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Alternating Offers with Strategic Delays

A seller (S) and a buyer (B) bargain over the price p of an
indivisible object in continuous time (¢t € R;). B's valua-
tion is v > 0, S’s valuation is 0.

The first offer p; is made by S at any time t; > 0. Subse-
quently players make alternating offers until they agree on
a price p.

A response (acceptance or counteroffer) to an offer made
at time t;, can be made at any time tp41 =t + 1+ Dpyq
where Ap4 1 > 0. Interpretation:

The minimum physical time to react to an offer is one unit,
but players can strategically delay their responses for any
additional amount of time.



The SPE under Complete Information

A non-terminal history: h"™ = (pg, Ar)
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Here A4 is the time delay in round k£ + 1 beyond the
minimum of one, after offer p, is made.

Total passage of time in to A" ist=n + Z}gzl A

If players agree on price p at time t, then the payoffs are:

us(p,t) =d'p  up(p,t) = v —p).

The unique SPE is the SPE of the standard alternating
offers game without delay, where S immediately offers
« __ U
146
which is accepted by B without additional delay.
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Incomplete Information

Suppose that the B can have two types high valuation (Bgy)
or low valuation (Bj) where the valuations are vy > vy, > 0.
S's prior on B’s type is 70 = Prob(Bjy).

Note that By is a “more patient” bargainer than By.

If the buyer’'s type were common knowledge then the cor-
responding complete information outcome
vr, VH
or =
146 PH=775
occurs with no delay, depending on B's type.
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Could there be delay in the equilibrium of the incomplete
information game?

Restrict attention to pure strategy sequential equilibria
(8, 7) where w(h™) = Prob(Bg|h™).



Preliminary Observations

Lemma 2.1. In any sequential equilibrium:
(i) S never accepts an offer p < dpy..
(ii) S always accepts an offer p > dpy.
(iii) B never accepts an offer p > py.
(iv) B always accepts an offer p < pj..

(v) By always accepts an offer p < p, where v —p =
Slvg —dopr]l. (P> pL)

(vi) If (p,t) and (p',t') are the eqm. outcomes for B; and
By respectively then p <p' and t > t.

(vii) Acceptance of an offer occurs with no additional delay.

Proof: Exercise.



Refinements

The incomplete information game has a large number of
equilibria where off-equilibrium deviations of B are followed
by optimistic beliefs of the buyer Prob(B = By ) = 1.

Assumption 1 (A1) If a player can obtain the same payoff
by making fewer offers, then she makes fewer offers.

Let A™ be a history that ends with an offer by S.

For 0 € {L,H}, let V;(h", Ap41,pp41) denote the supre-
mum of the seq. egm. payoffs of By across all sequential
equilibria of the subgame starting at A +1 = (R, Apy1,Ppt1)
and all beliefs Prob(B = By|h"t1) € [0, 1].



Given a sequential equilibrium let Ug(h”) be the sequential
equilibrium continuation payoff of By after A"™. Say that
(AL+1,Pn+1) is bad for By in this equilibrium given A" if

Ug(hn) > V;(hn, An—|—1apn—|—1)'

Assumption 2 (A2) (The Intuitive Criterion) If a devi-
ation (A, +1,p,+1) is bad for type By and not for type
By given history h™, then S puts zero probability on By
conditional on A"l = (A", A, 11, Ppa1).

Lemma 2.2. In any sequential equilibrium that satisfies
(A1) and (A2), consider a history h™ that ends with an
offer of p by B:

(i) If 7(h™) = 0, then S accepts p iff p > épy.
(ii) If 7(h™) = 1, then S accepts p iff p > épp.

Proof: Omitted, see A&P (1987).



Necessary Conditions under (Al) and (A2)
Given p let v*(p) solve: vy —p = 8" P vy — pr].

Proposition 3.1. Suppose along an equilibrium path the
first offer S makes is p at time t. Then,

(i) p > pr,

(ii) If p = py, then both By and By immediately accept.

(iii) If p > py,, then
(iiia) If By accepts, then Bj offers dp; at time t' =
max{t+ 1,t +~*(p)}, which S accepts.
(iiib) If By does not accept, then By offers épy at time

t+ 1, which S accepts, and Bj offers op; at time
t'! =t+ 14+ ~*(6py), which S accepts.



Existence of Equilibrium and Uniqueness of
the Equilibrium Path under (Al) and (A2)

There exists m* < vy /vy such that:

1. (Unique Pooling) If 7° < #*, then the unique equilib-
rium path is that S offers p; at t = 0 and both types
accept.

