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+d, Doo wkh jdph wuhhv duh dqqh{hg wr wkh hqg ri wklv grfxphqw1
+e, Wr �qg d vhtxhqwldo htxloleulxp/ frqvlghu zkdw H rxjkw wr sod| jlyhq klv eholhiv BAa wkh udwlrqdo

dfwlrqv ri erwk lqfxpehqw w|shv/ LW dqg LZ 1 Wkh wrxjk lqfxpehqw/ LW / zloo dozd|v �qg lw rswlpdo wr
�jkw/ zkhuhdv wkh zhdn lqfxpehqw zloo dftxlhvfh1 Li wkh H sod|v �A wkhq kh jhwv dq h{shfwhg sd|r� ri
HxH+�A, @ �3+e � 4, . +4 � �3,e/ zkhuhdv li kh sod|v N�| kh jhwv }hur iru vxuh1 D vhtxhqwldo htxloleulxp
iru wklv jdph lv/ li �3+e � 4, . +4 � �3,e � 3/ wkh sur�oh ++�A> +�3> 4 � �3,,> +I>D,,/ zkhuh iru wkh hqwudqw
zh vshfli| dq dfwlrq dqg eholhiv/ dqg iru wkh lqfxpehqw+v, zh vshfli| dq dfwlrq dw hdfk srvvleoh qrgh +I
li LW dqg D li LZ ,1 Li/ rq wkh rwkhu kdqg/ �3+e � 4, . +4 � �3,e ? 3/ d vhtxhqwldo htxloleulxp sur�oh lv
++N�|> +�3> 4� �3,,> +I>D,,1

+f, Zkhq � 9@ 4/ wkhuh lv d xqltxh htxloleulxp1 Zk|B Zhoo/ lq wklv fdvh/ wkhq/ vlqfh � @ +�3@+4� �3,, +4�
e,@e/ lw iroorzv/ diwhu vlpsoh dulwkphwlf/ wkdw

� B 4 / �3+4� e, B +4� �3,e / 3 B +4� �3,e. �3+e� 4,>

wkdw lv/ li lw*v rswlpdo iru wkh hqwudqw wr hlwkhu sod| N�| ru �A1
+g, Li � @ 4/ wkhq H lv lqgl�huhqw ehwzhhq sod|lqj N�| ru �A/ vr dq| pl{lqj ehwzhhq wkhp zloo eh d

vhtxhqwldo htxloleulxp1 Irupdoo|/ ;% 5 ^3> 4`> ++%�A.+4� %,N�|> +�3> 4� �3,,> +I>D,, lv d vhtxhqwldo htxlole0
ulxp1

