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Abstract

This paper develops an informational but rational theory of cascade behavior when
voting is sequential. We analyze a two-candidate election in which voters are uncertain
about the realization of a state variable that affects the utility of all voters. Voters vote in
an exogenously fixed sequence, observing the history of votes at each point. We show that
there is an (essentially) strict equilibrium with posterior-based voting: each voter votes for
the candidate who she believes to be better, taking into account the information revealed
in prior votes. In this equilibrium, herding on a candidate occurs with positive probability;
moreover, as the population size grows, the probability of a herd converges to one. The
dynamics of information cascades are analyzed and applied to the concept of momentum
in elections.  Our results help understand and have implications for sequential voting

mechanisms such as Presidential Primaries and roll-call voting.
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“...when New Yorkers go to vote next Tuesday, they cannot help but be influ-
enced by Kerry’s victories in Wisconsin last week. Surely those Wisconsinites knew
something, and if so many of them voted for Kerry, then he must be a decent can-
didate.”

— Duncan Watts in Slate Magazine

1 Introduction

Many elections take place over time. The most prominent example of this lies at the heart of the
American Presidential selection process: the Primaries. A series of elections by which a party
selects its candidate for the general Presidential election, the Primaries are held sequentially
across states over a few months. On a smaller scale, but also explicitly sequential, are the
roll-call voting mechanisms used by city councils and Congressional bodies. A more subtle
example is the general U.S. Presidential election itself, where the early closing of polls in some
states introduces a temporal element into voting.

In contrast, most models of voting are static. The distinction between simultaneous and
sequential voting mechanisms is not just of theoretical interest, but also relevant to policy.
It is often suggested that allowing voters to condition their choices on the acts of previous
voters can give rise to momentum effects: the fact that a particular alternative is leading in
initial voting rounds may induce some voters to select it who would have otherwise voted
differently (see, for example, Bartels [5]). While the empirical evidence on momentum in U.S.
Presidential Primaries is particularly suggestive but not definitive, it is clear that a belief in
momentum effects has shaped electoral policy and strategy. Candidates compete heavily in
the initial battleground states, eager to begin a bandwagon that will propel them to ultimate
victory. Campaign funds and media attention are often disproportionately devoted to these

1

early states.” This has led to the front-loading of elections: several states have moved their

Primaries to earlier dates in order to ensure that their election is held near the beginning of the

2 Yet, while this concept of momentum plays a significant

sequence (Morton and Williams [23]).
role in political discourse, its cause has remained controversial and mysterious. The issue is
important because the efficiency and equity of a sequential voting procedure may depend on
the nature of momentum effects.

In this paper, we develop a theory of rational voting behavior that generates information

cascades in sequential voting. While it is possible—even likely—that factors such as campaign

'Bartels [5] and Gurian [19] document how a substantial share of the media’s attention and candidates’
campaign resources are devoted to New Hampshire even though that state accounts for merely 4 out of 538 total
electoral votes.

2For instance, since 1977, New Hampshire law has stated that its primary is to be the first in the nation.
As a result, the state has had to move its primary, originally in March, earlier in the year to remain the first.
New Hampshire’s primary was held on February 20 in 1996, February 1 in 2000, and then January 27 in 2004 to
compete with front-loaded primaries in other states.



finance or the media play a role in electoral momentum, we direct our attention to the most
fundamental aspect of sequential voting: the inferences formed by voters based upon the his-
tory of prior votes, and the rational behavior induced by these inferences. We formalize an
informational theory of voting momentum that is built on the simple logic that if initial voters
vote informatively, their decisions provide useful information to later voters. Thus, if voters
have preferences with a common value component such as choosing the best or most electable
presidential candidate, then winning the support of initial voters can provide information that
may induce greater support from future voters.

At first glance, this idea may seem like a mere application of the theory of rational herds in
sequential decision-making, initiated by Banerjee [2] and Bikhchandani, Hirshleifer and Welch
[7]. However, the typical environments studied in this literature share the important feature
that a player’s payoffs do not directly depend on the actions of others. Since there are no payoff
complementarities, the only externality in these models in informational. Consequently, it is
straightforward that in these “economic” settings, the optimal action for a player is independent
of how her choice affects the decisions of future players: all that a player cares about is extracting
information from the observed history of decisions. That is, in these models, each player
optimally behaves like a backward-looking Bayesian, and has no strategic reason to consider
the impact of her choice on the choices of subsequent actors. In contrast, an election is a game
with payoff interdependencies: a voter’s payoffs are determined not only by her own action or
vote, but also by the votes of those before and after her. Thus, an individual’s vote may affect
her payoffs in two different ways. First, a vote changes the likelihood of a particular candidate
winning in the event that all other votes are tied. Second, a vote can signal information to
future voters, and therefore induce different (distributions over) actions of future voters. Given
the direct action externalizes and the associated incentive to signal information, the optimal
choice of a voter is no longer independent of how her vote influences subsequent voters. In
particular, a voter may wish to vote against the candidate she currently believes to be better, so
as to communicate her private information to future voters and/or prevent future voters from
herding. Due to this forward-looking incentive, the possibility of rational herds in a sequential
voting environment raises significantly different issues from the standard herding literature.

The main contribution of this paper is to derive a theory of information cascades in se-
quential voting in a fully rational model with standard preferences. Specifically, we consider a
sequential version of a well-established voting environment (Feddersen and Pesendorfer [13, 14]).
There are two candidates, and a finite population of voters who vote in an exogenously fixed
sequence, each observing the entire history of prior votes. Voters are uncertain about the real-
ization of a binary state variable that affects their utility. Each voter receives a private binary
signal that contains some information about the state. There are two kinds of voters: Neutrals
and Partisans. Neutrals desire to elect the “correct” or better candidate, which depends on

the unknown state. Partisans, on the other hand, wish to elect their exogenously preferred



candidate regardless of the state (there are thus two kinds of Partisans, one for each candidate).
Whether a voter is Neutral or Partisan is her private information.

We show that there is a Perfect Bayesian equilibrium with Posterior-based Voting (PBV)
strategies: Partisans vote for their preferred candidate, and each Neutral voter votes sincerely
for the candidate who she believes to be better at the time of casting her vote, fully taking into
account the information revealed in prior votes. In other words, each voter does in fact behave
like a backward-looking Bayesian, and this is optimal behavior given the strategies of other
voters. This strategy profile leads to herd behavior by later voters with high probability in large
elections, converging to probability one as the population size grows to infinity.® Importantly,
PBYV is an (essentially) strict equilibrium; thus its existence is not due to any ad-hoc resolution
of indifference among players, and the equilibrium is robust to small perturbations of the
model. In the equilibrium, voters who herd strictly prefer to do so even when accounting for
the possibility that their vote may change the outcome.

PBV is the appropriate generalization of sincere voting (Austen-Smith and Banks [1]) when
moving from simultaneous to sequential voting. In voting sincerely, a voter uses all available
information—her prior and signal in the standard simultaneous voting environment—to form
her expectation of which candidate is better for her, and votes for this candidate. Importantly,
there is no presumption of conditioning on being pivotal. In our sequential voting environment,
the available information to a voter is not only her private signal, but also the history of votes.
Thus, the profile of PBV strategies constitutes an especially attractive strategy profile, since it
features sincerity by all voters. That this profile is an equilibrium means that even if a voter
were to condition on being pivotal, such sincere voting is optimal given the play of other voters.

Voting games typically possess multiple equilibria. Due to the sheer complexity of the space
of all strategy profiles in our sequential environment, it is not feasible to provide a complete
characterization of all equilibria. However, we prove that for generic parameters, within a
broad class of strategies profiles—so-called Cut Point Voting profiles (Callander [9])—every
equilibrium induces herding with arbitrarily large probability in all sufficiently large elections.
A precise definition of what behavior is permitted in a Cut Point Voting profile is deferred
to Section 4, but we note here that the class of Cut Point Voting profiles subsumes PBV,
informative voting by Neutrals (voting for the candidate favored by one’s private signal alone),
all Neutrals voting for the same candidate independent of history or private signal, and a host of
other behavior. While we believe PBV is a particularly salient equilibrium because it features
all voters playing sincerely, our result says that even if voters coordinated on some other Cut
Point Voting equilibrium—should any exist—herd behavior would nevertheless ensue with high
probability in large elections with generic parameters.

The notion that herd behavior can be the outcome in a fully rational sequential voting model

3Throughout, we use the terms information cascade and herd behavior interchangeably. Smith and Sorensen
[26] have noted a difference, but the notions coincide in our setting.



is perhaps surprising from the standpoint of political economy. Much of the early informal
literature in political science explains momentum effects by invoking assumptions such as a
psychological desire to vote for the eventual winner (e.g. Bartels [4, 5]); this has recently been
formalized by Callander [9]. While we do not wish to enter a debate about the plausibility of
this assumption, we believe it is important to establish a non-behaviorally-based benchmark.*
In an important contribution, Dekel and Piccione [12] study a model of strategic voting and
show that under some assumptions, any symmetric equilibrium of their simultaneous voting
game is outcome-equivalent to an equilibrium of the corresponding sequential voting game.
Unfortunately, this has sometimes been misinterpreted as implying that conditioning on being
pivotal implies that no information can be extracted from a history of observed votes.” Our
PBV equilibrium explicitly shows this is not the case; in particular, in the PBV equilibrium we
derive, strategic voters do learn from previous voters and they act fully rationally, as if they
are pivotal.

The plan for the paper is as follows. In the remainder of this section, we discuss the
application of our theory to Presidential Primaries in more detail. Section 2 lays out the
model, and Section 3 derives the main results about PBV strategies and equilibrium. We
discuss implications, limitations, and extensions in Section 4. A discussion of related literature
is postponed until Section 5. Section 6 concludes. All formal proofs are relegated to the

Appendix.

1.1 The Application to Presidential Primaries

The notion of momentum in elections has received the greatest attention in the U.S. Presidential
Primaries process. It has often been argued persuasively that early victories makes a difference
in the prospects for any candidate. This is reflected not only in the disproportionate amount
of campaign funds that go towards convincing early voters, but also in data on voting behavior
and polls. In one particularly striking conclusion, Bartels [5] estimates that if the Primaries
had been held on the same day in all states, both Republican and Democrat parties’ nominees
may have been very different in various years, and moreover, this may have led to different
Presidents altogether.

Our model provides an understanding of how herds in Primaries may form, regardless of
whether one believes that voters are truly strategic, so long as they incorporate the information

revealed in prior elections into their decision-making. In the PBV equilibrium we derive, candi-

1t is difficult to empirically distinguish between momentum arising because voters believe a candidate will
be the eventual winner, or all things considered, simply the better candidate.

SFor example, in a recent paper on costly voting, Battaglini [6, p. 455] states that “strategic voters do not
learn from previous voters because they act as if they are pivotal ...”. Similarly, Feddersen and Pesendorfer [15],
in explaining Dekel and Piccione’s result, asserted that “in symmetric environments, this informational difference
[between sequential and simultaneous voting] is irrelevent, because all strategic voters condition their vote on
being pivotal.” Such statements cannot generally be true without referring to a voter’s belief over the play of

other voters.



dates become increasing attractive to neutral voters through their vote lead. Since candidates
always receive votes from their partisan supporters, the task facing a neutral voters is to infer
how much of a candidate’s lead has emerged from prior neutral voters. Thus, the informa-
tion that is revealed in early elections affects how subsequent voters view each candidate. A
particularly important feature of our model is that we permit partisanship to be asymmetric
across candidates: candidate L may have a greater level of partisan support than candidate
R. A greater level of partisan support for one candidate mitigates the impact of a vote for
that candidate on future voters’ behavior in our PBV equilibrium. A straightforward exten-
sion naturally leads to some signaling dynamics: if a candidate wins in a state where he was
anticipated to have little partisan support, this indicates that many neutral voters voted for
him.% Since neutrals vote on the basis of their information (so long as a herd has not started),
a “surprise” victory improves the candidate’s standing with all remaining neutrals. By the
same token, a victory in a state where a candidate already has much partisan support—such
as his home state—does little to improve his position with all remaining neutrals.

We believe that these signaling dynamics are illustrative of momentum effects in Presidential
Primaries. Analyses of the media and voter perceptions have emphasized that Primaries are
often presented in a manner similar to a horse-race: greater attention is paid to how candidates
perform relative to expectations, and less so to policy issues (Bartels [5] and Robinson and
Sheehan [25]). In such a context, surprise victories gain a large amount of coverage, and is
believed to have a large impact on subsequent votes, while anticipated victories receive less
attention from the media and voters.

The impact of surprise victories is exemplified in Carter’s victory in the 1976 Democratic
Primaries. Hamilton Jordan, who would later become Jimmy Carter’s White House Chief of
Staff, outlined the importance of a surprise victory in New Hampshire in a memorandum two
years before Carter’s campaign: “...a strong surpise in New Hampshire should be our goal, which
would have a tremendous impact on successive primaries....” (Bartels [5]). This assessment is
believed to be correct. For example, simulating Carter’s national popularity prior to his victory
in New Hampshire, Bartels [5] predicts that Carter would have lost the 1976 nomination to
George Wallace had the Primaries been simultaneously held in all states. Our model suggests
how this surprise victory aided Carter. Carter, being a candidate from the South, was not
believed to have much partisan support in New Hampshire. Thus, a victory there would
indicate that a large number of neutral voters found reasons to vote for this candidate, and
therefore, serves as a strong signal to voters in other states that Carter may be the right
candidate. Indeed, having won New Hampshire, Carter demonstrated to voters, the media,
and financiers that he could win without his partisan support in the South. As Carter’s press

secretary, Jody Powell, put it: “...there’s no better way to do that than to go way the hell off

SStrictly speaking, our model does not permit the probability of partisanship to vary across voters (states),
but this is straightforward to incorporate at the cost of notational burden.



yonder to New Hampshire and win a primary...” (Bartels [5, p. 202]).