2. (Unique Separating) If vy /vg < 70 then there exists
a unique equilibrium path where S offers py at t = 0,
By accepts and, Bj counteroffers dp; at time ~*(pg),
which S accepts.

3. (Multiple Equilibria) if 7* < 79 < vy /vy, then both of
the above equilibrium paths as well as others exist.

Proofs: Omitted, see A&P (1987).



Foundations of Dynamic Monopoly
and the Coase Conjecture

Gul, Sonnenschein & Wilson (1986)



Dynamic Monopoly
Time horizon: t =0,1,2... (infinite).

Players: A monopolist faces a continuum of consumers
uniformly distributed on [0,1].

The monopolist produces a good at zero marginal cost.
Each consumer may buy one unit of this good.

In each period t, the monopolist sets a price py.
Then the consumers who have not already bought the
good in the past, (simultaneously) decide whether to buy

one unit at price p;.

History of past prices and the mass of buying consumers
is observed by all players.



Payoffs

Consumer g € [0,1] has valuation v = f(gq) where f :
[0,1] — R left-continuous and non-increasing.

All consumers and the monopolist have the common dis-
count factor § € (0,1).

If consumer g € [0, 1] buys good at period ¢ at price p, her
payoff is 6'[f(q) — p].

If she never buys her payoff is zero. The monopolist’s
payoff is the discounted value of profits.



Remark
Suppose that the monopolist posts price p; at time t.

If a consumer with valuation v prefers to buy at prigs%pt iff
v>prand Vs >0 :v—p > Ei[6°(v—pyt5)] & v > pt—1_§§t+3_

(Since every consumer has zero mass and the mass of
remaining consumers after any single consumer deviates
remains the same.)

Hence g prefers to buy at ¢ = all consumers in [0, g) prefer
to buy at t.

We will only analyze subgames starting after histories in
which all consumers less than a cutoff value q € [0, 1] have
already bought the good and left the market, and those in
lq, 1] still remain in the market.



The Coase Conjecture

Definition: An equilibrium is stationary if the state of the
market after any price that is lower than all preceding prices
is independent of the earlier price history in the market.

Note: In a stationary equilibrium the sets of consumers
accepting and rejecting depend only on the current price.

Theorem (Coase Conjecture): For each € > 0, there
exists § < 1 such that for all § € (6,1) and for all stationary
equilibria: pg < €.

Corollary: For each € > 0, there exists § < 1 such that for
all 6 € (8,1) and for all stationary equilibria, consumer q
obtains an equilibrium payoff of at least f(q) — e.



Example with Linear Demand: f(¢g) =1 —gq

Consider the subgame right before the monopolist deter-
mines the price at t, given that consumers [q¢, 1] still remain
in the market. By symmetry of such subgames to the orig-
inal game: Conjecture an SPE where

pt(qt) = po(1 — ¢qt) where 5 =pg € (0,1).

Let g,y denote the cutoff consumer who is indifferent
between buying at ¢t or at t 4+ 1. Given the monopolist’s
strategy and that consumers [q;, 1] are in the market at ¢,
(9441,pi+1) are determined through:

Pt — Oppy1
1—6

1 —q1q1 = and p;yq1 = B(1 — qi41).

B 1
= Pt4+1 = ;pt and (1 — qt—l—l) = ;pt where v =1 — J + B9.



Path of prices and quantities:

Pits = (g) pt, (L — qq5) = % (g) pt, and py = B(1 — q)

Given the price path (induced by the monopolists’ conjec-
tured strategy), the consumer strategy: “buy at t if your
valuation exceeds p:/~." is optimal.

T he discounted sum of profits in the subgame are:

V(g) = ) 6°pits(@ts+1 — dits)
s=0
vB(y — B)




There is no profitable single deviation by the monopolist
at time ¢, if pr = B(1 — ¢;) solves:

max — + oV
AL pt(qe4-1 — qt) (qt41)

st. 1-—qp1=npt/7.

SOC holds. FOC: 1 — ¢+ = th —o at py = ﬁ(l — qt):

2_5[2
_ 5 /B - 5 _ 9 =
= 1= (fy/ﬁ)Q = ﬁ—l_l_gwhereé_\/l J.

Properties of this Equilibrium as A \,0 (§ = e "®)
Coase conjecture: py — 0 for all t =20,1,...

Consumer payoffs: Payoff of ¢ — 1 —gq.

Monopoly profits: V(0) — 0.

(Almost) immediate agreement: Let t(q) be the period in
which ¢ trades, then t(¢g)A — 0O for all g € [0, 1).



