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Abstract

We study the classical reputation model in which a long-run player
faces a sequence of short-run players and would like to establish a
reputation for playing a certain strategy. We present a model in which
a long-run player’s incentive to build a good reputation lowers the
payoffs of all players in the game. This is in contrast with the standard
reputation literature wherein reputation effects can only help the long-
run player. The inefficiency in the present model can be thought of as
arising from an information externality among the short-run players:
short-run players do not have sufficient incentive to experiment and
learn the long-run player’s type. To demonstrate this, we also analyze
the version of the model in which both players are long-lived, and show
that efficiency is restored when the players are sufficiently patient.

1 Introduction

We study the classical reputation model in which a long-run player faces a
sequence of short-run players and would like to establish a reputation for
playing a certain strategy. We present a model in which a long-run player’s
incentive to build a good reputation lowers the payoffs of all players in the
game. This is in contrast with the standard reputation literature wherein
reputation effects can only help the long-run player. The inefficiency in the
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present model can be thought of as arising from an information externality
among the short-run players: short-run players do not have sufficient incen-
tive to experiment and learn the long-run player’s type. To demonstrate this,
we also analyze the version of the model in which both players are long-lived,
and show that efficiency is restored when the players are sufficiently patient.

In our model, the long-run player (agent) can provide a service to a
sequence of short-run players (principals). The agent knows which of two
services the principal requires, but the principal does not. Thus, the agent’s
service is valuable if and only if it is chosen contingent on the agent’s private
information. The agent is good: his preferences are perfectly aligned with
the principal’s, and hence in a one-shot version of the model there is a unique
sequential equilibrium in which the agent chooses the appropriate service.

To study reputation effects, we extend the horizon and assume that the
principals assign positive prior probability to a bad agent: one who can-
not observe the necessary service, and has a preference for one service over
the other, the bad service. Each principal in sequence observes the services
performed for previous principals before deciding whether to hire the agent.
We present a number of variations on this model. In each we find the fol-
lowing conclusion: the more patient the agent, and hence the stronger his
reputational incentive, the lower the payoffs to all players.

The basic idea is simple: to maintain a reputation for being good, the
agent should make sure that the empirical frequency of the services performed
is close to the underlying probability distribution. This inevitably leads to
histories in which the good agent must avoid the bad service even if it is is
necessary in order to avoid loss of reputation. In particular, this would be
necessary at histories in which the bad service has been required unusually
frequently in the past and so the principals have become suspicious that the
agent is bad. Because the principals can identify those histories after which
this reputational incentive takes over, they refuse to hire at such histories.
An induction argument now shows that in order to avoid reaching those
histories, the good agent tries to bias his chosen service even earlier, the
principal’s forsee this, etc.

In the extreme versions of the model the above argument leads to a unique
equilibrium in which the agent is never hired. More generally, we find that the
payoffs in all Nash equilibria are uniformly bounded by a value that converges
to the no-trade value as the principal becomes more and more patient. All
of these results require only a positive probability, however small, of a bad
agent.



It is apparent that the source of inefficiency is an information externality
among the principals. At a history in which the good agent will try to
separate from the bad agent by avoiding the bad service, a short-run principal
will refuse to hire. The short-run principal does not internalize the benefit
to future principals of the information generated about the agent’s type. To
illustrate this interpretation, we study in the last section a version of the
model in which the principal is also a long-run player. We construct a class
of sequential equilibria which have the following properties. First, no matter
how high is the prior probability of a bad agent, when the discount factor
is close enough to one, there will be perfect screening: the bad agent will
eventually be discovered and terminated and the good agent will be hired
in every period. Second, this screening is essentially costless for a patient
principal: the equilibrium payoff to the principal converges to the value he
would obtain if he were to observe the agent’s type before play begins.

2 Connections with the Literature

The standard reputation literature studies the effect of incomplete infor-
mation on the payoffs to a long-run player in a repeated interaction with a
sequence of short-run players. This literature began with the papers of Kreps
and Wilson (1982) and Milgrom and Roberts (1982) which considered finite
horizon models. The papers Fudenberg and Levine (1989) and Fudenberg
and Levine (1992) provide a thorough analysis of the infinite horizon case.
Fudenberg and Levine (1989) analyzes games in which the long-run player’s
strategy is revealed at the end of each stage. They provide a lower bound
for the payoffs to the long-run player in any Nash equilibrium of the game
with incomplete information. This lower bound approaches the Stackelberg
value as the discount factor approaches 1. The clear message of this paper is
that when his strategy can be perfectly monitored, the long-run player can
exploit reputation effects to obtain nearly his full-commitment payoff. Note
that in our model, this payoff would correspond to the efficient outcome.
However, our model has imperfect monitoring (while the mechanic’s ac-
tion is perfectly observed in our model, his strategy is not), hence the Fu-
denberg and Levine (1989) bound does not apply. Nevertheless, our model
in Section 3.3 does fit the framework of the Fudenberg and Levine (1992) pa-
per which deals with imperfectly observed strategies. Fudenberg and Levine
(1992) provide upper and lower bounds on the payoff to the long-run player



and show that these bounds converge to the generalized Stackleberg val-
ues as the discount factor approaches 1. The generalized Stackleberg values
roughly correspond to the best and worst self-confirming equilibria of the
game in which the long-run player has commitment power. In other words,
we imagine that the long-run player can choose any strategy and the short-
run player must play a best-reply to some belief which is not dis-confirmed
by the resulting path of play.