History also indicates that victories in a candidate’s home state or where partisan support
is highly likely have less of an impact on future voter behavior. This was not only the case with
Tom Harkin of Iowa, who was unable to capitalize on his victory in the 1992 Iowa caucuses,
but more perhaps famously, is also believed to have affected Walter Mondale of Minnesota in
the 1984 Primaries. Expected to have support in the neighboring state, Mondale’s victory in
the Towa caucuses was largely overshadowed by Gary Hart’s performance. That Hart was able
to garner 16.5% of the votes in Towa generated a burst of interest from voters and the media.
By performing better than anticipated, Gary Hart was suddenly perceived as a candidate that
stood out.

While the informational model here contributes to the understanding of electoral dynamics,
we do not wish to suggest that it captures the whole story. In our model, we abstract away from
many important institutional details such as campaign finance and media attention. Having
said that, it is difficult to shed light on why both financial and media resources are devoted to
the first few elections without making specific assumptions about voting behavior. Insofar as
the purpose of many elections—especially Primaries—is to provide and aggregate information,
we believe that these institutional details should be embedded in an informational model similar
to the one below. Thus, this paper may be viewed as a first step towards understanding the

role that these institutions play in voting behavior.

2 Model

We consider a voting game with a finite population of n voters, n odd. Voters vote for one of
two candidates, L or R, in a fixed sequential order, one at a time. Without loss of generality,
we label the voters 1,...,n, where a lower numbered voter votes earlier in the sequence. Each
voter observes the entire history of votes when it is her turn to vote. The winner of the election,
denoted W € {L, R}, is selected by simple majority-rule. The state of the world, w € {L, R}, is
unknown, but individuals share a common prior over the possible states, and © > % is the ex-ante
probability of state L. Prior to voting, each voter ¢ receives a private signal, s; € {l, 7}, drawn
from a Bernoulli distribution with precision ~ (i.e., Pr(s; =ljw = L) = Pr(s; = rlw = R) = 7).
We assume that individual signals are independently drawn conditional on the state, and that
~ > 7, which means that each signal is more informative than the prior.”

In addition to being privately informed about her signal, a voter also has private informa-
tion about her preferences: she is either an L-partisan (L,), a Neutral (IV), or an R-partisan
(Rp). We denote this preference type of voter ¢ by t;. Each voter’s preference type is drawn

independently from the same distribution, which assigns probability 77, € (0, %) to preference

"Our analysis will carry over with obvious changes to cases where the signal precision is asymmetric across
states of the world.



type Ly, probability 7 € (0, %) to Ry, and probability 7 = 1 — 77, — 7 to the Neutral type,
N.®  The uncertainty over the true state makes Neutral voters uncertain over which is the
better candidate, whereas for C' € {L, R}, a C-partisan prefers candidate C' independent of the

state. Payoffs for voter i are defined by the function u(t;, W,w) as follows:

u(Ly, Wyw) = 1lpy—py for w e {L, R}

u(Rp, W,w) = 1lyy_py forw e {L, R}
w(N,L,L) = u;(N,R,R)=1
w(N,L,R) = u;(N,R,L)=0

Therefore, regardless of the state of the world, a Partisan wishes that her preferred can-
didate is elected.” A Neutral, on the other hand, would like the election to select the better
candidate (i.e., the appropriate candidate for each state). It is important to observe that an
individual vote affects one’s payoffs only indirectly through the vote’s influence on the winner,
w.

Denote by G (7,7, 7L, Tr;n) the sequential voting game defined above with prior 7, signal
precision vy, preference type parameters 77, and 7, and n voters. Throughout the subsequent
analysis, we use the term equilibrium to mean a (weak) Perfect Bayesian equilibrium of this
game (Fudenberg and Tirole [17]). Let h € {L, R}*"! be the realized history of votes when it
is voter i’s turn to act; denote h' = ¢. A pure strategy for voter i is a map v; : {L,, N, R,} X
{L,R}Y x {l,r} — {L,R}. We say that a voter i votes informatively following a history h’
if v; (N, R, l) = L and v; (N, R, 7‘) = R. Beliefs play a key role in the discussion, hence it is
helpful to denote the posterior probability that voter i places on state L by pu;(h?, s;).

3 Posterior-Based Voting

3.1 Definition and Dynamics

We start the analysis by introducing Posterior-Based Voting (PBV) strategy profiles and study-

ing the induced dynamics, postponing to the next subsection the question of whether such a

profile constitutes an equilibrium. Let v = (v1,...,v,) denote a strategy profile. In the
usual fashion, v_; = (v1,...,v—1,Vit1,...,...,0y) denotes a profile of strategies for all players
except .

Definition 1. A strategy profile, v, satisfies (or is) Posterior-Based Voting (PBV) if for every

8While formally, our model does not allow for the pure common values setting where 7, = 7 = 0, the limit
of the equilibria we describe is an equilibrium of the game when 71, = 7r = 0; we return to this point in Section
4.2.

9Since heterogeneous preferences and heterogeneous priors are essentially interchangeable in voting models
such as this one, the Partisan types may be interpreted as individuals whose prior is so strong on one candidate
that no amount of available information can overturn it.



voter i, type t;, history h', signal s;, and for any W, W' € {L, R},
1. By [ui(ts, W,w)|ht, s v_i] > By [ug(ts, W, w)|h?, s v_i] = vi(ti, b, s) = W

2. Ew[ui(ti,L,w)‘hi,Si;V,i] = Ew[ui(ti,R,w”hi,Si;V,i] = Ui<ti,hi,L) =L andv; (ti,hi,R) =
R

Strictly speaking, PBV is a property of a strategy profile. We will sometimes simply say
PBYV instead of a PBV strategy profile. Moreover, we also abuse terminology by refering to
a PBV strategy: this refers to a strategy for a player that is part of a PBV profile. Let us
discuss each part of the above definition.

The first part of the definition requires that given the history of votes and her private
signal, if a voter believes that electing candidate L (R) will yield strictly higher utility than
electing candidate R (L), then she should vote for candidate L (R). In other words, in any
PBYV profile, every agent votes for the candidate that maximizes her expected utility given all
currently available information, where beliefs about the state of the world are updated taking as
given the strategies employed by other voters (in particular, the strategies of previous voters).
Since Partisan voters have a preference ordering over candidates that is independent of the
state of the world, Partisans must vote for their preferred candidate in a PBV profile. If a
Neutral voter’s posterior is ju;(h?, s;) # %, then she votes for the candidate she believes to be
better.

Part two of the definition is a tie-breaking rule. It requires that when a Neutral voter has
posterior p;(h?, s;) = %, she vote informatively by “voting her signal” (or more precisely, votes
as if she had only her signal available and not the prior history of votes). In doing so, she reveals
her signal to future voters. There are two points to be emphasized. First, this tie-breaking
convention is hostile towards herding because it requires a Neutral to reveal her signal when
indifferent. Since our objective is to show that PBV leads to herding, we are stacking the deck
against us; the interpretation of our results are correspondingly made stronger by choosing this
tie-breaking rule. Second, any specification of how to break ties only matters for a non-generic
constellation of parameters (m, v, 7, 7r). That is, for a generic tuple, (7,~, 71, 7r), when PBV
is played, it will never be the case that there is a Neutral voter with posterior ju;(h’,s;) = %
We defer a further discussion of this point to Remark 1 in the Appendix.

The above discussion implies the behavior of voter ¢ in the PBV profile is summarized as

follows:

Ui(LP’hivsi) = L
vi(RZhhiasi) =

: ; ) ) X B

vi(N, B si) = Lt M(hi’si) > 2 or {Mi(h'vsi) 2 and s; = [}

R if pi(R', s5) < 5 or {pi(h',si) = 5 and s; = r}



PBYV is sophisticated insofar as voters infer as much as possible from the past history,
taking into account the strategies of preceding players. However, since PBV does not involve
any computations regarding the implications of one’s vote on future votes, it is can represent
behavior without a forward-looking component. A priori, this makes it unclear whether PBV
can be optimal strategic behavior. In particular, were a voter to condition on being pivotal
(affecting the outcome of the election), then she would certainly have to consider how her vote
affects the votes of those after her.!' We postpone this issue to Section 3.2, instead focussing
for the moment on the voting dynamics induced by PBV.

Consider a voter i > 1 who observes a history h’ where k voters voted L and i — k —
1 voters voted R, and knows (or assumes) that preceding Neutrals voted informatively and
preceding Partisans voted their bias. In voting according to PBV, the voter faces a simple
Bayesian inference problem: conditional on the observed history and private signal, what is the
probability that the state is L? If the state were L, the probability that a preceding voter
would vote for L is 77, + (1 — 7, — Tg) 7y, where the first term is the probability that a voter is
an L-partisan, and the second term is the probability that a voter is Neutral and received an [
signal. Similar computations for the remaining combinations of probabilities of voting for each

candidate in each state lead to the the following likelihood ratio:

Pr (h'lw = L) :< 7L+ TN ))’“(TR”N(lV))Ml (1)

Pr (hilw = R) L+ 78 (1 =7 TR + TNY

Since v > 1 — v, it is clear from the above expression that the likelihood ratio is strictly
increasing in k. Thus, seeing a greater number of votes for L strictly raises Netural voter
i’s belief that L is the better candidate, given the postulated beliefs about preceding voter

behavior. Observe that the presence of partisanship adds noise to the public h%itolry: when 77,
+154

and 7r are both approximately 0, the likelihood ratio is approximately (ﬁ)

as large as it can possibly be since this reflects a perfectly informative public history. On the

, which is

other hand, when 77, and 7p are both approximately 0.5, the public history is close to pure
noise: the likelihood ratio is approximately 1.

We introduce two examples to illustrate these ideas and introduce PBV dynamics.

Example 1. Consider the PBV strategy profile of a sequential voting game with 5 voters where

= %, T, =TR=T = i and v = %. Voter 1, if neutral, votes informatively since her signal

overturns her prior. Suppose she votes L (and therefore must have received signal l). If voter

2 receives signal 1, her posterior that the state is L is given by po (L,1) = 2. If voter 2 receives

-
an r signal, the posterior is us (L,7) = %8. In either case, po > %, and thus, regardless of

10Tt may be useful to think of the analogy with strategic bidder in a 1°* price common value auction. There,
a rational bidder must account for the winner’s curse: given a conjecture on how others bid, a rational bidder
determines the optimal bid by conditioning on the event that her bid changes the winner of the auction.



her signal, a Neutral voter 2 votes for candidate L. Let us now consider the position of voter
3. If she observes a history of (L, L), she concludes that voter 2 was either an L-partisan or
a Neutral; if she observes a history of (L, R), she concludes that voter 2 must have been an R-
partisan. In either case, voter 2’s vote is uninformative about so. Thus, voter 3 is essentially
in the same position as voter 2, and by the previous logic, will vote L independent of her signal
if she is Netural. By induction, it follows that all future Neutrals vote for Candidate L.

In the above example, learning ceases once candidate L has a positive vote-lead. From
an informational standpoint, this is clearly inefficient: given the payoff complementaries, sub-
sequent neutrals would wish to communicate their information especially if their signals favor
candidate R. This is however impossible: if a Neutral voter 2 voted R to reveal her sig-
nal, future voters would ignore the message, instead believing that voter 2 must have been an

R-partisan. Thus, once a herd begins, future voters are no longer “willing to listen.”

Example 2. Consider the same parameters from Fxample 1, except that 7, = TR = T = %
As we assumed there, suppose voter 1 has voted L. If voter 2 is Neutral and receives an |
stgnal, her posterior is Lo (hQ,Z) = % > % and hence she votes L.  On the other hand, if she
receives signal r, then o (h2,r) = % < %, and therefore, she would vote R. In other words,
a Neutral voter 2 votes informatively. Now consider the voter 3. If she observes a history
of (L, R), her posterior based on the public history is equal to her prior (the vote lead for L is
0), and therefore, she is essentially in the position of voter 1, and votes informatively. On the
other hand, consider the history (L,L). If a Neutral voter 3 were to receive an l signal, she
would vote L because her posterior is us((L,L),l) ~ 0.92. If instead, voter 3 were to receive
a signal for r, then us ((L,L),r) = 0.57, and so she would still vote L. Thus, regardless of
signal, voter 3’s vote is uninformative, and by induction, it follows that all future Neutrals vote
for Candidate L.

Since the only difference between Example 1 and Example 2 is that the latter has a higher
probability of partisanship, the examples illustrate that an increase in partisanship leads to
greater noise in the public history; consequently, a higher vote lead is required to induce a
Neutral voter to discard her own information.

We now provide a general characterization of the dynamics induced when voters play PBV.
The behavior of Partisans is simple, since they always vote for their preferred candidate. Neu-
trals shall initially vote informatively: in particular, voter 1 always votes informatively if she is
Neutral. We will prove that there exist sequences ny, (¢) and np (i) such that once the vote lead
for candidate C' € {L, R} after some history h’ is n¢ (i), all future Neutrals vote uninformatively
(i.e. independent of their private signals) for candidate C, effectively herding on this candidate.
It is important to emphasize that for voter j to herd in this manner does not require the vote
lead for candidate C' to be n¢ (j) when it is voter j’s turn to vote—it only requires that there

have been some history h® with i < j where the vote lead after A for candidate C' € {L, R} was

10



ne (i). A Neutral j votes informatively if and only for every history {lﬁ}z < it was not the
case that the vote lead for candidate C' € {L, R} after history ¢ was n¢ (i). To understand this
logic, consider the first instance of a history A’ in which the vote lead for candidate C € {L, R}
is in fact nc (7). In this case, voter ¢ votes uninformatively for candidate C' if Neutral, and
uninformatively for her preferred candidate if Partisan. As far as voter ¢ + 1 is then concerned,
the informationally-relevant public history is only A’, rather than h**!, since i’s vote contains
no information about the state of the world. Inductively, this applies to all future voters, and
we conclude that all learning ceases in the system after history A’ .

