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:H�SUHVHQW�D�JHQHUDO�DOJRULWKP�IRU�FRPSXWLQJ�WKH�OLPLW��DV�� �→�����RI�WKH�VHW�RI�SD\RIIV�RI

SHUIHFW�SXEOLF�HTXLOLEULD�RI�UHSHDWHG�JDPHV�ZLWK�ORQJ�UXQ�DQG�VKRUW�UXQ�SOD\HUV��DOORZLQJ�IRU�WKH

SRVVLELOLW\�WKDW�WKH�SOD\HUV
�DFWLRQV�DUH�QRW�REVHUYDEOH�E\�WKHLU�RSSRQHQWV���:H�LOOXVWUDWH�WKH

DOJRULWKP�ZLWK�WZR�HFRQRPLF�H[DPSOHV���,Q�D�VLPSOH�SDUWQHUVKLS�ZH�VKRZ�KRZ�WR�FRPSXWH�WKH

HTXLOLEULXP�SD\RIIV�ZKHQ�WKH�IRON�WKHRUHP�IDLOV���,Q�DQ�LQYHVWPHQW�JDPH��ZH�VKRZ�WKDW�WZR

FRPSHWLQJ�FDSLWDOLVWV�VXEMHFW�WR�PRUDO�KD]DUG�PD\�ERWK�EHFRPH�ZRUVH�RII�LI�WKHLU�ILUPV�DUH�PHUJHG

DQG�WKH\�VSOLW�WKH�SURILWV�IURP�WKH�PHUJHU���)LQDOO\��ZH�VKRZ�WKDW�ZLWK�VKRUW�UXQ�SOD\HUV�HDFK

ORQJ�UXQ�SOD\HU
V�KLJKHVW�HTXLOLEULXP�SD\RII�LV�JHQHUDOO\�JUHDWHU�ZKHQ�WKHLU�UHDOL]HG�DFWLRQV�DUH

REVHUYHG�
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7KH�IRON�WKHRUHP�IRU�UHSHDWHG�JDPHV�VKRZV�WKDW�DQ\�IHDVLEOH��LQGLYLGXDOO\�UDWLRQDO�SD\RII

FDQ�EH�VXSSRUWHG�DV�D�SHUIHFW�HTXLOLEULXP�LI�WKH�SOD\HUV�DUH�VXIILFLHQWO\�SDWLHQW���)XGHQEHUJ�

/HYLQH�DQG�0DVNLQ�>����@�VKRZ�WKDW�WKH�VDPH�FRQFOXVLRQ�REWDLQV�LQ�UHSHDWHG�JDPHV�ZLWK

LPSHUIHFWO\�REVHUYHG�DFWLRQV��SURYLGHG�WKDW�WKH�LQIRUPDWLRQ�SOD\HUV�UHFHLYH�DOORZV�WKHP�WR

VWDWLVWLFDOO\�GLVWLQJXLVK�EHWZHHQ�WKH�DFWLRQV�RI�DQ\�SDLU�RI�RSSRQHQWV���+RZHYHU��WKH�IRON�WKHRUHP

GRHV�QRW�REWDLQ�LQ�UHSHDWHG�JDPHV�ZKHUH�VRPH�SOD\HUV�DUH��VKRUW�UXQ����)RU�H[DPSOH��ZLWK�D�VLQJOH

ILUP�IDFLQJ�D�VHTXHQFH�RI�VKRUW�UXQ�FRQVXPHUV��QR�VXEJDPH�SHUIHFW�HTXLOLEULXP�QHHG�\LHOG�D�SD\RII

DV�KLJK�DV�FRXOG�EH�REWDLQHG�LI�WKH�ILUP�FRXOG�SUHFRPPLW�WR�D�PL[HG�VWUDWHJ\���7KH�VHW�RI

HTXLOLEULXP�SD\RIIV�LQ�WKH�FDVH�RI�D�VLQJOH�ORQJ�UXQ�SOD\HU�IDFLQJ�VKRUW�UXQ�RSSRQHQWV�ZLWK

SHUIHFWO\�REVHUYDEOH�SXUH�DFWLRQV�ZDV�FKDUDFWHUL]HG�E\�)XGHQEHUJ��.UHSV�DQG�0DVNLQ�>����@�

7KLV�SDSHU�FRQVLGHUV�JDPHV�ZLWK�VHYHUDO�ORQJ�UXQ�DQG�VKRUW�UXQ�SOD\HUV��DQG�LPSHUIHFWO\

REVHUYHG�DFWLRQV����3HUIHFW�REVHUYDELOLW\�LV�D�VSHFLDO�FDVH����:H�JLYH�DQ�H[DFW�FKDUDFWHUL]DWLRQ�RI�WKH

OLPLW�RI�WKH�SD\RIIV�RI��SHUIHFW�SXEOLF��HTXLOLEULD��ZKHUH�VWUDWHJLHV�GHSHQG�RQO\�RQ�SXEOLF

LQIRUPDWLRQ���7KLV�FKDUDFWHUL]DWLRQ�GRHV�QRW�UHTXLUH�DVVXPSWLRQV�RQ�WKH�VWDWLVWLFDO�TXDOLW\�RI�WKH

SOD\HUV
�LQIRUPDWLRQ��DQG�\LHOGV�WKH�WKHRUHPV�RI�)XGHQEHUJ��/HYLQH�DQG�0DVNLQ�>����@��DQG

)XGHQEHUJ��.UHSV�DQG�0DVNLQ�>����@�DV�VSHFLDO�FDVHV��DV�ZHOO�DV�DQ�DQDORJ�RI�WKH�WKHRUHP�RI

0DWVXVKLPD�>����@�LQ�WKH�ILQLWH�DFWLRQ�FDVH���2XU�PHWKRGV�EXLOG�RQ�WKRVH�GHYHORSHG�RQ�WKHVH

SUHYLRXV�SDSHUV��DQG�DOVR�RQ�WKRVH�RI�$EUHX��3HDUFH��DQG�6WDFKHWW�>����@�

,I�WKHUH�DUH�QR�VKRUW�UXQ�SOD\HUV��DQG�WKHUH�LV�HQRXJK�LQIRUPDWLRQ�WR�VWDWLVWLFDOO\�LGHQWLI\

WKH�DFWLRQV�SOD\HG��WKH�OLPLW�VHW�RI�HTXLOLEULXP�SD\RIIV�LV�LQGHSHQGHQW�RI�ZKHWKHU�RU�QRW�SOD\HUV


DFWLRQV�DUH�REVHUYDEOH���,Q�HLWKHU�FDVH��LW�LV�WKH�IXOO�VRFLDOO\�IHDVLEOH�LQGLYLGXDOO\�UDWLRQDO�VHW���7KLV

LV�QR�ORQJHU�WUXH�RQFH�WKHUH�DUH�VKRUW�UXQ�SOD\HUV�LQ�WKH�JDPH���(YHQ�LI�WKHUH�LV�HQRXJK

LQIRUPDWLRQ�WR�VWDWLVWLFDOO\�LGHQWLI\�WKH�SOD\HUV
�DFWLRQV��WKH�ORQJ�UXQ�SOD\HUV
�KLJKHVW�HTXLOLEULXP

SD\RII�LQ�WKH�OLPLW�DV�WKHLU�GLVFRXQW�IDFWRUV�DSSURDFK�RQH�FDQ�EH�VWULFWO\�ORZHU�ZKHQ�DFWLRQV�DUH

LPSHUIHFWO\�REVHUYHG�WKDQ�ZKHQ�WKH\�DUH�QRW���7KXV��WKH�LQWURGXFWLRQ�RI�LPSHUIHFW�LQIRUPDWLRQ�LQWR

D�JDPH�ZLWK�VKRUW�UXQ�SOD\HUV�KDV�LPSRUWDQW�HFRQRPLF�FRQVHTXHQFHV��HYHQ�LQ�WKH�OLPLW�DV�WKH
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GLVFRXQW�IDFWRU�RI�WKH�ORQJ�UXQ�SOD\HUV�DSSURDFKHV�RQH�

:H�SURYLGH�WZR�HFRQRPLF�DSSOLFDWLRQV�RI�WKH�WHFKQLTXHV�ZH�GHYHORS���,Q�DGGLWLRQ��ZH�JLYH

PRUH�JHQHUDO�UHVXOWV�IRU�WZR�FODVVHV�RI�JDPHV���JDPHV�ZLWK�D�SURGXFW�VWUXFWXUH�DQG�PRUDO�KD]DUG

PL[LQJ�JDPHV���,Q�D�JDPH�ZLWK�D�SURGXFW�VWUXFWXUH�WKHUH�LV�DQ�LQGHSHQGHQW�VLJQDO�RI�HDFK�ORQJ�UXQ

SOD\HU
V�DFWLRQ���,Q�VXFK�JDPH�ZH�VKRZ�WKDW�WKH�OLPLW�VHW�RI�SD\RIIV�LV�WKH�VXEVHW�RI�VRFLDOO\�IHDVLEOH

LQGLYLGXDOO\�UDWLRQDO�VHWV�LQ�ZKLFK�HDFK�ORQJ�UXQ�SOD\HU
V�SD\RII�LV�ERXQGHG�DERYH�E\�D�QXPEHU

WKDW�PD\�HDVLO\�EH�FRPSXWHG���7KH�LQYHVWPHQW�H[DPSOH�GLVFXVVHG�EHORZ�LV�DQ�H[DPSOH�RI�D�JDPH

ZLWK�D�SURGXFW�VWUXFWXUH�

0RUDO�KD]DUG�PL[LQJ�JDPHV�DUH�GHILQHG�DV�JDPHV�ZLWK�D�SURGXFW�VWUXFWXUH�LQ�ZKLFK�HYHU\

SRVVLEOH�RXWFRPH�KDV�SRVLWLYH�SUREDELOLW\�XQGHU�HYHU\�DFWLRQ�SURILOH��DQG�LQ�ZKLFK�WKH�LQFHQWLYH

FRQVWUDLQWV�GXH�WR�PRUDO�KD]DUG�ELQG�LQ�D�VHQVH�ZH�PDNH�SUHFLVH���:H�VKRZ�WKDW�LQ�VXFK�JDPH

ORQJ�UXQ�SOD\HUV�FDQQRW�GR�DV�ZHOO�HYHQ�LQ�WKH�OLPLW�DV�� �→����DV�WKH\�FRXOG�LI�WKHLU�DFWLRQV�ZHUH

REVHUYDEOH�

2XU�ILUVW�HFRQRPLF�DSSOLFDWLRQ�LV�WR�WKH�W\SH�RI�SDUWQHUVKLS�JDPH�VWXGLHG�E\�5DGQHU�

0\HUVRQ�DQG�0DVNLQ�>����@���7KH\�VKRZHG�WKDW�WKH�OLPLW�VHW�RI�SD\RIIV�LQ�WKLV�W\SH�RI�JDPH�FDQ�EH

VWULFWO\�OHVV�WKDQ�WKDW�REWDLQHG�LI�SOD\HUV�KDYH�WLPH�DYHUDJH�SUHIHUHQFHV��EXW�WKH\�GLG�QRW

FKDUDFWHUL]H�WKH�OLPLW�VHW�RI�HTXLOLEULXP�SD\RIIV���2XU�PHWKRGV�SHUPLW�D�VLPSOH�FKDUDFWHUL]DWLRQ��

� 2XU�VHFRQG��PRUH�H[WHQVLYH��DSSOLFDWLRQ�H[DPLQHV�WKH�HFRQRPLF�FRQVHTXHQFHV�RI

FRPSHWLWLRQ�EHWZHHQ�GLIIHUHQW�ORQJ�OLYHG�ERUURZHUV���,Q�WKLV�H[DPSOH�WKHUH�DUH�LQILQLWHO\�OLYHG

FDSLWDOLVWV��VKRUW�OLYHG�LQYHVWRUV��DQG�HFRQRPLHV�RI�VFDOH�LQ�LQWHUWHPSRUDO�SURGXFWLRQ���7KH�VKRUW�

UXQ�LQYHVWRUV�GR�QRW�OLYH�ORQJ�HQRXJK�WR�PDNH�FUHGLEOH�SURPLVHV�WR�UHSD\�ORDQV��VR�WKH�FDSLWDOLVWV

GR�DOO�WKH�SURGXFWLRQ���+RZHYHU��WKH�EHKDYLRU�RI�FDSLWDOLVWV�LV�LPSHUIHFWO\�PRQLWRUHG�E\�WKH

LQYHVWRUV���(DFK�SHULRG�WKH�FDSLWDOLVW�FRQVXPHV�VRPH�RI�WKH�RXWSXW�DQG�GLVWULEXWHV�WKH�UHPDLQGHU

WR�WKH�LQYHVWRUV�DV�GLYLGHQGV���7KH�LQYHVWRUV�REVHUYH�WKH�GLYLGHQG�SD\PHQW�EXW�GR�QRW�REVHUYH�WKH

UHDOL]HG�RXWSXW��VR�WKDW�WKH�FDSLWDOLVW
V�DFWLRQ�LV�VXEMHFW�WR�PRUDO�KD]DUG�ZKHQHYHU�WKH�GLVWULEXWLRQ

RI�RXWFRPHV�LV�VWRFKDVWLF�

,I�WKHUH�LV�D�VLQJOH�FDSLWDOLVW�DQG�RXWSXW�LV�GHWHUPLQLVWLF��VR�WKHUH�LV�QR�PRUDO�KD]DUG��WKHQ�D
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ILUVW�EHVW�SD\RII�LV�DWWDLQDEOH�ZKHQ�WKH�FDSLWDOLVW
V�GLVFRXQW�IDFWRU�LV�FORVH�WR�����:KHQ�RXWSXW�LV

VWRFKDVWLF��WKRXJK��WKH�ILUVW�EHVW�FDQQRW�EH�DSSUR[LPDWHG�IRU�DQ\�GLVFRXQW�IDFWRU��DQG�WKH�JUHDWHU

WKH�PRUDO�KD]DUG��WKH�JUHDWHU�WKH�ORVV���2XU�PDLQ�FRQFOXVLRQ�LV�WKDW�WKH�ORVV�YDQLVKHV�LI�WKHUH�DUH

HQRXJK�FDSLWDOLVWV���,Q�SDUWLFXODU��FRPSHWLWLRQ�EHWZHHQ�FDSLWDOLVWV�FDQ�PDNH�WKHP�EHWWHU�RII��LQ�WKH

VHQVH�WKDW�D�PHUJHU�EHWZHHQ�WKHP�FDQ�PDNH�WKHP�ERWK�ZRUVH�RII�

7KLV�LV�WUXH�GHVSLWH�WKH�IDFW�WKDW�QHLWKHU�WKH�PRQLWRULQJ�WHFKQRORJ\�QRU�WKH�XWLOLW\

SRVVLELOLWLHV�DUH�FKDQJHG�E\�DGGLQJ�D�FDSLWDOLVW���5DWKHU��DGGLQJ�PRUH�FDSLWDOLVWV�SURPRWHV

HIILFLHQF\�EHFDXVH�WKH�LQYHVWRUV�FDQ��SXQLVK��RQH�FDSLWDOLVW�E\�VZLWFKLQJ�WKHLU�OHQGLQJ�WR�DQRWKHU

FDSLWDOLVW��UDWKHU�WKDQ�ZLWKGUDZLQJ�IURP�WKH�PDUNHW���7KLV�LV�LPSRUWDQW�ZKHQ�WKHUH�LV�PRUDO

KD]DUG��EHFDXVH�LQYHVWRUV�FDQQRW�GLVWLQJXLVK�EHWZHHQ�DQ�XQOXFN\�FDSLWDOLVW�ZLWK�ORZ�RXWSXW��DQG�D

JUHHG\�RQH���&RQVHTXHQWO\��WR�LQGXFH�WKH�FDSLWDOLVW�WR�SD\�GLYLGHQGV�ZKHQ�RXWSXW�LV�KLJK��WKH

FDSLWDOLVW�PXVW�EH�SXQLVKHG�IRU�IDLOLQJ�WR�PDNH�GLYLGHQG�SD\PHQWV�ZKHQ�RXWSXW�LV�ORZ���7KLV

PHDQV�WKDW�HYHQ�DQ�KRQHVW�FDSLWDOLVW�IDFHV�SRVLWLYH�SUREDELOLW\�RI�SXQLVKPHQW���:LWK�D�VLQJOH

FDSLWDOLVW��SXQLVKPHQW�LV�VRFLDOO\�LQHIILFLHQW��ZKLOH�ZLWK�VHYHUDO�FDSLWDOLVWV�WKH�VWUDWHJ\�RI

LQYHVWLQJ�LQ�DQRWKHU�ILUP�ZKHQ�GLYLGHQGV�DUH�QRW�SDLG�SURYLGHV�LQFHQWLYHV�ZLWKRXW�WKLV�VRFLDO�FRVW�

7KH�HIIHFW�RI�FRPSHWLWLRQ�KHUH�LV�GLIIHUHQW�WKDQ�LQ�WKH�SDSHUV�RI�$XVDEHO�DQG�'HQHFNHU

>����@�DQG�*XO�>����@��ZKR�VWXG\�VDOHV�RI�D�GXUDEOH�JRRG���,Q�WKHLU�PRGHOV��D�VLQJOH�PRQRSROLVW

PD\�EH�XQDEOH�WR�FUHGLEO\�NHHS�SULFHV�KLJK��ZKLOH�ZLWK�WZR�VHOOHUV�WKHUH�LV�DQ�HTXLOLEULXP�ZKHUH

HDFK�VHOOHU�NHHSV�SULFH�KLJK�IRU�IHDU�RI�SURYRNLQJ�D�SULFH�ZDU���&RQVHTXHQWO\��DGGLQJ�D�VHOOHU

UHGXFHV�VRFLDO�HIILFLHQF\�E\�SULFLQJ�ZLOOLQJ�EX\HUV�RXW�RI�WKH�PDUNHW��EXW�LQFUHDVHV�WKH�JUHDWHVW

SRVVLEOH�SURILW�WKDW�HLWKHU�RU�ERWK�VHOOHUV�FDQ�REWDLQ���,Q�RXU�H[DPSOH��DGGLQJ�D�FDSLWDOLVW��RU

VXEGLYLGLQJ�D�FDSLWDOLVW�LQWR�WZR�FRPSHWLQJ�ILUPV��LQFUHDVHV�VRFLDO�HIILFLHQF\�E\�LQFUHDVLQJ�WKH

SUREDELOLW\�RI�IXOO�HPSOR\PHQW�DQG�LQFUHDVHV�WKHLU�PD[LPXP�FRPELQHG�WRWDO�SURILW��EXW�KDV�QR

HIIHFW�RQ�WKH�PD[LPXP�SURILW�WKDW�FDQ�EH�DWWDLQHG�E\�D�VLQJOH�FDSLWDOLVW���)URP�DQ�HFRQRPLF�SRLQW

RI�YLHZ��RXU�H[DPSOH�LV�PRVW�FORVHO\�UHODWHG�WR�WKRVH�RI�$WNHVRQ�>����@�DQG�0DULPRQ�>����@��ZKR

VWXG\�LVVXHV�RI�ZHDOWK�DFFXPXODWLRQ�DQG�ERUURZLQJ�LQ�D�JDPH�ZLWK�WZR�ORQJ�UXQ�SOD\HUV�DQG

PRUDO�KD]DUG�
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����7KH�0RGHO

,Q�WKH�VWDJH�JDPH��HDFK�SOD\HU��L� ����WR��Q��VLPXOWDQHRXVO\�FKRRVHV�D��SXUH��DFWLRQ��DL��IURP�D

ILQLWH�VHW��$L��ZLWK��PL��HOHPHQWV���(DFK�DFWLRQ�SURILOH��D�∈�$�≡�× ��$L��LQGXFHV�D�SUREDELOLW\

GLVWULEXWLRQ�RYHU�SXEOLFO\�REVHUYHG�RXWFRPHV��\��DQG�SULYDWHO\�REVHUYHG�RXWFRPHV��]� ��]������]Q���

)RU�D�JLYHQ�DFWLRQ�SURILOH��D��OHW� \]�D��GHQRWH�WKH�SUREDELOLW\�RI��\�]��DQG�OHW��
\�D���GHQRWH�WKH

PDUJLQDO�SUREDELOLW\�IRU�WKH�SXEOLF�RXWFRPH��\���7KH�SXEOLF�RXWFRPHV�OLH�LQ�D�ILQLWH�VHW��<��ZLWK��P�

HOHPHQWV���(DFK�SOD\HU�L
V�UHDOL]HG�SD\RII��UL�]L�\���GHSHQGV�RQO\�RQ�WKH�UHDOL]HG�RXWFRPH���DFWLRQV

PDWWHU�RQO\�LQ�WKHLU�LQIOXHQFH�RQ�WKH�GLVWULEXWLRQ�RYHU�RXWFRPHV���7KLV�PRGHO�LQFOXGHV�DV�D�VSHFLDO

FDVH�JDPHV�ZKHUH��\� �D���VR�WKH�SXEOLF�LQIRUPDWLRQ�SHUIHFWO\�UHYHDOV�WKH�DFWLRQV�FKRVHQ���,W�DOVR

LQFOXGHV�JDPHV�ZKHUH��\��FRQYH\V�RQO\�LPSHUIHFW�LQIRUPDWLRQ�DERXW�WKH�DFWLRQV���)RU�H[DPSOH���\�

FDQ�EH�WKH�UHDOL]HG�PDUNHW�SULFH�DQG�WKH��]L� �DL��FDQ�EH�FKRLFHV�RI�RXWSXW�OHYHOV�DV�LQ�*UHHQ�3RUWHU

>����@��RU��\��FDQ�EH�WKH�UHDOL]HG�TXDQWLW\�RI�D�JRRG�DQG��]L� �DL��WKH�FDUH�ZLWK�ZKLFK�WKH�JRRG�LV

PDQXIDFWXUHG���2WKHU�H[DPSOHV�ZLWK�D�PL[�RI�SXEOLF�DQG�SULYDWH�LQIRUPDWLRQ�DUH�DQDO\]HG�LQ

GHWDLO�EHORZ���7KH�NH\�DVVXPSWLRQ�LV�WKDW�WKHUH�LV�VRPH�RXWFRPH��\��WKDW�LV�SXEOLFO\�REVHUYHG���7KLV

UXOHV�RXW�JDPHV�ZKHUH�WKH�SOD\HUV�UHFHLYH�RQO\�SULYDWH�VLJQDOV��D�FDVH�LV�FRQVLGHUHG�LQ�/HKUHU

>����@�DQG�)XGHQEHUJ�DQG�/HYLQH�>����D@�

3OD\HU�L
V�H[SHFWHG�SD\RII�WR�DQ�DFWLRQ�SURILOH��D��LV

�������������JL�D�� 
y Y
z Z

 