In our model, these bounds have no bite: the optimistic Stackleberg payoft
is equal to the best possible payoff. The mechanic chooses the right repair, the
motorist has the correct (hence self-confirmed) beliefs and optimally hires.
The pessimistic Stackleberg payoff is equal to the worst possible payoff. Here
the motorist does not hire because he believes that the mechanic will not
choose the appropriate repair. Without hiring, the motorist cannot observe
what the mechanic would have done and hence the motorist’s belief cannot
be dis-confirmed.

In the game we study, the Fudenberg and Levine (1992) upper bound can
be tightened and in fact coincides with the lower bound in the limit as the
discount factor approaches 1.

3 Section 1

Consider the following situation. A motorist’s car has stopped working and
is considering bringing it to a certain mechanic. The motorist knows that the
car requires one of two repairs: an engine replacement or a tune-up. Each
possibility is equally likely, but only the mechanic can determine which is
the necessary repair.

The following table shows the payoffs to the motorist of the two possible
repairs {¢, e} in the two different contingencies {6, 6. }.

0, 0.
1 U —w
e | —w U

We will assume that w > u > 0. This implies that if the mechanic chooses
the repair independently of what is required, the payoff to the motorist is
negative. This will mean that the value to the motorist of hiring a mechanic



who pursues such a strategy is less than the value of some outside option
which we normalize to zero.! This is the essential strategic feature of the
problem we are studying in this paper: the mechanic is an agent who pos-
sesses some expertise and (most importantly) expert information necessary
for an optimal choice of the principal (the motorist in this example.)

Suppose that the mechanic is good, that is, his payoffs are identical to
those of the motorist. Then the problem is trivial in the sense that the unique
sequential equilibrium of this one-shot interaction is the first-best outcome
in which the motorist hires the mechanic and the mechanic performs the
appropriate repair.

In this paper we are going to analyze a model in which many motorists,
each with broken-down cars, decide in sequence whether to hire the same
mechanic. We will assume that the required repairs are drawn indepen-
dently and that each motorist observes the repairs performed for all previous
motorists before making the hiring decision.

In our basic model in which it is common knowledge that the mechanic
is good, the problem is again trivial with any finite number of motorists. In
the unique sequential equilibrium, the mechanic performs the correct repair
for each motorist.

Things become interesting when we suppose that there is a positive prob-
ability p that the mechanic is bad; that is, he always replaces the engine.
Obviously if the mechanic was known to be bad, no motorist would ever
hire him. This gives the good mechanic an incentive to avoid acquiring a
reputation for being bad. We will show that this incentive has dramatic
consequences.

Since for any finite number of motorists the efficient outcome is the unique
sequential equilibrium, it is natural to assume that if the mechanic is ever
revealed to be good, this continuation equilibrium will be played thereafter.

Assumption 1 The mechanic is hired at any history on the equilibrium path
at which he is known to be good.

In the section 3.1, we show that in an infinite horizon model, in any Nash
equilibrium satisfying Assumption 1, the mechanic is never hired. Things are
not much better in the finite horizon version analyzed in section 3.2. We note

IFor example, we could assume that the payoffs v and w already incorporate the fixed
diagnosis fee charged by the mechanic, and the outside option could be the motorist
choosing a repair at random and delegating it to this or some other mechanic.



that Assumption 1 is indeed an assumption in this model with incomplete in-
formation even with a finite number of motorists, as it is possible to construct
equilibria in which the mechanic behaves differently because according to the
equilibrium, a deviation by the mechanic to a zero probability action would
lead future motorists to believe that the mechanic was bad and thus refuse
to hire. Such equilibria seem implausible and in particular are vulnerable
to renegotiation: after the mechanic has shown himself to be good he could
propose a switch to the (Pareto superior) efficient continuation equilibrium
and all motorists would agree. Nevertheless, in section 3.3, we characterize
the best equilibrium within the set of all equilibria and show that the ex-
treme inefficiency resulting from our assumption cannot be improved upon
by much.

3.1 Infinite Horizon

The simplest and most extreme result is in the infinite horizon case. Suppose
that there is an infinite sequence of agents and that the good mechanic dis-
counts future payoffs by §. Consider any Nash equilibrium in which Assump-
tion 1 is satisfied. We begin by observing that there is a threshold posterior
probability p < 1 such that no motorist who believes that the mechanic is
bad with probability greater than or equal to p would hire the mechanic on
the equilibrium path. (The payoff is strictly negative conditional on a bad
mechanic). Let p* < 1 be the supremum of all posteriors at which the me-
chanic is hired with positive probability on the equilibrium path. We claim
that for ¢ close enough to 1, in fact p* = 0 and hence that the mechanic will
not be hired in any period.
Suppose the contrary, that p* > 0. Let 0 < p < p* satisfy

_ p
T(P) = - . > p* (1)
P+ (1= D)t
The map 7T is continuous, strictly increasing, and w > v implies that Z%Ziz) <

1 and so Y(p) > p for all p < 1. Thus we can find such a p. Since p* is the
supremum among posteriors in which the mechanic is hired, there exists a
history on the equilibrium path at which the posterior p is in (p, p*) and the
motorist hires with positive probability.

The motorist would only hire if the payoff is non-negative. This requires
that the good mechanic replaces the engine with a total probability no greater



than 23(::[3) To see this, note that if the good mechanic replaces the engine
with total probability greater than Q?Zig), then the expected payoff to the

motorist conditional on a good mechanic is no greater than

1 3u 4w 3 3u+w —0
(5 B 2(u+w)> W (5 B 2(u+w)) “=
and since the probability p of a bad mechanic is greater than zero, the un-
conditional expected payoff to the motorist would be strictly negative in this
case.