+h, Vxssrvh wkdw � A 41 Wkhq/ lq wkh rqh0vkrw jdph/ dq hqwudqw zrxogq*w hqwhu1 Zh zdqw wr vkrz wkdw
wkhuh lv dq htxloleulxp zkhuh erwk lqfxpehqwv sod| D lq wkh �uvw shulrg1 Wklv lv d srrolqj htxloleulxp1 Li
erwk lqfxpehqwv ghflgh wr dftxlhvfh lq wkh �uvw shulrg/ wkhq wkh �uvw hqwudqw vkrxog hqwhu wkh pdunhw1 Wkh
vhfrqg hqwudqw*v srvwhulruv +diwhu frqglwlrqlqj rq wkh wkh revhuydwlrq wkdw wkh �uvw hqwudqw hqwhuhg dqg wkh
lqfxpehqw dftxlhvfhg, duh mxvw klv sulruv/ vlqfh erwk lqfxpehqwv duh dvvxphg wr dgrsw wkh vdph �uvw0shulrg
vwudwhj|1 Khqfh/ e| +d,/ wkh vhfrqg hqwudqw ghflghv wr vwd| rxw1 Qrz lw uhpdlqv wr vkrz wkdw wkh lqfxpehqwv*
�uvw0shulrg vwudwhj| lv udwlrqdo1 Zh qhhg wr vkrz wkdw wkhuh duh qr sur�wdeoh ghyldwlrqv dydlodeoh wr hlwkhu
lqfxpehqw1 Ghyldwlrq khuh phdqv wkdw wkh lqfxpehqwv �jkw lq wkh �uvw shulrg1 Qrwlfh wkdw wklv hyhqw
lv Nuu |�j j`��,�Oi��6 VB|�/ vr zh fdq dvvljq dq| +frqvlvwhqw, eholhiv wr wkh vhfrqg hqwudqw diwhu wkh
suredelolw|0}hur hyhqw1 Zh*oo vd| wkdw wkh hqwudqw wklqnv wkdw rqo| zhdn lqfxpehqwv �jkw +zh*oo vkrz wkdw
wklv lv lqghhg frqvlvwhqw,1 Li LW �jkwv/ wkhq kh*oo jhw d sd|r� ri }hur lq wkh �uvw shulrg/ exw wkhq wkh vhfrqg
hqwudqw zloo fkrrvh wr hqwhu +wkdw*v zkdw klv eholhiv whoo klp wr gr, dqg vr wkh |N|B, sd|r� wr LW dv d uhvxow
ri wkh ghyldwlrq zloo eh 3 . 3 @ 3 ? �4 . d/ zkhuh d � 4 lv wkh wrwdo sd|r� iurp sod|lqj wkh suhvfulehg
vwudwhj|1 Khqfh/ LW suhihuv wr dftxlhvfh lq wkh �uvw shulrg1 Wkdw LZ grhvq*w zdqw wr ghyldwh hlwkhu lv hdv|/
vr L zloo rplw wkh surri1

Duh vxfk eholhiv frqvlvwhqwB Li zh jhw wkh lqfxpehqwv wr pl{ lq wkh �uvw shulrg ehwzhhq I dqg D zlwk
Su+I mLZ , @ % dqg Su+I mLW , @ %5/ wkhq dv % $ 3/ eholhiv iru wkh vhfrqg hqwudqw/ wrjhwkhu zlwk klv ehvw
uhvsrqvh/ frqyhujh wr wkh sursrvhg htxloleulxp dqg zh kdyh frqvlvwhqf|1 Wkxv/ wkh htxloleulxp lv vhtxhqwldo/
dv uhtxluhg1

4Lh@* �@3@h_

+d, Wkh sulqflsdo zlvkhv wr NV|�6B,,+ lqgxfh dfwlrq d�1 Wklv phdqv wkdw wkh zdjh vfkhgxoh kh r�huv wkh
djhqw pdnhv wkh djhqw suhihu d� wr dq| rwkhu dfwlrq dw orzhvw frvw wr wkh sulqflsdo1 Zh zulwh wkh sulqflsdo*v
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Ohw �d ghqrwh wkh Odjudqjh pxowlsolhu dvvrfldwhg zlwk +LFd, dqg � wkdw iru +LU,1 Wkhq wkh �uvw0rughu
frqglwlrqv iru wklv sureohp duh
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Zh*uh dvnhg wr �qg vx�flhqw frqglwlrqv xqghu zklfk zv.4 � zv � 3 iru hyhu| v1 Qrwlqj wkdw zv.4 � zv �
3 / +4@y3+zv.4,,� +4@y3+zv,, � 3/ dqg xvlqj wkh IRFv/ zh vhh wkdw
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li wkh iroorzlqj frqglwlrq rq suredelolwlhv krogv iru hyhu| vwdwh v dqg hyhu| dfwlrq d ? d�=
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Wklv frqglwlrq lv nqrzq dv wkh 6NAN|NAj ,�"j,��NNa iB|�N ViNVji|+1
+e, Li y+z, @ 4� h{s+��z,/ wkhq y3+z, @ � h{s+��z,/ dqg zh jhw wkdw
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L krsh wklv dqvzhuv wkh txhvwlrq$
+f, Zhoo/ wkh rqo| wklqjv wkdw frxog srwhqwldoo| fkdqjh lq +�zv, dv d uhvxow ri d fkdqjh lq X duh wkh