yz i i (a) r (z , y),
∈
∈

∑ π 1

ZKLFK�JLYHV�WKH�QRUPDO�IRUP�RI�WKH�JDPH�

:H�ZLOO�DOVR�FRQVLGHU�PL[HG�DFWLRQV�� L��IRU�HDFK�SOD\HU�L���)RU�HDFK�SURILOH�� � �� ������ Q���RI

PL[HG�DFWLRQV��ZH�FDQ�FRPSXWH�WKH�LQGXFHG�GLVWULEXWLRQ�RYHU�RXWFRPHV�

������������� \]� �� 
a A

 

yz y
a A

 

y (a) (a),  ( )  =   (a) (a)
∈ ∈
∑ ∑π α π α π α 2

DQG�WKH�H[SHFWHG�SD\RIIV
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y Y
z Z

 

a A

 

yz i i   (a) (a) r (z ,y).
∈
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∈
∑ ∑ π α 3

:H�GHQRWH�WKH�SURILOH�ZKHUH�SOD\HU�L�SOD\V�� L��DQG�DOO�RWKHU�SOD\HUV�IROORZ�SURILOH�� ��E\�

� L� �L���
\� L� �L���DQG��J

L� L� �L���DUH�GHILQHG�LQ�WKH�REYLRXV�ZD\�

$V�LQ�)XGHQEHUJ��.UHSV�DQG�0DVNLQ�>����@��ZH�ODEHO�SOD\HUV�VR�WKDW��L�∈�/5� �^��������/����/�≤

Q���DUH�ORQJ�UXQ�SOD\HUV��ZKRVH�REMHFWLYH�LV�WR�PD[LPL]H�WKH�DYHUDJH�GLVFRXQWHG�YDOXH�RI�SHU�SHULRG

SD\RIIV�XVLQJ�WKH�FRPPRQ�GLVFRXQW�IDFWRU�� ���,I��^JL�W�`��LV�D�VHTXHQFH�RI�SD\RIIV�IRU�ORQJ�UXQ�SOD\HU

L��SOD\HU�L
V�DYHUDJH�GLVFRXQWHG�SD\RII�LV

���������������� �
t=1

t-1
i g (t)

∞

∑ δ 4

ZKHUH�ZH�QRUPDOL]H�E\����� ���WR�PHDVXUH�WKH�UHSHDWHG�JDPH�SD\RIIV�LQ�WKH�VDPH�XQLWV�DV�SD\RIIV

LQ�WKH�VWDJH�JDPH�

7KH�UHPDLQLQJ�SOD\HUV��M�∈�65� �^/�������Q`��UHSUHVHQW�GLIIHUHQW�W\SHV�RI�VKRUW�UXQ�SOD\HUV�

HDFK�UHSUHVHQWDWLYH�RI�ZKLFK�SOD\V�RQO\�RQFH���2QH�H[DPSOH�RI�D�PRGHO�ZLWK�ORQJ�DQG�VKRUW�UXQ

SOD\HUV�LV�6HOWHQ
V�>����@�FKDLQ�VWRUH�JDPH��ZKHUH�D�VLQJOH�ORQJ�UXQ�LQFXPEHQW�IDFHV�D�VHTXHQFH�RI

VKRUW�UXQ�RSSRQHQWV���$�PRUH�H[WHQVLYH�H[DPSOH�LV�JLYHQ�EHORZ�

,Q�WKH�UHSHDWHG�JDPH��LQ�HDFK�SHULRG��W� �����������WKH�VWDJH�JDPH�LV�SOD\HG��DQG�WKH

FRUUHVSRQGLQJ�SXEOLF�RXWFRPH�LV�WKHQ�UHYHDOHG���7KH�SXEOLF�KLVWRU\�DW�WKH�HQG�RI�SHULRG�W�LV��K�W�� 

�\��������\�W�����7KH�SULYDWH�KLVWRU\�IRU�ORQJ�UXQ�SOD\HU�L�DW�WKH�HQG�RI�SHULRG�W�LV�

KL�W�� ��DL����]L��������DL�W��]L�W�����:H�DOVR�OHW��K�����DQG��KL�����GHQRWH�WKH�QXOO�SXEOLF�DQG�SULYDWH

KLVWRULHV�LQ�ZKLFK�QRWKLQJ�KDV�KDSSHQHG���$�VWUDWHJ\�IRU�ORQJ�UXQ�SOD\HU�L�LV�D�VHTXHQFH�RI�PDSV

PDSSLQJ�SXEOLF�DQG�SULYDWH�KLVWRULHV���K�W����KL�W������WR�PL[HG�DFWLRQV���$�VWUDWHJ\�IRU�WKH�SHULRG�W

SOD\HUV�RI�W\SH�M���M�∈�65���LV�D�PDS�IURP�WKH�SXEOLF�LQIRUPDWLRQ��K�W�����WR�PL[HG�DFWLRQV���1RWH�WKDW

WKH�VKRUW�UXQ�SOD\HU�M�REVHUYHV�WKH�SXEOLF�LQIRUPDWLRQ�DW��W���EXW�QRW�WKH�SULYDWH�KLVWRU\�FRUUHV�

SRQGLQJ�WR�WKH�SOD\�RI�KLV�SUHGHFHVVRUV���+RZHYHU��IRU�WKH�FODVV�RI�HTXLOLEULD�ZH�ZLOO�FRQVLGHU��WKLV

DVVXPSWLRQ�GRHV�QRW�PDWWHU�

(DFK�VWUDWHJ\�SURILOH�JHQHUDWHV�SUREDELOLW\�GLVWULEXWLRQV�RYHU�KLVWRULHV�LQ�WKH�REYLRXV�ZD\�
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DQG�WKXV�DOVR�JHQHUDWHV�D�GLVWULEXWLRQ�RYHU�KLVWRULHV�RI�WKH�SOD\HUV
�SHU�SHULRG�SD\RIIV��

/HW�� L��GHQRWH�WKH�VSDFH�RI�PL[HG�DFWLRQV��DQG

���������������%�� ��×�����×� /�→� /���×�����×� Q

EH�WKH�FRUUHVSRQGHQFH�WKDW�PDSV�DQ\�PL[HG�DFWLRQ�SURILOH��� ������ /���IRU�WKH�ORQJ�UXQ�SOD\HUV�WR

WKH�FRUUHVSRQGLQJ�VWDWLF�HTXLOLEULD�IRU�WKH�VKRUW�UXQ�SOD\HUV���7KDW�LV��IRU�HDFK�� �∈�JUDSK�%����DQG

HDFK��M�!�/��� M��PD[LPL]HV��JM� � �M��

2XU�IRFXV�LV�RQ�D�VSHFLDO�FODVV�RI�WKH�1DVK�HTXLOLEULD�WKDW�ZH�FDOO�SHUIHFW�SXEOLF�HTXLOLEULD���$

VWUDWHJ\�IRU�ORQJ�UXQ�SOD\HU�L�LV�SXEOLF�LI�DW�HDFK�WLPH�W��LW�GHSHQGV�RQO\�RQ�WKH�SXEOLF�LQIRUPDWLRQ�

K�W�����DQG�QRW�RQ�WKH�SULYDWH�LQIRUPDWLRQ��KL�W������$�SHUIHFW�SXEOLF�HTXLOLEULXP�LV�D�SURILOH�RI�SXEOLF

VWUDWHJLHV�VXFK�WKDW�DW�HYHU\�GDWH�W�DQG�IRU�HYHU\�KLVWRU\��K�W�����WKH�VWUDWHJLHV�DUH�D�1DVK

HTXLOLEULXP�IURP�WKDW�GDWH�RQ���1RWH�WKDW�LQ�D�SXEOLF�HTXLOLEULXP�WKH�SOD\HUV
�EHOLHIV�DERXW�HDFK

RWKHUV
�SDVW�SOD\�DUH�LUUHOHYDQW���1R�PDWWHU�KRZ�SOD\HU��L��SOD\V��DOO�QRGHV�LQ�WKH�VDPH�LQIRUPDWLRQ

VHW�IRU��L��DW�WKH�EHJLQQLQJ�RI�SHULRG��W��OHDG�WR�WKH�VDPH�SUREDELOLW\�GLVWULEXWLRQ�RYHU��RWKHU�SOD\HU
V

FXUUHQW�DQG�IXWXUH�SOD\���2QH�FRQVHTXHQFH�RI�WKLV�LV�WKDW�WKH�DVVXPSWLRQ�WKDW�VKRUW�UXQ�SOD\HUV�GR

QRW�REVHUYH�WKH�SULYDWH�LQIRUPDWLRQ�RI�HDUOLHU�VKRUW�UXQ�SOD\HUV�LV�LUUHOHYDQW���7KH�RWKHU�LV�WKDW

ZKHQ�ZH�GHILQH��SHUIHFWLRQ���LW�PDGH�VHQVH�WR�VSHDN�RI��1DVK�HTXLOLEULXP��DV�WKRXJK�HDFK�SHULRG

EHJDQ�D�QHZ�VXEJDPH�

,W�LV�HDV\�WR�VKRZ�WKDW�SHUIHFW�SXEOLF�HTXLOLEULD�DUH�VHTXHQWLDO��DQG�WKDW�WKH�VHW�RI�SXEOLF

HTXLOLEULXP�SD\RIIV�LV�VWDWLRQDU\��WKDW�LV��WKH�VHW�RI�SHUIHFW�SXEOLF�HTXLOLEULXP�SD\RIIV�LQ�DQ\�SHULRG

W�DQG�IRU�DQ\�SXEOLF�KLVWRU\��K�W�����LV�LQGHSHQGHQW�RI��W��DQG��K�W������+RZHYHU��ZKHQ�WKH�SOD\HUV


DFWLRQV�DUH�QRW�SHUIHFWO\�REVHUYHG��WKHUH�PD\�EH�VHTXHQWLDO�HTXLOLEULXP�SD\RIIV�WKDW�DUH�QRW

REWDLQDEOH�ZLWK�SXEOLF�VWUDWHJLHV����:LWK�REVHUYHG�DFWLRQV�DOO�HTXLOLEULD�DUH�SXEOLF��

,Q�DQ\�SHULRG��W��RI�D�SXEOLF�HTXLOLEULD��WKH�SOD\HUV
�SHULRG�W��PL[HG�DFWLRQV�� �K�W������DUH

FRPPRQ�NQRZOHGJH���,Q�SDUWLFXODU��HDFK�VKRUW�UXQ�SOD\HU��M��EHOLHYHV�KH�ZLOO�IDFH�WKH�PL[HG�DFWLRQ�

�M�K�W�������6LQFH�WKH�VKRUW�UXQ�SOD\HUV�FDUH�RQO\�DERXW�WKHLU�RQH�SHULRG�SD\RIIV��LQ�D�SXEOLF

HTXLOLEULXP�HDFK�SHULRG
V�PL[HG�DFWLRQ�PXVW�OLH�LQ�WKH�JUDSK�RI��%����7KLV�QHHG�QRW�EH�WUXH�RI�WKH
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VHTXHQWLDO�HTXLOLEULD�WKDW�DUH�QRW�SXEOLF��IRU�VXEVHWV�RI�WKH�SOD\HUV�FDQ�XVH�WKHLU�NQRZOHGJH�RI�WKHLU

RZQ�SDVW�DFWLRQV�WR�FRUUHODWH�WKHLU�SOD\���6HH�)XGHQEHUJ��/HYLQH�DQG�0DVNLQ�>����@�IRU�DQ�H[DPSOH

RI�WKH�ZD\�WKLV�FRUUHODWLRQ�FDQ�JHQHUDWH�DGGLWLRQDO�HTXLOLEULXP�SD\RIIV��

:H�GHILQH��(� ��⊂�5/��WR�EH�WKH�VHW�RI�DYHUDJH�SUHVHQW�YDOXHV�IRU�WKH�ORQJ�UXQ�SOD\HU�WKDW

FDQ�DULVH�LQ�SHUIHFW�SXEOLF�HTXLOLEULD�ZKHQ�WKH�GLVFRXQW�IDFWRU�LV�� ���:H�GHILQH��9��WR�EH�WKH�VXEVHW

RI��5/��JHQHUDWHG�DV�FRQYH[�FRPELQDWLRQV�RI�SD\RIIV�WR�ORQJ�UXQ�SOD\HUV���J�� ������J/� �����ZKHUH�� �∈

JUDSK�%����1RWH�WKDW�WKLV�VHW�LV�FORVHG��VLQFH��%��LV���FRQYH[��DQG�RI�FRXUVH��(� ��⊆�9�

����(QIRUFHDELOLW\�RQ�+DOIVSDFHV�DQG�WKH�6HW�RI�/LPLW�(TXLOLEULD

7KLV�VHFWLRQ�GHVFULEHV�DQ�DOJRULWKP�WKDW�FRPSXWHV�WKH�OLPLWLQJ�YDOXH�RI�WKH�VHW��(� ���DV�� �

WHQGV�WR�RQH���:H�FRQVLGHU�YDULRXV�DSSOLFDWLRQV�EHORZ�

'HILQLWLRQ�������/HW�� ��:�⊂�5/��DQG��Y�∈�5/��EH�JLYHQ���$FWLRQ�� ��LV�HQIRUFHDEOH�ZLWK�UHVSHFW�WR��Y��  

:��DQG�� ��LI�WKHUH�H[LVWV�D�PDS��Z��<�→�:��VXFK�WKDW�� �∈�JUDSK�%���DQG�IRU�DOO��L�∈�/5��DQG��DL�∈

L�

������YL� ���� �JL�DL� �L���� �Σ\� \�DL� �L�Z
L�\���IRU��DL��V�W�� L�DL��!��

�����

������YL�≥���� �JL�DL� �L���� �Σ\� \�DL� �L�Z
L�\���IRU��DL��V�W�� L�DL�� ���

:H�DOVR�VD\�WKDW��Z��HQIRUFHV��� �Y���ZLWK�UHVSHFW�WR��:��DQG�� ���,I�IRU�D�JLYHQ�� ���D��Y��H[LVWV

VDWLVI\LQJ��������ZH�VD\�WKDW�� ��LV�HQIRUFHDEOH�ZLWK�UHVSHFW�WR��:��DQG�� ���1RWH�WKDW�HDFK��Z�\��

VSHFLILHV�FRQWLQXDWLRQ�SD\RIIV�RQO\�IRU�WKH�ORQJ�UXQ�SOD\HUV���,I�VXFK��Z�\�
V�H[LVW��ZH�VD\�WKDW��Y��LV

JHQHUDWHG�E\��:��DQG�� �

(TXDWLRQ�����VD\V�WKDW�LI�DOO�SOD\HUV��M�≠�L��SOD\�� �L��WKHQ���L���QR�VKRUW�UXQ�SOD\HU�L�FDQ

LQFUHDVH�KLV�SD\RII�E\�GHYLDWLQJ�IURP�� L���DQG���LL���LI�ORQJ�UXQ�SOD\HU�L
V�GLVFRXQWHG�DYHUDJH�SD\RII
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VWDUWLQJ�WRPRUURZ�RQ�ZKHQ��\��RFFXUV�WRGD\�LV�JLYHQ�E\��ZL�\����WKHQ�SOD\HU�L�UHFHLYHV�H[DFWO\

DYHUDJH�SD\RII��Y��IURP�DQ\�RI�WKH�DFWLRQV�LQ�WKH�VXSSRUW�RI�� L���DQG�QR�FKRLFH�RI�DFWLRQ�\LHOGV�D

KLJKHU�DYHUDJH�SD\RII�

�� 7KH�NH\�WR�WKH�DOJRULWKP�IRU�ILQGLQJ�WKH�OLPLW�RI��(� ���LV�WKH�VWXG\�RI�WKH�SD\RIIV�WKDW�FDQ�EH

JHQHUDWHG�XVLQJ�FRQWLQXDWLRQ�SD\RIIV�WKDW�OLH�LQ�KDOI�VSDFHV��+��RI��5/���WKHVH�DUH�VHWV�RI�WKH�IRUP�

+� �N�� �^Y •Y≤N`��IRU� �∈�5/�DQG��N�∈�5�

'HILQLWLRQ�������7KH�PD[LPDO�VFRUH�DWWDLQDEOH�E\�DFWLRQ�� ��LQ�GLUHFWLRQ�� ��ZLWK�GLVFRXQW�IDFWRU�� �

�GHQRWHG��N� � � ����LV�WKH�PD[LPXP�RI�� •Y��VXFK�WKDW�WKHUH�H[LVWV��Y�∈�5/��DQG��N�∈�5��ZLWK��� �Y��

HQIRUFHDEOH�ZLWK�UHVSHFW�WR�� ��DQG��+� �N���DQG�VXFK�WKDW��N� � �•�Y���7KH�KDOIVSDFH�DVVRFLDWHG�ZLWK

WKLV�PD[LPXP�LV��+� � � ����LWV�ERXQGDU\�LV�WKH�K\SHUSODQH��K� � � ���JLYHQ�E\�� �•�Y� �N� � � ��

7KLV�GHILQLWLRQ�DVNV�XV�WR�IL[�D�PL[HG�DFWLRQ�� ��DQG�D�GLUHFWLRQ�� ���DQG�WKHQ�ILQG�WKH��KLJKHVW�

KDOIVSDFH�LQ�GLUHFWLRQ�� ��VXFK�WKDW�D�SRLQW�RQ�WKH�ERXQGDU\�RI�WKH�K\SHUSODQH�FDQ�MXVW�EH

JHQHUDWHG�ZLWK�DFWLRQ�� ��DQG�FRQWLQXDWLRQ�SD\RIIV�LQ�WKH�KDOIVSDFH���6LQFH�D�KDOIVSDFH�LV�GHILQHG

E\�D�V\VWHP�RI�OLQHDU�LQHTXDOLWLHV��WKH�PD[LPDO�VFRUH��N��PD\�DOVR�EH�H[SUHVVHG�DV�WKH�VROXWLRQ�WR

WKH�OLQHDU�SURJUDPPLQJ�SUREOHP�

�������������PD[Y�Z�� �•�Y��VXEMHFW�WR

��������D���YL� ���� �JL�DL� �L���� �Σ� \�DL� �L�Z
L�\���IRU��DL��V�W�� L�DL��!���

�����

��������E���YL�≥���� �JL�DL� �L���� �Σ� \�DL� �L�Z
L�\���IRU��DL��V�W�� L�DL�� ��

�����������������IRU��L� �������/

��������F��� �•�Y�≥� �•�Z�\����IRU��\�∈�<�

/HPPD��������L���N� � � �� �N� � ���LQGHSHQGHQW�RI�� �
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�LL����N� � ��≤� �•�J� ��

�LLL���N� � �� � �•�J� ���LI�DQG�RQO\�LI��J� ���LV�HQIRUFHDEOH�ZLWK�UHVSHFW

�������WR�WKH�K\SHUSODQH�RUWKRJRQDO�WR�� ��DW��J� ��

3URRI����L���6XSSRVH��Z
��DQG��Y��DUH�IHDVLEOH�LQ�������IRU��� � � 
�����'HILQH

���������������Z��\�� �>� �� 
�� ���� 
�@Y���> 
��� ��� ���� 
�@Z
�\��

,W�PD\�WKHQ�EH�FKHFNHG�WKDW��Z���DQG��Y��DUH�IHDVLEOH�LQ�������IRU��� � � �����7KLV�LPSOLHV�WKDW�WKH�VHW

RI�IHDVLEOH��Y��LQ�������LV�LQGHSHQGHQW�RI�� ���VR�WKH�PD[LPXP�LV�DV�ZHOO�

���������LL���N� � ��!� �•�J� ���ZRXOG�LPSO\�WKDW��J� ���LV�LQ�WKH�LQWHULRU�RI�WKH�PD[LPDO�KDOIVSDFH��

6LQFH�HDFK��Y�∈�+��LV�D�VWULFW�FRQYH[�FRPELQDWLRQ�RI��J� ���DQG�SRLQWV�LQ��+���WKLV�LV�LPSRVVLEOH�

���������LLL���N� � �� �J� ���UHTXLUHV�WKDW��� �J� ����EH�HQIRUFHDEOH�ZLWK�FRQWLQXDWLRQ�SD\RIIV�RQ�WKH

K\SHUSODQH�RUWKRJRQDO�WR�� ��DQG�SDVVLQJ�WKURXJK��J� �� n

:H�VKRXOG�SRLQW�RXW�WKDW��N� � ���LV�QRW�QHFHVVDU\�XSSHU�VHPL�FRQWLQXRXV�LQ�� ���$OWKRXJK

WKH�FRQVWUDLQWV�LQ�WKH�GHILQLWLRQ�RI�HQIRUFHDELOLW\�������KDYH�WKH�FORVHG�JUDSK�SURSHUW\��KDOI�VSDFHV

DUH�QRW�FRPSDFW��VR�WKH�VHW�RI�SD\RIIV�HQIRUFHDEOH�ZLWK�FRQWLQXDWLRQV�RQ�D�JLYHQ�KDOI�VSDFH�LV�QRW

JHQHUDOO\�XSSHU�KHPL�FRQWLQXRXV�LQ�� �

'HILQLWLRQ�������7KH�PD[LPDO�VFRUH�LQ�GLUHFWLRQ�� ���N� ����VROYHV�

* *k ( )  =  

 

sup

graph(B)

 k ( , ).λ
α

α λ
∈

5 The maximal halfspace in direction  ��LV��������+� �

 �+� �N� ���

7KH�IROORZLQJ�OHPPD�LV�VRPHWLPHV�XVHG�LQ�FKDUDFWHUL]LQJ�WKH�HTXLOLEULXP�VHW���/HW��HL��EH�WKH

YHFWRU�ZKRVH��LWK��FRPSRQHQW�HTXDOV������DQG�ZKRVH�RWKHU�FRPSRQHQWV�DUH�DOO�]HUR�
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/HPPD�������7KH�PD[LPD�VFRUH��N��HM���LQ�WKH�GLUHFWLRQ���HM��WKDW�FRUUHVSRQGV�WR�PLQLPL]LQJ�SOD\HU

M
V�SD\RII�LV�QR�JUHDWHU�WKDQ

������������

 

 

- min

graph B

  

 

 

max

Aj jα α∈ ∈

6 gM� M� M��

3URRI���)RU�� � ��HM���FRQVWUDLQW�����F��VLPSOLILHV�WR��ZM�\��≥�YM���&RQVWUDLQW�����D��DQG��E��IRU�SOD\HU�M

WKHQ�LPSO\�WKDW��YM�≥�JM�DM� �M���IRU�DOO��DM���DQG�KHUH�LQ�SDUWLFXODU�WKDW��YM�≥

 

max

ai

7gM�DM� �M����+HQFH�IRU

DQ\� ���N��HM� ���LV�QR�JUHDWHU�WKDQ�

 

- min

graph B

  

 

 

max

’

j
A j

α
α

∈
∈

8gM� � �M��

'HILQLWLRQ�������4� �∩� �+� ��

1RWH�WKDW��4��LV�FRQYH[��DQG�WKDW�HDFK�SRLQW��T��RQ�WKH�ERXQGDU\�RI��4��LV�HQIRUFHDEOH�RQ�DOO�RI�WKH

KDOIVSDFHV�WKDW�DUH�WDQJHQW�WR��4��DW��T�

7KHRUHP��������L���)RU�DOO�� ���(� ��⊂�4�  
�LL���,I�WKH�GLPHQVLRQ�RI��4�⊂�5/��LV��/���WKHQ��OLP

→��(�
�� �4�

3URRI���6HH�WKH�$SSHQGL[�

����$�3DUWQHUVKLS�*DPH

2XU�ILUVW�DSSOLFDWLRQ�RI�7KHRUHP�����ZLOO�EH�WR�D�JDPH�LQYROYLQJ�RQO\�ORQJ�UXQ�SOD\HUV���,I�D

GHYLDWLRQ�E\�HDFK�SOD\HU�FDQ�EH�VWDWLVWLFDOO\�GLVWLQJXLVKHG�IURP�WKDW�RI�DQ\�RWKHU�SOD\HU��LW�LV�DQ

LPSOLFWLRQ�RI�7KHRUHP�����WKDW�WKH�IRON�WKHRUHP�KROGV��DQG�LQGHHG�WKLV�KDV�EHHQ�VKRZQ�E\�)XGHQ�

EHUJ��/HYLQH�DQG�0DVNLQ�>����@���7KLV�OHDGV�XV�WR�VWXG\�D�SDUWQHUVKLS�H[DPSOH�LQ�ZKLFK�GHYLDWLRQV
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E\�GLIIHUHQW�SOD\HUV�FDQQRW�EH�GLVWLQJXLVKHG��DQG�RQH�FORVHO\�UHODWHG�WR�WKH�H[DPSOH�RI�5DGQHU�

0\HUVRQ�DQG�0DVNLQ�>����@�LQ�ZKLFK�WKH�IRON�WKHRUHP�LV�NQRZQ�WR�IDLO�ZLWK�GLVFRXQWLQJ��

+RZHYHU��ZKLOH�5DGQHU��0\HUVRQ�DQG�0DVNLQ�VKRZHG�WKDW�WKH�IRON�WKHRUHP�IDLOHG��WKH\�GLG�QRW

VKRZ�ZKDW�WKH�DFWXDO�VHW�RI�OLPLW�HTXLOLEULXP�SD\RIIV�LV��ZKLFK�RXU�DOJRULWKP�HQDEOHV�XV�WR�GR�

7KH�H[DPSOH�ZH�VWXG\�LV�D�WZR�SOD\HU�SDUWQHUVKLS�JDPH���(DFK�LGHQWLFDO�SDUWQHU�PXVW

FKRRVH�RQH�RI�WZR�HIIRUW�OHYHOV��DL� ����RU������2XWSXW�SHU�SHUVRQ�LV�HLWKHU�����RU������7KH�SUREDELOLW\�RI

WKH�KLJK�RXWSXW�OHYHO�LV

�D����D�����WKH�DGGLWLYLW\�LV�LPSRUWDQW�DV�ZH�GLVFXVV�EHORZ���(IIRUW�LV�XQREVHUYHG��VR�HDFK�SOD\HU
V

SULYDWH�VLJQDO��]L��LV�LGHQWLILHG�ZLWK�KLV�DFWLRQ��SHU�FDSLWD�RXWSXW�LV�SXEOLFO\�REVHUYHG���(IIRUW�KDV�D

GLVXWLOLW\��T���VR�SD\RIIV�DUH

�������������UL�DL�\�� 

y    if  a  =  0

 

 y- q   if  a  =  1.

i

i

%
&K
'K

9

7KH�VWUDWHJLF�IRUP�RI�WKLV�JDPH�LV�JLYHQ�LQ�)LJXUH�����

�������������������������������������������SDUWQHU��

�����������������������������HIIRUW���������������������

������������������SDUWQHU������������� ��S�T��S�T����S�T�S�

�������������������������������������� ��������������������

�������������������������������������� ���S�S�T������������

),*85(����

:H�DVVXPH��S�≤�T���VR�WKDW�WKH�HIIRUW�OHYHO�����LV�WKH�XQLTXH�GRPLQDQW�VWUDWHJ\�1DVK�HTXLOLEULXP�LQ

WKH�VWDJH�JDPH���:H�DOVR�DVVXPH��T�≤��S���VR�WKDW�ERWK�SDUWQHUV�SURYLGLQJ�HIIRUW�PD[LPL]HV�WKH

VXP�RI�WKH�SOD\HU
V�SD\RIIV�

$W�WKH�SURILOH�ZKHUH�ERWK�SDUWQHUV�ZRUN��WKH�SUREDELOLW\�WKDW�RXWSXW�LV�KLJK�LV���S���,I�HLWKHU

SDUWQHU�GHYLDWHV��WKH�SUREDELOLW\�WKDW�RXWSXW�LV�KLJK�LV��S���VR�LW�LV�LPSRVVLEOH�WR�GHWHUPLQH�ZKLFK
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SDUWQHU�GHYLDWHG�HYHQ�LI�WKH�SUREDELOLW\�RI��\��LV�REVHUYHG���,Q�)XGHQEHUJ��/HYLQH�DQG�0DVNLQ

>����@��ZH�VKRZHG�WKDW�WKH�DELOLW\�WR�PDNH�VXFK�GHWHUPLQDWLRQV�LV�RQH�RI�VHYHUDO�FRQGLWLRQV�WKDW

DUH�VXIILFLHQW�IRU�WKH�IRON�WKHRUHP�WR�KROG���,Q�WKLV�H[DPSOH�GHYLDWLRQV�FDQQRW�EH�GLVWLQJXLVKHG�LQ

SDUW�EHFDXVH�WKH�JDPH�LV�V\PPHWULF�DQG�ZH�DUH�FRQVLGHULQJ�D�SURILOH�LQ�ZKLFK�ERWK�SOD\HUV�EHKDYH

LQ�WKH�VDPH�ZD\���+RZHYHU��LQ�VRPH�V\PPHWULF�JDPHV�LW�LV�SRVVLEOH�WR�HQGRJHQRXVO\�LQWURGXFH�DQ

DV\PPHWU\�E\�KDYLQJ�WKH�SOD\HUV�PL[�LQ�GLIIHUHQW�ZD\V���

7KLV�JDPH�KDV�WKH�VSHFLDO�IHDWXUH�WKDW�WKH�SUREDELOLW\�RI�KLJK�RXWSXW�LV�OLQHDU�LQ�WKH�SOD\HUV


DFWLRQV��VR�WKDW�FKDQJLQJ��DL��IURP�����WR�����LQFUHDVHV�WKH�SUREDELOLW\�WKDW��\� ����E\��S���UHJDUGOHVV�RI

WKH�SOD\�RI�SOD\HU���L���7KXV��ZKHWKHU�SOD\HU�L�SUHIHUV��DL� ����RU��DL� ����GHSHQGV�RQO\�RQ�WKH

VSHFLILFDWLRQ�RI�WKH�FRQWLQXDWLRQ�SD\RIIV��ZL�•����DQG�LV�LQGHSHQGHQW�RI��D�L���,Q�SDUWLFXODU��SOD\HU�L

SUHIHUV��DL� ����LI�WKH�UHGXFWLRQ�RI����� ��S�T���LQ�KLV�LPPHGLDWH�SD\RII�LV�RXWZHLJKHG�E\�WKH�FKDQJH

RI�� S>ZL����ZL���@��LQ�KLV�H[SHFWHG�FRQWLQXDWLRQ�SD\RII���7R�VLPSOLI\�IXWXUH�QRWDWLRQ��ZH�GHILQH�� � 

�T�S��S���DQG�QRWH�WKDW�SOD\HU�L�SUHIHUV��DL� ����RU��DL� ����DV��ZL����ZL����!�RU��� ��� �� �

0RUHRYHU��DQG�WKLV�LV�D�NH\�VLPSOLILFDWLRQ��WKH�OLQHDU�VWUXFWXUH�LPSOLHV�WKDW�LQ�GHWHUPLQLQJ

WKH�PD[LPDO�VFRUHV��N� ���LQ�HDFK�GLUHFWLRQ�� ���ZH�QHHG�RQO\�FRQVLGHU�WKH�IRXU�SXUH�DFWLRQ�SURILOHV�

DV�VKRZQ�E\�/HPPD�����

6D\�WKDW�FRQWLQXDWLRQ�SD\RIIV��ZL�<�→�5��HQIRUFH�SURILOH�� ��IRU�SOD\HU�L�LI�WKH\�VDWLVI\�WKH

LQFHQWLYH�FRQVWUDLQW�������IRU�SOD\HU�L�

/HPPD�������,Q�D�JDPH�ZLWK�RQO\�ORQJ�UXQ�SOD\HUV��VXSSRVH�WKDW�IRU�HDFK�SOD\HU�L��IRU�DOO��DL���DQG

DOO�� �L���ZKHQHYHU�FRQWLQXDWLRQ�SD\RIIV��Z
L�•���HQIRUFH���DL� �L���IRU�SOD\HU�L�WKH\�DOVR�HQIRUFH���DL� L��

IRU�SOD\HU�L

                    
������,QGHHG�LI�WKHUH�DUH�WKUHH�RXWFRPHV�DQG�ZH�IL[�WKH�VWUDWHJLF�IRUP�SD\RIIV��)XGHQEHUJ��/HYLQH
DQG�0DVNLQ�VKRZ�WKDW�DOPRVW�DOO�SHUWXUEDWLRQV�RI�WKH�PDWUL[�RI�RXWFRPH�SUREDELOLWLHV�UHVXOW�LQ�WKH
IRON�WKHRUHP���+HUH��KRZHYHU��WKH�DGGLWLYH�VWUXFWXUH�RI�SUREDELOLWLHV�DUH�D�QRQ�JHQHULF�FDVH�LQ
ZKLFK�PL[LQJ�GRHV�QRW�LQWURGXFH�DQ�DV\PPHWU\����,W�VKRXOG�EH�QRWHG�WKDW�SHUWXUELQJ�WKH�PDUJLQDO
SUREDELOLWLHV�RI�DQ�DGGLWLYH�VWUXFWXUH�ZLOO�JHQHUDOO\�FKDQJH�WKH�VWUDWHJLF�IRUP�SD\RIIV��



��

IRU�DOO�� L���7KHQ�WR�GHWHUPLQH�WKH�PD[LPDO�VFRUHV��N� �� 

 

sup

α
10k� � ����LW�VXIILFHV�WR�FRQVLGHU�RQO\

WKH�SXUH�DFWLRQ�SURILOHV�

3URRI���,I��Y��DQG��Z��VROYH�WKH��/3��SUREOHP�����IRU�D�JLYHQ�� ��DQG�� ���WKHQ�IRU�HDFK��DL�∈

VXSSRUW� L�����DL� �L���LV�HQIRUFHG�E\��Z���2Q�WKH�K\SRWKHVLV�RI�WKH�OHPPD��WKLV�LPSOLHV�WKDW�HDFK��D
L�∈

VXSSRUW� �L���LV�HQIRUFHG�E\��Z��IRU�DQ\�� �L���DQG�VR�DQ\�SURILOH��D�∈�VXSSRUW� ���LV�HQIRUFHG�E\��Z��

'HILQH���D�� ���� �J�D���� � \�D�ZL�\����DQG�OHW����EH�DQ�HOHPHQW�RI�DUJPD[D∈VXSSRUW� �� °�D����6LQFH

�N� � �� � °Y�≤� °�������JLYHV�DW�OHDVW�DV�KLJK�D�VFRUH��VR�ZH�QHHG�RQO\�VKRZ�WKDW��^���Z`��LV�D�VROXWLRQ

RI�SUREOHP�����IRU�SURILOH�����7KH�ILUVW�HTXDOLW\�LV�VDWLVILHG�IURP�WKH�GHILQLWLRQ�RI�����WKH�LQFHQWLYH

FRQVWUDLQWV�DUH�VDWLVILHG�DV�ZH�REVHUYHG�DERYH��DQG�WKH�LQHTXDOLWLHV�� °���≥� °Z�\���IROORZ�IURP�

°���≥� °Y�D��≥� °Z�\�� n

7R�GHWHUPLQH�WKH�VHW�RI�OLPLW�SD\RIIV��ZH�ZLOO�FRPSXWH�WKH�PD[LPDO�VFRUHV��N� ����WKH�PD[LPDO

KDOI�VSDFHV��+� ����DQG�WKH�VHW��4� 

 

∩
λ
11H� ����6LQFH�HDFK�SOD\HU
V�PLQPD[�YDOXH�LV�]HUR��/HPPD����

LPSOLHV�WKDW�WKH�PD[LPDO�IHDVLEOH�VFRUH�LQ�GLUHFWLRQV���H���DQG���H���LV�]HUR��VR��4��FRQWDLQV�DW�PRVW�WKH

QRQQHJDWLYH�IHDVLEOH�SD\RIIV���0RUHRYHU��VLQFH�WKH�PLQPD[�SURILOH���������LV�D�VWDWLF�HTXLOLEULXP��WKH

VFRUH�RI�����FDQ�EH�REWDLQHG�RQ�DQ\�KDOI�VSDFH��VR�WKH�PD[LPDO�KDOI�VSDFHV�LQ�GLUHFWLRQV�� ��ZLWK�ERWK�

���DQG�� ���QHJDWLYH�FRQWDLQ�WKH�SRLQW���������DQG�KHQFH�LPSO\�QR�IXUWKHU�UHVWULFWLRQV�RQ��4�

)RU�� ��ZLWK�� ��!���!� ����WKH�PD[LPXP�IHDVLEOH�YDOXH�RI�� °Y��LV�

�S��� ��S�T����VLQFH�WKLV�YDOXH�FDQ�EH�REWDLQHG�DV�D�VROXWLRQ�WR�SUREOHP������E\�XVLQJ�WKH�SURILOH�

�������DQG�FRQWLQXDWLRQ�SD\RIIV��Z����� �S�T���Z����� �S�T��� ��� �� ���Z����� �S���DQG��Z����� �S��

� �� �� ��� �� ���LW�LV�WKH�PD[LPXP�VFRUH��N� ���LQ�WKHVH�GLUHFWLRQV���$�V\PPHWULF�DUJXPHQW�VKRZV

WKDW��N� �� � �S��� ��S�T���LQ�GLUHFWLRQV�ZLWK�� ��!���!� ��

7KH�RQO\�UHPDLQLQJ�GLUHFWLRQV�DUH�WKRVH�� ��ZLWK�ERWK�� ���DQG�� ���SRVLWLYH���8VLQJ�/HPPD



��

�����WR�ILQG�WKH�KLJKHVW�VFRUH�LQ�WKH�GLUHFWLRQV�LW�VXIILFHV�WR�FRQVLGHU�WKH�SXUH�DFWLRQ�SURILOHV��VLQFH�

�������\LHOGV�SD\RII�RI�RQO\������DQG���������DQG���������DUH�V\PPHWULF��LW�ZLOO�VXIILFH�WR�FRQVLGHU�WKH

SURILOHV���������DQG����������8VLQJ�RXU�HDUOLHU�REVHUYDWLRQ�WKDW�SOD\HU�L�SUHIHUV��DL� ����RU��DL� ����DV�

ZL������ZL����!�RU

�� ��� �� ���WKH�SURJUDP�����IRU�SURILOH���������VLPSOLILHV�WR

������������

 

max

v, w

 vλ° 12       s.t.