Now by (1), the posterior following an engine replacement by the me-
chanic will be greater than p*. This means that if the good mechanic chooses
to replace the engine, he will not be hired by any subsequent motorist. On
the other hand, suppose he chooses to perform a tune-up. Bayes’ rule applies
here because the good mechanic is performing a tune-up with positive proba-
bility (if not, the motorist would not have hired). So he will reveal himself to
be good and, by Assumption 1, guarantee that he will be hired by all subse-
quent motorists. If the mechanic is sufficiently patient, then upon observing
that an engine replacement is necessary, the good mechanic would optimally
choose to instead perform a tune-up, incurring a payoff loss of u + w today,
in exchange for a gain of u in each future period.

Thus, at any history in which the posterior is in (p, p*], the good mechanic
performs a tune-up independent of what is necessary. But this means that
the expected payoff from hiring the mechanic at such a history is negative
and that the mechanic cannot be hired in equilibrium. This contradiction
proves that p* = 0. We have shown

Proposition 1 With an infinite sequence of motorists, and a prior proba-
bility p > 0 of a bad mechanic, the mechanic is never hired in any Nash
equilibrium satisfying Assumption 1 when the discount factor is close enough
to 1.

We have assumed that motorists observe only the history of repairs and
not the signal of the mechanic. Obviously if the mechanic’s signal were
perfectly observed the first-best could be achieved in equilibrium. On the
other hand, if the motorists observe the signal of the mechanic with noise,
then Proposition 1 should continue to hold.



3.2 Finite Horizon

For completeness, we present here the case of finitely many motorists. In
this case, the good mechanic’s long-run payoff is the sum of the payoffs in
each period. We maintain the restriction to equilibria satisfying Assumption
1. In this model we have the following result.

Proposition 2 There is an integer n, depending only on the prior, such that
in any Nash equilibrium with any finite number of motorists, the mechanic
can be hired in at most the last n periods.

2u
u+w

Proof: Set py = and define inductively p, by

Y (pr) = Pr—1

Observe that pr < pr_1 and pr — 0. We prove the claim by induction

: +
on k. Suppose p € (p.l,}?o]. Let no be .the srpallest integer greater than “%.
Suppose the mechanic is first hired in period 7. Then, as argued above,
the good mechanic must be playing e with probability at most “t%. and

2(u+w)
thus the posterior following action e will exceed py. The expected payoff is
negative to hiring the mechanic when the posterior is greater than ﬁk—”‘W, SO

the mechanic who plays e in period 7 will not be hired again. By assumption,
the mechanic who plays ¢ will prove himself to be good and will be hired in all
remaining periods. This implies that the number of remaining periods must
be less than ng, otherwise by playing ¢, the good mechanic will get at least
—w + nou > u from playing ¢ when the state is .. Thus, the good mechanic
would prefer to play ¢ independent of the state, but this is a contradiction
because the motorist would not hire in this case.

Now for the inductive step suppose that there is a number n; satisfying
the claim for all priors in (pg, px_1], and the prior belongs to (pxy1,pk]- Let
7 be the first period in which the mechanic is hired. Arguing as above, the
choice of e must lead to a posterior in (pg, 1] which means that the mechanic
playing e in period 7 will be hired a total of at most p, = maxy ng + 1 times.
The payoff to the bad mechanic from playing e is thus bounded above by
pru. A choice of £ on the other hand guarantees a payoff of at least ryu — w
where 7y is the number of periods remaining. Because the mechanic is hired
in period 7, the good mechanic must prefer to play e when the state is 6.,

and thus
< PrU + W

Tk



Since this bound does not depend on the total number of motorists, the result
is proved. [ |

3.3 Equilibria Without Assumption 1

Assumption 1, while intuitive, is nevertheless a restriction on the set of equi-
libria. There are sequential equilibria which do not satisfy the assumption
which improve upon the extreme results of the preceding sections. For ex-
ample, consider a strategy profile in which the mechanic is hired in the first
k periods independent of history and never hired thereafter. This will be a
sequential equilibrium for £ small. But for any given prior, there will be an
upper bound on the values of £ for which this is an equilibrium, independent
of the discount factor. Obviously, as the discount factor approaches 1, the
average payoff from this equilibrium to the good type of mechanic approaches
zero. We will show in this section that this class of equilibria cannot be im-
proved upon by any Nash equilibrium. We return to the infinite horizon
model, but now drop Assumption 1.

Theorem 1 In the infinite horizon model, let ‘7;,(/1) be the supremum among
all Nash equilibria for prior p of the average payoff to the good type of me-
chanic. Then for all u >0
lim V() = 0

Proof: Define the sequence p; as in the proof of Proposition 2. Recall that
the mechanic cannot be hired on the path of any Nash equilibrium when
the posterior exceeds py. Consider any history h on the path of some Nash
equilibrium in which the posterior p(h) following A is in (pg, pr_1]. Suppose
that the mechanic is hired with positive probability at history h. Then as
argued previously, the good type must play e with a total probability in
(0, ;EZL%] This implies by the definition of py that p(h,e) > px_1, where the
notation (A, e) refers to the successor history after a play of e.