Odjudqjh pxowlsolhuv1 Li |rx orrn dw +�zv, forvho| |rx fdq vhh wkdw wkh zdjh0lqfuhphqw iurp rqh vwdwh wr
wkh qh{w lv rqo| d�hfwhg e| wkh uhodwlrqvkls ehwzhhq wkh suredelolwlhv lq wkdw vwdwh dqg wkh qh{w1 Dw wkh
rswlpxp wkh lqglylgxdo udwlrqdolw| frqvwudlqw rxjkw wr elqg/ vr wkh h{shfwhg zdjh vkrxog ulvh li X ulvhv1 Exw
wkdw grhv qrw phdq wkdw wkh zdjh lq hyhu| vwdwh vkrxog ulvh1 Krzhyhu/ L fodlp wkdw wkh qhz zdjh0vfkhgxoh
lv mxvw d vkliwhg yhuvlrq ri wkh rog rqh= ;% A 3>
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vr wzr zdjh0vfkhgxohv wkdw gl�hu rqo| e| d frqvwdqw surylgh wkh djhqw zlwk wkh vdph lqfhqwlyhv1 Dvvxplqj
prqrwrqlflw|/ hwf1/ vr wkdw wkh sulqflsdo*v sureohp ohdgv wr d xqltxh vroxwlrq/ zh fdq wkhq lqihu wkdw zlwk
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d kljkhu X wkh sulqflsdo slfnv wkh % wkdw pdnhv wkh LU frqvwudlqw elqg1 +Li |rx glvdjuhh zlwk wklv
uhdvrqlqj/ sohdvh ohw ph nqrz$,

+g, P| dujxphqw khuh lv wkh iroorzlqj1 Dv X lqfuhdvhv/ wkh zdjh vfkhgxoh vkliwv xs wr vdwlvi| wkh djhqw*v
LU frqvwudlqw xqwlo/ dw vrph srlqw/ lw*v ehwwhu iru wkh sulqflsdo wr lqgxfh d gl�huhqw ohyho ri h�ruw1 Lw fdqqrw
eh d kljkhu h�ruw0ohyho ehfdxvh wkhq/ lq rughu wr lqgxfh vxfk kljkhu ohyho/ wkh sulqflsdo qhhgv wr fuhdwh pruh
ulvn +ru ohvv lqvxudqfh, rq wkh djhqw1 Exw li wklv lv wkh fdvh/ wkhq wkh djhqw qhhgv d kljkhu h{shfwhg zdjh dv
frpshqvdwlrq iru wkh lqfuhdvhg ulvn wr vdwlvi| klv LU frqvwudlqw1 Rq wkh rwkhu kdqg/ lqgxflqj d orzhu h�ruw
phdqv wkdw wkh djhqw idfhv ohvv ulvn/ vr lq rughu iru wkh LU frqvwudlqw wr elqg wkh sulqflsdo fdq r�hu wkh djhqw
d orzhu h{shfwhg zdjh1 Wkh vdph fdyhdw dssolhv khuh/ wrr= li |rx glvdjuhh zlwk wklv uhdvrqlqj/ sohdvh
ohw ph nqrz$

@_�ihti ti*iU|�L?

Khuh/ wkh vwdwhv duh sulydwh/ udwkhu wkdq frpprq1 Wkdw lv/ hdfk djhqw idfhv dq lqglylgxdo ulvn ri ehlqj
hqgrzhg zlwk hlwkhu 5 +zlwk suredelolw| s, ru 3 +zlwk suredelolw| 4� s,1 Ohw djhqwv eh lqgh{hg e| d 5 ^3=4`1
Lqwhusuhw d dv dq djhqw*v vwxghqw LG/ ru qdph1 Wkh �uvw0ehvw doorfdwlrq lv irxqg e| vroylqj wkh sodqqhu*v
sureohp1 Zh qhhg wr sxw vrph vwuxfwxuh wr wkh xqfhuwdlqw|1 L*oo eh orrvh dqg vlpso| vd| wkdw lqglylgxdo ulvnv
duh l1l1g1 zlwkrxw vshfli|lqj krz wklv zrunv lq wkh frqwlqxxp/ dqg L*oo _pdnh xs% d odz ri odujh qxpehuv
vd|lqj wkdw lq wkh djjuhjdwh wkhuh lv qr ulvn= wkh djjuhjdwh hqgrzphqw lv vlpso| 5s1 Wklv vd|v wkdw s shufhqw
ri wkh srsxodwlrq uhfhlyh dq hqgrzphqw ri 5 dqg 4 � s shufhqw uhfhlyh qrwklqj1 Wkh �uvw0ehvw doorfdwlrq
rxjkw wr htxdol}h pdujlqdo udwhv ri vxevwlwxwlrq/ zklfk lq wklv fdvh wudqvodwhv wr htxdol}lqj frqvxpswlrq=