�������������YL� ���� �>�S�T@��� >�SZL����������S�ZL���@

����������������������������������������������������������L� ����

�������������ZL������ZL����≥� ��� �� �������������������⌡

DQG

������������� °Y�≥� °Z����

������������� °Y�≥� °Z����

:H�FODLP�WKDW�IRU�DQ\�SRVLWLYH�� ���DQG�� ����WKH�VROXWLRQ�WR�WKLV�SURJUDP�LV��� �� �� ��>��S�T���

����S�@�

:H�VKRZ�ILUVW�WKDW�WKLV�YDOXH�LV�REWDLQDEOH���6HW�

Z����� �Z����� ��S�T� ����S����DQG�VHW�

Z����� �Z����� ��S�T� ����S���� ��� �� ���VR�WKDW��ZL������ZL���� � ��� �� ���7KHQ��YL� ���� �>�S�T@��

>��S�T�� ����S������S� ��� �� @� ��S�T��� ����S����VR��� � °Y� � °Z������DQG�DOO�RI�WKH�FRQVWUDLQWV�DUH

VDWVLILHG�

1H[W�ZH�DUJXH�WKDW�QR�YDOXH�DERYH����LV�DWWDLQDEOH���$VVXPH�WR�WKH�FRQWUDU\�WKDW�WKH�VROXWLRQ

LV�VRPH��N
�!����)RU�D�IL[HG�YDOXH�RI��Z�������WKH�SURJUDP�LV�PD[LPL]HG�E\�VHWWLQJ

�������������Z����� ��N
� �Z������ ��

�������������Z����� �Z������� ��� �� ���DQG



��

�������������Z����� �Z������� ��� �� � ��N
� �Z������ ���� ��� �� �

6XEVWLWXWLQJ��IRU��YL��\LHOGV

�������������N
�≤���� �� �� ��>�S�T@��� �^Z�����������S� ��� �� @��

������������� �>�N
� �Z������ ��������S� ��� �� @�

ZKLFK��DIWHU�FROOHFWLQJ�WHUPV��LPSOLHV

�������������N
�≤�� �� ��>�S�T�����S� @� ��

1RZ�ZH�GHWHUPLQH�WKH�KLJKHVW�VFRUH�WKDW�FDQ�EH�DWWDLQHG�XVLQJ�SURILOH��� ���������:H�FODLP

WKDW�WKLV�VFRUH�LV�DW�� °J��� � ��S�T���� �S���)URP�/HPPD������LLL���WKLV�ZLOO�IROORZ�LI����FDQ�EH

HQIRUFHG�ZLWK�FRQWLQXDWLRQ�SD\RIIV��Z��RQ�WKH�K\SHUSODQH�� °Z� � ��S�T���� �S��RUWKRJRQDO�WR�� J����

2QH�VSHFLILFDWLRQ�RI�WKH�FRQWLQXDWLRQ�SD\RIIV�WKDW�GRHV�WKLV�LV�

Z����� �S�T���Z����� �S�T� ��� �� ��

Z����� �S���Z����� �S���� �� �� ��� �� ���$�VLPLODU�DUJXPHQW�VKRZV�WKDW�WKH�KLJKHVW�VFRUH�WKDW�FDQ�EH

REWDLQHG�ZLWK�SURILOH���������LV�� �S��� ��S�T��

7KH�ODVW�VWHS�LV�WR�FRPSDUH�WKH�VFRUHV�WR�HDFK�DFWLRQ�SURILOH��DQG�GHWHUPLQH�WKH�RYHUDOO

KLJKHVW�VFRUH�LQ�HDFK�GLUHFWLRQ���,I�

�S���T�!��>�S�T�����S� @���WKHQ�IRU�DOO�� ��

PD[^ °�S�S�T��� °�T�T�S�`�!� °��S�T�����S� ���S�T�����S� ����DQG�QRQH�RI�WKH�H[WUHPDO�HTXLOLEULXP

SD\RIIV�DUH�JHQHUDWHG�E\�WKH�SURILOH���������7KLV�LV�EHFDXVH�WKH�FRVW�RI�SURYLGLQJ�HIIRUW�������S� ���LV

VR�ODUJH�WKDW�ZKHQ�LQFHQWLYH�FRVWV�DUH�FRQVLGHUHG�LW�LV�PRUH�HIILFLHQW�WR�KDYH�RQO\�RQH�SOD\HU�ZRUN�

�7KLV�LV�WKH�FDVH�GHSLFWHG�LQ�)LJXUH�����

)LJXUH�����GHSLFWV�WKH�RSSRVLWH�FDVH���S���T����>�S�T�����S� @���+HUH�WKH�VFRUH��� �� ����S�T�

����S� ���JHQHUDWHG�E\���������H[FHHGV�WKH�VFRUHV�WR���������DQG���������IRU�LQWHUPHGLDWH�YDOXHV�RI�

�� ��

����*DPHV�:LWK�D�3URGXFW�6WUXFWXUH

$V�QRWHG��LQ�WKH�LQYHVWPHQW�JDPH�WKHUH�LV�D�VHSDUDWH�SXEOLF�VLJQDO�IRU�HDFK�ORQJ�UXQ�SOD\HU



��

ZKLFK�LV�LQGHSHQGHQW�RI�WKH�VLJQDO�IRU�RWKHU�ORQJ�UXQ�SOD\HUV��DQG�GHSHQGV�RQO\�RQ�KLV�RZQ�SOD\

DQG�WKDW�RI�WKH�VKRUW�UXQ�SOD\HUV���:H�GHVFULEH�WKLV�E\�VD\LQJ�WKDW��LQIRUPDWLRQ�LQ��WKH�JDPH�KDV�D

SURGXFW�VWUXFWXUH���6XFK�JDPHV�KDYH�VWURQJ�SURSHUWLHV��ZKLFK�ZH�DSSO\�WR�WKH�LQYHVWPHQW�JDPH�LQ

WKH�QH[W�VHFWLRQ�

/HW��D65� ��D/�������D
Q���EH�WKH�YHFWRU�RI�VKRUW�UXQ�SOD\HUV�SOD\���)RUPDOO\��ZH�VD\�WKDW�D

JDPH�KDV�D�SURGXFW�VWUXFWXUH�LI��\� ��\������\/����ZLWK�SUREDELOLW\�RQH���DQG�� \�D�� � \�
�D��D65������ \

/
�D/�D65���ZKHUH�� \L

��LV�WKH�PDUJLQDO�GLVWULEXWLRQ�RQ��\L���,Q�RWKHU�ZRUGV��HDFK�ORQJ�UXQ�SOD\HU
V

DFWLRQ�LQIOXHQFHV�RQO\�WKH�GLVWULEXWLRQ�RI�KLV��RZQ��RXWFRPH��\L���DQG�WKH��\L��DUH�VWDWLVWLFDOO\

LQGHSHQGHQW�

:H�QRZ�VSHFLDOL]H�WR�JDPHV�ZLWK�D�SURGXFW�VWUXFWXUH���$�VSHFLDO�FDVH�RI�WKHVH�JDPHV�LV�WKH

FDVH�LQ�ZKLFK�DFWLRQV�DUH�REVHUYDEOH�EXW�PL[HG�VWUDWHJLHV�DUH�QRW���,Q�WKHVH�JDPHV�)XGHQEHUJ�DQG

0DVNLQ�>����@�VKRZ�WKDW�WKH�IRON�WKHRUHP�KROGV�ZKHQ�WKHUH�DUH�QR�VKRUW�UXQ�SOD\HUV���:LWK�D

VLQJOH�ORQJ�UXQ�SOD\HU��)XGHQEHUJ��.UHSV�DQG�0DVNLQ�>����@�VKRZ�WKDW�WKH�IRON�WKHRUHP�IDLOV��EXW

DUH�QHYHUWKHOHVV�DEOH�WR�FKDUDFWHUL]H�HTXLOLEULXP�SD\RIIV���8VLQJ�7KHRUHP������ZH�FDQ�H[WHQG�WKLV

ODWWHU�FKDUDFWHUL]DWLRQ�WR�HQFRPSDVV�PDQ\�ORQJ�UXQ�DQG�VKRUW�UXQ�SOD\HUV��DQG�PRUDO�KD]DUG�DV

ZHOO�

,Q�D�JDPH�ZLWK�D�SURGXFW�VWUXFWXUH��WKH�PDUJLQDO�GLVWULEXWLRQ�RI�ORQJ�UXQ�SOD\HU��L
V��VLJQDO
GRHV�QRW�GHSHQG�RQ�WKH�DFWLRQV�RI�RWKHU�ORQJ�UXQ�SOD\HUV��VR�LW�PD\�EH�GHQRWHG�E\�� \L

�DL� 65����)RU�

L� �������/��ZH�WKHQ�GHILQH�WKH�PDWUL[�� L� 65���ZLWK�URZV�FRUUHVSRQGLQJ�WR��DL�∈�$L��DQG�FROXPQV�WR��\L
∈�<L���DQG�ZLWK�WKH���DL��\L���FRPSRQHQW�HTXDO�WR�� \L

�DL� 65�����6LPLODUO\��ZH�PD\�GHILQH��JL� �L���WR�EH

WKH�YHFWRU�LQGH[HG�E\��DL���ZLWK�FRPSRQHQWV�HTXDO�WR��JL�DL� �L�����:H�VD\�WKDW�D�JDPH�ZLWK�D�SURGXFW

VWUXFWXUH�VDWLVILHV�WKH�VXIILFLHQW�UDQN�FRQGLWLRQ�DW�� ��LI�HYHU\�OHIW�QXOO�YHFWRU�RI�� L� 65���LV

RUWKRJRQDO�WR�WKH�YHFWRU��JL� �L����7KLV�LV�FHUWDLQO\�WUXH�LI�WKH�UDQN�RI�� L� 65���LV��PL���WKH�QXPEHU�RI

SOD\HU��L
V��DFWLRQV��VR�WKDW�LW�KDV�IXOO�URZ�UDQN���,Q�WKLV�FDVH�WKH�RQO\�OHIW�QXOO�YHFWRU�LV������ZKLFK�LV

FHUWDLQO\�RUWKRJRQDO�WR��JL� �L����,Q�WKLV�FDVH�ZH�VD\�WKDW�WKH�IXOO�UDQN�FRQGLWLRQ�LV�VDWLVILHG�

/HPPD�������,Q�D�JDPH�ZLWK�D�SURGXFW�VWUXFWXUH��LI�� ��VDWLVILHV�WKH�VXIILFLHQW�UDQN�FRQGLWLRQ��WKHQ



��

IRU�DOO�SOD\HUV��L���SD\RIIV��YL��DQG��GLVFRXQW�IDFWRUV�� �!����WKHUH�H[LVW��ZL��<L�→�5��VXFK�WKDW

�������������YL� ���� �JL�DL� �L���� �Σ\� \��DL� 65�Z
L�\L��IRU�DOO�DL�∈�$L�

5HPDUN���7KH�FRQGLWLRQ�������DVVHUWV�WKDW�WKH�LQFHQWLYH�FRQVWUDLQWV�������PD\�EH�VDWLVILHG�ZLWK

H[DFW�HTXDOLW\�XVLQJ�FRQWLQXDWLRQ�SD\RIIV��ZL��WKDW�GHSHQG�RQO\�RQ�SOD\HU��L
V��RXWFRPH��DQG�QRW

WKRVH�RI�RWKHU�ORQJ�UXQ�SOD\HUV�

3URRI���/HW��H��EH�WKH�YHFWRU�WKDW�FRQVLVWV�HQWLUHO\�RI�RQHV���:ULWLQJ�RXW�������LQ�PDWUL[�IRUP�DQG

UHDUUDQJLQJ�WHUPV��ZH�VHH�WKDW�ZH�PXVW�ILQG��ZL���ZKLFK�PD\�YLHZ�YLHZHG�DV�D�YHFWRU�ZLWK

FRPSRQHQWV�FRUUHVSRQGLQJ�WR�URZV�RI�� L���WR�VROYH

������������� L� 65��⋅�ZL� �YL�⋅�H������ ��JL� �L��

7KLV�LV�SRVVLEOH�LI�DQG�RQO\�LI�HYHU\�QXOO�YHFWRU�RQ�WKH�OHIW�LV�RUWKRJRQDO�WR�WKH�YHFWRU�RQ�WKH�ULJKW��

6LQFH�� L� 65���LV�D�VWRFKDVWLF�PDWUL[��HYHU\�OHIW�QXOO�YHFWRU�LV�RUWKRJRQDO�WR��H���DQG�E\�WKH

DVVXPSWLRQ�RI�VXIILFLHQW�UDQN��HYHU\�VXFK�QXOO�YHFWRU�LV�RUWKRJRQDO�WR��JL� �L�� n

,I�WKH�VXIILFLHQW�UDQN��RU�IXOO�UDQN��FRQGLWLRQ�LV�VDWLILHG�IRU�HYHU\�� �∈�JUDSK�%����ZH�VD\�WKDW

WKH�JDPH�VDWLVILHV�WKH�VXIILFLHQW�UDQN��RU�IXOO�UDQN��FRQGLWLRQ����1RWLFH�WKDW�WKHVH�FRQGLWLRQV

JHQHUDOL]H�WKH�LGHD�RI�D�JDPH�ZLWK�REVHUYDEOH�DFWLRQV���2EVHUYDEOH�DFWLRQV�PHDQV�WKDW��\L��LV

LVRPRUSKLF�WR��DL���VR�WKDW�� L��LV�WKH�LGHQWLW\�PDWUL[�

/HW��HL��EH�WKH�XQLW�YHFWRU�LQ�WKH�GLUHFWLRQ�RI�WKH�LWK�FRRUGLQDWH�D[LV��DQG�UHFDOO�WKDW��N�HL��

FRUUHVSRQGV�WR�PD[LPL]LQJ�SOD\HU��L
V��SD\RII�DQG��N��HL���WR�PLQLPL]LQJ�LW��5HFDOO�WKDW��9��LV�WKH

VXEVHW�RI��5/��JHQHUDWHG�DV�FRQYH[�FRPELQDWLRQV�RI�SD\RIIV�WR�ORQJ�UXQ�SOD\HUV��J�� ������J/� ����

ZKHUH�� �∈�JUDSK�%���DQG�WKDW�WKLV�VHW�LV�FORVHG���2XU�JRDO�LV�WR�SURYH�

7KHRUHP�������,Q�D�JDPH�ZLWK�D�SURGXFW�VWUXFWXUH�VDWLVI\LQJ�WKH�VXIILFLHQW�UDQN�FRQGLWLRQ���4��LV

WKH�LQWHUVHFWLRQ�RI��9��ZLWK�WKH���/��FRQVWUDLQWV�

                    
������)XGHQEHUJ��/HYLQH�DQG�0DVNLQ�>����@�GLVWLQJXLVK�WKH�IXOO�UDQN�FRQGLWLRQ�DV�WKH��LQGLYLGXDO
IXOO�UDQN��FRQGLWLRQ�WR�GLVWLQJXLVK�LW�IURP�D�VWURQJHU�FRQGLWLRQ�FDOOHG��SDLUZLVH�IXOO�UDQN��



��

N��HL��≤�YL�≤�N�HL��

,I��IROORZLQJ�)XGHQEHUJ�DQG�0DVNLQ�>����@��ZH�DVVXPH�WKDW��4��KDV�GLPHQVLRQ�/��LW�IROORZV�IURP

7KHRUHP�����WKDW��4��LV�WKH�OLPLW�RI��(� ���DV�� �→���

$OWKRXJK�WKLV�JLYHV�D�FKDUDFWHUL]DWLRQ�RI�OLPLW�SD\RIIV�DV�� �→�����LW�LV�QRW�LQWHUSUHWDEOH�DV�D

IRON�WKHRUHP��DV�LQ�JHQHUDO��N�HL���LV�QRW�WKH�EHVW�SD\RII�IRU�SOD\HU��L��LQ�WKH�JUDSK�%���

,Q�SURYLQJ�7KHRUHP�����WKHUH�DUH�WZR�FDVHV���GLUHFWLRQV�� ��WKDW�DUH�SDUDOOHO�WR�D�FRRUGLQDWH

D[LV��DQG�WKRVH�WKDW�DUH�QRW���:H�UHIHU�WR�WKH�IRUPHU�DV�FRRUGLQDWH�GLUHFWLRQV��WKH�ODWWHU�DV�QRQ�

FRRUGLQDWH�GLUHFWLRQV���)URP�WKH�GHILQLWLRQV�RI��4��DQG��N���4��PXVW�VDWLVI\�WKH�FRQVWUDLQW�

N��HL��≤�YL�≤�N�HL����7R�SURYH�7KHRUHP�����LW�WKHUHIRUH�VXIILFHV�WR�VKRZ�WKDW�IRU�QRQ�FRRUGLQDWH

GLUHFWLRQV�� ��ZH�FDQ�REWDLQ�VFRUHV��N� ���RQ�WKH�ERXQGDU\�RI��9�

/HPPD�������,Q�D�JDPH�ZLWK�D�SURGXFW�VWUXFWXUH�VDWLVI\LQJ�WKH�VXIILFLHQW�UDQN�FRQGLWLRQ��LI�� ��LV�D

QRQ�FRRUGLQDWH�GLUHFWLRQ��WKHQ��N� �� � �•�Y���ZKHUH��Y�∈�9��DQG��9�⊂�+� �N� ���  

3URRI���%\�/HPPD�����LLL���LW�VXIILFHV�WR�VKRZ�WKDW�IRU�VRPH��Y�∈�9��DQG��N
��VXFK�WKDW��K� �N
���LV

WDQJHQW�WR��9��DW��Y���WKDW�WKHUH�LV�DQ�� ��ZLWK���J�� ������J/� ��� �Y��WKDW�PD\�EH�HQIRUFHG�RQ��K� �N
���

%\�WKH�GHILQLWLRQ�RI��9��ZH�PD\�ILQG�� �∈�JUDSK�%���DQG�D��N
��VXFK�WKDW�

�J�� ������J/� ��� �Y��DQG��K� �N
���LV�WDQJHQW�WR��9��DW��Y���&RQVHTXHQWO\��ZH�QHHG�RQO\�FRQVWUXFW��Z�

VDWLVI\LQJ�� �•�Z�\�� �N
���DQG�VXFK�WKDW�WKH�LQFHQWLYH�FRQVWUDLQWV�������DUH�VDWLVILHG���6LQFH��\� 

�\������\/����ZH�LQLWLDOO\�UHVWULFW�DWWHQWLRQ�WR�FRQWLQXDWLRQ�SD\RIIV�WKDW�GHSHQG�RQO\�RQ�HDFK�SOD\HU
V

RZQ�RXWFRPH��WKDW�LV����ZL�\�� �ZL�\L����DQG�VXFK�WKDW�WKH�LQFHQWLYH�FRQVWUDLQWV�DOO�KROG�ZLWK�H[DFW

HTXDOLW\���7KH\�PD\�EH�ZULWWHQ�DV

�������������YL� ���� �JL�DL� �L���� Σ\L∈\L
� \L

�DL� 65�Z
L�\L��

%\�/HPPD�����WKHUH�H[LVWV�D�VROXWLRQ��ZL�\L��

6LQFH�� ��LV�QRQ�FRRUGLQDWH��� L�≠����IRU�DW�OHDVW�WZR�SOD\HUV��VD\�

L� �������&RQVHTXHQWO\��� �•��\�� �N
��SURYLGHG�WKDW



��

������������ 1 1 2 1
i=3

L

i i i$w (y)  +  $w (y)  =  k’  -  $w (y ).λ λ λ∑ 13

&OHDUO\��VHWWLQJ�����\�� �Z��\�����Z�\������
��\�� �Z��\�����Z�\�����DQG��L�\�� �ZL�\L���IRU��L�≠������SUHVHUYHV

LQFHQWLYH�FRPSDWLELOLW\�IRU�DQ\�IXQFWLRQV��Z��RI��\����DQG��Z��RI��\
����,I�ZH�FKRRVH�Z

�\��� ��� �� ��Z��\�����DQG��Z�\���� ����
���N
�ΣL �/��� LZL�\L�����WKH�UHVXOWLQJ���\���FRPSOHWHV�WKH�SURRI� n

,W�LV�ZRUWK�QRWLQJ�WKDW�ZKHQ�WKH�VXIILFLHQW�UDQN�FRQGLWLRQ�LV�VDWLVILHG��WKH�OLQHDU�SURJUDPPLQJ

SUREOHP�������IRU�YHFWRUV�� ��FRUUHVSRQGLQJ�WR�FRRUGLQDWH�GLUHFWLRQV�VLPSOLILHV�FRQVLGHUDEO\���6LQFH�DOO

FRPSRQHQWV�RI�� ��DUH�]HUR�H[FHSW�WKH��LWK���VD\����YL��LV�WKH�RQO\�FRPSRQHQW�RI��Y��WR�DSSHDU�LQ�WKH

REMHFWLYH���0RUHRYHU��WKH�RQO\�FRQVWUDLQWV�LQYROYLQJ��YM���M�≠�L���DUH�WKRVH�IURP���������+RZHYHU��ZH

DOUHDG\�VKRZHG�WKDW�LI�WKH�IXOO�UDQN�FRQGLWLRQ�LV�VDWLVILHG��ZH�PD\�FKRRVH��ZM��WR�VDWLVI\�WKHVH

FRQVWUDLQWV���7KH�UHPDLQLQJ�FRQVWUDLQWV�GR�QRW�LQYROYH�SOD\HU��M��DW�DOO��H[FHSW�WKDW��ZL�\���PD\�GHSHQG

RQ��\M���+RZHYHU��LI��ZL�\���VDWLVI\�DOO�WKH�FRQVWUDLQWV��VR�GRHV

�������������Z�\�� �ZL�\L��≡�(>ZL�\��\L� �L@�

&RQVHTXHQWO\��WKH�SUREOHP�������LV�HTXLYDOHQW�WR�WKH�SUREOHP

��������PD[������ �•�Y��VXEMHFW�WR

�����������YL�ZL��L���L

������YL� ���� �JL�DL� �L���� �Σ� \��DL� 65�Z
L�\L���IRU��DL��V�W�� L�DL��!��

�������������������������������������L

������YL�≥���� �JL�DL� �L���� �Σ� \��DL� 65�Z
L�\L���IRU��DL��V�W�� L�DL�� ��

�����������������������������������L

�������� L�•�YL�≥� L�•�Z�\����IRU��\�∈�<�

,Q�RWKHU�ZRUGV��WKH�VFRUH�LQ�WKH�GLUHFWLRQ�RI�PD[LPL]LQJ�RU�PLQLPL]LQJ�SOD\HU��L
V��SD\RII�LV

GHWHUPLQHG�DV�LI�KH�ZHUH�WKH�RQO\�ORQJ�OLYHG�SOD\HU�LQ�WKH�JDPH���WKH�RWKHU�ORQJ�OLYHG�SOD\HUV

ILJXUH�LQWR�WKLV�SUREOHP�RQO\�WKURXJK��JL�



��

����0RUDO�+D]DUG�0L[LQJ�*DPHV

1RZ�ZH�VKRZ�KRZ�WR�GHWHUPLQH�WKH�FRQVWUDLQWV��N�HL���DQG��N��HL���LQ�D�EURDG�FODVV�RI�JDPHV

ZLWK�D�SURGXFW�VWUXFWXUH���)ROORZLQJ�)XGHQEHUJ��.UHSV�DQG�0DVNLQ�>����@��ZH�GHILQH�WZR�ERXQGV

RQ�WKH�SD\RIIV�RI�WKH�ORQJ�UXQ�SOD\HU��L� �������/���)LUVW�

�������������YL�≡

 

min

graph(B)

  

 

max

a A

 g (a , )

i i

i i -i

α
α

∈ ∈
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LV�WKH�PLQPD[��LQFRUSRUDWLQJ�WKH�FRQVWUDLQW�WKDW�VKRUW�UXQ�SOD\HUV�PXVW�SOD\�EHVW�UHVSRQVHV�WR

VRPH�SOD\�RI�WKH�ORQJ�UXQ�SOD\HUV���/HPPD�����VKRZV�WKDW�HYHU\�ORQJ�UXQ�SOD\HU
V�SD\RII�LV�DW�OHDVW

�YL��LQ�HYHU\�SHUIHFW�SXEOLF�HTXLOLEULXP���7KH�VHFRQG�ERXQG�LV

�������������Y�≡

 

max

graph(B)

  

 

min

support( )

 g (a , ),

i i

i i -i

α α α
α

∈ ∈
15

ZKLFK�LV�WKH�PRVW�SOD\HU��L��FDQ�JHW�LI�KH�FDQQRW�EH�WUXVWHG�QRW�WR�PD[LPL]H�ZLWKLQ�WKH�VXSSRUW�RI�D

PL[HG�VWUDWHJ\���/HW�� L��EH�WKH�VWUDWHJLHV�IRU��L
V��RSSRQHQWV�WKDW�OHDG�WR��YL���DQG�OHW�� L��EH

VWUDWHJLHV�IRU�DOO�SOD\HUV�WKDW�VROYH�WKH�SUREOHP�GHILQLQJ��Y�

)XGHQEHUJ��.UHSV�DQG�0DVNLQ�VKRZ�WKDW�IRU�JDPHV�ZLWK�REVHUYHG�DFWLRQV�DQG�D�VLQJOH�ORQJ�

UXQ�SOD\HU�WKH�OLPLW�VHW�RI�SHUIHFW�HTXLOLEULXP�SD\RIIV�LV�WKH�LQWHUYDO��>Y��Y@���)XGHQEHUJ��/HYLQH

DQG�0DVNLQ�>����@�FRQVLGHU�JDPHV�ZLWK�XQREVHUYHG�DFWLRQV�ZKHUH�DOO�SOD\HUV�DUH�ORQJ�UXQ���,Q

WKHVH�JDPHV�DOO�VWUDWHJ\�SURILOHV�DUH�LQ�JUDSK�%���VR��Y� �PD[�JL� ����DQG�DQ\�VWUDWHJ\�SURILOH�� �

WKDW�JLYHV�SOD\HU��L��SD\RII��YL��QHFHVVDULO\�KDV�� L��D�VWDWLF�EHVW�UHVSRQVH�WR�� ���7KLV�PHDQV�WKDW

SOD\HU��L��FDQ�EH�LQGXFHG�QRW�WR�GHYLDWH�IURP��DL��ZLWK�FRQWLQXDWLRQ�SD\RIIV�WKDW�DUH�RUWKRJRQDO�WR

SOD\HU��L
V��FRRUGLQDWH�D[LV��VR�WKDW��N�HL�� �PD[ �JL� ����:KHQ�VRPH�SOD\HUV�DUH�VKRUW�UXQ��� L��QHHG

QRW�EH�D�VWDWLF�EHVW�UHVSRQVH�WR�� ���ZKLFK�LV�ZK\��N�HL���FDQ�EH�OHVV�WKDQ��PD[ �JL� ��



��

$Q�LPSRUWDQW�FODVV�RI�JDPHV�ZLWK�D�SURGXFW�VWUXFWXUH�WKDW�GR�QRW�KDYH�SHUIHFW�REVHUYDELOLW\
DUH�PRUDO�KD]DUG�PL[LQJ�JDPHV���7KHVH�DUH�JDPHV�IRU�ZKLFK�� \L

�DL�D65���LV�VWULFWO\�SRVLWLYH�IRU�DOO

�DL�∈�$L���\L�∈�<L��

L� �������/���DQG��D65�∈�×
Q

M /���$
M��VR�WKHUH�LV�JHQXLQH�PRUDO�KD]DUG���,Q�DGGLWLRQ�ZH�UHTXLUH�WKDW�LI

� �∈�JUDSK�%���DQG��JL� �� �Y��WKHQ�� L��LV�QRW�D�EHVW�UHVSRQVH�WR�� �L���7KLV�ZLOO�LPSO\�WKDW�WKH

LQFHQWLYH�FRQVWUDLQW�GXH�WR�PRUDO�KD]DUG�ELQGV�RQ�SOD\HU��L��DW�KLV�RSWLPDO�HTXLOLEULXP�

7KHRUHP���������L���,Q�JDPHV�ZLWK�D�SURGXFW�VWUXFWXUH��N�HL��≤�Y��DQG�

N��HL��≤��YL�

�������������LL���,Q�JDPHV�ZLWK�REVHUYDEOH�DFWLRQV��N�HL�� �Y��DQG�

N��HL�� ���YL�

������������LLL���,Q�PRUDO�KD]DUG�PL[LQJ�JDPHV��N�HL����Y�

3URRI���:H�FDOFXODWH�IRU�HDFK�� �∈�JUDSK�%����WKH�VFRUHV��N� �HL���DQG��N�� ��HL����,Q�WKH��HL��FDVH�� L� 

����DQG�LQ�WKH���HL��FDVH� L� ������,Q�HLWKHU�FDVH��WKH�VFRUH�LV�GHWHUPLQHG�E\�VROYLQJ�WKH�OLQHDU

SURJUDPPLQJ�SUREOHP�������

3URRI�RI��L����6XSSRVH��N�HL��!�Y���7KHQ��VLQFH��N��LV�LQGHSHQGHQW�RI�� ���IRU�HDFK�� �∈�>���@��WKHUH

H[LVWV�� �!����DQG�� �∈�JUDSK�%���VXFK�WKDW�

N� �HL��!�YL���> ���� �@ ��DQG��N� �HL�� �N�HL���� ���,W�IROORZV�WKDW�IRU�DOO��DL��ZLWK�� �DL��!��

�������������N� �HL�� ���� �JL�DL� �L����
i iy Y

 

∈
∑ 16

\L�DL� 65�
ZL�\L�

ZLWK��ZL�\L��≤�N�HL� ���� ���/HW��DL��EH�VXFK�WKDW�� L�DL��!����DQG�

JL�DL� �L��≤�JL�D� �L���IRU�DOO�� �D��!�����%\�WKH�GHILQLWLRQ�RI�

YL���JL�DL� �L��≤�YL
���&RQVHTXHQWO\�

���������������N� �HL��≤���� �Y��� �N�HL� �� �

RU��N� �HL��≤�Y���> ���� �@ ���7KLV�FRQWUDGLFWV�WKH�DVVXPSWLRQ�WKDW��N� �HL��!�Y���> ���� �@ ���VR��N�HL�



��

≤�Y�

1H[W��VXSSRVH��N��HL��!��YL���$V�DERYH��WKHUH�LV�DQ�� �∈�JUDSK�%���VXFK�WKDW��N� ��HL��!���YL��

> ���� �@ ��DQG��N� ��HL�� �N��HL���� ���,W�IROORZV�WKDW�IRU�DOO��DL�∈�$L

��������������N��HL� ��≥���� �JL�DL� �L���
i iy Y

 

∈
∑ 17

\L�DL� 65�ZL�\L�

ZLWK��ZL�\L��≥�N�HL� ���� ���/HW��DL��EH�VXFK�WKDW��JL�DL� �L��≥�JL�D� �L���IRU�DOO��DL�∈�$L���%\�WKH�GHILQLWLRQ

RI��YL���JL�DL� �L��≥�YL���&RQVHTXHQWO\

����������������N��HL� ��≥���� ���� ��N�HL� �� ��

RU��N�HL� ��≤��YL���> ���� �@ ���$JDLQ��WKLV�LV�D�FRQWUDGLFWLRQ�

3URRI�RI��LL����8QGHU�SHUIHFW�REVHUYDELOLW\��WKH�FRQVWUDLQWV�������VLPSOLI\�WR

���������������YL� ���� �JL�DL� �L���� Z
L�DL���� �DL��!��

���������������YL�≥���� �JL�DL� �L���� Z
L�DL���� �DL�� ��

��������������� LYL�≥� LZL�\L��

)RU�� L� �����VHW��YL� �PLQ
L�DL�!�

�JL�DL� �L����DQG�

ZL�DL�� �>YL���� �JL�DL� L�@� ��IRU��DL��ZLWK�� L�DL��!����
ZL�DL�� �PLQD∈$L

�JL�D���IRU��DL��ZLWK�� L�DL�� �����6LQFH�WKHVH�FRQWLQXDWLRQ�SD\RIIV�VDWLVI\�FRQVWUDLQWV

�������ZH�FRQFOXGH�WKDW

�������������N� �HL��≥

 

min

a support( )i i∈ α

18gL�DL� �L��

DQG��N�HL�� 

 

max k ( ,e )   

 

max  

 

min

support( )

 g (a , )  =  v

*

 

i

.*
i

i i

i i -i

α
α

α α α
α≥

∈
19 Combining this

inequality with that of part (i) we have  k�HL�� �Y�

)RU�� L� ������VHW��YL� �PD[DL
�JL�DL�PL����ZKHUH��PL��LV�WKH�PLQPD[�SURILOH�DJDLQVW�SOD\HU��L���DQG

VHW��ZL�DL�� �>YL���� �JL�DL�PL��@� ��IRU�DOO��DL���2QFH�DJDLQ�WKHVH�FRQWLQXDWLRQ�SD\RIIV�VDWLVI\��������DQG

KROG�SOD\HU��L
V��SD\RII�WR��YL��UHJDUGOHVV�RI�KRZ�KH�SOD\V���7KXV��N��HL��≤�YL���DQG�VR�FRPELQLQJ�ZLWK



��

SDUW��L��\LHOGV��N��HL�� �YL�

3URRI�RI��LLL����:H�WXUQ�ILQDOO\�WR�PRUDO�KD]DUG�PL[LQJ�JDPHV�DQG�� L� �����/HW� L� 
 

min

a A , y Y ,ai i i i SR∈ ∈

20
\L
�DL�D65��!����IURP�WKH�DVVXPSWLRQ�WKDW�DOO�RXWFRPHV�KDYH�SRVLWLYH

SUREDELOLW\�XQGHU�DOO�SURILOHV�

1RZ�IRU�HDFK�� ��FRQVLGHU�WKH�SUREOHP��"������$W�WKH�VROXWLRQ�WR�WKLV�SURJUDP���YL� �N� �HL��≥

ZL�\L����VR�WKDW

������������
i iy Y

 

∈
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\L
�DL� 65�Z

L�\L��≤�N� �HL���� L

 

min

y Yi i∈

22wL�\L��

&KRRVH��DL��VR�WKDW�� L�DL��!�����7KHQ

�������������N� �HL��≤���� �JL�DL� �L���� Y
L��� L�PLQ\L∈\L

�ZL�\L��

RU

�������������ZL�\L��≥� L��>��� �� @�>N� �HL��PD[�JL@�

6LQFH�ZH�NQRZ�IURP�DERYH�WKDW��N� �HL���VDWLVILHV�

PD[�JL�≥�PD[�YL�≥�PLQ�JL���ZH�PD\�DGG�WKLV�FRQVWUDLQW�WR�WKH�/3�SUREOHP�DQG�ILQG�DOVR

���������������PD[�JL�≥�ZL�\L��≥� L���>��� �� @�>PLQ�JL�PD[�JL@�

&RQVHTXHQWO\�WKH�UHOHYDQW�FRQVWUDLQW�VHW�RI�FRQWLQXDWLRQ�SD\RIIV�LV�ERXQGHG�LQGHSHQGHQW�RI�� ��

DQG�LW�IROORZV�WKDW�WKHUH�H[LVWV�� ��ZLWK�

N�HL� �� �N�HL����WKDW�LV��WKH�VXSUHPXP�RYHU�� ��LV�DWWDLQHG�

6XSSRVH�WKHQ�WKDW��N� �HL�� �Y���)RU�VRPH��DL��ZLWK�� L�DL��!�����JL�DL� �L��≤�Y���E\�WKH�GHILQLWLRQ

RI��Y���6LQFH�� L�DL��!��

�������������Y� ���� �JL�DL� �L����
i i

i i SR i i
y Y

 