Given a Nash equilibrium, for any history iL, let Vg(lAz) denote the equilib-
rium discounted continuation value to the good type after history h. When
the mechanic is hired with positive probability at a history h on the equi-
librium path, the good type must play e with positive probability when he
observes signal 6,. Thus,

u+ 6Vy(h,e) > —w + 6V, (h,t)

9



so that

Vo(h) < u+dmax{Vy(h, 1), Vy(h, e)} (2)
<2u+w+6Vy(h,e) (3)

Suppose p € (p1, po]- Obviously the initial history @ is on the path of any
Nash equilibrium. If the mechanic is hired with positive probability in the
first period, then we have p(f), €) > po, and hence V, (0, e) = 0. By (3) we have
V4(0) < 2u+w. This is an upper bound on the equilibrium value in any Nash
equilibrium in which the mechanic is hired with positive probability in the
first period. Since the value in any equilibrium is no greater than the value
beginning in the first period in which the mechanic is hired with positive
probability, and the posterior at that period must be the same as the prior,
this upper bound in fact applies to all equilibria; i.e. V(1) < (1—9) [2u + w]
for all p € (p1, po]. Clearly

lim Vy(1) =0 uniformly for all u € (py, po)-
%

Now suppose the above claim holds for the interval (pg, po| for some k& >
1, and let pu belong to (pg+1,px]- Then in any Nash equilibrium in which
the mechanic is hired with positive probability in the first period, (3) holds
for h = (. Since in this case (), €) is on the equilibrium path (the good
mechanic must play e with positive probability if the mechanic is hired), we
have Vy(0) < 2u + w 4+ %V, (p(0,¢e)). We are using here the fact that the
continuation play of any Nash equilibrium beginning with a history that is
on the equilibrium path must itself be a Nash equilibrium of the continuation
game whose prior is the updated posterior. Since p((), €) > pg, it follows that

for every u € (pri1, Pl
V(1) < (1= 6) [2u+ w] + & sup V,(p)

P>Pk

and using the induction hypothesis, lims_,; V,(z) = 0, uniformly for each
i € (Pes1,pk]. The Theorem now follows by induction. [ |

4 Strategic Bad Type

The arguments in the previous subsection make heavy use of the fact that a
single play of ¢ allows the good type to fully separate from the bad type. This

10



gives the good type a powerful incentive to play ¢, undermining his usefulness
to the current motorist. The results thus seem to depend on the assumption
that the bad type is non-strategic, playing e in every period independent of
history. In this section we show that the same conclusions hold when the
bad type of mechanic is a strategic player.

Suppose now that the stage payoffs to the bad mechanic are as follows.

0, 6.
t | —w | —w
e ) U

Thus the bad mechanic always prefers to replace the engine. The bad
mechanic maximizes the sum of his stage payoffs in a finite horizon model,
and the discounted sum of stage payoffs in an infinite horizon model. We
continue to assume that the bad mechanic does not have the information
necessary to make the correct repair, but now the bad mechanic has reputa-
tional concerns. He may have a strategic incentive to play ¢ in order to pool
with the good type of mechanic if this will increase the frequency with which
he will be hired in the future.

This effect has the potential to improve the outcome because when the
bad type is playing ¢t with positive probability, a play of ¢ is a weaker signal
of a good mechanic. This reduces the incentive for the good mechanic to
play t when the state is 6., improving the payoff for the motorist.

Nevertheless, the results of the previous subsection continue to hold with
a strategic bad type. Here is a rough intuition. If the bad type were to play
t with positive probability, it is because ¢ will lead to a better “reputation”
than e. Here reputation means continuation value, which is directly related
to the frequency with which the mechanic will be hired in the future. A
crucial observation is that at critical histories; those in which a play of e will
lead to complete loss of reputation (never being hired again), the good type
of mechanic values the improvement in reputation strictly more than the
bad type of mechanic. A simple example illustrates the intuition. Suppose a
critical history A has been reached and suppose that a choice of ¢ will allow
the mechanic to “survive” for at least one more period, but gives only a small
improvement in reputation. This will mean that a few more plays of e would
again lead to a critical history. At h, the bad type is sacrificing today’s payoff
for these few additional opportunities to play e. On the other hand, consider

11



the good type with signal 6.. By playing ¢, he is also sacrificing today’s payoff,
but in return he gets not only the opportunity to do his preferred action a
few more times, but in addition the opportunity to costlessly further improve
his reputation by playing ¢ if the state is 6; tomorrow.

This argument shows that at critical histories, either the bad mechanic
plays e with probability 1, in which case we are in a situation identical to the
non-strategic model, where the good mechanic strictly prefers to play ¢ and
separate, or the bad mechanic mixes, in which case again the good mechanic
strictly prefers to play ¢. In either case, the motorist would prefer not to
hire.

Proposition 3 In the infinite horizon model with a strategic bad type with
prior probability greater than zero, the mechanic is never hired in any Nash
equilibrium satisfying Assumption 1 when the discount factor is close enough
to 1.

We begin with some notation. A history h is a sequence of elements
of {t,e, 0}, where () means that the mechanic was not hired in that period,
and either ¢ or e shows the action choice in a period in which the mechanic
was hired. The notation (h, a) refers to the history following A in which the
mechanic was hired and chose action a, and h* refers to the kth element of A.
Given an equilibrium, let V; (k) and V;(h) denote the equilibrium continuation
value at history h for the good (hereafter g) and bad (b) types respectively.
The posterior probability of the bad type after history h is denoted p(h).
The equilibrium behavior strategy of type ¢ is .

We begin with a crucial preliminary result:

Lemma 1 V,(h) > V,(h) for every history h on the equilibrium path at which
p(h) > 0 and the mechanic is hired with positive probability.

Let h be such a history. Let y be a positive integer. We will analyze the
play over the next y stages following h. Let V() be the equilibrium expected
payoff for g over these next y periods. Let i be the set of all y-horizon
continuation strategies played with positive probability by b beginning at A.
Denote by V,’(o}|h) the expected payoff to b over the next y periods from
playing ;.