To make these notions precise, two state variables are useful. For any history h?, the vote

lead, A (hi), is the vote lead for candidate L, and is defined recursively as follows:
A(h') =0, and for all i > 1, A(R") = A (W) + (14, =1y — Liu, 1=R}) (2)

Positive values of A indicate that candidate L has more votes than R, whereas negative
values indicate that R leads L. The second state variable, called the phase, summarizes whether
learning is still ongoing in the system (denoted phase 0), or herding has started on one of the
candidates (denoted phase L or R). The phase mapping is thus ¥ : h* — {L,0, R}, and defined

by the following transition mapping:

U (R if O (hY) € {L,R}

; -1\ _ o ‘
‘I/(hl) =0, and for all i > 1, \I/(hz) _ L lf‘I/(h' ) —OandA(h‘) =nr, (i)
" if @ (h1) = 0and A () = —nz ()
0 otherwise

3)

Clearly, the system starts in the learning phase, and transitions into a herding phase when
the vote lead for candidate C € {L, R} hits the threshold n¢ (i) for the first time. Moreover,
herding phases are absorbing.

The threshold sequences, ny, (i) and ng (i), are determined by explicitly considering poste-
riors. For example, ny, (i) is the smallest vote lead for candidate L such that if voter i were to
receive a signal r, and assumes that all prior Neutrals voted informatively and all prior Parti-
sans voted for their preferred candidates, her signal in favor of Candidate R would be strictly
overturned by the history in favor of Candidate L. That is, the threshold nz, (7) is the unique
integer less than or equal to (i — 1) that solves

Pr(w=L|A (k) =ng(i)—2,s,=7) < - <Pr(w=L|A (hz) =ng (i),s =7) (4)

N | =

If it is the case that a signal r outweighs even that history h® where every prior vote was

cast in favor of Candidate L, we denote np, (i) = 1.
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Similarly, the threshold ng (i) is the unique'! integer less than or equal to i that solves

Pr(w=L|A (k") = —ng (i) + 2,5, =1) > = > Pr(w = LIA (b') = —ng (i),s; =1) (5)

| =

If it is the case that a signal r outweighs even that history h* where A (hz) =—(i—1), we
denote ng (i) = 1.

Since these thresholds play a crucial role in our analysis, it is worth emphasizing their
interpretation. The threshold ny, (i) means that if a Neutral voter i observes a history h* with
candidate L has a vote lead of ny, (i) — 2 votes, then i’s posterior is (strictly) higher on state
L than R if and only if s; = [.  On the other hand, if we switch an R vote to an L vote in A,
and obtain a vote lead that is greater by 2 votes, i.e. np, (i), then i’s posterior is strictly higher
on state L regardless of her private signal. A similar intuition applies to ng (7). Using the
thresholds {n, (¢)};, and {—ng (i)};_,, we can define the phase mapping ¥ for every history.

We summarize the foregoing discussion with the following result. All formal proofs are in

the Appendix.

Proposition 1. Every game G (m,v, 71, Tr;n) has a unique PBV strategy profile.  For each
i < mn, there exist thresholds, nr, (i) < i and ng (i) < i, such that if voters play PBV in the

game G (m,v, 7, Tr;n), then a Neutral voter i votes
1. informatively if ¥ (hz) =0y
2. uninformatively for L if W (h‘) =L;

3. uninformatively for R if ¥ (hz) =R;

where U is as defined in (3). The thresholds ny, (i) and ng (i) are independent of the

population size n.

[Figure illustrating PBV dynamics to be added here.]
In general, when voters play the PBV profile, a herd develops if and only if there is a history
h' such that ¥ (hl) # (0. To study how likely this is, assume without loss of generality that the

true state is R. We define the public likelihood ratio as the ratio of the public belief that the
Pr(w=L|h?)

Pr(w=R|h?) "
the realized path of play is governed by the draw of preference-types and signals. Consequently,

state is L versus state R after any history: A (hl) = Fixing play according to PBV,
the public likelihood ratios can be viewed as a stochastic process, which we denote (J\;), where
each )\; is the likelihood ratio when it is voter ¢’s turn to act. It is well-known (e.g. Smith and
Sorensen [26]) that this stochastic process is a martingale conditional on the true state, R. By

the Martingale Convergence Theorem, the process (\;) converges almost surely to a random

"Tmplicit in our definitions of nz, (i) and ng (¢) is that these be vote leads that are logically possible given the
various configurations of (i — 1) votes.
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variable, Ao.'? That is, the public likelihood ratio must eventually converge or settle down.
Since PBV is informative so long as ¥ = 0, this convergence requires that ¥ € {L, R} in the
limit, i.e. herds eventually occur with probability 1. This intuition underlies the following

result for our finite voter game.

Theorem 1. For every (m,v, 7, Tr) and for every € > 0, there exists i < oo such that for all

n > m, if voters play PBV, then Pr[a herd develops in G (w,~, 1, Tr;n)] > 1 — €.

3.2 PBYV Equilibrium

PBYV as a behavioral rule entails that a voter votes sincerely for who she believes to be better
on the basis of the history she observes and her private signal. It is not predicated on the
hypothesis that a voter understands the game strategically, and considers how she should vote
in the event that her vote changes the outcome of the game. We believe that such a behavioral
prescription is attractive from a descriptive standpoint: insofar as many voters may simply vote
for the candidate they actually prefer on the basis of public and private information—as opposed
to hypothetically would prefer if pivotal—PBV accommodates their behavior. However, the
theory would be unattractive if any strategic voter has an incentive to deviate from PBV when
all other voters are following it. As noted earlier, since strategic voters have forward-looking
incentives in our environment, whereas PBV is explicitly only backward-looking, the strategic
optimality of PBV is far from obvious.

To this end, we now establish that PBV is optimal behavior for a voter even when she
does condition on being pivotal, given that all other voters are following PBV. Consequently,
PBYV is an equilibrium, and therefore accommodates both sincere and strategic voting. In
fact, we prove an even stronger result. Say that the election is undecided at history h® if both
candidates still have a chance to win the election given the history h’; in other words, it must
be true for each candidate that if he receives all future votes, then he wins the election. We
will show that when all other voters use PBV, it is uniquely optimal for a voter to follow PBV
at any history where the election is undecided (of course, if the election is already decided, a
voter is indifferent over how she votes). Accordingly, we refer to PBV as an essentially strict
equilibrium.

To show that PBV is an essentially strict equilibrium, the following three behaviors need to

be shown as uniquely optimal when all other voters are playing PBV, and the election remains

12The careful reader will note that we are discussing an infinite sequence, even though the game consists of
a finite number of voters. For the discussion, consider simply extending the sample path of realized likelihood
ratios one voter at a time by adding a voter with a new draw of a preference-type and signal (recall these i.i.d
conditional on the true state) who plays PBV.

13A strict equilibrium of a game is one in which a deviation to any other strategy makes a player strictly
worse off. A sequential voting game cannot possess any strict equilibria because following any history where
a candidate has captured a majority of the votes, all actions yield identical payoffs; only histories where the
election remains undecided are strategically relevant. Therefore, “essentially strict equilibrium” as we define it
is the appropriate modification of the usual notion of strict equilibrium.
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undecided:

1. Partisans always vote for their preferred candidate.
2. In the herding phase for L (R), Neutrals vote uninformatively for L (R).

3. In the learning phase, Neutrals vote informatively.

Throughout the subsequent discussion, we discuss optimality for one voter facing a history
where the election is undecided, implicitly assuming that all others are playing PBV. Note that
since PBV prescribes Partisans to vote for their preferred candidate independent of history or
private signal, every voter who is voting at a history where the election is undecided is pivotal
with positive probability.

It is straightforward to establish that it is strictly optimal for Partisans to vote for their
preferred candidate, conditional on others following the PBV strategy profile. Since other
Partisans are assumed to vote for her preferred candidate independent of history, no player can
influence the behavior of any other Partisan voter. Thus, a Partisan voter is pivotal only to
the extent that she influences the behavior of future Neutral voters, or in the event that all
other votes excluding hers are tied. An important observation is that in a PBV profile, the
play of Neutrals is weakly monotonic in the voting history: a larger vote lead for a particular
candidate induces at least as many Neutrals (and on expectation, strictly more when in the
learning phase) to vote for that candidate. Hence, a Partisan voter can not influence any future
voter in a desirable direction by voting against her preferred candidate; on the other hand, by
voting against her preferred candidate, she will be strictly worse off in those events when the
votes of all other voters are tied. Since the election is undecided by hypothesis, these two facts

combine to imply that it is strictly optimal for a Partisan to vote for her preferred candidate.'

Lemma 1. If all other agents are playing PBV and the election is undecided at the current

history, it is strictly optimal for a Partisan to play PBYV.

Now we discuss the optimal behavior for Neutrals. Let us first consider the case where
a herd has already begun. Suppose that it is a Neutral voter i’s turn to vote when there
is a herd on candidate L, i.e. the phase is ¥ (hl) = L (the logic when the herd is for R is
symmetric). Since the L phase is absorbing, voter i knows that all subsequent voting after her
is completely uninformative: Partisans vote for their preferred candidates and Neutrals vote
for L. This implies that conditioning on being pivotal does not change i’s posterior beliefs

about the state of the world. Consequently, Neutral voter ¢ strictly prefers to vote on the

Mnterestingly, we note that eliminating weakly-dominated strategies is not sufficient to guarantee that Parti-
sans vote for their preferred candidate, unlike the case of a simultaneous election. In fact, there exist equilibria
(in undominated strategies) where a Partisan voter strictly prefers to vote against her preferred candidate. While
we do not suggest that such equilibria are plausible, they serve to emphasize the differences between simultaneous
and sequential voting environments.
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basis of her posterior, p;(h?,s;). Crucially, the public belief for voter i before her signal is
observed is the same as that of voter j’s (j < ¢) when the phase transitioned from ¥ (hj *1) =0
to ¥ (hj ) = L, since the votes starting with j are uninformative about the state of the world.
That is, u; (hj, si) = l; (hj , si). By the definition of when the phase transitions (3), we have
A (h?) = np (j), which implies by the construction of ny, (j) (4) that u; (h’,s;) > %, for any

s; € {l,r}. Thus, Neutral voter i strictly prefers to vote for L regardless of her signal.

Lemma 2. If all other agents are playing PBV and the election is undecided at the current
history, ht, it is strictly optimal for a Neutral voter i to vote for candidate C if W(h%) = C, for
all C € {L, R}.

It remains only to establish that it is optimal for a Neutral voter to vote informatively
when votes can still communicate information, i.e. when in the learning phase, ¥ = 0. In an
undecided history, strategic deviations in the learning phase could significantly influence the
behavior of future Neutral voters. Thus, with two possible signals and many possible vote leads,
establishing that it is optimal for Neutral voters to vote informatively requires showing that
multiple incentive compatibility conditions are satisfied. Observe that while in the learning
phase, the public history is not sufficiently strong so as to overturn the private signal received
by a Neutral voter. That is, for all A where ¥ (h") = 0, voter 4 has posterior p;(h,s;) > %
if s; = 1 and p;(h?,s;) < % if s; = r. Therefore, by voting informatively, a Neutral voter 7 is
voting in the direction favored by her actual posterior. The cost of doing this is that she may
be pushing future voters closer towards herding. This is costly to a Neutral insofar as herding
suppresses potentially valuable information possessed by later Neutrals. Thus, it is conceivable
that a Neutral may gain by voting against a leading candidate, even if her private signal (and
her posterior) favors this candidate. Therefore, when receiving a signal in favor of the leading
candidate, a Neutral voter is faced with the trade-off between voting informatively and inducing
future Neutral voters to vote informatively. This trade-off is most stark for the Neutral voter
i who faces A (h') equaling ny, (i +1) — 1 (or —np (i + 1) + 1), since voting for candidate L (or
R) immediately starts a herd, ending social learning altogether. Would it better to suppress
her own information so as to preserve the value of her successors’ information?

We shall show that it is strictly optimal to vote informatively, sacrificing (if necessary) the
value of her successors’ information. The key idea underlying the strict optimality of this action
for voter i is that if i votes against her current posterior or equivalently, against her signal,'”
then there can never be enough public information—in the entire sequence of other voters’
votes—that is sufficient to shift i’s belief in favor of the candidate she votes for. That is to say,
given that other voters are playing according to the PBV strategy profile, and voter ¢ does not
know the types of those who vote after her, the value of her information ultimately outweighs

that of any subsequent profile of votes that changes the outcome following her deviation. To

15] e. if i votes votes L or R when s; =1 or s; = [ respectively
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illustrate this logic, assume the symmetric partisanship case where 7, = 7 (we establish the
result for the asymmetric case in the Appendix). In this case, the thresholds ny, (5) and ng (5)
do not vary with voters, and can be denoted simply as constants n;, > 0 and ng > 0. Consider
the case where voter ¢ is Neutral and ¥ (hl) =0 with A (h’) = ngz — 1 (the logic is symmetric
when A (hl) = —nr+1). It is only when s; = [ and accordingly supposed to vote L that
the Neutral voter ¢ faces the tradeoff between voting informatively thereby starting a herd,
versus voting uninformatively but at least temporarily preventing a herd. The incentives can
be examined by focussing on the events in which i’s vote is pivotal, since in any other event,
voter ¢ is indifferent between her choices.

Being pivotal in a sequential voting game introduces subtleties relative to a simultaneous
voting game. Since by hypothesis all other voters are playing PBV, we can assess the impact
of voter i’s vote for any vector of realizations of preference types and signals amongst the
future voters. The set of type-signal realizations in which voter ¢ is pivotal, denoted as Piv;,
consist of all those vectors where v; = L results in a different electoral winner from v; = R.
Furthermore, let us also denote those events where a cascade for candidate C' € {L, R} forms
as £¢; and denote the events where no cascade forms as €. Since voter i is pivotal with positive
probability (because the election is as yet undecided), and by hypothesis has received signal [,

we can write:

Pr (¢4 Pivy, h',1) Pr (w = L|¢E, Piv;, b, 1)
Pr(w = L|Piv;,h',1) = +Pr (£%|Piv;, h',1) Pr (w = LI¢R, Piv;, b, 1)
+Pr (gpw,-, K, z) Pr (w — LIE, Pivs, b, z)

It needs to be shown that the above conditional probability strictly exceeds % This means
that conditional on her observed history, private signal, and being pivotal, voter i’s belief that
the state is L is strictly higher than her belief that the state is R. Our argument proceeds by
demonstrating that her posterior conditional on being pivotal and on each of the three events,
b ¢ or §~, is at least % (with one strictly inequality). Therefore, regardless of how future
voting unfolds, conditional on being pivotal and what she has observed, voter ¢ believes that it
is strictly optimal to vote L.

