

�
' f

f ' E>%n +�

�
>L �

�
n ��f

�
� �

�
L

�
n �f

�
n e��>L �

�
n ��f

�
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+ehfdxvh T
�

f '
>L �

�
n ��f/ dqg zkhuh zh kdyh vxssuhvvhg wkh ghshqghqfh ri L dqg �f

rq >%n + dqg % uhvshfwlyho|,

/ f '

�
>

�
n E>%n +� ��f

�
� �

�
L

�
n �f

�
n e�# >

�
n E>%n +� ��f

E>%n +�

$

+ehfdxvh E>%n +�L � ' �,

/ f '

�
>

�
n E>%n +� ��f

�
� ��f n e��>

�
n E>%n +� ��f

�
+6:,

+ehfdxvh e� E�� ' � *L} Ek��� �
k
dqg L ' *L} E>%n +�,1 Vhfrqgo|/ sxw

� E,� ' �f

�
i T E,�� +

>

�
�

Wkhq +6:, krogv l�

f '

�
>

�
n >��

�
� �� n e��>

�
n >��

�

+ehfdxvh ��f E%� '
>��E*L}E>%n+��

E>%n+�
,1 Wklugo|/ qrwh wkdw

T
�

f �
L � E+�

k
/

�
>

�
n >��

�
� �

k
�

Wkh vdph fkdlq ri uhdvrqlqj wkhuhiruh vkrzv wkdw +64, krogv l�

f ' 4@ 

�
�

k
c
>

�
n >��

�
� �� n e��4@ 

�
�

k
c
>

�
n >��

��
�

Wkhruhp 581 Vxssrvh wkdw dvvxpswlrqv S40S5 krog1 Wkhq=

41 Li > � � 	 n4/ wkhq �
�
: f rq Efcn4�1
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51 Li k> 	 � 	 >/ wkhq wkhuh h{lvwv %� 5 Efcn4� vxfk wkdw=

+d, �
�
: f rq Efc %��>

+e, �
�
: f dqg �

��
' f rq E%�cn4�> dqg

+f, � E%�n� 	 � E%���1

61 Li � � k>/ wkhq �
�
: f dqg �

��
' f rq Efcn4�1

Pruhryhu/ li � : k>/ wkhq � E%� : >%n + iru doo % 5 dfcn4�1 Lq sduwlfxodu/ wkhuh lv

dozd|v d xqltxh vroxwlrq wr wkh zhdowk g|qdplfv1

Wkh wkuhh fdvhv ri Wkhruhp 58 duh looxvwudwhg lq Iljxuhv 8/ 9 dqg :1 Wkhvh

�jxuhv duh h�hfwlyho| skdvh sruwudlwv= dowkrxjk htxdwlrqv +65, dqg +68, duh �uvw0

rughu dxwrqrprxv ruglqdu| gl�huhqwldo htxdwlrqv/ mxpsv fdq rffxu lq ��/ dqg lw lv

wkhuhiruh khosixo wr lqfoxgh �� lq wkh sruwudlw1 Lw lv srvvleoh iru �� wr mxps xs exw

qrw grzq1 Lqwxlwlyho| vshdnlqj/ wklv lv ehfdxvh � lv wkh xsshu hqyhorsh ri vprrwk

ixqfwlrqv/ dqg fdq wkhuhiruh kdyh frqyh{ nlqnv exw qrw frqfdyh nlqnv1

Wkh �uvw hohphqw ri wkh sruwudlwv lv wkh judsk ri wkh Kdplowrq0Mdfrel ixqfwlrq

M/ zklfk frqvlvwv ri wkh orfxv ri srlqwv E��c �� vdwlvi|lqj htxdwlrq +63,1 Wkh vhfrqg

hohphqw ri wkh sruwudlwv lv wkh krul}rqwdo olqh � ' @1 Wklv fruuhvsrqgv wr wkh ydoxh

wkdw wkh frqvxphu rewdlqv li vkh kdv zhdowk f dqg frqvxphv + iruhyhu1 Wkh wklug

hohphqw lv wkh yhuwlfdo olqh dw �� ' f1 Wkh lqwhuvhfwlrq ri wklv olqh zlwk wkh judsk ri