Let AY be the set of all y-length sequences from {e,t}. To each @ €
AY, we can associate an element oy (a) of XY, defined as follows. For each
continuation subhistory % of length [(A) less than or equal to y, if hired at h,

12



o?(a) plays @® whenever By(h, h)(@™) > 0 (otherwise it plays the unique
action which b plays at history (h, il))

Let ©¥ be the set of all y-length sequences from {0,,0;}. Define 0¥ to
be the y-horizon strategy for g which chooses the appropriate repair in each
period. Let V¥(o¥|h, 6) be the expected payoff to g over the next y periods
from playing o% conditional on 6 being the realized sequence of states. We
will now prove

By (o31h,0) 2 min VY(o}1h) ()
b b
where Ej; denotes expectation with respect to the distribution over ©Y.
To do so, we will compare the payoffs V¥(c¥|h,0) and V;Y(o} (a(6))|h)

where @(f) is the sequence of actions that would be played by oy when the
sequence of signals is f. Consider any subhistory & of length y — 1. In the

next period, b earns no more from playing according to o} (@(f)) than g earns
conditional on f from playing according to oy. This is because by doing so,
g earns u if he is hired, which is the maximum stage payoff. Now suppose
that it is true of any subhistory of a given length k£ < y that b earns no more

over the next y — & periods from playing according to o}/(a(f)) than g earns
conditional on ¢ from playing according to o}.

Let h be a history of length k£ — 1. For the same reason as above, in the

next period, b earns no more from playing according to o} (@(f)) than g earns

conditional on @ from playing according to oy. If these two strategies play

the same action at h (i.e. o?(a(9))(h) = [a(ﬁ_)}k), or if the motorist does not
hire, then each strategy leads to the same successor history. By the induction
hypothesis, we obtain the desired conclusion for & in this case. On the other
hand, suppose of(a())(h) # [EL(H_)}IC. Then by construction of o} (a(f)) it
must be that in equilibrium, b plays [&(é)]k with probability zero at history
(h, h). Thus, the posterior probability is zero that the mechanic is bad after
the play of [&(5)]k, and so by Assumption 1, the continuation payoff to g
from playing o conditional on 6 is the highest possible Y _,ud®. Again,
the desired conclusion follows.

B y induction we have that beginning with history h, b earns no more
over the next y periods from playing according to of (a(f)) than g earns
conditional on @ from playing according to ¢¥. Since o} (a(f)) € Xj, this
implies (4).

13



Now

Vo(h) = lim V¥(h) > lim Vy(oy|h) = lim BgV}(oy|h,0)

Yy—00

and
Vo(h) = lim min V{(o}|h)

Y Y
y—ooolexy

which together with (4) proves that V,(h) > V,(h).

We can now use this to show that in fact V,(h) > V;(h) for any history A
on the equilibrium path such that p(h) > 0 and the mechanic is hired with
positive probability. Indeed, let h be such a history. First suppose that the
bad type of mechanic mixes. Then,

Vo(h) = —w + 6Vy(h, 1) (5)
=u+dVy(h,e) (6)

which together imply V,(h,t) > Vj(h,e). This allows us to bound V,(h):

Vo(h) > u+6 [Vg(h’ £) ! Va(h, 6)] 7
> u+ 5 [%(ha t) ‘12' V;,(h,e):| (8)
> u+ 6Vy(h,e) 9)
= Vi(h) (10)

If on the other hand, the bad type plays a pure action a, then

(135> +% (ma"{_w+%ﬂ+5%(h,a)}> (11)

(% +u+ 6Vy(h, a)) (12)

Ve(h) >

>

N — N =

Now we claim that Vj(h,a) < %5 and hence that V,(h) > u + 6V4(h,a) >
Vs(h). For (h, a) is on the equilibrium path, and hence if V;(h, a) = %5, then
beginning with history (A, a), the mechanic must be hired for sure in every
subsequent period even though type b is always playing e with probability
one. But then the best-response of the the good type is to do the right repair

in every period. This means that there is a finite number of consecutive plays
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of e after which the posterior exceeds u%r—“w and the motorists will refuse to

hire, a contradiction. [ |

The proof is concluded analogously to the non-strategic case. Let us take
p* to be the supremum of all posteriors in which the mechanic is hired with
positive probability on the equilibrium path. We will show that p* = 0.

Given a prior p that the agent is bad, let T (ay, ap;p) denote the up-
dated probability that the agent is bad after observing action a in some
period in which the good type is playing e with total probability a, and
the bad type is playing e with total probability «,. Note that T, is in-
creasing in p for a € {t,e}, and Y. is decreasing in ¢y, and increasing
in «p, while T; has the opposite monotonicities. To ease notation, write
Ta(h) =T, (By(h)(€), Bo(h)(e); p(h)).

Say that a history h is critical if there is an action a.(h) such that
Tae(ny (R) > p*.

Lemma 2 If p* > 0 then there exists p < p* such that Vy(h) < u for all h
on the equilibrium path such that p(h) € (p, p*].

We introduce some additional notation. Recall that there exist probabil-
ities 0 < ay < 0y < 1 such that the mechanic will be hired in equilibrium at
h only if ay < B,(h)(e) < a.