Consider the first term in the above summation. Since voting is uninformative once an
L-cascade begins, Pr (w = L|¢E, Piv;, hi,l) = Pr (w = L|§L,hi,l). Regardless of how voter
1 votes, this probability strictly exceeds % since an L-cascade forms only when candidate L
commands a lead of at least ny, — 1 votes from non-¢ voters in the learning phase, and moreover,
s; = I. By the definition of ny, Pr (w = L|¢F, Pivg, b, l) > %

Similarly, consider the event in which ¢ is pivotal and an R-cascade begins. Since voting is
uninformative once an R-cascade begins, Pr (w = L|¢R, Piv;, hY, l) =Pr (w = L|¢f h, l). Since
A (hl) = nr — 1, the event £¥ can happen only if i votes R (if i votes L, an L-cascade forms

immediately) and moreover, candidate R subsequently gains a lead of ng votes in the learning
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phase. This requires that after i’s votes, there are ny + nrp — 2 additional votes cast for R
in the learning phase. Given that L has an informative vote lead of ny — 1 prior to ¢’s vote,
conditioning on ¢ in effect reveals a met (i.e. subtracting any informative L votes) total of
ng — 1 informative votes for R, ignoring i’s own vote. But by definition of ng, i’s belief given
her own signal s; = [ and ng — 1 informative votes for R is weakly in favor of L. In other
words, Pr (w = L|¢R, Piv;, b, l) > %

Finally, consider the event that no cascade occurs and i is pivotal. This can happen only
if voter i votes R, the vote lead at the end of the election lies in {—nr +1,...,ny — 1}, and
v (h"“) = 0. This implies that the net total of additional votes for R must be no greater
than ny +ngr — 2, and could be strictly less; otherwise, an R cascade would start. Since voter
i faces a history where L commands a lead of ny — 1 in the learning phase, the net total of
informative votes for R is no greater than ny — 1, and could be strictly less. By the same logic
as earlier using the definition of ng, it follows that Pr (w = L\g , Piv;, ht, l) > %

We have just argued that conditional on her observed history, signal, and being pivotal,
voter ¢ believes candidate L to be the better candidate with probability at least % regardless of
how she is pivotal, and moreover, in some pivotal events that happen with positive probability
(viz., either an L-cascade or no cascade) this belief is strictly greater than % Since voting L
leads to a strictly higher probability of L winning the election, it is strictly optimal for voter ¢
to vote L, even though such a choice marks the end of informative voting. Such an argument is
generalized to the case where 77, # Tr in the Appendix; in such a game, the thresholds shift in
favor of the candidate less favored by the partisan bias. While the non-uniformity of thresholds
introduces challenges, the basic logic of the argument remains unchanged.

The above argument applies only to a voter who could start a cascade by vote informatively.
Because the tradeoff between voting informatively and inducing others to vote informatively
is most stark at the boundaries of the learning phase, it can also be established that if the
incentive conditions are met for histories h’ where A (h') € {np (i +1) —1,—ng (i +1) + 1},
then they are met for all other vote leads in the learning phase (Lemma 5 in the Appendix).

In sum, we can state the following.

Lemma 3. If all other agents are playing PBV and the election is undecided at the current
history, h', it is strictly optimal for a Neutral voter i to vote informatively when ¥ (hl) =0
and A(hY) € {-nr(i+1)+1,...,ny (i +1) —1}.

The three preceding Lemmas combine to imply that PBV is strictly optimal for any voter
who must vote at a history where the election is undecided, given that all other voters are playing
PBV. This allows us to state the main result. Recall that an equilibrium is essentially strict
if any strategy that yields a player the same expected utility as the equilibrium strategy (given
that all others are playing their prescribed strategies) agrees with the equilibrium strategy at

all possible histories for the player where the election is undecided.
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Theorem 2. The PBV strategy profile is an essentially strict equilibrium.

There are three points we would like to emphasize about this equilibrium. First, its (essen-
tial) strictness implies that we are not relying on any convenient resolution of indifference when
the election remains yet undecided to establish the equilibrium. Thus, strategic voters follow
PBYV not because they are powerless or indifferent to change the outcome, but instead because
deviations yield strictly worse expected payoffs. Of course, this implies that the equilibrium
is robust to small perturbations of the model. Second, because Partisan voters always vote
for their preferred candidates in the PBV equilibrium, every information set is reached with
positive probability. Therefore, off-the-equilibrium-path beliefs play no role in our analysis,
and PBV is a Sequential Equilibrium (Kreps and Wilson [22]). Third, the robustness of PBV
to any parameter configuration—in particular, in settings with asymmetric partisanship—is
quite remarkable. The simultaneous strategic voting literature (e.g. Feddersen and Pesendor-
fer [13, 14]) has focussed on equilibria in large elections that require a large degree of strategic
voting (by Neutrals) to offset asymmetric Partisan bias and effectively induce expected symme-
try in equilibrium. In large voting games, such equilibria demand either complex coordination
and/or complex mixing strategies. The relative simplicity of PBV works in its favor: because
a greater partisan base makes it more difficult for a candidate to establish his quality to Neu-
trals, the thresholds adjust in ways that surprisingly make voting on the basis of one’s actual

posterior strictly optimal.

4 Discussion

4.1 Other Equilibria

Theorems 1 and 2 show that rational behavior in a sequential voting game can produce herd be-
havior through PBV, where each voter votes for who she actually prefers based on her observed
history and private signal. In this section, we examine the issue of other equilibria besides
PBV. Given the size of the strategy space in a sequential voting game, we cannot completely
characterize all equilibria; instead, we proceed in two steps. First, we discuss equilibria within
the class of Cut Point Voting (CPV) strategy profiles introduced by Callander [9]. While this
class of strategy profiles entails pure strategy and certain monotonicity and symmetry restric-
tions, it permits a wide range of interactive behavior. We prove that any CPV equilibrium
leads to herding with large probability in large elections. Thereafter, we further broaden the
discussion to non-CPV profiles and consider the possibility of efficient equilibria (which cannot
involve herding). We argue that although such equilibria exist and are appealing in terms of
their efficiency, their plausibility is dubious on grounds of complexity.

The class of CPV strategy profiles is a generalization of PBV. CPYV behavior for a Neutral

is determined by a combination of the private signal and the weight of the public history,
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subsuming PBV as a special case. To define a CPV profile, let u (hl) =Pr (w = L|hi), so that
I (h’) denotes the public belief following history h‘.

Definition 2. A strategy profile, v, is a Cut Point Voting (CPV) strategy profile if there exists
0 < py < p* <1 such that for every voter i, history h', and signal s;,

v‘(Nhi 5-)— L if”(hi)>ﬂ* OT{M(hi)Z,u* and s; =1}
PR Ty R if (W) < i or {p (W) < p* and s; = r}

That is, in a CPV strategy profile, Neutrals vote according to their signals alone if and
only if the public belief when it is their turn to vote lies within [p., p*]. If the public belief is
outside this range, a Neutral votes for one of the candidates independent of her private signal.
Note that CPV places no restriction on Partisan behavior.'® Denote a CPV profile with
belief thresholds ., and p* as CPV (u., 1*). The belief thresholds define the extent to which
a CPV profile weighs past history relative to the private signal. CPV (0,1) corresponds to
informative voting (by Neutrals) where history never influences play, whereas CPV (1 —~,7)
corresponds to Posterior-based Voting by Neutrals.  Similarly, CPV (0,0) and CPV (1,1)
represent strategy profiles where every Neutral votes uninformatively for candidate L and R
respectively. Therefore, CPV captures a variety of behavior for Neutrals, including PBV and
Informative Voting as special cases.

Say that an equilibrium is a CPV equilibrium if the equilibrium strategy profile is a CPV
profile. While we are unable to derive a tight characterization of what non-PBV but CPV
profiles—if any—constitute equilibria, we can nevertheless extend the conclusion of Theorem 1

to any CPV equilibria.

Theorem 3. For every (m,v,7r,Tr) Such that 7, # TR, and for every € > 0, there exists
n < oo such that for all n > 7, if voters play a CPV equilibrium, Prla herd develops in
G (m,7, 7L, TR;N)] > 1 — €.

Therefore, for generic parameter configurations, large elections lead to herds with arbitrarily
high probability within the class of CPV equilibria. The main step of the argument for Theorem
3 shows that when 77, # T, any CPV equilibrium in a large election must have belief thresholds
s and p* that are bounded away from 0 and 1 respectively. This implies the Theorem because
any such “interior” CPV must result in herds with arbitrarily high probability in sufficiently
large elections for the same reason as outlined in the discussion preceding Theorem 1.

In the knife-edge case of symmetric partisanship, 7;, = 7g, informative voting by Neutrals
(CPV (0,1)) coupled with Partisans voting for their preferred candidates is an equilibrium for
any population size. In fact, it can be shown that in this symmetric case, this equilibrium is

the only CPV equilibrium besides PBV. However, existence of this equilibrium is extremely

161t is straightforward to show, however, that if Neutrals are playing CPV, then it is uniquely optimal for a
Partisan to vote for her preferred candidate at any undecided history (Lemma 8 in the Appendix).
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non-generic: for any, even arbitrarily small, difference in partisanship, this profile is no longer an
equilibrium in all sufficiently large voting populations (Lemma 9 in the Appendix). This stands
in stark contrast to PBV which is an equilibrium independent of the parameter configuration.
Moreover, not only are the parameters which support the informative voting equilibrium non-
generic, they are not particularly compelling economically, since there is no reason to generally
expect two candidates in an election to possess the same level of partisan support.

To understand the full import of Theorem 3, it is useful to consider exactly what restrictions
CPYV places with respect to arbitrary strategy profiles. There are five substantive restrictions.
First, every CPV profile is in pure strategies. Second, for any voter ¢, if two distinct histories
induce the same public belief when it is i’s turn to vote, then i’s behavior when Neutral (as a
function of his private signal) is identical following these two histories. Third, CPV profiles
are weakly monotonic in private signals: for any history, if a Neutral voter i were to vote for
candidate L (R) when receiving signal r (1), then she must also vote for candidate L (R) after
receiving signal [ (r). Fourth, CPV profiles are weakly monotonic in the public belief: an
increase in the public belief in favor of one candidate must not induce any Neutral voter to
switch her vote from that candidate to the other. Fifth, CPV strategy profiles are symmetric
across voters: two Neutral voters vote identically if they receive the same private signal and face
histories with the same public belief. Formally, we show in Proposition XXX in the Appendix
that any strategy profile that satisfies these five restrictions is a CPV profile.

We view restricting attention to equilibria that satisfy CPV’s requirements of pure strategies,
and weak monotonicity in signals and public beliefs as fairly compelling on the basis of how one
would expect a voter to behave in a large election. We are also comfortable with the requirement
that a voter should behave identically in any two histories that induce the same public belief.
It is less clear whether the requirement of symmetry across voters with respect to public beliefs
is particularly reasonable (or unreasonable) in an asymmetric setting like sequential voting.
Dropping this last restriction would lead to a more general class of profiles, asymmetric CPV,
where the belief thresholds can be voter specific. 'Whether all such equilibria must generically
result in herding in large elections is an open question.

The above discussion and CPV in particular is motivated by focussing on equilibria on the
basis of behavioral plausibility; an alternative is to focus on efficiency. Given the presence of
Partisan types, ez interim Pareto efficiency has little bite in our setting unlike in pure common
value elections. Instead, we consider informational efficiency. The benchmark introduced
by Feddersen and Pesendorfer [13, 14], is that of Full Information Equivalence (FIE): FIE is
attained by a sequence of equilibria as the population size n — oo if the outcome of the election
for each n is identical to that which would have been chosen were all information public with
probability converging to 1. In such a case, in spite of information being held privately by
voters, the first best is asymptotically attainable.

The logic of Feddersen and Pesendorfer [13, 14] and Dekel and Piccione [12] can be combined
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to show that FIE is attainable in our sequential voting model. The argument runs as follows.
For any parameter set (7,7, 7, 7r), minor modifications of Feddersen and Pesendorfer [13, 14]
imply that the simultaneous voting variant of our model can achieve FIE through a sequence
of symmetric equilibria where Partisans vote their bias, and Neutrals play strategies that put
positive probability on voting both L and R. For any n, consider a strategy profile in the
sequential voting game where every voter at every history plays the same (history-independent)
strategy as she would in the above construction. Since all voters are acting independently
of history, the events in which a voter is pivotal is identical in both the simultaneous and
sequential games; therefore, the strategy profile is an equilibrium of the sequential game, and
FIE is attainable.

For this reason, Dekel and Piccione [12] have argued that there is no reason to believe that a
sequential voting game will necessarily be less efficient than its simultaneous analog. However,
this is true only to the extent that we believe that these efficient equilibria are plausible; if
instead, the structure of sequential voting makes certain inefficient equilibria more salient (in
terms of behavioral plausibility), then there is reason to expect differences between sequential
and simultaneous voting. We provide two reasons below to question the plausibility of the
symmetric mixed equilibrium that approximates informational efficiency in large elections.

If partisanship is asymmetric—as is generically true—and the population is sufficiently
large, the symmetric equilibrium that approximates efficiency features precise randomization
by Neutrals when receiving a signal in favor of the candidate with greater partisan support.
For any Neutral voter to be indifferent at these information sets requires a precise level of
uncertainty over the actions of others; it is difficult to see how such uncertainty could be
generated and focal. In contrast, the simplicity of a pure strategy profile such as PBV where
it is believed that all other voters are simply voting sincerely is attractive.!”

Moreover, the symmetric equilibrium that approximates efficiency hinges on it being com-
monly known that all voting behavior is unaffected by the history of votes. Were a Neutral
voter to admit the possibility that her vote would influence that of future voters, her incentives

to play according to the symmetric equilibrium may dissipate altogether.'®

In practice, it
seems generally accepted that the vote lead influences voting behavior. Indeed, Bartels [5] and
Popkin [24] argue that voters keep careful track of how candidates have performed relative to
expectations when deliberating how to vote. This suggests it may be counterfactual to focus

on an equilibrium where it is commonly believed that history does not influence behavior.