y (a , w (y ) .
∈
∑ απ 23



��

6LQFH��JL�DL� �L��≤�Y��DQG��ZL�\L��≤�Y���LW�IROORZV�WKDW��JL�DL� �L�� �Y���DQG�VLQFH�� \L
�DL��!����IRU�DOO��\L��

ZL�\L�� �Y��IRU�DOO��\L�∈�<L���%XW�ZH�WKHQ�KDYH

�������������YL��≥���� �JL�D� �L���� Y

IRU�DOO��D�∈�$L���ZLWK�H[DFW�HTXDOLW\�LI�DQG�RQO\�LI�� L�DL��!�����,Q�RWKHU�ZRUGV��� L��LV�D�EHVW�UHVSRQVH�WR

� �L��\LHOGLQJ�WKH�SD\RII��Y���DQG�FRQWUDGLFWLQJ�WKH�GHILQLWLRQ�RI�D�PRUDO�KD]DUG�PL[LQJ�JDPH�
n

5HPDUN���2QH�LQWHUSUHWDWLRQ�RI�SDUW��LLL��RI�WKH�WKHRUHP�LV�WKDW�SOD\HU��L
V��PRUDO�KD]DUG�UHGXFHV

KLV�EHVW�HTXLOLEULXP�SD\RII�UHODWLYH�WR�WKH�FDVH�RI�REVHUYHG�DFWLRQV�XQOHVV�WKH�EHVW�REVHUYHG�DFWLRQ

SD\RII��Y��FDQ�EH�DWWDLQHG�LQ�WKH�VWDJH�JDPH�ZLWK�D�SURILOH�ZKHUH�SOD\HU��L��GRHV�QRW�KDYH�DQ

LQFHQWLYH�WR�GHYLDWH���,W�LV�LQWXLWLYH�WKDW�PRUDO�KD]DUG�VKRXOG�QRW�EH�FRVWO\�LQ�WKLV�FDVH��DV�WKHUH�LV

QR�QHHG�WR��NHHS�WUDFN��RI�SOD\HU��L
V��DFWLRQ���7KH�WKHRUHP�VKRZV�WKDW�WKLV�LV�WKH�RQO\�FDVH�ZKHUH

PRUDO�KD]DUG�KDV�QR�DGGLWLRQDO�FRVW�

:H�QRZ�JLYH�DQ�H[DPSOH�RI�D�PRUDO�KD]DUG�PL[LQJ�JDPH�

��������������������/������0������5�����������������������������������������

����������������� ³³³³³³³³³³³³³³³³³³³³³³ ��������������

���������������8� ������ ������ ��������

����������������� ������ ������ ��������

����������������� ³³³³³³ ³³³³³³ ³³³³³³³³

����������������� ������ ������ ��������

���������������'� ������ ������ ��������

����������������� ³³³³³³³³³³³³³³³³³³³³³³ �����������������������������������

������������������������),*85(����

7KH�SD\RII�PDWUL[�LQ�)LJXUH�����JLYHV�WKH�H[SHFWHG�SD\RIIV�DV�D�IXQFWLRQ�RI�WKH�DFWLRQV���3OD\HU���LV

D�ORQJ�UXQ�SOD\HU�IDFLQJ�D�VHTXHQFH�RI�VKRUW�UXQ�SOD\HU��
V���,I�SOD\HU��
V�DFWLRQV�DUH�REVHUYDEOH�



��

EXW�QRW�KLV�PL[HG�VWUDWHJ\��WKHQ�E\�7KHRUHP������KLV�PD[LPXP�HTXLOLEULXP�SD\RII�LV��Y� �����ZKLFK

FRUUHVSRQGV�WR�SOD\HU���SOD\LQJ��'��ZLWK�SUREDELOLW\��S�∈�>�����������@�

1RZ�LPDJLQH�WKDW�WKHUH�DUH�WZR�RXWFRPHV��\��DQG��\����DQG�WKDW�

\
�8�� � \��'�� ����� ���,W�LV�FOHDU�WKDW�ZH�PD\�GHILQH�SD\RIIV��U
L�\��D����WKDW�JLYH�ULVH�WR�WKH�QRUPDO

IRUP�LQ�)LJXUH����IRU�H[DPSOH

���������������U��\�/�� ���� ����� �

���������������U��\�/�� ���� ����� ��

7KLV�FODVV�RI�JDPHV�REYLRXVO\�KDV�D�SURGXFW�VWUXFWXUH�DQG�IRU�� �≠������VDWLVILHV�WKH�IXOO�UDQN

FRQGLWLRQ�

7KHVH�JDPHV�DOVR�VDWLVI\�WKH�SDLUZLVH�IXOO�UDQN�FRQGLWLRQ�GHVFULEHG�LQ�)XGHQEHUJ��/HYLQH

DQG�0DVNLQ�>����@���$FFRUGLQJ�WR�WKDW�SDSHU��LI�SOD\HU���ZHUH�D�ORQJ�UXQ�SOD\HU�WKH�OLPLW�VHW�RI

HTXLOLEULD�ZRXOG�EH�WKH�VDPH�DV�WKDW�ZLWK�REVHUYDEOH�DFWLRQV���+RZHYHU��ZLWK�D�VKRUW�UXQ�SOD\HU�

WKH�OLPLW�VHW�LV�VWULFWO\�VPDOOHU�ZKHQ�� �!�����7KLV�IROORZV�IURP�WKH�IDFW�WKDW�WKH�JDPH�LV�D�PRUDO

KD]DUG�PL[LQJ�JDPH�
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LV�VWULFWO\�SRVLWLYH��DQG�WKH�PRVW�SOD\HU�����FDQ�JHW�IURP�D�SXUH�VWUDWHJ\�LV������Y� �����ZKLOH�LI

SOD\HU�����LV�LQGLIIHUHQW�EHWZHHQ�XS�DQG�GRZQ��KH�PXVW�FOHDUO\�JHW�QR�PRUH�WKDQ�RQH�

1RWH�WKDW�LW�FDQ�EH�VKRZQ�WKDW�DV�� �→�����N�HL��FRQYHUJHV��Y� �����7KLV�LV�TXLWH�JHQHUDOO\
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WUXH���LI�ZH�IL[�D�SD\RII�PDWUL[�DQG�FRQVLGHU�D�VHTXHQFH�RI�FRUUHVSRQGLQJ�LQIRUPDWLRQ�VWUXFWXUHV

WKDW�FRQYHUJH�WR�SHUIHFW�REVHUYDELOLW\��WKH�PD[LPXP�SD\RIIV�FRQYHUJH�WR��Y�

����$Q�,QYHVWPHQW�*DPH

:H�QRZ�FRQVLGHU�DQ�H[WHQGHG�H[DPSOH�RI�D�SURGXFW�VWUXFWXUH�JDPH���7KH�ORQJ�UXQ�SOD\HUV

DUH�LGHQWLFDO�FDSLWDOLVWV���7KH�VKRUW�UXQ�SOD\HUV�DUH�LQYHVWRUV�ZKR�OLYH�WZR�URXQGV���$W�WKH

EHJLQQLQJ�RI�WKH�VWDJH�JDPH��DOO�LQYHVWRUV�DUH�\RXQJ��DQG�GXULQJ�WKH�VHFRQG�URXQG�WKH\�DUH�DOO�ROG�

�,Q�RWKHU�ZRUGV��LQ�WKH�UHSHDWHG�YHUVLRQ�RI�WKH�JDPH��WKH�JHQHUDWLRQV�RI�LQYHVWRUV�GR�QRW�RYHUODS��

/DWHU�ZH�ZLOO�GLVFXVV�WKH�FRQVHTXHQFHV�RI�RYHUODSSLQJ�JHQHUDWLRQV�RI�LQYHVWRUV���,W�LV�FRQYHQLHQW�WR

DVVXPH�WKDW�WKHUH�DUH��[v��LGHQWLFDO�LQYHVWRUV�LQ�HDFK�VWDJH�JDPH��VR�WKDW��Q� �/���[v�

(DFK�LQYHVWRU�LV�HQGRZHG�ZLWK�RQH�LQGLYLVLEOH�XQLW�RI�LQYHVWPHQW�LQSXW�ZKHQ�\RXQJ���+H�KDV

QR�HQGRZPHQW�ZKHQ�ROG��DQG�FRQVXPHV�RQO\�WKHQ���&DSLWDOLVWV�KDYH�QR�HQGRZPHQW���,QYHVWPHQW

DQG�WKH�VLQJOH�FRQVXPSWLRQ�JRRG�DUH�SHUIHFW�VXEVWLWXWHV�LQ�FRQVXPSWLRQ�IRU�LQYHVWRUV��ZKLOH

FDSLWDOLVWV�JHW�QR�XWLOLW\�IURP�WKH�LQYHVWPHQW�JRRG���&RQVXPSWLRQ�LV�FRPSOHWHO\�SHULVKDEOH���$OO

DJHQWV�DUH�ULVN�QHXWUDO�

7KH�SURGXFWLRQ�WHFKQRORJ\�LV�DYDLODEOH�WR�DOO�DJHQWV���,W�FRQYHUWV��[�≥�[��XQLWV�RI�LQYHVWPHQW

LQSXW�LQ�WKH�ILUVW�URXQG�LQWR�FRQVXPSWLRQ�DYDLODEOH�GXULQJ�WKH�VHFRQG�URXQG���7KHUH�DUH�WZR

SRVVLEOH�OHYHOV�RI�RXWSXW���ORZ�RXWSXW�RI�����DQG��KLJK�RXWSXW�HTXDO�WR��[I�S���ZKHUH��I�!����DQG�

��≤�S�≤����LV�WKH�SUREDELOLW\�RI�KLJK�RXWSXW���1RWLFH�WKDW�WKHUH�DUH�FRQVWDQW�UHWXUQV�WR�VFDOH��DERYH

WKH�WKUHVKROG�OHYHO�RI��[���DQG�WKDW�WKH�H[SHFWHG�DPRXQW�RI�RXWSXW�SHU�XQLW�RI�LQSXW�UHPDLQV�HTXDO

WR��I��DV��S��FKDQJHV���:H�ZLOO�DVVXPH�WKDW��I�!����VR�WKDW�WKH�H[SHFWHG�RXWSXW�LV�JUHDWHU�WKDQ�WKH

LQYHVWPHQW�LQSXW���6LQFH�DOO�DJHQWV�DUH�ULVN�QHXWUDO��HIILFLHQF\�WKHUHIRUH�UHTXLUHV�WKDW�QR

LQYHVWPHQW�EH�FRQVXPHG�GLUHFWO\��

:H�DVVXPH�WKDW�LI�VHYHUDO�GLIIHUHQW�DJHQWV�DUH�SURGXFLQJ��WKH�RXWFRPH�RI�WKHLU�SURGXFWLRQ

SURFHVVHV�DUH�LQGHSHQGHQW�RI�HDFK�RWKHU���7KLV�DVVXPSWLRQ�LV�LPSRUWDQW�EHFDXVH�LW�PHDQV�WKDW

DGGLQJ�SURGXFHUV�GRHV�QRW�LPSURYH�WKH�DELOLW\�WR�PRQLWRU�SURGXFWLRQ��,I��IRU�H[DPSOH��RXWSXW�ZHUH

SHUIHFWO\�FRUUHODWHG�DPRQJ�SURGXFHUV��LW�ZRXOG�EH�SRVVLEOH�WR�GHVLJQ�LQFHQWLYH�VFKHPHV�E\
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FRPSDULQJ�WKH�RXWSXW�RI�GLIIHUHQW�SURGXFHUV��DQG�SXQLVKLQJ�WKRVH�WKDW�FODLPHG�WR�KDYH�OHVV�RXWSXW�

�2Q�WKH�RWKHU�KDQG��LQGHSHQGHQFH�PHDQV�WKDW�ZKLOH�PHDQ�RXWSXW�LV�QRW�FKDQJHG�E\�VSUHDGLQJ

LQSXWV�DPRQJ�PRUH�SURGXFHUV��WKH�YDULDQFH�RI�RXWSXW�LV�UHGXFHG���&RQVHTXHQWO\��LW�LV�LPSRUWDQW

WKDW�ZH�KDYH�DVVXPHG�WKDW�DOO�DJHQWV�DUH�ULVN�QHXWUDO���WKH�UHGXFHG�YDULDQFH�KDV�QR�VRFLDO�YDOXH�

DQG�LV�LUUHOHYDQW�WR�WKH�DQDO\VLV�

$Q�LPSRUWDQW�DVSHFW�RI�WKLV�WHFKQRORJ\�LV�WKDW�LW�LQYROYHV�DQ�LQGLYLVLELOLW\���OHVV�WKDQ��[�

XQLWV�RI�LQYHVWPHQW�SURGXFH�QR�RXWSXW�DW�DOO���,I��[�� �����LQYHVWRUV�FDQ�FDUU\�RXW�SURGXFWLRQ�XVLQJ

WKHLU�RZQ�LQYHVWPHQW��DQG�WKLV�ZLOO�FOHDUO\�EH�WKH�XQLTXH�HTXLOLEULXP���:H�ZLVK�WR�IRFXV�RQ�WKH

FDVH�ZKHUH�SURGXFWLRQ�PXVW�EH�FHQWUDOL]HG�GXH�WR�HFRQRPLHV�RI�VFDOH��VR�ZH�DOZD\V�DVVXPH��[�!����

)RU�FRQYHQLHQFH�ZH�KDYH�DVVXPHG�WKDW�WKHUH�DUH��[v��LQYHVWRUV��VR�WKDW�DW�PRVW��v��GLIIHUHQW

SURGXFHUV�PD\�RSHUDWH��DQG�DOO�LQYHVWRUV�PD\�FRQWULEXWH�HTXDOO\�WR�SURGXFWLRQ�

,W�LV�HYLGHQW�WKDW�ROG�LQYHVWRUV�ZLOO�FRQVXPH�DQ\�RI�WKH�FRQVXPSWLRQ�JRRG�WKH\�KDYH�

&RQVHTXHQWO\��RQO\�FDSLWDOLVWV�FDQ�SXUFKDVH�WKH�LQYHVWPHQW�LQSXW��IRU�RQO\�WKH\�KDYH�DQ�LQFHQWLYH�WR

SD\�EDFN�LQYHVWRUV���,QGHHG��VLQFH�FDSLWDOLVWV�DUH�WKH�RQO\�DJHQWV�ZKR�FDQ�EH�WUXVWHG�WR�UHSD\��WKH\

ZLOO�EH�WKH�RQO\�SURGXFHUV�HYHQ�LI�WKH�LQYHVWRUV�KDYH�DFFHVV�WR�D�VXSHULRU�WHFKQRORJ\�

:KHQ�\RXQJ��HDFK�LQYHVWRU�PXVW�GHFLGH�WR�ZKRP��LQFOXGLQJ�KLPVHOI��WR�JLYH�KLV�LQGLYLVLEOH

LQYHVWPHQW�LQSXW���6LQFH�LQYHVWRUV�FDQQRW�EH�WUXVWHG�WR�UHSD\�ORDQV��ZH�VLPSOLI\�WKH�DQDO\VLV�E\

DVVXPLQJ�WKH�IHDVLEOH�DFWLRQV��$M��IRU�HDFK�LQYHVWRU��M� ���������[v��DUH�WKH��/����SRLQWV�FRUUHVSRQGLQJ

WR�HLWKHU�FRQVXPLQJ�WKH�LQYHVWPHQW�LQSXW��RU�JLYLQJ�LW�WR�RQH�RI�WKH��/��FDSLWDOLVWV���,Q�WKH�VHFRQG

URXQG��FDSLWDOLVW��L��PXVW�GHFLGH�ZKDW�WR�GR�ZLWK�KLV�RXWSXW����2OG�LQYHVWRUV�QHHG�QRW�GHFLGH�KRZ�WR

GLVSRVH�RI�WKHLU�RXWSXW���WKH\�QHYHU�KDYH�DQ\����:H�PDNH�VHYHUDO�DVVXPSWLRQV�WKDW�VXEVWDQWLDOO\

VLPSOLI\�WKH�DQDO\VLV��DOWKRXJK�LW�FDQ�EH�VKRZQ�WKDW�WKH\�GR�QRW�FKDQJH�RXU�FRQFOXVLRQV���)LUVW��ZH

DVVXPH�WKHUH�LV�OLPLWHG�DQRQ\PLW\���$�FDSLWDOLVW�FDQ�WHOO�LI�VRPHRQH�LQYHVWHG�ZLWK�KLP�ODVW�SHULRG�

EXW�QR�IXUWKHU�LGHQWLILFDWLRQ�LV�SRVVLEOH���/HW��-L��EH�WKH�UHDOL]HG�QXPEHU�RI�LQYHVWRUV�SURYLGLQJ

LQYHVWPHQW�WR�FDSLWDOLVW��L����,I�RXWSXW�LV�]HUR��QR�GHFLVLRQ�LV�LQYROYHG���,I�RXWSXW�LV�KLJK�WKH

FDSLWDOLVW�FRQVXPHV�D�IUDFWLRQ����� ���RI�LW��ZLWK�WKH�UHPDLQGHU�EHLQJ�HTXDOO\�GLYLGHG�DV�GLYLGHQGV

DPRQJ�KLV�LQYHVWRUV���%HFDXVH�RI�OLPLWHG�DQRQ\PLW\��LW�LV�QRW�SRVVLEOH�WR�SD\�WKHP�GLIIHUHQW
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DPRXQWV���,Q�SULQFLSOH��WKH�FKRLFH�RI�� ��FDQ�GHSHQG�RQ�WKH�WRWDO�QXPEHU�RI�LQYHVWRUV��-L���DOWKRXJK

QRW�RQ�ZKR�WKH\�DUH���+RZHYHU��ZH�DVVXPH�WKDW�WKH�FDSLWDOLVW�PXVW�GHFLGH�RQ�WKH�FRPSHQVDWLRQ

VFKHPH�EHIRUH�REVHUYLQJ�WKH�RXWFRPH�RI�WKH�LQYHVWRUV
�GHFLVLRQV�

6LQFH�WKH�KLJK�OHYHO�RI�RXWSXW�LV��-LI�S���IRU�D�JLYHQ�FKRLFH�RI�� ��WKH�FDSLWDOLVW�JHWV����� �-LI�S�

XQLWV�WR�FRQVXPH��DQG�KLV�LQYHVWRUV�JHW�HDFK�JHW�� I�S���7R�NHHS�WKH�JDPH�ILQLWH��ZH�DVVXPH�WKDW��

�OLHV�LQ�� ��D�ILQLWH�VXEVHW�RI�WKH�XQLW�LQWHUYDO���:H�DOVR�DVVXPH�WKDW����∈� ���VR�WKDW�WKH�FDSLWDOLVW

DOZD\V�KDV�WKH�RSWLRQ�RI�SD\LQJ�QR�GLYLGHQGV���7KH�DFWLRQ�VHW�IRU�WKH�FDSLWDOLVW�LV�WKHUHIRUH�VLPSO\�

$L� � �

1RWLFH�WKDW�ZH�KDYH�DVVXPHG�WKDW�WKH�FDSLWDOLVW�FDQQRW�SD\�HLWKHU�LQYHVWRUV�ZKR�GR�QRW

LQYHVW�ZLWK�KLP��RU�RWKHU�FDSLWDOLVWV���:H�GLVFXVV�WKLV�DVVXPSWLRQ�IXUWKHU�EHORZ�

$OO�SOD\HUV�REVHUYH�WR�DQG�E\�ZKRP�LQYHVWPHQW�LV�PDGH��DQG�WKH�DPRXQW�RI�SD\PHQW�PDGH

�LI�DQ\����+RZHYHU��WKH�OHYHO�RI�RXWSXW�DQG�WKH�DPRXQW�FRQVXPHG�E\�HDFK�FDSLWDOLVW�KLV�KLV�SULYDWH

LQIRUPDWLRQ���:KLOH�WKH�QDWXUDO�GHILQLWLRQ�RI�WKH�SXEOLF�RXWFRPH��\L��FRUUHVSRQGLQJ�WR�FDSLWDOLVW��L�

LV�KLV�WRWDO�GLYLGHQG�SD\PHQW��'L���ZH�ZLOO�ILQG�LW�FRQYHQLHQW�WR�GHILQH��\L� �'L��-LI�S����VR�WKDW��\L��OLHV

LQ�WKH�VHW�� ��RI�FDSLWDOLVWV
�DFWLRQV���,Q�WKLV�ZD\�WKH�GLVWULEXWLRQ�RQ�RXWFRPHV�LQGXFHG�E\�D�JLYHQ

ORQJ�UXQ�SOD\HU
V�DFWLRQ�LV�LQGHSHQGHQW�RI��-L���SURYLGHG��-L�≥�[���2I�FRXUVH��LI�WKHUH�LV�QR�RXWSXW��RU

WRR�IHZ�LQYHVWRUV���-L���[����WKHQ��\L� ����UHJDUGOHVV�RI��DL���DV�WKH�LQYHVWRUV�GR�QRW�REVHUYH�WKH

DPRXQW�WKH�FDSLWDOLVW�ZRXOG�KDYH�SDLG�LI�RXWSXW�KDG�EHHQ�KLJK�

)RU�WKH�VKRUW�UXQ�LQYHVWRU��M���WKH�REVHUYHG�RXWFRPH��\M��LV�VLPSO\�KLV�FKRVHQ�DFWLRQ��DM�∈�$M�

,Q�DGGLWLRQ�WR�WKH�SXEOLF�VLJQDO��\� ��\�������\Q����D�FDSLWDOLVW�DOVR�UHFHLYHV�WKH�SULYDWH�VLJQDO��]L

∈� ��FRUUHVSRQGLQJ�WR�KLV�FKRVHQ�DFWLRQ���7KH�SUREDELOLW\�GLVWULEXWLRQ�� \]�D���SODFHV�SUREDELOLW\�RQH

RQ��]L� �DL��IRU��L�∈�/5���DQG��\M� �DM��IRU��M��∈�65���DQG�WKH�VLJQDOV��\L��DUH�LQGHSHQGHQW�RI�RQH�DQRWKHU

IRU��L�∈�/5���7KH�UDQGRP�YDULDEOH��\L��WDNHV�RQ�WKH�YDOXHV��DL��ZLWK�SUREDELOLW\��S���DQG�����ZLWK

SUREDELOLW\����S���1RWH�WKDW�WKH�GLVWULEXWLRQ�RI�SXEOLF�VLJQDOV�FRUUHVSRQGLQJ�WR�FDSLWDOLVW��L��LV

LQGHSHQGHQW�RI�WKH�VLJQDOV�FRUUHVSRQGLQJ�WR�RWKHU�FDSLWDOLVWV��DQG�GHSHQGV�RQO\�RQ�KLV�RZQ�DFWLRQ

DQG�WKH�DFWLRQV�RI�WKH�VKRUW�UXQ�SOD\HUV�
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5HPDUN���%HFDXVH�WKHUH�DUH�LQGLYLVLELOLWLHV��ORWWHULHV�PD\�EH�ZHOIDUH�LPSURYLQJ�LQ�WKLV�HFRQRP\��DV