Let p satisfy T, (dy, 1;p) = p*, and define

fp) = min T (ag,w;p)
Qg0
subject to Y, (ag, ap;p) < p* z=e,t (13)

0y < 0y < 0y
The function f(-) is continuous, increasing over [0,p*], and f(p*) = p*.
Choose a sufficiently large integer K to satisfy
5K
1-9¢
By the continuity of f, we can find a p less than, but close enough to p* such
that

u<u (14)

fK(pO) > p for all p° € (p,p*]
Let h be on the equilibrium path with p(h) € (p,p*]. Let us classify
continuation histories as follows. Let C' denote the set of all continuation
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histories Zl such that (h, h) is critical. Let U be the set of all continuation
histories h satisfying

1. (h, h) is on the equilibrium path

~

2. l(h) <K

3. The mechanic is hired with positive probability at (h, iz)

4. (h, h) is not critical

5. There is no k < I(K) such that (h, h*) is critical and h* # 0.

We claim that 8y (h, 2)(ac(h, k) > 0 for b € C and By(h, h)(t) > 0 for h €
U. The first claim is immediate from the definitions. To prove the second,
let h € U. For any subhistory A of iL, at which the mechanic was hired along
h, the history (h, k) is not critical (by 5). That means that YTo(h,h) < p*
for a = e, t, i.e. the constraint in (13) is satisfied. Y,(h, h) > f(p(h, h)) for
a=e,t.

Since I(h) < K, it follows that p(h,h) > f¥(p(h)) > p. Now suppose
Bo(h, h)(t) = 0. Then Y,(h,h) > T,(B,(h, h), 1;p) and since (A, h) is on the
path and the mechanic is hired with positive probability at (A, fz), Bq(h, iAz) <
@, implying that Y.(A, iz) > p*. But this implies that (A, iz) is critical, a
contradiction.

The claim implies that among the best-responses for b is a pure strategy
which plays e at histories (k, k) for h € C, and ¢ at histories (k, h) for h € U.
We can thus conclude that Vj(h) is bounded by the maximum payoff to any
such pure strategy. This maximum is no greater than u. To see this, note that
in the continuation, if the first critical history at which the mechanic is hired
is reached within K periods, then this strategy earns a non-positive payoff
in all periods prior to the critical history, then a payoff of u at the critical
history and is never hired again. On the other hand, if no critical history
is reached at which the mechanic is hired, then every reached continuation
history of length less than or equal to K at which the mechanic was hired
belongs to U. In this case, the strategy earns at most l‘s—jsu which by equation
(14) is less than wu. u

Proof of Proposition 3 Suppose p* > 0. Then by Lemma 2 there is
a p < p* such that V3(h) < u for all h on the equilibrium path such that
p(h) € (p,p*]. Let p' < p* satisfy f(p') = p, where f(-) is defined in the
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proof of Lemma 2. By the definition of p*, there exists a history A on the
equilibrium path in which the mechanic is hired with positive probability
such that p(h) > p'. We claim that h is a critical history. If not, then
Y.(h) > f(p') = p for both a = t,e. This implies that the continuation
value for type b after choosing either action is no greater than w. Thus, a
choice of ¢ gives payoff no greater than —w + du, strictly less than the payoff
u guaranteed by a choice of e. So b must be playing e with probability one.
This implies that Y.(h) > T, (ay, 1;p') > p* implying that A is a critical
history after all, a contradiction.

Since the mechanic is hired with positive probability at h, type g must
be playing both e and ¢ with positive probability. We claim that for ¢ close
enough to 1, type b of mechanic must be playing ¢ with positive probability.
If b were playing e with probability 1, then a.(h) = e. A play of ¢ leads to
posterior 0, and by Assumption 1, leads to gives payoff no less than —w +
1%5“' But by playing e, the good type gets no more than u, which is strictly
less for § close enough to 1, a contradiction.

Since b is mixing, and since h is a critical history, we have u = —w +
6Vy(h,t). But by Lemma 1 Vy(h,t) > V,(h,t) so u < —w + 0V,(h,t) so
that the good type strictly prefers to play ¢ at h, a contradiction. Thus, the
mechanic cannot be hired in equilibrium at any history such that p(h) > p'.
Since p' < p*, this contradicts the definition of p*, and thus p* = 0. [ |

5 Long-Run Principal

In this section we consider the case of two long-run players. The principal
(corresponding to the motorist in the previous sections) must decide in each
period whether or not to hire the agent (corresponding to the mechanic).
The agent is either good or bad, the latter with prior probability u. A good
type of agent observes a signal from © and chooses an action from {e,t}.
The stage payoffs to the good type as a function of the signal and action are
given in figure 3. These are also the stage payoffs for the principal. A bad
type of agent gets no signal and has payoffs given by figure 4. All discount
future payoffs by the common discount factor 9.

We maintain the assumption that the principal receives no information
about the past signals of the agent (and hence his past payoff realizations).
This can be motivated in a number of ways. There are many situations in
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which a principal has a preference for a certain rule of behavior by his agent,
without ever seeing any physical “payoff.” For example, the agent could be
a judge and the principal the government official in charge of reappointing
judges. The principal wants a judge who will rule “fairly.” Here the sig-
nal would represent the outcome of the judge’s deliberations. Without the
judge’s legal expertise, it would be impossible for the principal to infer the
signal from the plain evidence brought to trial. Thus the principal would
have to base reappointment decisions solely on the relative frequencies of
verdicts.

Alternatively, the principal may have access to information about the sig-
nals of the agent, but this information may not be verifiable to a court. If the
relationship between the principal and agent is governed by an employment
contract under which can only depend on verifiable performance data, the
situation would be equivalent to the one studied here.

In any case, the results of this section are positive. With discount factors
close to 1, the first-best can be approximated even without monitoring on
the basis of information about the agent’s signal.

We will assume that the players have access to a public randomization de-
vice. We begin by describing the (sequential) equilibrium strategies that ap-
proximate the first-best. It is worth noting that the equilibrium constructed
here satisfies Assumption 1, and in fact satisfy a strong form of renegotiation-
proofness. For discount factors close to 1, the continuation equilibrium fol-
lowing every possible history (on and off the equilibrium path) approximates
the first-best given the updated posterior at that history.