fd @ 5s/ ;d 5 ^3=4`/ vr wkdw djjuhjdwh frqvxpswlrq f @
U 4
3 fdgd @ 5s dqg wkh uhvrxufh frqvwudlqw lv qrw

ylrodwhg1
Wr vkrz wkdw wkhuh lv qr lqfhqwlyh0frpsdwleoh phfkdqlvp wkdw lpsuryhv xsrq dxwdun|/ frqvlghu wkh

LF frqvwudlqwv iurp d phfkdqlvp wkdw gholyhuv d udqgrp wudqvihu frqwlqjhqw rq wkh uhsruwhg w|sh ri dq
djhqw dqg uhvrxufhv uhsruwhg duh wkh uhvrxufhv uhdoorfdwhg1 Ohw +hfS >hfU, eh orwwhulhv r�huhg dv sduw ri dq
lqfhqwlyh0frpsdwleoh phfkdqlvp wr wkh djhqwv1 Wkhq

�H h{s+�hfU � 5, � �H h{s+�hfS � 5,

�H h{s+�hfS , � �H h{s+�hfU,>
zklfk lpsolhv wkdw H h{s+�hfU, @ H h{s+�hfS ,/ dqg wkh uhvxow iroorzv1

i_�U@|�L? @?_ i4T*L)4i?|

�NN,�A} .`��,�Oi�B�Wkhuh lv dozd|v d srrolqj htxloleulxp= erwk w|shv ri zrunhu dffhsw dq| zdjh dqg
qhlwkhu jhwv hgxfdwhg/ dqg wkh �up r�huv wkh orz zdjh1

7jVBiB|�A} .`��,�Oi�B�Wkhuh lv dovr dozd|v d vhsdudwlqj htxloleulxp li z� f+�, ? z ? z� f+�,= wkh
�up r�huv d kljk zdjh wr hgxfdwhg zrunhuv dqg d orz zdjh wr xqhgxfdwhg zrunhuv/ wkh kljko| surgxfwlyh
zrunhu jhwv hgxfdwhg dqg dffhswv rqo| wkh kljk zdjh/ dqg wkh orz0surgxfwlylw| zrunhu grhvq*w jhw hgxfdwhg
dqg dffhswv dq| zdjh1

7j6��tjVBiB|�A} .`��,�Oi�B�Ohw e� @ s�.+4�s,�1 Zkhq lv wkhuh d srvvleoh srvwhulru eholhi/ t 5 ^3> 4`

vxfk wkdw e� � z � t� . +4 � t,� � zB Wkdw lv/ zkhq lv lw zruwk wkh �up wr r�hu zdjhv wkdw ghshqg rq
hgxfdwlrqB Vxssrvh wkdw wkh �up r�huv d kljk zdjh li wkh zrunhu lv hgxfdwhg dqg d orz zdjh li qrw1 Li
z � f+�, @ z/ wkhq wkh orz0surgxfwlylw| zrunhu zloo eh lqgl�huhqw ehwzhhq jhwwlqj dq hgxfdwlrq dqg qrw
jhwwlqj rqh1 Khqfh zh fdq lq sulqflsoh jhw klp wr pl{ wr jhqhudwh d t wkdw zloo pdnh lw udwlrqdo iru wkh �up wr
r�hu wkh zdjh0vfkhgxoh frqwlqjhqw rq hgxfdwlrq1 Sod|lqj zlwk wkh frqglwlrq wkdw e��z � t�.+4�t,��z zh
rewdlq wkdw t � s��z@��/ zkhuh �z @ z�z/ dqg vlploduo| iru ��1 Qrz/ wklv zloo |lhog d vhpl0vhsdudwlqj
htxloleulxp zkhq s��z@�� 5 ^3> 4`1 Lq wklv fdvh/ dq| pl{lqj wkdw jhqhudwhv d srvwhulru t @ Su+�mhgxfdwlrq,
iru wkh �up vxfk wkdw t 5 ^s��z@��> 4` zloo fkdudfwhul}h d vhpl0vhsdudwlqj htxloleulxp1