SRLQWHG�RXW�E\�3UHVFRWW�DQG�7RZQVHQG�>����@���,QGHHG��WKH�W\SH�RI�LQGLYLVLELOLW\�DVVXPHG�KHUH�KDV

EHHQ�PRGHOOHG�XVLQJ�ORWWHULHV�E\�5RJHUVRQ�>����@��DQG�LQ�WKH�ZRUN�RQ�UHDO�EXVLQHVV�F\FOHV�E\

+DQVHQ�>����@���/RWWHULHV�PD\�EH�UHSUHVHQWHG�LQ�WKLV�JDPH�E\�LQWURGXFLQJ�D�SXEOLF�UDQGRPL]DWLRQ

GHYLFH�DW�WKH�EHJLQQLQJ�RI�HDFK�SHULRG���,Q�WKH�FDVH�RI�SULPDU\�LQWHUHVW��ZKHQ�WKH�GLVFRXQW�IDFWRU�RI

WKH�FDSLWDOLVWV�LV�FORVH�WR�RQH��RXU�UHVXOWV�GR�QRW�GHSHQG�RQ�ZKHWKHU�RU�QRW�WKHUH�DUH�ORWWHULHV���DV�

6RULQ�>����@�DQG�)XGHQEHUJ�DQG�0DVNLQ�>����@�SRLQW�RXW��GHWHUPLQLVWLF�DOWHUQDWLRQ�EHWZHHQ

GLIIHUHQW�DOORFDWLRQV�FDQ�VHUYH�DV�ZHOO���+RZHYHU��SXEOLF�UDQGRPL]DWLRQ�GRHV�VWUHQJWKHQ�DQG

VLPSOLI\�WKH�DQDO\VLV�IRU�GLVFRXQW�IDFWRUV�WKDW�DUH�QRW�QHDU�RQH��DQG�ZKHQ�ZH�FRQVLGHU�QRQ�

DV\PSWRWLF�UHVXOWV�IRU�WKH�RQH�FDSLWDOLVW�FDVH��ZH�ZLOO�DVVXPH�WKDW�WKDW�WKHUH�LV�D�SXEOLF

UDQGRPL]DWLRQ�GHYLFH�

����$QDO\VLV�RI�WKH�,QYHVWPHQW�*DPH

:H�ZLOO�QRZ�VKRZ�WKDW�WKH�LQYHVWPHQW�JDPH�VDWLVILHV�WKH�VXIILFLHQW�UDQN�FRQGLWLRQ��VR�ZH

DSSO\�7KHRUHP�������:H�FDQ�WKHQ�VROYH�WKH�/3�SUREOHP�������WR�ILQG�WKH�OLPLW�VHW�4���6LQFH�WKLV�KDV

GLPHQVLRQ��/��ZH�KDYH�DQ�H[SOLFLW�FRPSXWDWLRQ�RI�WKH�OLPLW�HTXLOLEULXP�SD\RIIV���,Q�WKH�FDVH�RI�D

VLQJOH�FDSLWDOLVW�ZH�DOVR�H[SOLFLWO\�FDOFXODWH�DQ�HTXLOLEULXP�JLYLQJ�WKH�FDSLWDOLVW�WKH�JUHDWHVW

SRVVLEOH�UHQW��DQG�GHWHUPLQH�WKH�UDQJH�RI�GLVFRXQW�IDFWRUV�IRU�ZKLFK�WKLV�LV�D�VROXWLRQ���:H�DOVR

FRQVLGHU�WKH�HFRQRPLF�LQWHUSUHWDWLRQ�RI�WKH�UHVXOWV�

7R�VHH�WKDW�WKH�JDPH�VDWLVILHV�WKH�VXIILFLHQW�UDQN�FRQGLWLRQ��IL[�D�VWUDWHJ\�SURILOH�� 65��IRU

WKH�LQYHVWRUV��DQG�GHILQH��3L��WR�EH�WKH�SUREDELOLW\�WKDW��-L�≥�[��WKDW�LV��FDSLWDOLVW��L��KDV�HQRXJK

LQYHVWRUV�WR�SURGXFH���7KHQ�WKH�FRUUHVSRQGLQJ�PDWUL[�� L� 65���LV

��������������������� ��������������������������������������

��������������������� ��������������������������������������
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��������������������� ��������������������������������������
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)RU��S�≠�����WKLV�PDWUL[�KDV�IXOO�URZ�UDQN�

6HFRQG��QRWH�WKDW�WKH�XQLTXH�HTXLOLEULXP�RI�WKH�VWDJH�JDPH�LV�IRU�WKH�FDSLWDOLVWV�QRW�WR�SD\

DQ\WKLQJ�DQG�IRU�WKH�LQYHVWRUV�QRW�WR�PDNH�DQ\�ORDQV���,Q�WKLV�FDVH�WKH�FDSLWDOLVWV�DOO�JHW������DQG

WKLV�LV�DOVR�WKHLU�LQGLYLGXDOO\�UDWLRQDO�SD\RII�OHYHO��VLQFH�WKH\�FDQ�JXDUDQWHH�WKHPVHOYHV�����E\

QHYHU�SD\LQJ���,W�LV�FOHDU�WKHUHIRUH�WKDW��N��HL�� ���

7R�ILQG�WKH�FDSLWDOLVW��L
V��PD[LPXP�HTXLOLEULXP�SD\RII���N�HL����ZH�ZULWH�RXW�WKH�/3�SUREOHP

������WKDW�GHWHUPLQHV��N� �HL����&RUUHVSRQGLQJ�WR��3L���ZKLFK�LV�WKH�SUREDELOLW\�RI�VXIILFLHQW�LQYHVWRUV

LQYHVWLQJ�JLYHQ�WKH�VWUDWHJLHV�RI�WKH�VKRUW�UXQ�SOD\HUV��GHILQH��L��WR�EH�WKH�H[SHFWDWLRQ�FRQGLWLRQDO

RQ�� 65��RI�WKH�UDQGRP�YDULDEOH�WKDW�LV�����LI�IHZHU�WKDQ��[��LQYHVWRUV�LQYHVW�ZLWK�FDSLWDOLVW��L���DQG

WKH�QXPEHU�RI�LQYHVWRUV�ZKR�LQYHVW�ZLWK�KLP�RWKHUZLVH���7KH�OLQHDU�SURJUDPPLQJ�SUREOHP������

PD\�EH�ZULWWHQ�DV

�������������PD[�YL���VXEMHFW�WR

�������������YL� ���� ����DL�LI��� >���3L�3L���S��ZL������3LSZL�DL�@

LI����������� L�DL��!�����WKHQ

�������������YL�≥���� ����DL�LI��� �>���3L�3L���S��ZL������3LSZL�DL�@

�������������YL�≥�ZL�DL��

7KH�VROXWLRQ�GHILQHV��N� �HL��

5HFDOO�WKDW�WR�ILQG��N�HL����ZH�ZLOO�PD[LPL]H�RYHU�� �∈�JUDSK�%���([DPLQLQJ�������DQG�������

ZH�VHH�WKDW�WKH�FRQVWUDLQWV�DUH�KRPRJHQHRXV�LQ��L��ZL��DQG��YL���&RQVHTXHQWO\��LI�ZH�EHJLQ�ZLWK�D

IHDVLEOH�VROXWLRQ��LQFUHDVLQJ��L��E\�D�IDFWRU�RI�� ��OHDGV�WR�D�QHZ�IHDVLEOH�VROXWLRQ�LQ�ZKLFK���ZL��DQG�

YL��DUH�DOVR�VFDOHG�XS�E\�� ����0RUHRYHU��LI��L�!����LV�D�EHVW�UHVSRQVH�IRU�WKH�LQYHVWRUV��WKHQ�VR�LV��L



��

 �[v���&RQVHTXHQWO\��HLWKHU��N�HL���LV�]HUR��RU�ZH�PD\�DVVXPH��L� �[v��DQG��3L� �����:H�SURFHHG�WR

VROYH�������WR�������LQ�WKH�ODWWHU�FDVH��LQ�ZKLFK�FDVH�������VLPSOLILHV�WR

�������������YL� ���� ����DL�[vI��� >���S�ZL������SZL�DL�@��LI�� L�DL��!���

����
�

�������������YL�≥���� ����DL�[vI��� >���S�ZL������SZL�DL�@�

/HW����EH�WKH�ODUJHVW�HOHPHQW�LQ�WKH�VXSSRUW�RI�� L���)RU�DQ\��DL��LQ�WKH�VXSSRUW�RI�� L�������
�

VKRZV�WKDW

�������������ZL�DL�� �ZL�L�����>��� �� S@��L�DL��[vI�

0RUHRYHU������
��UHTXLUHV�WKDW�IRU�DQ\��DL

�������������ZL�DL��≤�ZL�L�� �>��� �� S@��L�DL��[vI�

)URP�WKLV��ZH�VHH�WKDW�LI�ZH�VROYH�WKH�SUREOHP�VXEMHFW�WR�WKH�FRQVWUDLQWV�FRUUHVSRQGLQJ�WR��DL�≠�L����

�LQ�����
��DQG���������WKHQ��ZH�PD\�FHUWDLQO\�DOVR�ILQG��ZL�DL���WKH�UHPDLQLQJ�FRQVWUDLQWV�LQ�����
��DQG

��������6LQFH�����
��KDV��YL��LQFUHDVLQJ�LQ��ZL�L���DQG��ZL������������PXVW�KROG�ZLWK�H[DFW�HTXDOLW\�IRU��L��

DV�PXVW�WKH�LQFHQWLYH�FRQVWUDLQW�IRU��DL� �����7KLV�JLYHV�XV�WKUHH�OLQHDU�HTXDWLRQV�WR�VROYH�IRU��YL���ZL�

L����DQG��ZL������DQG�ZH�ILQG

�������������ZL���� �>YL���� �[vI@� �

�������������YL� �ZL�L�� �[vI>��DL�S@�

:H�QRZ�ZLVK�WR�PD[LPL]H��N� �HL���RYHU�� ��WKDW�DUH�LQFHQWLYH�FRPSDWLEOH�IRU�LQYHVWRUV���7KH

LQFHQWLYH�FRQVWUDLQW�IRU�WKH�LQYHVWRUV�LPSOLHV�WKDW�WKH�H[SHFWHG�YDOXH�RI��DL��PXVW�EH�DW�OHDVW����I��LI�

3L�!������2WKHUZLVH���YL� ������6LQFH�������LV�GHFUHDVLQJ�LQ��DL���WKH�PD[LPL]LQJ�VWUDWHJ\�IRU�WKH

FDSLWDOLVW�VWUDWHJ\�VKRXOG�DVVLJQ�SUREDELOLW\�RQH�WR

������������� �≡�PLQ�^ �∈� �� �≥���I`�

2QH�FRQVHTXHQFH�RI�WKLV�LV�WKDW�WKH�FDSLWDOLVW�QHHG�QRW�XVH�D�PL[HG�VWUDWHJ\���7KH�RQO\�SRWHQWLDO

JDLQ�IURP�PL[LQJ�LV�LI�� �!���I���LQ�ZKLFK�FDVH�WKH�FDSLWDOLVW�PLJKW�WU\�WR�PL[�LQ�RUGHU�WR�KROG�WKH

LQYHVWRUV�WR�WKHLU�UHVHUYDWLRQ�XWLOLWLHV���+RZHYHU�URXJKO\�VSHDNLQJ��PL[LQJ�LQWURGXFHV�D�IRUP�RI
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PRUDO�KD]DUG�ZKLFK�NHHSV�WKH�FDSLWDOLVW�IURP�EHQHILWLQJ�IURP�WKH�UHGXFWLRQ�LQ�SD\PHQWV���,QGHHG�

LQ�WKH�FDVH��S ����)XGHQEHUJ��.UHSV�DQG�0DVNLQ�>����@�VKRZ�WKDW�WKH�EHVW�WKH�FDSLWDOLVW�FDQ�GR�LV

WR�JHW�WKH�ZRUVW�SD\RII�LQ�WKH�VXSSRUW�RI�KLV�PL[HG�VWUDWHJ\���:H�KDYH�MXVW�VKRZHG�WKDW�WKLV�UHVXOW

KROGV�WUXH�HYHQ�ZLWK�H[RJHQRXV�PRUDO�KD]DUG�

6XEVWLWXWLQJ�������LQWR��������ZH�FRQFOXGH

7KHRUHP�������N�HL�� �[v�>�I���������S�������I�S�� ���I�@�

2QH�FRQVHTXHQFH�LV�WKDW�LI��SI������WKHQ�QR�VLQJOH�FDSLWDOLVW�FDQ�JHW�WKH�ILUVW�EHVW�SD\RII���Y� 

[v�I������7KHUH�DUH�WZR�UHDVRQV�IRU�WKLV��FRUUHVSRQGLQJ�WR�WKH�ODVW�WZR�WHUPV�LQ�WKH�H[SUHVVLRQ�RI�

N�HL����7KH�ILUVW�WHUP���[v���S�����UHIOHFWV�WKH�FRVW�RI�SURYLGLQJ�WKH�FDSLWDOLVW�ZLWK�LQFHQWLYHV�XQGHU

PRUDO�KD]DUG���LI��S� �����WKLV�WHUP�LV�HTXDO�WR������7KH�VHFRQG�WHUP���[v�I�S�� ���I����LV�OHVV

LQWHUHVWLQJ���,W�UHIOHFWV�WKH�IDFW�WKDW�WKH�FDSLWDOLVW�FDQQRW�KROG�WKH�LQYHVWRUV�WR�WKHLU�UHVHUYDWLRQ

XWLOLW\�XVLQJ�D�SXUH�VWUDWHJ\��DQG�DV�ZH�REVHUYHG�DERYH��WKH�FDSLWDOLVW�FDQQRW�LPSURYH�KLV�SD\RII�E\

PL[LQJ���,I�ZH�PDNH�WKH�QRW�XQUHDVRQDEOH�DVVXPSWLRQ�WKDW����I�∈� ��WKLV�WHUP�YDQLVKHV�

,I��S� ����DQG����I�∈� ���WKHQ�QHLWKHU�PRUDO�KD]DUG�QRU�GLVFUHWHQHVV�SRVHV�D�SUREOHP��DQG�HDFK

FDSLWDOLVW�FDQ�DWWDLQ�WKH�ILUVW�EHVW���&RQYHUVHO\��LI�WKHVH�FRQGLWLRQV�IDLO��KLV�HTXLOLEULXP�SD\RII

UHPDLQV�ERXQGHG�DZD\�IURP�WKH�ILUVW�EHVW��DV�� �→���

(YHQ�WKRXJK�HDFK�LQGLYLGXDO�FDSLWDOLVW
V�KLJKHVW�HTXLOLEULXP�SURILW�LV�QR�JUHDWHU�WKDQ�LI�KH

ZHUH�WKH�RQO\�FDSLWDOLVW��WKH�DJJUHJDWH�SURILW�WR�DOO�FDSLWDOLVWV�FDQ�EH�JUHDWHU�WKDQ�LI�WKHUH�LV�D

VLQJOH�FDSLWDOLVW���7KLV�UHIOHFWV�WKH�IDFW�WKDW�LQYHVWRUV�FDQ�QRZ��SXQLVK��HDFK�FDSLWDOLVW�E\�LQYHVWLQJ

ZLWK�D�GLIIHUHQW�RQH��UDWKHU�WKDQ�E\�VKXWWLQJ�GRZQ�WKH�ZKROH�HFRQRP\���,Q�IDFW��LI�WKHUH�DUH�HQRXJK

FDSLWDOLVWV��WKH�OLPLW�VHW��(��ZLOO�FRQWDLQ�D�SRLQW�ZKHUH�WKH�FDSLWDOLVWV
�SURILW�LV�WKH�ILUVW�EHVW�OHYHO�

Y� �[v�I������,Q�WKLV�FDVH��ZH�VD\�WKDW�WKH�ILUVW�EHVW�LV�DWWDLQDEOH���)URP�7KHRUHP������ZH�PD\

FDOFXODWH
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&RUROODU\�������7KH�ILUVW�EHVW�LV�DWWDLQDEOH�DV�� �→����ZLWK�RQH�FDSLWDOLVW�LI�DQG�RQO\�LI����I�∈� ��DQG

�S� �����:LWK��P�!����FDSLWDOLVWV��WKH�ILUVW�EHVW�LV�DOVR�DWWDLQDEOH�LI��S�≥� ��DQG��P�≥��I����I��� �S��

ZKLFK�LV�QHFHVVDU\�DQG�VXIILFLHQW�

7KLV�VKRZV�WKDW�WKH�JUHDWHU�WKH�QXPEHU�RI�FDSLWDOLVWV��WKH�EURDGHU�WKH�UDQJH�RI�SDUDPHWHUV��S��DQG

�I��IRU�ZKLFK�WKH�ILUVW�EHVW�LV�DWWDLQDEOH�

,Q�WKH�RQH�FDSLWDOLVW�FDVH��ZH�PD\�H[SOLFLWO\�ILQG�DQ�HTXLOLEULXP�\LHOGLQJ��N�HL����,QGHHG��WKH

IDFW�WKDW�� ��LV�QHDU�RQH�LV�XVHG�RQO\�LQ�WKH�SURRI�RI�7KHRUHP������DQG�WKHUH�RQO\�WR�HQVXUH�WKDW�

ZL�DL���LV�LQ�IDFW�DQ�HTXLOLEULXP�SD\RII�YHFWRU���+RZHYHU��LQ�WKH�RQH�FDSLWDOLVW�FDVH���ZL�DL���FDQ�EH

UHDOL]HG�DV�D�SXEOLF�UDQGRPL]DWLRQ�EHWZHHQ�WKH�EHVW�DQG�ZRUVW�HTXLOLEULXP��SURYLGHG�LW�OLHV�LQ

EHWZHHQ�WKHP���6LQFH�������WR�������VKRZ�WKDW��ZL�DL���LV�DOZD\V�OHVV�WKDQ�RU�HTXDO�WR�WKH�EHVW

HTXLOLEULXP�SD\RII��LW�LV�VXIILFLHQW�WKDW��ZL�DL��≥�����2QO\��ZL�����LV�DW�LVVXH��DQG�LW�LV�FDOFXODWHG�IURP

������DQG���������&RQVHTXHQWO\��ZH�VHH�WKDW�DQ�HTXLOLEULXP�\LHOGLQJ�WKH�DV\PSWRWLF�UHQW�LV�SRVVLEOH

SURYLGHG

������������� �≥�DL�S�

VXEVWLWXWLQJ�LQ� ��ZH�ILQG

&RUROODU\�������:LWK�RQH�FDSLWDOLVW�LI

������������� �≥���SI������S�� ���I�

WKHQ�WKHUH�LV�DQ�HTXLOLEULXP�LQ�ZKLFK�KH�JHWV��N�HL��

����([WHQVLRQV�WR�WKH�,QYHVWPHQW�*DPH

:H�QRZ�ZDQW�WR�FRQVLGHU�YDULRXV�H[WHQVLRQV�RI�WKH�LQYHVWPHQW�PRGHO���$OWKRXJK�WKH

GLVFXVVLRQ�LV�VSHFLILF�WR�WKLV�PRGHO��PDQ\�RI�WKH�VDPH�LVVXHV�DUH�UHOHYDQW�LQ�RWKHU�HFRQRPLFV

VHWWLQJV�

:HOIDUH�RI�WKH�6KRUW�5XQ�3OD\HUV���3UHYLRXVO\��ZH�DUJXHG�WKDW�WKH�ILUVW�EHVW�LV�QRW
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DWWDLQDEOH���7KLV�VLPSO\�PHDQV�WKDW�WKH�FDSLWDOLVWV�FDQ�QRW�JHW�DV�PXFK�UHQW�DV�WKH\�FRXOG�IURP