The principal’s strategy is described as follows. The principal begins each
period in some state w. The set of possible states is the set of non-negative
integers, together with co. The principal hires the agent in any state w > 1,
and does not hire the agent in state 0. All that remains to fully describe
the principal’s strategy is to specify a transition rule among states, and the
initial state. When in state w > 1, if the agent is hired (as is prescribed by
the strategy) and the agent chooses action e, then the next period’s state
will be w —1 (where the convention is that co —1 = 00). On the other hand,
if the agent plays action ¢, then the next period’s state will be determined
by the outcome of a public randomization device. Define

1
Vi@)=u) o
0

e
|

=~
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for all states @. For each w, define f(w) to be any state which satisfies
u+Vp(w —1) < —w+ Vy(f(w)) (15)

if such a state exists, otherwise set f(w) = 0o. Let @ be the greatest w such
that f(w) # oo. For each 1 < w < @, define ¢(w) to satisfy

—w~+6[qw)Vh(w+1)+ (1 — qw)Vo(f(w)] =u+0Vp(w—1) (16)

Note that —w + §Vy(w + 1) < u + dVy(w — 1), which together with equation
(15) implies that ¢(w) € (0,1).

The transition probabilities can now be defined. Suppose the agent plays
action ¢ in state w. When 1 < w < w, the next period’s state will be w+1 with
probability ¢(w), and state f(w) with the complementary probability. When
w > w, the next period’s state will be co with probability 1. Finally, in any
period in which the agent is not hired, the next period’s state will be the same
as the previous. (Note that this implies that state 0 is an absorbing state in
which the agent is never hired.) Since the transition among states depends
only on the (public) history of the agent’s actions and the outcome of the
public randomization device, the current state is always common knowledge
among the players.

We now describe the agent’s strategy. The good type of agent plays
the correct action in every state except state 1. In state 1, the good agent
plays action ¢ independent of his information. The bad agent plays action
e in every state w > @, and randomizes between ¢ and e in every other
state, playing e with probability a; € (0,1). The precise value of o will be
specified presently.

Given a prior p that the agent is bad, let Y (o, ap; p) denote the pos-
terior probability that the agent is bad after observing action a in some
period in which the good type is playing e with total probability «, and
the bad type is playing e with total probability as. Define YT2(«y, ap;p) =
T, (ag, ap; T, (g, p; ) and recursively, Y7 (ay, ap; p) = T, (g, ap; T2 oy, ap; p)).

Let Vp(w|g) denote the principal’s expected continuation value from the
equilibrium strategies when in state w, conditional on the agent being type
¢. Note that Vp(w|g) depends only on the strategies of the principal and
the good type of agent, both of which we have already specified. We will
demonstrate below that for every state w, (1 — §)Vp(w|g) approaches u as
the discount factor approaches one, and (1 — 0)Vp(w|b), which is negative,
approaches zero. Let 0 be a discount factor such that Vp(1|g) > 0 (note that
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this restriction on the discount factor is independent of the prior), and let
p* € (0,1) satisfy
(1—=p")Ve(llg) —p*Vp(1lb) =0 (17)

Note that p* is independent of the prior and that p* approaches 1 as 0 — 1.
We set a < 1 to satisfy

T/®)(1/2,1;7,(0,05;p%)) < p* (18)

Since the left hand side is continuous in ¢, and is equal to zero when o = 1,
such an «; exists. Note for future reference that a; can be chosen arbitrarily
close to 1.

Finally, the initial state w® is defined to be the greatest integer w satisfying
T¥1(1/2,1; pu) < p*, where p is the prior probability of a bad agent. Note for
future reference that w? is independent of the discount factor and approaches
oo as p is allowed to go to zero.

The strategies have now been fully specified, we now demonstrate that
these strategies form an equilibrium. Consider first optimality for the prin-
cipal.

Lemma 3 Suppose u < p*. Consider any history in which the state at the
beginning of period T is wand p is the posterior probability of a bad agent.

=0 iff w =00
g€ 0,p") iffl<w<oo
=1 iff w=0

Proof: The first and third claims are obvious. We prove the second claim by
two steps. First, consider a history where state w < oo has just been reached
and the last play was t. Then, if the previous posterior was less than p*, the
new posterior will be less than Y,(0, o; p*) < p* because Y is increasing
in its first and third arguments. Next, suppose w > 0 has been reached in
period 7 by a play of e. Let y be the length of the most recent run of plays
of e. Then in period 7 — y — 1, a state @ < f(w) was reached by a play of
t, and hence the posterior was less than Y,(0, oj;p*). That means that the
posterior in period 7 is less than Y¥%(1/2,1; Y, (0, aj; p*)) since Y is increasing
in its third argument. The latter is less than Y (1/2,1; 7, (0, a;;p*)) since
Y,.(1/2,1;p) is greater than p. By construction the latter is less than p*.
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It follows from these arguments that if the process starts in any state
0 < w < oo with posterior less than p*, then the posterior must remain
below p* forever. Thus, the second claim follows provided p < p* [ |

It follows immediately from Lemma 3 that the principal optimally hires in
state 0o, and does not hire in state 0. Consider any period in which the state
is 1 <w < 0o. By Lemma 3, the posterior must be less than p*. Conditional
on a good agent, the principal’s value Vp(w|g) is increasing in the state. Thus,
letting Vp(w|p) designate the principal’s optimal continuation value in state
w, with posterior p, we have Vp(w|p) > (1 — p*)Ve(w|g) — p*Vp(w|b) > (1 —
p)Vp(1lg) — p*Vp(1]b) = 0 by (17). This implies Vp(w|p) > 6Vp(w|p). Since
the latter is the principal’s value from a one-stage deviation, we conclude
that the principal’s strategy is sequentially rational in state w.