M |lhogv wkh vwhdg| vwdwh Efc � E4��/ zkhuh � E4� fruuhvsrqgv wr wkh ydoxh wkdw wkh

frqvxphu rewdlqv lv vkh kdv yhu| odujh zhdowk dqg frqvxphv rxw ri wklv zhdowk dw d

frqvwdqw udwh iruhyhu1 Wkh irxuwk hohphqw lv wkh krul}rqwdo olqh � ' � E4�1

Wkhuh duh wkuhh srvvleoh srvlwlrqv iru wkh vwhdg| vwdwh= ehwzhhq wkh ohiw0kdqg

lqwhuvhfwlrq Euc @� ri � ' @ zlwk wkh judsk ri M dqg wkh plqlpxp ri M +Iljxuh 8,>

ehwzhhq wkh plqlpxp ri M dqg wkh uljkw0kdqg lqwhuvhfwlrq E-c @� ri � ' @ zlwk wkh
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judsk ri M +Iljxuh 9,> dqg wr wkh uljkw ri wkh uljkw0kdqg lqwhuvhfwlrq ri � ' @ zlwk

wkh judsk ri M +Iljxuh :,1 Lq Iljxuh 8/ wkh skdvh sdwk ehjlqv dw Euc @�/ dqg idoov

vprrwko| wr Efc � E4��1 Lq Iljxuh 9/ wkh skdvh sdwk djdlq ehjlqv dw Euc @�/ exw qrz

lw idoov vprrwko| wr wkh ohyho � ' � E4�/ dw zklfk srlqw lw mxpsv wr Efc � E4��1 Lq

Iljxuh :/ wkh skdvh sdwk ehjlqv dw E-c @� dqg uhpdlqv wkhuh1

Surri1 Sxw

@ '

;?= �
E�34��

li 4 9' �

f li 4 ' �

<@> �

Wkhq/ lq ylhz ri Ohppdv 56 dqg 57/ wkhuh h{lvwv d vprrwk ixqfwlrqM G E�4cn4� $
U vxfk wkdw=

41 � ' M E���>

51 M �� : f>

61 M E�� $ n4 dv � $ 	4>

71 4�?M 	 @> dqg

81 li M � Ef� � f wkhq M Ef� 	 @1

Pruhryhu/ ehfdxvh � lv d ylvfrvlw| vroxwlrq ri wkh htxdwlrq � ' M E���/ dq| vzlwfkhv

wkdw rffxu ehwzhhq wkh wzr ydoxhv ri �� frqvlvwhqw zlwk dq| jlyhq � pxvw eh iurp wkh

orzhu wr wkh kljkhu ydoxh ri ��1 Wkhuh duh wkhuhiruh wkuhh srvvlelolwlhv=

41 Li M � Ef� � f/ wkhq= � Ef� ' @> �� 	 f rq Efcn4�> dqg � dv|pswrwhv wr M Ef�1

51 LiM � Ef� : f dqgM Ef� 	 @/ wkhq wkhuh h{lvwv %� 5 Efcn4� vxfk wkdw= � Ef� ' @>

�� 	 f rq Efc %��> dqg � ' M Ef� rq d%�cn4�1 Lq sduwlfxodu/ �� mxpsv iurp wkh

orzhu wr wkh kljkhu ri wkh wzr ydoxhv lq M3� EM Ef�� dw %�1
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61 Li M Ef� � @/ wkhq= � ' M Ef� rq dfcn4�1

Pruhryhu/ lw fdq eh vkrzq wkdw

M � Ef� ' � � � >

� � > E�� 4�
c 4@ M3� EM E@�� '

� � k>

k>�
�

Ilqdoo|/ lw fdq eh vkrzq wkdw � E%� : >%n + l� �� E,� 	 �3k>
k>�

1 Khqfh � E%� : >%n +

iru doo % 5 dfcn4� l� M Ef� 	 @1 Lq sduwlfxodu/ zkloh � idlov wr eh xqltxh dw %� lq

wkh vhfrqg ri rxu wkuhh fdvhv/ wkhuh lv qrqhwkhohvv d xqltxh vroxwlrq wr wkh g|qdplfv

hyhq lq wkdw fdvh1

:1 Wkh Ehoopdq V|vwhp ri wkh Lqvwdqwdqhrxv0Judwlilfdwlrq Prgho

Uhylvlwhg

Wkhruhp ; fryhuv wkh fdvh lq zklfk L kdv frqvwdqw uhodwlyh ulvn dyhuvlrq 4 : �� k1