17At this stage, we do not know whether there is an efficient asymmetric equilibrium in pure strategies in
either the simultaneous or sequential voting versions of our model. Should one exist, it would be subject to our
second critique, but not that of randomization.

18 A voter might admit that the behavior of a future voter is influenced by the public history for various reasons.
First, she may believe that the future voter is strategically unsophisticated, and would vote sincerely. Second,
there may be higher order uncertainty: if the future voter herself presumes than an even later voter votes on the
basis of history, then it may be strategically optimal for the future voter to vote on the basis of history, and so
forth.
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4.2 Pure Common Value Elections

Most of the prior papers on sequential voting games have considered pure common value envi-
ronments where every voter is Neutral (e.g. Fey [16], Witt [27], and Callander [9]). While we
believe that partisanship is a genuine aspect of political economy, it is instructive to compare
and contrast our results with this earlier research.

Fix a set of (7,7, n), i.e. a prior, signal precision, and population size. Consider a sequence
of our sequential voting games where the probability of partisanship, (77, 7g), is vanishing. It
can be checked that for all sufficiently small (77, 7r), the PBV equilibrium involves an L-herd
beginning once A (h’) > 1, and an R-herd beginning once A (hl) < —2. Moreover, the limit

game with no partisanship (77, = 7r = 0) also has a PBV equilibrium with these thresholds.

Proposition 2. Assume 7, = Tr = 0. Then there is an equilibrium where all voters use PBV.

In this equilibrium, a transition to the herding phase begins once A (hl) € {1,-2}.

Therefore, the PBV equilibrium correspondence is upper hemi-continuous at 7, = 7 = 0.
However, there is an important difference between the PBV equilibrium without partisanship
and the PBV equilibria in games with strictly positive probability of partisanship. When 7,
and 7 are arbitrarily small but strictly positive, Partisans vote for their preferred candidates
regardless of history in the PBV equilibrium; thus, every possible voting history can occur on
the equilibrium path. In particular, even after a cascade begins, there is positive probability
that any future vote may go “against the herd” — this happens if a future voter is Partisan for
the requisite candidate. On the other hand, in the PBV equilibrium when 77, = 7g = 0, once a
cascade begins, every vote thereafter is for the leading candidate — this is because all voters are
necessarily Neutral. Consequently, once a cascade has started, a vote for the losing candidate
is an off-the-equilibrium-path action. This implies that some of the beliefs that sustain the
equilibrium are necessarily off-the-equilibrium-path beliefs, and a theory of “reasonable” beliefs
now becomes necessary: if voters see a vote going against a herd, how should they interpret it,
and given their interpretation, would voters still wish to herd?

A natural place to begin understanding this game would be to investigate the implications of
imposing standard beliefs-based refinements for signaling games such as the Intuitive Criterion,
D1 (Cho and Kreps [11]), or Divinity (Banks and Sobel [3]). However, none of these refinements
have bite in the pure common values sequential voting game where 7, = 7 = 0. To see why,
consider the even stronger refinement criterion of Never a Weak Best Response (Kohlberg and
Mertens [21]). Informally, if future voters interpret a deviation from a herd as being equally
likely to come from a voter with signal s; = [ as from a voter with signal s; = r, then future
voters should not update their beliefs at all based on i’s vote, and hence it is a weak best
response for voter ¢ to deviate from the herd regardless of her signal. Given this, the belief

that a deviation is equally likely to come from either signal-type of voter i survives Never a
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Weak Best Response, which is the strongest of standard dominance-based belief refinements. "’

In contrast, the aforementioned papers that consider common value sequential voting (Fey
[16], Wit [27], and Callander [9]) impose the following belief restriction: if a voter i votes for
R once an L-cascade has begun, it must be believed that s; = r; similarly, if ¢ votes for L once
an R-cascade has begun, it must be believed that s; = [. Such a belief restriction implies that
it is always possible for a voter to reveal a contrarian signal once in a herd; accordingly, we
label this belief restriction as Perpetual Revelation. Under this condition, Fey [16] and Wit
[27] show that because of the signaling motive inherent in common value sequential voting, at
least one voter with a signal that opposes the herd would always wish to deviate out of the
herd and reveal her signal to future voters. That is, Perpetual Revelation is sufficient to halt
momentum by inducing anti-herding for at least one voter. It is for this reason that Callander
[9] augments the model of Fey [16] and Witt [27] by introducing a warm-glow effect for voters
that vote for the winning candidate. This warm-glow effect, however small, is sufficient to
overpower the anti-herding nature of perpetual revelation so long as there are infinitely many
voters.

The limit of PBV equilibria as 77, 7r — 0 violates Perpetual Revelation. This is clearly seen
by observing that in the PBV equilibrium for 77,7z > 0, any contrarian vote once a cascade
has begun must (correctly) be attributed to a Partisan, and hence reveals no information about
the voter’s private signal. Since this is true for any 77, 7g > 0, it also holds in the limit PBV
equilibrium for 7, = 7 = 0. Perpetual Revelation precludes such beliefs, but we do not
find this violation troubling because as discussed, Perpetual Revelation is not implied by any
standard belief refinement, and to this extent must be considered ad-hoc. We stress that there
is nothing within the pure common values model that justifies imposing Perpetual Revelation.

In contrast, taking the limit as 77, 7 — 0 of our model justifies the notion that when that
confronted with an “unexpected” vote in the pure common values setting, subsequent voters
treat is as uninformative about the state of the world. Since partisanship is widely thought
to be a genuine aspect of political economy, it seems reasonable that voters should include
partisan preferences within the set of possibilities they consider when seeing an unexpected
vote. Whether justifications for other beliefs such as Perpetual Revelation can be reasonably
formalized, and how these interact with the possibility of partisanship is a topic for future

research.?’

19Tt may be useful to think of an analogy with a cheap talk situation, since once a herd has begun, it is effectively
costless (when 71, = 7p = 0) for a voter to vote either way, since all future voters are Neutrals. Therefore, a vote
has no intrinsic cost for a voter, and its “meaning” or informative content is purely endogenous. For the same
reason as “babbling” cannot be eliminated by standard refinements in cheap talk games, so too is the herding
outcome not refined away here.

20We note that one informal justification for Perpetual Revelation may stem from the notion that some voters
are Gurus: their information is sufficiently superior to the rest of the population. This is in the spirit of the
unbounded signals analyzed by Smith and Sorensen [26] in a non-voting sequential decisions setting. However,
perhaps counterintuitively, simply allowing for Gurus in the pure common-values model will not by itself eliminate
the herding equilibrium, unlike in Smith and Sorensen [26]. The reason goes back to the point that the value of
a deviation in the voting context depends on the inferences it induces in subsequent voters. Hence if subsequent
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5 Related Literature

This paper lies at the intersection of the literature on rational herding and the information
aggregation approach to elections. Economic models of herding or information cascades origi-
nating from Bikchandani et al. [7] and Banerjee [2] typically consider sequential decision-making
environments where each player’s payoff depends only on her own action and an unknown state.
However, each agent possesses an informative signal about the state. Consequently, there is a
pure information externality in the sense that no agent cares about the action of any other agent

2l In contrast, strategic

aside from extracting the information it may reveal about the state.
models of voting starting with Austen-Smith and Banks [1] and Feddersen and Pesendorfer
[13] possess action externalities in the sense that a player’s payoff depends on the profile of
actions chosen by all players. To date however, most of the extant papers in this area focus
on simultaneous voting; exceptions are discussed below. The model in this paper combines
sequential decision-making with both information and action externalities.

We have already touched upon the important contribution of Dekel and Piccione [12]. They
show that in symmetric environments, every symmetric (and responsive) equilibrium of a si-
multaneous election remains an equilibrium when the election is made sequential. While their
model does not literally apply to our setting because of the presence of Partisans,’” the conclu-
sion that existence of an efficient symmetric equilibrium in the simultaneous implies the same
in the sequential game holds. Our contribution is to derive an equilibrium—Posterior-based
Voting—that has no counterpart in simultaneous voting; moreover, we have argued that this
is a particularly salient equilibrium in the sequential game because it embodies sincere voting
throughout.

The only paper we are aware of that has demonstrated rich equilibrium momentum effects
in a common value election with strategic voting is Callander [9] (cf. Fey [16] and Witt [27]).
Two crucial assumptions he makes are that all voters derive a warm-glow benefit from voting for
the eventual winner, and there are an infinite number of voters. Since we make neither of these
assumptions, our analysis is distinct. While his framework permits a number of interesting
comparisons between sequential and simultaneous elections (Callander [10]), the assumption
that voters effectively have a taste for conformity renders the herding result less appealing from
a theoretical perspective. Moreover, most of the herding equilibria he discusses do not feature
sincere voting, unlike our PBV.

In a recent paper, Battaglini [6] shows that if there are costs to voting and voters can

voters would ignore a deviation, then the deviation has no value, regardless of how strong a voter’s private
information may be—this is a key contrast with the case of “economic” decision-making. That said, interacting
the possibility of Gurus with partisanship may hold interesting insights.

21For this reason, though momentum effects in Presidential Primaries was cited as an important example
of information cascades by Bikhchandani et al. [7], such a conclusion was undoubtedly premature, since their
analysis did not account for inherent action interdependencies in voting.

22Formally, Axiom 2 of Dekel and Piccione [12] would fail.
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abstain, the unique symmetric equilibrium of a simultaneous election does strictly better than
any equilibrium of a sequential election.??>?* While this result is certainly interesting, the issue
is orthogonal to momentum, as Battaglini [6] himself asserts. For a large class of voting costs,
it would generally be the case that so long as the population size is sufficiently large, many
early voters would optimally choose to abstain and free-ride of later voters. Thus, applied to
Primaries, this implies that the initial rounds should be largely uninformative and momentum
should begin in an interim round. To the contrary, it seems that empirically, early rounds of
the Primaries are informative and the most fertile for bandwagon effects (Bartels [5]).
Abstracting away from questions of strategic voting and information aggregation, Klumpp
and Polborn [20] have studied momentum in a model where two candidates lobby to win Pri-
maries by allocating a fixed amount of campaign funds across voters/states, and the winner is
selected randomly according to Tullock’s success function. When Primaries are held sequen-
tially, such an environment engenders momentum: the winner of an earlier primary has stronger
incentives to lobby for later victories. Since their model focuses attention on the behavior of
candidates rather than voters, our approach is complementary to theirs. In particular, their ap-
proach cannot explain the significance of surprise victories (or the non-significance of expected

victories), whereas such dynamics emerge from the informational perspective offered here.

6 Conclusion

This paper has proposed an informational theory of cascades in sequential voting environments.
We developed a model of a binary election where a proportion of the voters seek to elect the
better candidate, and the remainder have partisan preferences. Our main result is there
exists an (essentially) strict equilibrium which leads to herding with high probability in large
elections. This equilibrium features Posterior-based Voting, where each Neutral voters votes
for whichever candidate she thinks is better given all currently available information at the
time of casting her vote, whereas Partisans vote for their preferred candidate. In this sense,
all voters play sincerely, and this is fully rational behavior given the strategies of all other
voters. The induced dynamics in this equilibrium captures notions of candidate momentum
in sequential voting, including the ebbs, flows, and performance relative to expectations in a

dynamic election.

23A rough intuition for this is that in the symmetric (mixed) equilibrium of the simultaneous election, it is
unknown who else will vote and in which way, and this provides some incentives for voters to vote. In the
sequential election, on the other hand, voters may choose to abstain once a particular candidate accumulates a
sufficiently large vote lead margin.

24We should note that in contrast, Gershkov and Szentes [18] show that from a mechanism design perspective, a
voting mechanism that proceeds sequentially does better than simultaneous voting when information acquisition
is costly. This is, however, a mechanism design result, and thus inherently different from both our focus and
that of the other papers under discussion. In particular, the sequential mechanism of Gershkov and Szentes [18]
is not in fact sequential voting as the term is generally used in the voting literature, because in their mechanism
voters do not know their position in the sequence, nor observe other votes.
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The results in our paper raise various issues that deserve further study. We shall highlight
these below.

The discussion in Section 4 concerning full information equivalence may suggest that in
terms of aggregating information, simultaneous voting dominates sequential voting in large
elections. There are two caveats to note. First, while it is true that simultaneous voting
can achieve full informational equivalence asymptotically, this requires voters to coordinate on
the “right” equilibria. As is well known, simultaneous voting games possess many equilibria,
including those where no information is aggregated at all. It may be that every equilibrium
of the sequential voting game aggregates some information, and hence at least in a “worst
case analysis”, sequential voting can dominate simultaneous voting. Since we do not have a
characterization of all equilibria in our sequential voting game, this is an open question.

More importantly, real world sequential voting mechanisms may feature many benefits over
simultaneous counterparts that are outside our model. For example, when thinking about
Presidential Primaries, one natural point of departure is that candidates face greater constraints
in campaigning across states that hold primaries on the same day than across states whose
primaries are sequenced. Formally, this may be modeled as a constraint on the informativeness
of signals that are obtained by voters who vote simultaneously. If sequencing can increase the
informativeness of signals, this may provide a rationale for greater information aggregation in
sequential voting mechanisms.

We have focussed our general analysis on the case of elections with only two candidates.
Given the nature of the winnowing process in the U.S. Presidential Primaries, it is important to
understand the dynamics of sequential voting with more than two candidates. A particularly
intriguing possibility is that an appropriately generalized form of Posterior-based Voting may
be an equilibrium of our model when there are three or more candidates. We plan to investigate
this in future work.

This paper has abstracted away from the role of institutions, and concentrated on voters as
being the sole players. Certainly, in practice, there are other forces involved in dynamic elec-
tions, many of which are strategic in nature, such as the media, campaign finance contributors,
and so forth. By examining the potential for sequential voting alone to create herding, we
have a benchmark to understand the role of different institutions in electoral momentum. Our
model can thereby serve as a building block to assess the impact of these institutional forces.