To show optimality for the bad type of agent, we will show that Vj as
defined above is the value function for the bad agent’s strategy, and that it
is the optimal value function. Obviously V,(0) = 0 is the optimal value for
the agent in state 0. Consider any state w > 1. In any such state, the bad
agent is playing e with positive probability, hence we must show that Vj(w) is
achieved by playing e. This follows by definition: Vj(w) = u+0V,(w—1) since
the choice of e leads to successor state w — 1 for sure. In states 1 < w < @,
the bad agent is mixing, so we must show that in these states V3(w) is also
achieved by action ¢. This is an immediate consequence of (16).

We have shown that Vj is the value function for the strategy of the bad
agent. To show that it is the optimal value function, we will show that in any
state w in which a certain action is used with zero probability, that action
yields a value no greater than V,(w). The only such states and actions are
states w > @ and action t. But for any w > @, we have —w + 0Vj(00) <
sup, —w + 0V, (W) < u+ §Vy(w — 1) by the definition of w. Since a choice of
t would lead for sure to successor state oo, this establishes the claim.

The last step is to show optimality for the good type of agent. Denote by
V,(w|@) the optimal continuation value for the good agent when he observes
signal 6 in state w, and define Vy(w) = 3V,(w|6;) + Vy(wl|f,). Finally, let
Vo(w) = qw)Vy(f(w)) + (1 — g(w))Vy(w — 1) be the expected continuation
value after playing action ¢ in state 6.

The first observation is that V(w) is non-decreasing in w, and hence
playing action ¢ upon observing signal 6; is optimal in every state.

Next, for any state w, Vy(w) > V,(w) (obviously with equality for w = 0).
This is because V,(w) is bounded below by the payoff to the strategy which
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takes the appropriate action in every period. This strategy gives Z‘,‘;& udk =
Vi(w) for sure in the first w periods, and the discounted continuation value
thereafter. Since the discounted continuation value is non-negative, we con-
clude that V,(w) > V4(w). From this observation and (16), we have

—w 4 6V, (w) > u

and we conclude that playing action ¢ is optimal in state w = 1 after signal
0.

Now consider a state w > 1 in which the good agent observes signal ..
Let W be the value to playing ¢ and then continuing with an optimal strategy.
We have

W =—w+ 6V, (w) (19)
The optimal value is bounded by
Vo(wle) > u, +6 (%) + 6%V (w) (20)

because the right hand side is a lower bound for the payoff to the continuation
strategy which plays e today and ¢ after either signal tomorrow. Furthermore,

Vo) 2 5 [+t 67, 0)] (21)

because the right hand side is the payoff to playing ¢ in state w independent
of the signal. Combining (19), (20), and (21), we obtain

%(M&)Eu—#é(%) + 62 <W+u;w>

which shows that V(w|f.) > W for § close enough to 1. Note for future
reference that this restriction on the discount factor is independent of the
prior.

For each ¢ close enough to 1, we have constructed an equilibrium. In
this equilibrium, the good agent is hired in every period with probability 1,
and the bad agent is eventually terminated. It now remains to calculate the
equilibrium payoffs. We are particularly interested in the payoffs when either
the discount factor is close to one, or the probability of a bad agent is small.
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Theorem 2 Given any prior u, for any sequence of discount factors ap-
proaching one, there is a sequence of equilibria in which the principal’s aver-
age payoff approaches its full-information value: (1—p)u. Given any discount
factor close enough to one, and any sequence of priors approaching zero, there
15 a sequence of equilibria in which the principal’s average payoff approaches
u.

Proof: For the first claim, fix the prior u. The principal’s average equilib-
rium value is

Ve(w'|p) = (1 = p)Vp(w’|g) + uVp(w’|b)

Recall that the mixing probabilities o can be chosen independent of the
discount factor and arbitrarily close to 1. This means, first, that for any z
as close to 1 as desired, there is an equilibrium in which the probability bad
agent reaches state 0 in period w? is greater than z. This in turn implies
lims_,; Vp(w®|b) = 0. Consider now the stochastic process on states condi-
tional on the agent being good. In equilibrium, whenever w > 1 conditional
on the good agent, the successor state is either w — 1 or some state greater
than w, with equal probability. Since Vp(w|g) is increasing in @, the equil-
brium value Vp(w®|g) is greater than or equal to the value from the process
in which the successor state is w+1 or w—1 with equal probability. But such
a process is payoff equivalent to a symmetric random walk on the integers in
which the flow payoff at state 0 is “5*=, and the flow payoff at any other state
is u. In a symmetric random walk, the mean time to return to the origin
is infinite, hence the average value of such a process converges to u as the
discount factor goes to 1. We have shown that lim;s_,;(1 — §)Vp(w®|g) = u,
and this concludes the proof of the first claim.

To prove the second claim, let § < 1 be the lower bound on the discount
factor such that the strategies described above form an equilibrium. (Recall
that this bound does not depend on the prior). Recall that the initial state,
which we will here denote w®(1) to emphasize its dependence on y, is inde-
pendent of the discount factor and approaches infinity as the prior is taken
to zero. Thus, for any discount factor greater than 6,

lim(1 — 6)Vp(w®(u)|g) = u

u—0

so that

l{igrg)(l—5)VP(w°(u)lu) = lim(1-9) {(1 - Ve (1)lg) + uVe (W (1))} = u
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since (1 — §)Vp(w(u)|b) > —w. |
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