Lw lv dovr srvvleoh wr suryh d vdwlvidfwru| olplw wkhruhp wkdw fryhuv wkh fdvh lq zklfk

L kdv frqvwdqw uhodwlyh ulvn dyhuvlrq 4 	 ��k1 Lq rughu wr irupxodwh vxfk d wkhruhp/

zh lqwurgxfh wkh iroorzlqj dvvxpswlrqv/ zklfk frpsohphqw Dvvxpswlrqv K5 dqg K6=

K5� k n 4� � 	 f>

K6� E2� k� 4� E�� k� Z 	 f1

Wkh wkhruhp/ wkh surri ri zklfk lv rplwwhg/ lv wkhq dv iroorzv1

Wkhruhp 591 Vxssrvh wkdw Dvvxpswlrqv H40H7/ K4/ K5�/ K6� dqg K7 krog1 Wkhq

` $ kLE+�
�

dqg T $ LE+�
�

xqlirupo| rq frpsdfw vxevhwv ri dfcn4� dv b $ n41

Wkhvh olplwlqj ydoxh ixqfwlrqv uh hfw wkh idfw wkdw dv b $ n4 wkh frqvxpswlrq

udwh dovr jrhv wr n41 Wkh lq�qlwh frqvxpswlrq udwh dulvhv ehfdxvh zkhq 4 	 �� kc

wkh xwlolw| ixqfwlrq lv qrw vx!flhqwo| erzhg wr gdpshq wkh ihhgedfn h�hfwv wkdw dulvh
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lq k|shuerolf prghov1 Lqghhg/ wkh ihhgedfn h�hfwv gulyh frqvxpswlrq wr lq�qlw|= h1j1/

�Li wkh qh{w vhoi lv jrlqj wr frqvxph dw d kljk udwh/ wkhq L vkrxog frqvxph dw dq hyhq

kljkhu udwh/ hwf111� Dq lq�qlwh frqvxpswlrq udwh lpsolhv wkdw zhdowk lpphgldwho|

froodsvhv wr 31 Vr wrwdo xwlolw| lv mxvw wkh  rz xwlolw| ri frqvxplqj oderu lqfrph hdfk

shulrg1 Khqfh/ ` $ kLE+�
�

dqg T $ LE+�
�

� Qrwh wkdw wkh lqvwdqwdqhrxv frqvxpswlrq

errp kdv qr lpsdfw rq wrwdo xwlolw| ehfdxvh wkh frqvxpswlrq errp lv rqo| ri gxudwlrq

_| dqg jhqhudwhv glplqlvklqj uhwxuqv lq xwlolw|1

Frpsdulqj Dvvxpswlrqv K5 dqg K6 zlwk Dvvxpswlrqv K5� dqg K6�/ lw lv fohdu

wkdw wkhuh lv d nqlih0hgjh fdvh lq ehwzhhq/ qdpho| wkh fdvh lq zklfk L kdv frqvwdqw

uhodwlyh ulvn dyhuvlrq 4 ' ��k1 Zh kdyh qrw dqdo|}hg wklv fdvh1 Krzhyhu/ zh zrxog

h{shfw lw wr uhvhpeoh wkh fdvh 4 	 �� k fryhuhg e| Wkhruhp 591

Ilqdoo|/ qrwh wkdw Wkhruhp ; frqwlqxhv wr krog zkhq Dvvxpswlrqv K5 dqg K6 duh

uhsodfhg e| wkh iroorzlqj/ vljql�fdqwo| zhdnhu/ dvvxpswlrqv=

K5�� k n *�4 �?uS<n" 4 ES�� � : f>

K6�� E2� k� *�4 �?uS<n" 4 ES�� E�� k� *�4 t�TS<n" Z ES� : f1

Dvvxpswlrqv K5�� dqg K6�� hqvxuh wkdw e� lv ghfuhdvlqj dqg frqyh{ qhdu f1 Wklv lv