Finally, we note that our analysis may have implications for social learning with payoff
and information externalities more generally outside the confines of voting. Many environ-
ments of economic interest—such as dynamic coordination games, timing of investments, or
network choice—feature both decision-making, private information that has social value, and
payoff interdependencies. Our results suggest that information cascades may survive in various

environments despite incentives to signal one’s information to successors.
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7 Appendix

7.1 Proofs for Section 3.1

We begin with preliminaries that formally construct the thresholds ny, (i) and ng (i) for each

constellation of parameters (m,, 7, Tr), and each index 7. Define the functions

L+ (1 =7 —TR)Y
L+ (1 —7L—7r)(1—17)

f(T0,7R)

where the domain is 77, 7 € [O, %) It is straightforward to verify that f is continuous and
strictly exceeds 1 over its domain.

For a fixed (m,~, 7, 7r), define {nr, (i)};2; as follows. For each positive integer ¢ and any
imk—1

integer k where |k| < i and i—k is odd, define the function g; (k) = (f (72, 7r))" (f(TL’TR)> :

f(Tr,7L)

Observe that g; (k) is strictly increasing in k. For all i such that g; (i —1) < U=y get

m(1—7)’
ng (i) =4 Ifg(-1)> ;I(Ifzy), we shall set ny, (i) to be the unique integer that solves:
. (1-—m)y :
gi(np (1) —2) < ——=<gi(np (@ 6
(1. (1) =2) < ST < (1) ()

Given that g; (— (¢ — 1)) is strictly less than Srl(f_rzg, and the strict monotonicity of g; (k) in

k, a unique solution exists to the above equation.
Similarly, we define {ng (i)};-; as follows. For all ¢ such that g; (— (¢ — 1)) > A=mQ=y)

™y
set np (i) =14. Ifgi(—(i—1))< %ﬁ}_ﬂ, set npg (7) to be the unique integer that solves:
) 1—m)(1—7 )
i (-n () +2) = CEDEZD s g e i) @

As before, given the monotonicity of g;(k) in k, and that g; (i — 1) = (f(7p,78))" 1 > 1 >
(1-m)(1—y)
™y

We use these values of ny, and npg to define ¥ (-) as in equation (3) from the text, and now

, a unique solution exists to the above equation.

use this to prove Proposition 1.

Proposition 1 on pp. 12

Proof. The claim is obviously true for Voter 1 as ¥ (h') = 0 € (—ng(1),nz(1)), and by con-
struction, a PBV strategy involves a Neutral Voter 1 to vote informatively. To proceed by
induction, assume that the claim about behavior is true for all Neutral voter j < 4.

Case 1: ¥ (hz) = 0: All preceding neutrals have voted informatively. It is straightforward
to see that the the posterior i (hi, si) = U (BZ, si) it A (h’) =A (iﬁ) and ¥ (hl) =y (7#) =0
(i.e., so long as all preceding neutrals have voted informatively, only vote lead matters, and not

the actual sequence). As such, we can define fi; (A, s;) = p (h',s;) where A = A(h'). Note
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that
mgi (A)
m™gi (A) + (1 —m)(1—7)
Simple manipulation shows that fi; (A, 1) > 1 < g; (A) > W
holds since by hypothesis, ¥ (h‘) = 0, and therefore, A > —ngr (i) + 1. If g; (Al) > %,
then Condition 1 of the PBV definition requires that Neutral voter ¢ vote L given s; = [; if

fii (A1) =

. This latter inequality

i (Al) = %, then Condition 2 of the PBV definition requires that Neutral voter i vote L given
S; — l.

Similarly, using Bayes’ rule,

(1 —7)gi(A)

i Av r)=
B = e @) + @ -y
Simple manipulation shows that fi; (A,r) < 3 < g; (A) < ;I(Ij);)’ The latter inequality

holds since by hypothesis, ¥ (h’) = 0, and therefore, A < nyp — 1. If g; (A,r) < %, then
Condition 1 of the PBV definition requires that Neutral voter i vote R given s; = r; if fi; (A, r)
then Condition 2 of the PBV definition requires that Neutral voter i vote R given s; = r.
Case 2: ¥ (hz) = L. Then all Neutrals who voted prior to the first time ¥ took on the value
L voted informatively, whereas no voter voted informatively thereafter. Let j < ¢ be such that
U (k') = L and ¥ (W/~1) = 0; therefore, A (h?) = np (j). Then, u (R, s;) = f; (nL (4),s;).
Since all voting after that of (j — 1) is uninformative, p (h',s;) = p (b7, s;) = i1 (np (§), si). A
simple variant of the argument in Case 1 implies that fi; (ng, (§),1) > 1, and therefore Condition
1 of the PBV definition requires that Neutral voter ¢ vote L given s; = [. Consider now s; = r.

Since g; (nr, (j)) > ;1(;7:1;)/, it follows that fi; (nr, (4),r) > %, and therefore Condition 1 of the

PBYV definition requires that Neutral voter ¢ vote L even following s; = 7.

Case 3: ¥ (hl) = R. Then all Neutrals who voted prior to the first time ¥ took on the
value R voted informatively, whereas no voter voted informatively thereafter. Let j < i be
such that ¥ (hj) = R and V¥ (hj_l) = 0; therefore, A (hj) = —ngr(j). Then, u (hj,sj) =
fij (—ng (j),s;). Since all voting after that of (j — 1) is uninformative, p (A%, s;) = p (b7, s;) =
fij (—ng (j),si). A simple variant of the argument in Case 1 implies that i; (—ng (j),7) < 3,
and therefore Condition (1) of the PBV definition requires that Neutral voter ¢ vote R given

s; =r. Consider now s; = 1. Since g; (—ng (j)) < w, it follows that fi; (—ng (j),1) <
1
2
following s; = I. g

and therefore Condition 1 of the PBV definition requires that Neutral voter i vote R even

Remark 1. As promised in the text, we argue here that the tie-breaking Condition (2) of the
PBYV definition only matters for a non-generic set of parameters (w,~,7r,Tr). Observe that
from the proof of Proposition 1, the posterior of voter i having observed a history h* and private
signal s; is % if and only if ¥ (hl) =0 and g; (A (hl)) € {(1772,(;77), 7(3(;7_7)7';} For any partic-
ular (7,7, 7r), this occurs for at most a countable collection of Tr. Therefore, for a given (m,7),
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the setT'r o, = {(TL,TR) € (0, %)2 1gi (A) € {(1_722/1_7), S(If)j)} for some positive integer i and A where |A| s
is isomorphic to a 1-dimensional set. Thus, the need for tie-breaking arises only for a (Lebesgue)

measure zero set of parameters (7,7, T).

Theorem 1 on pp. 13

Proof. The proof consists of two steps: first, we show that there must almost surely be a herd in
the limit as the population size n — oo; second, we show that this implies the finite population
statement of the Theorem. Assume without loss of generality that the true state is R. (If the
true state is L, one proceeds identically, but using the the inverse of the likelihood ratio \;).

Step 1: As discussed in the text, by the Martingale Convergence Theorem for non-negative
random variables (Billingsley [8, pp. 468-469]), \; 3 Ao with Support (As) C [0,00). Define
A =1[0,b]U [b,00) and A = [0,b) U (b,00), where b (resp. b) is the likelihood ratio such that
the associated public belief that the state is L causes the the posterior upon observing signal
[ (resp. ) to be exactly % Note that by their definitions, b < % < b. To prove that there
must almost surely be a herd in the limit, it needs to be shown that eventually ()\;) € A almost
surely.

We claim that Support (Ass) € A.  To prove this, fix some z ¢ A and suppose towards
contradiction that x € Support (A,). Since voting is informative when \; = x, the probability
of each vote is continuous in the likelihood ratio around x. Moreover, the updating process
on the likelihood ratio following each vote is also continuous around z. Thus, Theorem B.2 of
Smith and Sorensen [26] applies, implying that for both possible votes, either (i) the probability
of the vote is 0 when the likelihood ratio is z; or (ii) the updated likelihood ratio following the
vote remains x. Since voting is informative, neither of these two is true—contradiction.

The argument is completed by showing that Pr (Ao € A) = 1. Suppose not, towards
contradiction. Then since Support (Ass) C A, it must be that Pr ()\oo € {b, 1_9}) > 0. Without
loss of generality, assume Pr (A =b) > 0; the argument is analogous if Pr ()\OO = 5) > 0.
Observe that if A\,, < b for some m, then by definition of b and PBV, A,11 = A < b and this
sequence of public likelihood ratios converges to a point less than b. Thus Pr (Ao =0) > 0
requires that for any € > 0, eventually (\;) € [b,b+ ¢) with strictly positive probability. But
notice that by the definition of b, if A; = b then voter ¢ votes informatively under PBV and thus
if A\; = b, either \jy1 < b (if v; = R) or \j11 = % (if v; = L). By continuity of the updating
process in the public likelihood ratio on the set [Q, l_)], it follows that if € > 0 is chosen small
enough, then \; € [b,b+ ¢) implies that A\j+1 ¢ [b,b+¢). This contradicts the requirement
that for any € > 0, eventually (\;) € [b,b+ ¢) with strictly positive probability.

Step 2: Since \; % Aoo, i converges in probability to A, i.e. for any 6,7 > 0, there exists
n < oo such that for all n > 7, Pr (J]\, — Aso| > 0) <. Since Pr(Aoc € A) =1, for any ¢ > 0,

#To be clear, when we say that (\;) eventually lies (or does not lie) in some set S almost surely, we mean
that with probability one there exists some k < oo that for all i > k, A\, € (¢) S.
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we can pick 6 > 0 small enough such that Pr ()\oo €[0,b—9)U (l_)+ 0, oo)) >1— 5. Pick
n = 5. With these choices of  and 7, the previous statement implies that there exists m < oo

such that for all n > 7, Pr(\, € A) > 1 — ¢, which proves the theorem. ]

7.2 Proofs for Section 3.2

We need various intermediate steps to needed to prove the results.

Definition 3. (Winning Prob.) For a history h', let P (\If (h’) ,A (hl) s —1+ 1,w) be the
probability with which L wins given the phase ¥ (hi), the vote lead A (hi), the number of voters

who have not yet voted (n — i+ 1), and the true state is w.

Note that once ¥ (hl) € {L,R}, all agents are voting uninformatively, and therefore,
P (\I/ (h’) ,-) is independent of state. For the subsequent results, let K denote n — ¢, and
A denote A (h’)

Lemma 4. For all b, P(\IJ (hi,L) WANES 1,K,w) > P(\II (hi,R) S A — 1,K,w) for all w €
{L,R}. The inequality is strict if K > A — 1.

Proof. Consider any realized profile of preference types and signals of the remaining K voters
given true state w (conditional on the state, this realization is independent of previous voters’
types/signals/votes). In this profile, whenever a voter i votes for L given a vote lead A — 1,
he would also vote L given a vote lead A + 1. Thus, if the type-signal profile is such that
L wins given an initial lead of A — 1, then L would also win given an initial lead of A + 1.
Since this applies to an arbitrary type-signal profile (of the remaining K voters, given state w),
it follows that P (‘I’ (hi, l) A+, K,w) > P (\If (hi, 7‘) A1, K,w). That the inequality is
strict if K > A — 1 follows from the fact that with positive probability, the remaining K voters
may all be Partisans, with exactly A more R-partisans than L-partisans. In such a case, L
wins given initial informative vote lead A + 1, whereas R wins given initial informative vote

lead A — 1. O

Lemma 1 on pp. 14

Proof. We will begin by showing that an L-partisan always votes L if others are playing PBV

strategies. By voting L, an L-partisan’s utility is:
p(h,s;) P (¥ (W, L), A+1,K,L)+ (1 —p(h',s)) P (¥ (h',L),A+1,K,R)
If she voted R, her utility is

w(h'ys)) P (¥ (W,R),A—1,K,L)+ (1—p(h',s;)) P (¥ (h',R),A—1,N,R)
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It follows from Lemma 4 that the L-partisan voter 7 strictly prefers to vote L when the election
is undecided (i.e. K > A —1).
The same arguments apply mutatis mutandis to see that R-partisans strictly prefer to vote

R when the election is undecided. O

To show that following PBV is optimal for a Neutral voter (conditional on others following
PBYV strategies), we need to describe the inferences a Neutral voter makes conditioning on being
pivotal. Following standard notation, let (t_;, s—;) = ((t1,81) sy (Lim158i—1) , (tit1s Sit1) s -ves (Eny Sn));
this is a profile of type and signal realizations for all other voters apart from ¢. Given that other
players are playing PBV, for any realized profile (t_;,s_;), a vote by voter ¢ deterministically
selects a winner because PBV does not involve mixing. For a vote by player i, V; € {L, R},
denote the winner of the election = (V;; (t_;,s—;)) € {L,R}. Then, we can denote the event
in which a voter is pivotal as Piv; = {(t_;,s—;) : @ (L; (t—;,$—)) # x (R; (t—i, s—;))}. By argu-
ments identical to Lemma 4, for a given profile (t_;, s_;), if a subsequent voter after i votes L

following V; = R, then she would also do so following V; = L. Therefore,
(t—i,s—i) € Piv; = [z (L, (t—;,s—;)) = L and x (R, (t—i, s—;)) = R] (8)

Let U (Vi|h", s;) denote a Neutral Voter i’s expected utility from action V' € {L, R} when
she faces a history h’ and has a private signal, s;. If Pr (Pivi]hi, si) = 0, then no action is
sub-optimal for Voter 7. If Pr (Pivi\hi, si) > 0, i’s vote changes her expected utility if and only

if her vote is pivotal. Therefore, in such cases,
U (VIhi,s) > U (f/\hi,si) & U (VIhi,s;, Piv) > U (f/\hi, si,Pin) for V4V

It follows from equation (8) that U (L|hi, Si, Pivi) =Pr (w = L|h?, s, Pivi) and U (R|hi, Si, Pivi) =
1—Pr (w = L|h%, s, Pivi). Therefore, if Pr (w = L|h%,1, Pivi) > %, it is strictly optimal for
a Neutral Voter 7 to vote for L, and if Pr (w = L|h%1, Pz’vi) < %, it is strictly optimal for a
Neutral Voter ¢ to vote R.