UL�h|hLL4 _h@4@

+d, Wuhh lv dqqh{hg1
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+e, Iluvw wkh srrolqj htxloleuld/ zkhuh wkh ghihqgdqw*v srvwhulru*v duh klv sulruv1 Li SZ dqg SO
+wkh zlqqlqj sodlqwl� dqg wkh orvlqj sodlqwl�, erwk sod| K/ wkhq G zloo �qg lw rswlpdo wr sod| U/ vlqfh
HxG+UmK, @ �7@6 A �5 @ HxG+DmK,1 Edvlfdoo|/ li G uhmhfwv hyhu|wklqj/ wkhq erwk SZ dqg SO �qg
wkdw hyhu|wklqj lv d ehvw uhvsrqvh1 Krzhyhu/ li erwk SZ dqg SO sod| O/ wkhq G rxjkw wr dffhsw/ vlqfh
HxG+UmO, @ �7@6 ? �4 @ HxG+DmO,1 Vr wkh srrolqj htxloleulxp zloo eh rqh zkhuh erwk sodlqwl�v sod|
K/ G uhmhfwv K dqg G uhmhfwv O1 Wkh +frqvlvwhqw, eholhiv wkdw vxssruw G*v ghflvlrqv duh wkh sulruv dw wkh
lqirupdwlrq vhw zkhuh K lv r�huhg dqg Su+SZ mO, � 4@7 lq wkh rwkhu lqirupdwlrq vhw1 +\rx fdq fkhfn wkdw
wkhvh eholhiv duh frqvlvwhqw�wu| wkh wuhpeohv zkhuh Su+OmSZ , @ %5. �% dqg Su+OmSO, @ % zkhuh � � 5@61,
Lq wkhvh htxloleuld/ zh kdyh G sod|lqj +U>U,1 Jlyhq wklv vwudwhj|/ erwk sodlqwl�v duh lqgl�huhqw ehwzhhq
sod|lqj O ru K1 Vr li wkh| pl{ zlwkrxw fdxvlqj G*v srvwhulruv wr fkdqjh klv rswlpxp ghflvlrqv +U>U, wkhq
wkdw zrxog eh dq htxloleulxp1

Wkhuh duh qr vhsdudwlqj htxloleuld ehfdxvh li wkhuh zhuh/ wkhq G zrxog uhmhfw SO*v r�hu dqg dffhsw
SZ *v r�hu1 Exw lq wkdw fdvh erwk sod|huv zrxog �qg lw sur�wdeoh wr ghyldwh/ wkdw lv/ suhwhqg wkh| zhuh wkh
rwkhu w|sh1

Ilqdoo|/ ohw*v orrn iru vhpl0vhsdudwlqj htxloleuld +V5H,/ dsduw iurp wkrvh phqwlrqhg mxvw qrz1 Jhwwlqj
G wr pl{ lq rqh lqirupdwlrq vhw dqg qrw lq wkh rwkhu zrq*w |lhog d V5H/ vlqfh erwk sodlqwl�v zloo zdqw wr
sod| sxuh dqg euhdn wkh lqfhqwlyhv iru G wr pl{1 Exw kdylqj G pl{lqj rq erwk lqirupdwlrq vhwv zloo dovr
euhdn grzq/ dv d txlfn fkhfn vkrzv1

Wkh srlqw khuh lv wkdw ON|� sodlqwl�v zdqw wr klgh dprqjvw hdfk rwkhu> wkh| kdyh qr uhdvrq wr vhsdudwh
hdfk rwkhu�qrw hyhq sduwldoo|1
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