hqrxjk wr hqvxuh wkdw frqvxpswlrq uhpdlqv erxqghg dv b $ n41 Wkhvh dvvxpswlrqv

duh/ krzhyhu/ frqvlvwhqw zlwk e� ehlqj lqfuhdvlqj ru frqfdyh dzd| iurp f1 Lq rwkhu

zrugv/ iru vrph EUUD xwlolw| ixqfwlrqv/ wkh lqvwdqwdqhrxv0judwl�fdwlrq sureohp lv

qrw ydoxh0ixqfwlrq htxlydohqw wr dq| h{srqhqwldo frqvxpswlrq sureohp1

;1 Frqfoxvlrqv

Zh kdyh ghvfulehg d frqwlqxrxv0wlph prgho ri k|shuerolf glvfrxqwlqj1 Rxu prgho

doorzv iru d jhqhudo fodvv ri suhihuhqfhv/ lqfoxghv oltxlglw| frqvwudlqwv/ dqg sodfhv

qr uhvwulfwlrqv rq htxloleulxp srolf| ixqfwlrqv1 Wkh prgho lv dovr sv|fkrorjlfdoo|

uhohydqw1 Zh wdnh wkh skudvh �lqvwdqwdqhrxv judwl�fdwlrq� olwhudoo|1 Zh dqdo|}h
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d prgho lq zklfk lqglylgxdov suhihu judwl�fdwlrq lq wkh suhvhqw lqvwdqw glvfuhwho|

pruh wkdq frqvxpswlrq lq wkh prphqwdulo| ghod|hg ixwxuh1 Lq wklv vlpsoh vhwwlqj/

htxloleulxp lv xqltxh dqg wkh frqvxpswlrq ixqfwlrq lv frqwlqxrxv1 Zkhq wkh orqj0

uxq glvfrxqw udwh zhdno| h{fhhgv wkh lqwhuhvw udwh/ wkh frqvxpswlrq ixqfwlrq lv dovr

prqrwrqlf1 Doo ri wkh sdwkrorjlhv wkdw fkdudfwhul}h glvfuhwh0wlph k|shuerolf prghov

ydqlvk1
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<1 Uhihuhqfhv

Dlqvolh/ Jhrujh1 4<<5 Slfrhfrqrplfv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Dqjhohwrv/ Jhrujh0Pdulrv/ Gdylg Odlevrq/ Dqguhd Uhshwwr/ Mhuhp| Wredfpdq/ dqg

Vwhskhq Zhlqehuj +5334, �K|shuerolf glvfrxqwlqj/ zhdowk dffxpxodwlrq/ dqg

frqvxpswlrq1� Iruwkfrplqj/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv1

Dnhuori/ Jhrujh D1 4<<41 �Surfudvwlqdwlrq dqg Rehglhqfh1� Dphulfdq Hfrqrplf

Uhylhz1 +Sdshuv dqg Surfhhglqjv,/ ss1 404<1

Eduur/ Urehuw1 4<<<1 �Odlevrq Phhwv Udpvh| lq wkh Qhrfodvvlfdo Jurzwk Prgho1�

Txduwhuo| Mrxuqdo ri Hfrqrplfv1 447+7,/ ss1 44580851

Fduuroo/ Fkulvwrskhu G1 4<<51 �Wkh Ex�hu Vwrfn Wkhru| ri Vdylqj= Vrph Pdfurhfr0

qrplf Hylghqfh1� Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw|1 5=4<<5/ ss1 9404891

���1 4<<:1 �Ex�hu0Vwrfn Vdylqj dqg wkh Olih F|foh2Shupdqhqw Lqfrph K|srwk0

hvlv1� Txduwhuo| Mrxuqdo ri Hfrqrplfv1 445/ ss1 408:1

bbbbb dqg Plohv Nlpedoo1 4<<91 �Rq wkh Frqfdylw| ri wkh Frqvxpswlrq Ixqf0

wlrq/� Hfrqrphwulfd/ 97+7,/ ss1 <;40<<5

Fudqgdoo/ P1 J1/ K1 Lvkll/ S1 O1 Olrqv1 4<<51 �Xvhu*v Jxlgh wr Ylvfrvlw| Vroxwlrqv ri