Lemma 2 on pp. 15

Proof. The proof mirrors the intuition laid out in the text. Consider a history, h’, where
v (h’) = L. Then, since all future Neutral voters uninformatively vote for Candidate L, condi-
tioning on being pivotal does not change i’s posterior belief about w. Therefore, Pr (w = L|h%, s, Pivi) =
Pr (w = L|h%, si), which by construction strictly exceeds % for all s; (since ¥ (hl) = L). There-
fore, a Neutral voter strictly prefers to vote L. An analogous argument applies when A (hz) =

—NRg. ]

Lemma 3 on pp. 3

We shall first use an intermediary lemma to simplify the verification of incentive constraints.

31



Lemma 5. Consider any h' where ¥ (h’) = 0 and A (h’) = A. Then if Neutral Voter
(i 4+ 1) votes informatively when A (h*') € {A —1,A+1}, then Neutral Voter i shall vote
informatively when A (hz) =A.

Proof. We prove that it is optimal for ¢ to vote L given signal s; = [; a similar logic holds for
optimality of voting R with signal r. By hypothesis, ¥ (hi,vi) =0 for v; € {L,R}. Tt is

necessary and sufficient that

Define the state-valued functions p(-) and ¢ (-)

L+ (1 =71 —TR)Y ifw=1L
plw) = .

.+ (1—7,—7r)(1—7) fw=R

R+ (1—1,—7r)(1—7) ifw=1L
q(w) = .

TR+ (1 —710—TR)Y ifw=R

Since voter i + 1 votes informatively if Neutral (because both A+ 1 and A — 1 are non-herd
leads), the probability that i+ 1 votes L and R in state w is p (w) and ¢ (w) respectively. Noting
the recursive relation P (\I/ (hl) ALK+ 1,w) =pw)P (\I/ (hi, l) A+, K,w)—i—q (w) P (\I/ (hi, r) A =1, K,w:
it follows that the above inequality holds if and only if

0 < (AL (P(\If(hi,l,l),A+2,K—1,L)‘—P(0AK— L))p(L)
+(P0,A,K-1,L)— P (¥ (h',r,r),A—=2,K —1,L)) q(L)
e (P(V (R, 1,1),A+2,K—1,R) — (OAK 1, ))p(R)
= (a.0) +(P(0,A,K —1,R) — P (¥ (hi,r,r),A—2,K —1,R)) q(R

Dividing by p (R) (1 — f; (A, 1)), the above is equivalent to

. LSO B [P (W (W 1,0) , A+ 2, K —1,L) — P (0,A,K —1,L)]
- — [P (¥ (h,1,1),A+2,K—-1,R) — P(0,A,K —1,R)]

(A [POAK =1L = P (¥ (W) A= 2K —1,L)]
— U [P (0,A, K —1,R) = P (¥ (hi,r,r) A —2,K —1,R)]

We now argue that each of the two lines of the RHS above is positive.

1. Since 15‘;(?2[) = (177:;'(7177) gi (A) and % = f (11, 7R), it follows that

pi (A0 p(L) ™y
1= i (A1) p(R) (I=m)(1=")
fiiv1 (A +1,1)
1= i (A+1,0)

giv1 (A +1)
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fiie1 (A+10) P(W(hill),A+2,K—1,R)—P(0,A,K—1,R)

Since IC holds for voter i+1 with vote lead A+1, T (ALY = PO L) ATER—T.0)—P0AR-T.L) ’
which proves that the first line of the desired RHS is positive.

2. Using the previous identities,

AR ~ G-ma-ypse e
fiv1 (A —1,1)

1—fiv1 (A=1,1)

Since IC holds for voter ¢+1 with vote lead A—1 _pipa (A1) _g(L)

A\

P(0,A,K—1,R)—P(¥(hirr),A-2,K—1,R)

» I=fii41 (A=1,1) q(R)
and thus the second line of the desired RHS is positive.

0

This Lemma implies that if the IC’s hold when A (k') € {—ng (i +1),ny (i + 1) — 1}, they
hold for all intermediary values of A. Thus, we shall now proceed to verify that the incentive
conditions indeed do hold at these thresholds.

Lemma 6. Consider any h' where U (hz) =0and A (hz) = A. Then, if P (\ll (hi, l) A+ K, L) >

P(0,AK—1,L)—P(¥(h*,r,r),A—2,K—1,L)

P (V¥ (h',l),A+1,K,R) and P (¥ (h',r) ,A—1,K,L) > P (¥ (h',r) ,A—1,K,R), then P (0,A,K 4+ 1,L) :

P(0,AK +1,R).

Proof. Simple manipulations yield

P(07A7K+17L)_P(OaAaK+1 R)

_ pL)P (¥ (h1),A+1,K,L)+q(L)P (¥ (h,r),A=1,K,L)
B [(R) (W (h',1) ,A+1,K,R) +q(R) P (¥ (hi,r) ,A — 1, K, R)]
- LYP (¥ (h',1),A+1,K,L)+q(L)P (¥ (h',r),A—1,K,L)
- [p (L) P (¥ (h',1) ,A+1,K,R) +q(L) P (¥ (h',1),A -1, K, R)]
 p@)[P(¥ (A1), A+1,K,L)— P (¥ (h',l),A+1,K,R)]

+q (L) [P (VY (h',r) ,A=1,K,L) — P (¥ (h',r) ,A—1,K,R)]
> 0

where the first inequality uses the fact that p (L) > p(R) and P(A+ 1, K,R) > P (A — 1, K, R);
and the last inequality uses the hypotheses of the Claim. g

Corollary 1. For all h*, P (¥ (k') ,A,K +1,L) > P (¥ (h') ,A,K +1,R).

Proof. Base Step: The Claim is true when K = 0. To see this, first note that A must be even
for P (\Il (hz) JA, 1,w) to be well-defined. If A # 0 (hence |A| > 2), then P (\I' (hl) JALT L) =
P (¥ (h'),A,1,R). For A =0, we have P(0,1,L) =p(L) > p(R) =P (0,1, R).
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Inductive Step: For any K > 2, the desired inequality trivially holds if A € {—ng,np}
because P (np,K,L) = P(nr,K,R) and P(—ng,K,L) = P(—ng,K,R). So it remains to
consider only A € {—-nr+1,...,ny —1}. Assume inductively that P(A+1,K —1,L) >
P(A+1,K—-1,R)and P(A—1,K—-1,L) > P(A—1,K —1,R). [The Base Step guaran-
teed this for K = 2.] Using the previous Lemma, it follows that P (A, K, L) > P (A, K, R) for
all Ae {-ng+1,...,ny —1}. O

Proposition 3. Consider history h' such that A (h') = A = ng(i+1) — 1 and ¥ (h') = 0.
Then if all other voters are playing PBV, and a neutral voter i receives signal r, it is strictly
optimal for her to vote R. Analogously, if A (hl) = —ngr (i +1)+1, and if all other voters are

playing PBV, and a neutral voter i receives signal I, it is strictly optimal to vote L.

Proof. If K < A —1, then L will win the election regardless of her action, and thus, voting R is
not sub-optimal. Consider the more interesting case where K > A — 1.2 Then for the voter

to vote truthfully, it must be that

P(OaA_1aKaL)+(1_ﬂ(A7T))(1_P(OvA_laKaR))
(A7) _ P(LA+1LKR)—P(0,A~1KR)
1— (A7) = PLLATLK L) —P(0,A—1K,L)

=

Note that P (0,A — 1,K,L) > P (0,A — 1, K, R) by Corollary 1, and by definition, P (L, A + 1, K, R)
equals P (L,A+1,K,L). Therefore, the right-hand side of the equation is bounded below by
1. Also, since ¥ (hz) =0, (hi, r) =[; (A1) < %, the LHS is bounded above by 1, establishing
our strict inequality. An analogous argument applies to prove the case where A (h’) = —-nr+1
and s; = [. O

The remaining step is to now establish that if a Neutral Voter ¢ is at the information set
where U (h') = 0, and (A (h'),s;) € {(np(i+1)—1,0),(—ng(i+1)+1,r)}, it is strictly
optimal for her to vote informatively even though this ends the learning phase. Consider the
information set where ¥ (hz) =0, A (hl) =np(i+1)—1,and s; =[. By the discussion in 31,
it suffices to show that Pr (w = L|h%,1, Pm) > % For any ¢, and for any k > ¢, let f,g’ be the
set of types {(t;,s;)},; that is consistent with history hi, induces (U (RF~1), W (RF)) = (0, ¥)
where ¥ € {L, R} after v; = R, and where i’s vote is pivotal. Let K'Y = {k >0 f,g’ #* @}.
Denote by £X the set of types {(t;, $j)} 4 that are consistent with h', induces ¥ (h") = 0 and
A (") = A < 0 after v; = R, and where i’s vote is pivotal. Let KX = {A: & #0}.
Observe that since the event (hi,Pivi) = Uy (UkeK‘Pfg) U (UAng£g>, by the definition of

26Note that it is not possible for k = ny, — 2 since this would imply the possibility of a herd, something ruled
out in a model with an odd number of voters.
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conditional probability

Pr(w=LIh',I,Piv) = Y > Pr(&l|n',1, Pivy) Pr(w=LIgY 1)+ Y Pr(EX|h',1, Piv;) Pr (w = LI€X
Ve{L,R} keKY AeKQ

We shall argue that Pr (w = L|h%,1, Pivi) > % by showing that Pr (w = L|¢k, l) > % for each
ke KL Pr (w = L|§f,l) > % for each k € K®, and Pr (w = L]gg,l) > % for each A € KX.

Consider k € K': this denotes a set of types such that an L-herd begins after the vote
of voter (k—1). Since only votes in the learning phase are informative, Pr (w = LI|¢F,1) =
Pr(w= L[, ¥ (k" 1) =0,A (k*) = ny (k)). Given that v; = R, the informational content of
this event is equivalent to a history h*~! where A (ﬁk_1> = nr, (k) + 1, and all neutrals are

assumed to have voted informatively. Therefore,

1Ygr—1 (nr (k) +1)

Pr(w="Lig0) = o i D+ (A= A=)

Observe that gr—1(ng (k) +1) > g (np (k) > % Therefore, Pr(w = L|¢Y,1) >

2 1

Frur 7

Now consider k € K this denotes a set of types such that an R-herd begins after the vote of
voter (k — 1). As before, only votes in the learning phase contain information about the state of
the world; thus, Pr (w = L\g,]j? l) =Pr (w =L|,¥ (hk_l) =0,A (hk) = -—ng (k:)) Given that
v; = R, the informational content is equivalent to a history h*~! where A ﬁk_l) = —ng (k)+1,

and all neutrals are assumed to have voted informatively. Therefore,

TYGk—1 (—nr (k) + 1)

Pr (w = L‘§l§7l) = TYGh_1 (—nR (k}) + 1) + (1 - 7r) (1 - 7)

As by assumption, A (hkil) = —ng (k)+1and ¥ (hkil) = 0, it must be that g1 (—ng (k) + 1) >
W. Therefore, Pr (w = L|¢f, 1) > %
Now consider the event A € Kg: this denotes a set of types such that no herd ever begins

and the final vote lead is A < 0. Therefore,

TYgn (A + 1)
T™Ygn (A+1)+ (1 —m)

Pr(w= L|E], 1) =

Since A (") € {A —1,A + 1}and ¥ (h") = 0, we have g, (A +1) > %(71_7), and there-
fore Pr (w = L|£%,1) > 3.
We use the above three facts to deduce that Pr (w = L|h%,1, Pz’vi) > %: observe that

> Pr(gln L Piv) + Y Pr(€dn 1 Piv) =1

Ve{L,R},keKY AeKQ

35



and also ), Pr (f,f]hi, l, Pivi) > 0. Therefore, Pr (w = L|h%,1, Pivi) is a convex combina-
tion of numbers that are bounded below by %, with strictly positive weight on a number that
strictly exceeds %

An analogous argument can be made to ensure optimality at the information set where
A(h)=-ng(i+1)+1ands; =r.

7.3 Proofs for Section 4

Theorem 3 on pp. 19

We argue though though a succession of lemmas that there exist 7" < 1 and p_ > 0
such that when 7, # 7g, in a large enough election, a CPV (., 1*) is an equilibrium only
if p < pe < p® <p*. This suffices to prove the Theorem, because then, the arguments of
Theorem 1 apply with trivial modifications. Note that in all the lemmas below, it is implictly
assumed when we consider a particular voter’s incentives that she is at an undecided history.

For any CPV (jux, 1), we can define threshold sequences {7y (i) }:=, and {ng(i)};; similarly
to {nr(i)};2; and {ng(i)};2;, except using the belief threshold p* (resp. p.) in place of the
PBYV threshold v (resp. 1—+). That is, for all ¢ such that g; (i — 1) < S&fl’g, set ng, (1) = 4. If
gi(i—1) > Erl(IirL’i;, we set 7z, (7) to be the unique integer that solves g; (fig, (i) —2) < grl(;:rzfi; <
gi (g (7). For all i such that g; (— (i — 1)) > S0 set fig (i) = i Tf g; (— (i — 1)) <
(A—m) s

Ty Set g (i) to be the unique integer that solves g; (—ng (i) + 2) > % > g; (—ng (1)).

Given these thresholds sequences 11y, and nnr, we define the phase mapping T ht— {L,0,R} in

the obvious way that extends the PBV phase mapping ¥. We state without proof the following

generalization of Proposition 1.