Bargaining and Reputation

Abreu & Gul (2000)



Bargaining with Irrational Types

Two players bargain over the division of a unit surplus in
continuous time t > 0.

Each player has one irrational type. The irrational type of
player i € {1,2} always demands a fixed number o € (0, 1)
and accepts an offer iff she receives at least a!. Assume

ot -+ o2 > 1
T he prior probability that 2 is irrational is = (0,1).
Player i's rate of time preference is r* > 0. That is, the

payoff of the rational type of player i from receiving ﬁ’i at
time t is e " (3.

A bargaining game is given by B = (Ozi,zi,ri)izl’Q.



Modeling Continuous-Time Bargaining as a
War of Attrition

We will analyze the equilibria of the following game.

The War of Attrition:
Starting at ¢ = 0, at each instant of time, each player
decides to concede to the other player or to continue. If
the first player to concede is 7, then 5 receives his demand
o’ and i receives 1 — oJ.

Justification/Motivation:

T he equilibria of the above game are the limit of equilibria
of discrete-time bargaining games in which both players
make offers frequently (Proposition 4 in Section 4).

Note that unlike the standard war of attrition, the above
game has irrational types.



Strategies

Players condition their concession behavior only on t. (This
IS wlog because there exists a unique nonterminal history
h: at any time t: h; =neither player has conceded by t).

A strategy for player ¢ is a cdf F*' over R.,. U {+o0}.

Let j # i, then F'(t) is the probability that player i con-
cedes to player j some time in [O,t].

F'(t) is player j's belief that player ¢ will concede by time ¢,
unconditional on the rationality of player . Since irrational
types never concede, the actual concession behavior of the

. P . 7
rational player i is given by 11:2@'-

AsS a result, a strategy F'is required to satisfy:

lim F'(t) <1-— 2
t——+o0



Payoffs of Rational Types

Payoff of i from conceding at time t < +o0o given FJ:
Ul(t, FI) = C\{i/ e_riSdFj(s)
s<t
+§(oﬂ +1—a)e THFI(t) — FI(t7))
+(1 - ad)e (1 — FI(1)).
Payoff of ¢+ from never congeding (equivalently from con-
ceding at t = +o0) given F7;

U(4o0, FI) = ozi/ e_ridej(s).

§< 00

Payoff of i from the strategy profile (F*, FJ)
1

U'(F', FI) = .
( ) i

'(t, F7)dF"(t
fetoneg U FDAF @)



Definition of Sequential Equilibrium

Definition: A strategy profile (Fl,F?) is a sequential
equilibrium if

U'(F', F7) > UG, F7)
for any strategy G* of 4, for all i € {1,2} and j # s.

Note: Thereis a one-to-one correspondence between player

i's strategy (defined in this paper as j's beliefs) and ratio-

nal player ¢'s actual concession behavior via the Bayes rule:
F

1 — 2

Hence, in this formulation, the consistency requirement of

sequential equilibrium follows implicitly.

F .




Description of the Sequential Equilibrium

e There exists a finite time T° until which each player 1

concedes at constant hazard rate A = (1= .
al—(1—at)

3¢t € [0, 1] such that Fi(t) = 1 — cie= 't for all t < TO.

e At most one player concedes with positive probability
at time zero: (1 —c)(1—-¢2) =0.

o At TO, posterior probability of irrationality of both play-
ers reach 1 and concessions stop: 1 — z* = EF*(T9).

We can pin down 79, ¢l ¢2 from above:

70 = min{(=Inz1)/AL, (= In22)/22} and ¢ = AT,

Note: Equilibrium exhibits delay (= inefficiency).



Characterization
Proposition: The unique sequential equilibrium is (F1, F?2).
Proof: Let (F1 F?2) be a seq. eqm. Let u’ denote the
payoff of ¢ from conceding at time s. Let A* := {t: u} =
maxsugt 7= 0. Let 7' =inf{t > 0: F*'(¢) = limg »y o F*(s)}.
(a) 1 =12
(b) If F1 jumps at ¢, then F?2 does not jump at ¢.

(c) If F' is continuous at ¢, then w) is continuous at s = t.
(d) For any interval (¢,¢") s.t. 0 <¢ <t < 71:
(d1) Flis constant on (¢,t") iff F2 is constant on (¢,t").
(d2) F' is not constant on (¢,t").
(e) If t/ <t < 71, then Fi(¢") > Fi(t') for i =1, 2.
(f) F* is continuous at t > O.