Vhfrqg Rughu Sduwldo Gl�huhqwldo Htxdwlrqv/� Exoohwlq ri wkh Dphulfdq Pdwk0

hpdwlfdo Vrflhw|/ yro 5:+4,/ ss 409:1

Ghdwrq/ Dqjxv1 4<<41 �Vdylqj dqg Oltxlglw| Frqvwudlqwv1� Hfrqrphwulfd1 8</ ss1

455407;1

Kduulv/ Fkulvwrskhu/ dqg Gdylg Odlevrq1 5334d1 �G|qdplf Fkrlfhv ri K|shuerolf

Frqvxphuv1� Iruwkfrplqj Hfrqrphwulfd1
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bbbbb dqg bbbbb1 5334e1 �K|shuerolf Glvfrxqwlqj dqg Frqvxpswlrq1� Iruwk0

frplqj Surfhhglqjv ri wkh ;wk Zruog Frqjuhvv ri wkh Hfrqrphwulf Vrflhw|1

Nlpedoo/ Plohv1 4<<31 �Suhfdxwlrqdu| Vdylqj lq wkh Vpdoo dqg lq Odujh/� Hfrqr0

phwulfd/ 8;+4,/ ss1 860:61

Nuxvhoo/ Shu dqg Wrq| Vplwk1 53331 �Frqvxpswlrq0Vdylqjv Ghflvlrqv zlwk Txdvl0

Jhrphwulf Glvfrxqwlqj/� plphr1

Odlevrq/ Gdylg1 4<<:d1 �Jroghq Hjjv dqg K|shuerolf Glvfrxqwlqj1� Txduwhuo|

Mrxuqdo ri Hfrqrplfv1 95= 5/ ss1 77607:;1

���1 4<<:e1 �K|shuerolf Glvfrxqw Ixqfwlrqv dqg Wlph Suhihuhqfh Khwhurjhqhlw|1�

Kduydug plphr1

���/ Dqguhd Uhshwwr/ dqg Mhuhp| Wredfpdq1 4<<;1 �Vhoi0Frqwuro dqg Vdylqj iru

Uhwluhphqw/� Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw| 4/ ss1<404<91

Orhzhqvwhlq/ Jhrujh/ dqg Gud}hq Suhohf1 4<<51 �Dqrpdolhv lq Lqwhuwhpsrudo Fkrlfh=

Hylghqfh dqg dq Lqwhusuhwdwlrq1� Txduwhuo| Mrxuqdo ri Hfrqrplfv1 8:/ ss1 8:60

<;1

Oxwwphu/ Hu}r dqg Wkrpdv Pdulrwwl1 53331 �Vxemhfwlyh Glvfrxqw Idfwruv/� plphr1

Pruulv/ Vwhskhq dqg Dqguhz Srvwohzdlwh1 4<<:1 �Revhuydwlrqdo Lpsolfdwlrqv ri

Qrqh{srqhqwldo Glvfrxqwlqj/� plphr1

R*Grqrjkxh/ Whg/ dqg Pdwwkhz Udelq1 4<<<d1 �Grlqj Lw Qrz ru Odwhu1� Dphulfdq

Hfrqrplf Uhylhz/ ;<+4,/ ss1 43604571

bbbbbb dqg bbbbbbb 4<<<e1 �Lqfhqwlyhv iru Surfudvwlqdwruv/� Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ 447+6,/ ss1 :9<0;491
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Skhosv/ H1 V1/ dqg U1 D1 Sroodn1 4<9;1 �Rq Vhfrqg0ehvw Qdwlrqdo Vdylqj dqg Jdph0

htxloleulxp Jurzwk1� Uhylhz ri Hfrqrplf Vwxglhv1 68/ ss1 4;804<<1

Vwurw}/ Urehuw K1 4<891 �P|rsld dqg Lqfrqvlvwhqf| lq G|qdplf Xwlolw| Pd{lpl}d0

wlrq1� Uhylhz ri Hfrqrplf Vwxglhv1 56/ ss1 49804;31