Proposition 4. Fiz a parameter set (7,7, 7, Tr,n). For eachi < n, if voters play C PV (i, p1*)
in the game G (m,v, 71, Tr; 1), there exist sequences {nr (i) }io, and {ngr(i)};o, satisfying |nc(i)| <

i such that a Neutral voter i votes
1. informatively if U (hz) =0;
2. wninformatively for L if ¥ (hz) =L;

3. uninformatively for R if ¥ (h’) = R;

where U is the phase mapping with respect to iy, and fg. The thresholds i, (1) and

ng (i) do not depend on the population size, n.
Lemma 7. There exists i* <1 and p_>0 such that in any CPV (s, p*),
1. if w* > p* then np(i) > np(i) for all i such that ng, (i) < i;

2. if p < p, then —iig(i) < —ng(i) for all i such that —ng (i) > —i.
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Proof. We give the argument for part (1); it is similar for part (2). Define g* by the equality
1’;‘;* = ﬁ (t0,7R) f(TR,71). It is straightforward to compute from the definition of g;(-)
that for any k (such that |k| < i and i —k is odd), gi(k—2)f(rz, 7r) f (TR, TL) = gi(k). Suppose

w* > g* and there is some i with n7,(i) < np(i) . By the definitions of ny (i) and (i), and

the monotonicity of g;(k) in k,

9i(np(i) —2) = gi(np (i) [f (7, 7o) f (7R, 7L)]
> (AL (i) [f (70, 7R) f (TR, TL)]
> (73(1 _W?uf:) [f (7o, 7R) f (TR, 7))
contradicting the definition of ny, (i) which requires that g;(nz (i) — 2) < f}@j’j) O

Lemma 8. If all Neutral voters play according to a CPV profile, it is uniquely optimal for an

L-partisan to vote L and an R-partisan to vote R.

Proof. This follows from the weak monotonicity imposed by CPV; trivial modifications to the

argument in Lemma 1 establish this result. O
Lemma 9. In a large enough election, CPV (0,1) is not an equilibrium unless 7, = TR.

Proof. Suppose all voters play CPV strategy (0,1). Without loss of generality assume 77, > Tg;
the argument is analogous if 77, < 7r. Let ¢ (n) denote the number of voters of preference-type
t € {L, R, N} when the electorate size is n. Denote 7y = 1—71,—7r. Suppose voter 1 is Neutral
and has received signal [. She is pivotal if and only if amongst the other n—1 voters, the number
of L votes is exactly equal the number of R votes. Let ¢y s (n) denote the number of Neutrals
who have received signal s € {l,7}. Under the CPV profile (0, 1), voter 1 is pivotal if and only
if sy (n) = (svy(n) —1) =<1 (n) —sg (n). By the Weak Law of Large Numbers, for any £ > 0
and any ¢t € {L, R, N}, lim,,_.o Pr ( st(n)
e >0 and k > 0, there exists n such that for all n > n, Pr(sz (n) —sr(n) > k) > 1—e. Thus,

Tt‘ < 5) = 1. Consequently, since 77, > 7g, for any

denoting Piv; as the set of preference-type and signal realizations where the Neutral voter 1
with s; = [ is pivotal, we have that for any ¢ > 0 and k > 0, there exists n such that for all
n > i, Pr(sy, (n) —sny(n) > k|Pivi) > 1 —e. Since Pr(w = L|sn, (), sy, (n)) is strictly
decreasing in ¢y, (n) — sy, (1), it follows that by considering k large enough in the previous
statement, we can make Pr (w = L|Piv;) < % in large enough elections. Consequently, in large
enough elections, voter 1 strictly prefers to vote R when she is Netural and has received s; = [,
which is a deviation from the the CPV strategy (0,1). O

Lemma 10. In a large enough election, CPV (., u*) is not an equilibrium if either p, > % or

we <.
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Proof. If u, > 7, then the first voter votes uninformatively for R if Neutral, and consequently,
all votes are uninformative. Thus, conditioning on being pivotal adds no new information to
any voter. Since pp (hl,l) > > % (recall that h! = ¢), voter 1 has an incentive to deviate
from the CPV strategy and vote L if she is Neutral and receives signal s; = [.

If pye € (%,71’], let h**1 be a history of k consecutive R votes. It is straightforward that
for some integer k > 1, p (hk) > s > U (hk“). Since an R-herd has started when it is voter
k+ 1’s turn to vote, conditioning on being pivotal adds to information to voter k4 1. Suppose
voter k+1 is Neutral and receives s+ = [. Then since an R-herd has started, she is supposed
to vote R. But since pg11 (th, l) > W (hk) > Ly > %, she strictly prefers to vote L.

If u* < m, the argument is analogous to the case of u, > m, noting that uy (hl,r) < %

O

because v > 7.
Lemma 11. In a large enough election, C PV (s, 1) is not an equilibrium for any p. € (0,7].

Proof. Suppose CPV (., 1) with p, € (0,7] is an equilibrium. Consider a Neutral voter m
with signal s,,, = r and history h™ such that p (h™) > p, but p (h™*1) < p, following vy, = R.
(To see that such a configuration can arise in a large enough election, consider a sequence of
consecutive R votes by all voters.) Voter m is supposed to vote R in the equilibrium. We will
show that she strictly prefers a deviation to voting L in a large enough election.

Claim 1: If the true state is R, then following v,,, = L, the probability of an R-herd converges
to 1 as the electorate size n — oo. Proof: Recall that the likelihood ratio stochastic process

as.

Ai = Aoo (where the domain can be taken as i = m + 1,m + 2,...). Since voter i votes

informatively if and only if A; > ﬁv the argument used in proving Theorem 1 allows us to

conclude that Support (Aso) C [O, 1&’;*} and Pr ()\oo = 152*) = (0. Consequently, there is a

herd on R eventually almost surely in state R.

Claim 2: Pr(Piv,|w = R) converges to 0 as the electorate size n — oco. Proof: To be

explicit, we use superscipts to denote the electorate size n, e.g. we write Piv), instead of Pivy,.

Denote
X" = {(t—m,S—m) € Pivy, : L-herd after vy, = L, R-herd after v,, = R}
Y" = {(t—m,S—m) € Pivy, : no herd after v,, = L, R-herd after v,, = R}
Z" = {(t—m,S—m) € Pivy, : R-herd after v,,, = L and v,, = R}

We have Piv)), = X" UY"™ U Z"; hence it suffices to show that Pr (X") — 0, Pr(Y") — 0,
and Pr(Z") — 0. That Pr(X™) — 0 and Pr(Y") — 0 follows straightforwardly from Claim
1. To show that Pr(Z"™) — 0, let ¥} denote the phase after voter k has voted, i.e. when
it is voter k 4+ 1’s turn to vote. For any n, consider the set of {(tj’sj)}?:erl such that
after v, = L, ¥ # L; denote this set =". Partition this into the sets that induce U]} =
and ¥? = R, denoted Z™° and Z™F respectively. Clearly, Z" C Z»f.  For any ¢, for
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large enough n, regardless of m’s vote, Pr(¥7 = 0) < & by Claim 1, and thus, Pr (2"%) <e.
Now consider any n’ > n. VA C =" because if there is a L-herd following v,, = L with
electorate size n, there cannot be an R-herd following v,, = L with electorate size n’. Thus,
Pr(2") = Pr(270) Pr (27 |2"°) + Pr (2F) Pr (27 [2E) < e + Pr (27F) Pr (27 [2E) for
Pr (Zn’ nEnk
Pr (EmFR)
that Pr (Z"I N E”’R) — 0 as n’ — oo, using the fact that 7, < 1 — 77, and invoking the Weak

Law of Large Numbers similarly to Lemma 9. Note that Pr (E”’R) is bounded away from 0

large enough n. We have Pr (Z”/]E”’R> = It is straightforward to see

because if sufficiently many voters immediately after m are R-partisans, then an R-herd will
start regardless of m’s vote. This proves that Pr (Z”’) — 0.

Claim 3: If the true state is L, then following v,, = L, the probability that L wins is bounded
Pr(w=R|h?) hi
Pro=LF7) this generates
a stochastic process (&) (i = m + 1,m + 2,...) which is a martingale conditional on state L,
and thus (&) 3 &,. Note that &,41 < 1;5 since p (h™) > wp* and v, = L. Since voter

i votes informatively if and only if & € (0, 1_“*], the argument used in proving Theorem 1

away from 0 as the electorate size n — co. Proof: Define & (hl) =

o

allows us to conclude that Support ({) C {0}U [1;%, oo) and Pr (500 = %) = 0. Suppose

towards contradiction that 0 ¢ Support (§o). This implies E [{] > I_T*M By Fatou’s Lemma
(Billingsley [8, p. 209]), E [{xo] < limy,— o0 E [€,]; since for any n > m + 1, E[§,] = &ny1, we
have % <E[ls] < &my1 < 1;5*, a contradiction. Thus, 0 € Support (), and it must be
that Pr({oo = 0) > 0. The claim follows from the observation that for any history sequence
where &; (h’) — 0 it must be that A (hl) — 00.

Consider the expected utility for voter m from voting R or L respectively, conditional on be-
ing pivotal: EUp, (vy = R|Pivy,) = Pr(w = R|Pivy,) and EUy, (vy, = L|Pivy,) = Pr (w = L|Pivy,).
Thus, she strictly prefers to vote L if and only if Pr(w = L|Piv,,) > Pr(w = R|Pivy,), or
equivalently, if and only if Pr(Pivy,|lw = L) > Pr(Pivy|w = R) % By Claim 2,
Pr (Pivy,|w = R) converges to 0 as electorate grows. On the other hand, Pr(Pivy,|w = L)

is bounded away from 0, because by Claim 3, the probability that L wins following v, = L
is bounded away from 0, whereas if v,, = R, a R-herd starts and thus the probability that
R wins converges to 1 as the electorate size grows. Therefore, in a large enough election,
Pr (Pivy|w = L) > Pr(Pivy,|lw = R) %W, and it is strictly optimal for m to vote L
following his signal s, = r, which is a deviation from the CPV strategy. g

Lemma 12. In a large enough election, CPV (0, u*) is not an equilibrium for any p* € [r,1).

Proof. Analogous to Lemma 11, it can be shown here that in a large enough election there is a

voter who when Neutral is supposed to vote L with signal [, but strictly prefers to vote R. 0O

Lemma 13. In a large enough election, CPV (pu., u*) is not an equilibrium if u* € (i*,1) and
M € (07 %]
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Proof. Fix an equilibium CPV (p., pn*) with p* € (g*,1) and p. € (0, %] By Lemma 7,
nr(i) > np(i) for all i. Consider a Neutral voter m with signal s, = r and history A™ such
that 1 (™) > py but p (h™') < p, following vy, = R.  (To see that such a configuration
can arise in a large enough election, consider a sequence of consecutive R votes by all voters.)
Voter m is supposed to vote R in the equilibrium. We will show that she strictly prefers a
deviation to voting L in a large enough election.

First, note that by following the argument of Theorem 1, it is straightforward to show that
regardless of m’s vote, a herd arises with arbitarily high probability when the electorate size n is
sufficiently large. Define X", Y™, and Z" as in Lemma 11, where n indexes the electorate size.
Plainly, Pr(Y"™) — 0. The argument of Claim 2 in Lemma 11 implies with obvious modifications
that Pr (Z") — 0. Finally, Pr (X™) -» 0 because there exists m’ > m such that if v; = L for all
ie{m+1,...,m'}, then ¥, = L, and Pr(v; = L for alli € {m+1,...m'}) > (r)™ ™™ > 0.
Since Pivy, = X" UY"™ U Z", we conclude that as n — oo, Pr(X"|Pi],) — 1, whereas
Pr (Y™ Piv}) — 0 and Pr(Z"|Piv}},) — 0. Consequently, for any ¢ > 0, there exists n such
that for all n > n,

|EUm (Um = L|Xnasm = T) - EU, (Um = L‘Piv;twsm = T)‘ <¢€

and
|EUp, (v = RIX", s = 1) — EUp (v, = R|Pivgy, sm =7)| < ¢

It therefore suffices to show that for any n > m, EU,, (vy, = LI X", 8y, = 1) > EU,y, (v, = RI X", 5, =7),
or equivalently, Pr (w = L|X™, s;, =7) > Pr(w = R|X", s, =7). Forany k€ {m+1,...,n},
define X} = {(t_pm,5—m) € Piv}, : ¥P_; =0 but ¥} = L after v, = L, V7 after v, = R}. Clearly,
this requires ny, (k+1) < k+1. Fori # j, X]'N X7 = 0, but X" = Up_ . X}, and thus
Pr(w| X", sy =7) = Up_, 1 Pr(w| X}, s = 7) Pr(X2|X"). Tt therefore suffices to show that
for any k € {m+1,...,n}, Pr(w=L|X},sm=1) > Pr(w=R|X}],snm =7). Given that
vy, = L, the informational content of X' is equivalent to a history hF+1 where A (th) =

nr, (k+ 1) — 2, and all neutrals are assumed to have voted informatively. Therefore,

Y9kt (Np (B +1) —2)

Priw=LIXiom =1) = e D =2+ A—m) (=)

Since nr, (k+ 1) < k+1 and np, (i) > ng(é) for all 4, it must be that ng(k+1)—2 > nr(k+1).

Consequently,

™ygk+1 (nr (b +1))

Pr(w=LIX},sm =1) = mygks1 (np (k+1)) + (1 — ) (1 — )

ok
2
where the second inequality is by the definition of ny (k + 1). O
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Lemma 14. In a large enough election, CPV (p., 1*) is not an equilibrium if p* € [w,1) and
i € (0, ).

Proof. Analogous to Lemma 13, it can be shown here that in a large enough election there is a

voter who when Neutral is supposed to vote L with signal [, but strictly prefers to vote R. 0O

Proposition 2 on pp. 22

Proof. We shall begin by describing the PBV strategy profile and then proceed to establish

k
that it is an equilibrium. Observe that for 7, = 7 = 0, for every i, g; (k) = (1177) . As

(1-) 1y o (=m(—y) o (1=9)?
ﬁ > W(lfj) >1> 77 > % > (%) . Therefore,
(1,3) ifiis even

(nr (7),nr (7)) = { (2,2) ifiisodd

Therefore, PBV prescribes that if ¥ (hi_l) =0,and A (hz) € {1,—2}, then ¥ (h’) #0. To
show that this strategy profile is an equilibrium, we shall consider the incentives in the learning
and herding phases separately.

Observe that if ¥ (h') = L(R), voting for R (L) occurs with zero-probability on the path
of play. We shall consider a belief-restriction that specifies that any off-path vote is simply
ignored and does not affect the public belief. Given this belief-restriction, it can be shown

using Theorem 2 (particularly Lemmas 2, 3) that PBV is an equilibrium. O
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