SUHFRPPLWPHQW���:H�QRZ�DUJXH�WKDW�WKH�WHUPLQRORJ\�LV�QRW�PLVOHDGLQJ���LQ�IDFW�ZLWK�PRUDO�KD]DUG

DQG�D�VLQJOH�FDSLWDOLVW��IURP�WKH�EURDGHU�ZHOIDUH�SRLQW�RI�YLHZ�WKDW�LQFOXGHV�WKH�LQYHVWRUV��WKH�ILUVW

EHVW�LV�QRW�DWWDLQDEOH��

7KH�ILUVW�EHVW�IURP�WKH�MRLQW�SHUVSHFWLYH�RI�LQYHVWRUV�DQG�FDSLWDOLVWV�UHTXLUHV�IXOO

HPSOR\PHQW���WKDW�LV��WKDW�DOO��[v��XQLWV�RI�LQYHVWPHQW�DYDLODEOH�WR�WKH�HFRQRP\�EH�HPSOR\HG�HDFK

SHULRG���,I�WKLV�LV�QRW�WKH�FDVH�WKHUH�LV�VDLG�WR�EH�XQHPSOR\PHQW���:H�QRZ�DUJXH�WKDW�LQ�DQ\

HTXLOLEULXP�QW�PXVW�RFFXU�LQILQLWHO\�RIWHQ��FRQWUDGLFWLQJ�IXOO�HIILFLHQF\�

6XSSRVH�LQ�IDFW�WKDW�IXOO�HPSOR\PHQW�DOZD\V�RFFXUV�LQ�HTXLOLEULXP���,I��YL��LV�DQ�HTXLOLEULXP

SUHVHQW�YDOXH�ZKHQ�WKHUH�LV�IXOO�HPSOR\PHQW��LW�PXVW�QRW�EH�RSWLPDO�WR�SD\�]HUR���,I��ZL�����LV�WKH

FRQWLQXDWLRQ�SUHVHQW�YDOXH�ZKHQ�QR�SD\PHQW�LV�PDGH��WKLV�PHDQV�WKDW

�������������YL�≥���� �[Iv��� ZL����

7KLV�PD\�EH�UHZULWWHQ�DV

�������������YL�≥���� �[Iv��� �YL�>YL�ZL���@��

5HDUUDQJLQJ�WHUPV�WKHQ�\LHOGV�WKH�LQHTXDOLW\

�������������YL���ZL����≥����� �� ��>[Iv�YL@�

+RZHYHU�ZH�NQRZ�WKDW�EHFDXVH�LQYHVWRUV�DUH�LQGLYLGXDOO\�UDWLRQDO��LQ�DQ\�HTXLOLEULXP���YL�≤�[v�I�

�����,W�IROORZV�IURP�������WKDW

�������������YL���ZL����≥����� �� ��[v�

,I��S�������LW�WKHQ�IROORZV�WKDW�HYHU\�SHULRG�LQ�ZKLFK�WKHUH�LV�IXOO�HPSOR\PHQW��WKHUH�LV�SUREDELOLW\�

���S��WKDW�WKH�FRQWLQXDWLRQ�SUHVHQW�YDOXH�GURSV�E\�DW�OHDVW������ �� �[v���%\�DVVXPSWLRQ��WKH

FRQWLQXDWLRQ�HTXLOLEULXP�ZLWK�SUHVHQW�YDOXH��ZL�����DOVR�KDV�IXOO�HPSOR\PHQW���7KLV�FDQ�RFFXU�RQO\

D�IL[HG�QXPEHU�RI�WLPHV��7���WKH�QXPEHU�GHSHQGLQJ�RQ�WKH�GLVFRXQW�IDFWRU��EHIRUH�WKH�FRQVWUDLQW�

ZL����≥����LV�YLRODWHG���6LQFH�WKH�SUREDELOLW\�WKDW�WKLV�KDSSHQV�LV�����S�7���WKHUH�LV�D�SRVLWLYH

SUREDELOLW\�WKDW�WKHUH�LV�OHVV�WKDQ�IXOO�HPSOR\PHQW���:H�FRQFOXGH�WKDW�ZLWK�PRUDO�KD]DUG�

XQHPSOR\PHQW�PXVW�RFFXU�LQILQLWHO\�RIWHQ�

,Q�WKLV�FDOFXODWLRQ��LW�LV�FOHDU�WKDW�DV�� �→����LW�LV�SRVVLEOH�WR�FRQVWUXFW�HTXLOLEULD�LQ�ZKLFK�WKHUH
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LV�IXOO�HPSOR\PHQW�IRU�LQFUHDVLQJO\�ORQJ�SHULRGV�RI�WLPH���,W�LV�WHPSWLQJ�WR�DUJXH�WKDW�WKLV�PHDQV

�DSSUR[LPDWH�HIILFLHQF\��LV�DWWDLQHG�DV�ZH�DSSURDFK�WKH�OLPLW���+RZHYHU��DV�WKH�SHULRG�RI�IXOO

HPSOR\PHQW�JURZV�ORQJHU��WKH�FDSLWDOLVW
V�GLVFRXQW�IDFWRU�JURZV�FORVHU�WR�RQH�DW�H[DFWO\�WKH�VDPH

UDWH��VR�LI�ZH�XVH�LW�WR�GLVFRXQW�IXWXUH�XQHPSOR\PHQW�ZH�VHH�WKDW�WKH�SUHVHQW�YDOXH�RI�IXWXUH

XQHPSOR\PHQW�UHPDLQV�XQFKDQJHG�

:H�VKRXOG�QRWH�WKDW�LW�LV�QRW�WUXH�WKDW�LQ�DOO�HTXLOLEULD�LQYHVWRUV�JHW�WKHLU�UHVHUYDWLRQ�XWLOLW\�

�,I�� ��FRQWDLQV�RQO\�WZR�SRLQWV������ ��∈�� ���DQG�� �!���I���ZH�NQRZ�IURP�RXU�VROXWLRQ�LQ�WKH�RQH

FDSLWDOLVW�FDVH�WKDW�LI�� ��LV�FORVH�HQRXJK�WR�RQH��WKHUH�H[LVWV�DQ�HTXLOLEULXP�LQ�ZKLFK�� ��LV�SOD\HG

LQ�WKH�LQLWLDO�SHULRG���0RUHRYHU��DV�ORQJ�DV�� �∈� ���UHJDUGOHVV�RI�KRZ�PDQ\�SRLQWV�� ��KDV��WKLV�VDPH

HTXLOLEULXP�FDQ�EH�HQIRUFHG�IRU�� ��QHDU�HQRXJK�RQH�E\�SXQLVKLQJ�WKH�FDSLWDOLVW�ZLWK�]HUR�LI�KH�HYHU

SOD\V�DQ\WKLQJ�RWKHU�WKDQ�� ��RU����

:H�VKRXOG�DOVR�SRLQW�RXW�WKDW�WKH�LQHIILFLHQF\�FRQFOXVLRQ�GHULYHV�IURP�WKH�IDFW�WKDW�WKH�RQO\

PHWKRGV�RI�SXQLVKLQJ�D�VLQJOH�FDSLWDOLVW�LV�HLWKHU�WR�VWRS�SURYLGLQJ�KLP�ZLWK�LQSXWV��ZKLFK�LV

LQHIILFLHQW��RU�WR�WUDQVIHU�RXWSXW�WR�WKH�LQYHVWRUV��ZKLFK�LV�VXEMHFW�WR�PRUDO�KD]DUG���,I�WKHUH�ZHUH�D

PHWKRG�RI�FDUU\LQJ�RXW�WUDQVIHU�SD\PHQWV�WKDW�ZDV�SHUIHFWO\�REVHUYHG��DQG�VR�QRW�VXEMHFW�WR�PRUDO

KD]DUG��LW�FRXOG�EH�XVHG�DV�DQ�DOWHUQDWLYH�PHWKRG�RI�SXQLVKLQJ�FDSLWDOLVWV�ZKR�GHIDXOW�RQ�ORDQV�

DQG�WKH�LQHIILFLHQF\�ZRXOG�QRW�DULVH����$OWKRXJK�WKH�XSSHU�ERXQG�RQ�HDFK�LQGLYLGXDO�FDSLWDOLVWV


SD\RII�ZRXOG�QRW�FKDQJH��

$�VLPSOH��LI�DUWLILFLDO��ZD\�WR�PRGLI\�WKH�H[DPSOH�WR�PDNH�WKLV�SRLQW�LV�WR�HQGRZ�HDFK

FDSLWDOLVW�ZLWK��P�!�� [vI�S��XQLWV�RI�D�SXUH�FRQVXPSWLRQ�JRRG���KRQH\���YDOXHG�RQO\�E\�WKH

FDSLWDOLVWV�DQG�VRPH�WKLUG�JURXS�RI�SOD\HUV���GURQHV���ZKR�KDYH�QR�UROH�LQ�WKH�JDPH�RWKHU�WKDQ

DFFHSWLQJ�KRQH\�IURP�WKH�FDSLWDOLVWV����,I�WKH�LQYHVWRUV�YDOXHG�KRQH\��WKHQ�WKH�FDSLWDOLVWV�FRXOG�SD\

WKHP�LQ�KRQH\��DQG�WKLV�ZRXOG�FLUFXPYHQW�WKH�PRUDO�KD]DUG�SUREOHP��

&DSLWDOLVWV�PDNH�WKHLU�WUDQVIHUV��LI�DQ\��WR�WKH�GURQHV�DW�WKH�VWDUW�RI�HDFK�SHULRG�EHIRUH�WKH

LQYHVWRUV�PDNH�OHQGLQJ�GHFLVLRQV��DQG�WKHVH�WUDQVIHUV�DUH�REVHUYHG�E\�WKH�LQYHVWRUV�

&RQVLGHU�D�VWUDWHJ\�SURILOH�RI�WKH�IROORZLQJ�IRUP���DORQJ�WKH�HTXLOLEULXP�SDWK�DOO�RI�WKH

LQYHVWRUV�OHQG�WR�WKH�FDSLWDOLVW��DQG�WKH�FDSLWDOLVW�DOZD\V�FKRRVHV��DL� � ���$Q\�SHULRG�LQ�ZKLFK�WKH
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FDSLWDOLVW�SD\V�EDFN�OHVV�WKHQ�� [vI�S���KH�PDNH�D�WUDQVIHU�RI�KRQH\�RI�VL]H��5���WR�EH�GHWHUPLQHG��WR

WKH�GURQHV���,I�KH�IDLOV�WR�GR�VR��ZH�UHYHUW�WR�WKH�QR�WUDGH�HTXLOLEULXP�IRUHYHU���:H�FODLP�IRU�� �

VXIILFLHQWO\�ODUJH��ZH�FDQ�ILQG�DQ��5��VR�WKDW�WKHVH�VWUDWHJLHV�DUH�DQ�HTXLOLEULXP�

7KH�LQYHVWRUV
�EHKDYLRU�LV�FOHDUO\�RSWLPDO�JLYHQ�WKH�VWUDWHJ\�RI�WKH�FDSLWDOLVW���,I�ZH�VHW��5� 

[vI�S ���ZKLFK�LV�OHVV�WKDQ�WKH�FDSLWDOLVW
V�HQGRZPHQW�ZKHQHYHU�� �≥������WKHQ�WKH�FDSLWDOLVW�GRHV

QRW�KDYH�DQ\�LQFHQWLYH�WR�GHYLDWH�IURP�SD\LQJ�WKH�LQYHVWRUV���&DQ�KH�JDLQ�E\�UHIXVLQJ�WR�SD\�WKH

KRQH\�WR�WKH�GURQHV"��)RU�� �≥������WKH�ILQH�SDLG�WKH�GURQHV�LV�OHVV�WKDQ��� [vI�S���ZKLOH�WKH�ORVV�RI

SURILW�IURP�SXQLVKPHQW�LV�D�IL[HG�DPRXQW�IRUHYHU���,W�IROORZV�WKDW�IRU�� ��QHDU�HQRXJK�RQH��WKH

FDSLWDOLVW�VKRXOG�SD\�WKH�GURQHV�

7KHVH�VWUDWHJLHV�WKHUHIRUH�IRUP�DQ�HTXLOLEULXP�IRU�� ��QHDU�HQRXJK�WR�RQH���0RUHRYHU��WKHUH

LV�IXOO�HPSOR\PHQW�RQ�WKH�HTXLOLEULXP�SDWK��VR�WKLV�HTXLOLEULXP�LV�HIILFLHQW���7KH�NH\�KHUH�LV�WKDW

WKH�WUDQVIHUV�RI�KRQH\�DUH�DQ�HIILFLHQW�ZD\�RI�SXQLVKLQJ�WKH�FDSLWDOLVW��ZKLOH�WKH�WKUHDW�RI�VKXWWLQJ

GRZQ�WKH�HFRQRP\�WR�IRUFH�WKH�FDSLWDOLVW�WR�DFFHSW�KLV�SXQLVKPHQW�GRHV�QRW�KDYH�WR�EH�H[HFXWHG�

DQG�VR�KDV�QR�QHJDWLYH�HIILFLHQF\�LPSOLFDWLRQV�

/HQGLQJ�%HWZHHQ�&DSLWDOLVWV���%XORZ�DQG�5RJRII�>����@�DUJXH�WKDW�LQ�WKH�FDVH�RI�VRYHUHLJQ

GHEW��WKH�DELOLW\�RI�D�ERUURZHU�WR�PDNH�GHSRVLWV�LQ�D�EDQN�DW�WKH�FRPSHWLWLYH�LQWHUHVW�UDWH�PHDQV

WKDW�UHSXWDWLRQ�DORQH�LV�QRW�HQRXJK�WR�FUHDWH�D�PDUNHW�IRU�GHEW���WKHUH�LV�DOZD\V�D�SRLQW�DW�ZKLFK�LW

ZRXOG�EH�RSWLPDO�IRU�WKH�ERUURZHU�WR�UHQHJH�RQ�WKH�GHEW�DQG�GHSRVLW�WKH�SURFHHGV�LQ�D�EDQN����7KLV

PLJKW�VXJJHVW�WKDW�LI�ZH�H[SDQG�WKH�PRGHO�E\�DOORZLQJ�SHUPLWWLQJ�FDSLWDOLVWV�WR�IUHHO\�WUDQVIHU

FRQVXPSWLRQ�WR�RQH�DQRWKHU��DQG�WKHUH�DUH�WZR�RU�PRUH�RI�WKHP��WKH�HTXLOLEULXP�VHW�ZRXOG�FROODSVH

WR�WKH�VWDWLF�HTXLOLEULXP��EXW�WKLV�LV�QRW�WKH�FDVH���$Q\�HTXLOLEULXP�RI�WKH�PRGHO�ZLWKRXW�WUDQVIHUV

LV�DOVR�DQ�HTXLOLEULXP�RI�WKH�PRGHO�ZLWK�WUDQVIHUV��SURYLGHG�DOO�FDSLWDOLVWV�IROORZ�WKH�VWUDWHJ\�RI

QHYHU�UHSD\LQJ�DQ\�ORDQV���7KLV�FRQWUDVWV�ZLWK�WKH�%XORZ�5RJRII�DVVXPSWLRQ�WKDW�EDQNV�PXVW

UHSD\�DOO�GHSRVLWRUV���,Q�RXU�PRGHO��WKLV�DPRXQWV�WR�SLFNLQJ�RQH�HTXLOLEULXP�IURP�WKH�HTXLOLEULXP

VHW�

6LQFH�PDQ\�IHDWXUHV�RI�RXU�PRGHO�DUH�XQUHDOLVWLF��ZH�GR�QRW�FRQWHQG�WKDW�RXU�FRQFOXVLRQV

DUH�PRUH�SODXVLEOH�WKDQ�WKHLUV���+RZHYHU��VLQFH�LQ�RXU�PRGHO�OHQGLQJ�LV�HQIRUFHG�E\�WKH�WKUHDW�RI



��

H[FOXVLRQ�IURP�IXWXUH�ERUURZLQJ�WKHLU�DVVHUWLRQ�WKDW��XQGHU�IDLUO\�JHQHUDO�FRQGLWLRQV��OHQGLQJ����

FDQQRW�EH�VXSSRUWHG�E\�D�FRXQWU\
V�UHSXWDWLRQ�IRU�UHSD\PHQW���LV�WRR�VWURQJ�

2YHUODSSLQJ�*HQHUDWLRQV���6R�IDU��ZH�KDYH�DVVXPHG�WKDW�LQYHVWRUV�OLYH�LQ�QRQ�RYHUODSSLQJ

JHQHUDWLRQV���$OWKRXJK�QRW�HVSHFLDOO\�UHDOLVWLF��WKLV�KDV�WKH�YLUWXH�WKDW�LW�PDNHV�WKH�HQYLURQPHQW�D

UHSHDWHG�JDPH���0RUHRYHU��LW�LV�HTXLYDOHQW�WR�DQ�HFRQRP\�LQ�ZKLFK�WKHUH�DUH�WZR�SHULRG�OLYHG

RYHUODSSLQJ�JHQHUDWLRQV�RI�LQYHVWRUV�DQG�WKH�FRPSOHWHO\�SHULVKDEOH�FRQVXPSWLRQ�JRRG�PD\�QRW�EH

XVHG�DV�D�VXEVWLWXWH�IRU�LQYHVWPHQW�LQ�WKH�SURGXFWLRQ�SURFHVV���6LQFH�LQYHVWRUV�ZLVK�WR�FRQVXPH

RQO\�ZKHQ�ROG��DQG�WKH�FRQVXPSWLRQ�JRRG�LV�SHULVKDEOH��WKHUH�LV�QR�SXUSRVH�LQ�WUDQVIHUULQJ�WKH

FRQVXPSWLRQ�JRRG�WR�\RXQJ�LQYHVWRUV���$V�D�UHVXOW��WKHUH�LV�QR�SRVVLEOH�WUDGH�EHWZHHQ�ROG�DQG

\RXQJ�LQYHVWRUV��DQG�WKH�HFRQRP\�LV�LQ�HIIHFW�RQH�ZLWK�QRQ�RYHUODSSLQJ�JHQHUDWLRQV�RI�LQYHVWRUV�

,I�JHQHUDWLRQV�OLYH�PRUH�WKDQ�WZR�SHULRGV��KRZHYHU��DGGLWLRQDO�SRVVLELOLWLHV�DULVH��:LWK�QRQ�

RYHUODSSLQJ�JHQHUDWLRQV��H[WHQGLQJ�WKH�OLIH�RI�LQYHVWRUV�GRHV�QRW�OHDG�WR�DQ\�JUHDW�FRPSOLFDWLRQ��

+RZHYHU��LQ�WKH�RYHUODSSLQJ�JHQHUDWLRQV�FDVH��FDSLWDOLVWV�DUH�QR�ORQJHU�QHFHVVDU\�LQ�RUGHU�WR

DUUDQJH�SURGXFWLRQ���6XSSRVH�WKDW�LQYHVWRUV�OLYH�WKUHH�SHULRGV��KDYH�HQGRZPHQW�RQO\�ZKHQ�\RXQJ

DQG�ZLVK�WR�FRQVXPH�RQO\�ZKHQ�ROG��EXW�WKDW�WKH\�DUH�DOVR�PLGGOH�DJHG�LQ�EHWZHHQ���7KLV�KDV�WKH

LPSOLFDWLRQ�WKDW�WKH\�FDQ�HQJDJH�LQ�SURGXFWLRQ�ZKHQ�PLGGOH�DJHG���&RQVLGHU�WKH�IROORZLQJ

VWUDWHJLHV���(DFK�SHULRG��D�PLGGOH�DJHG�LQYHVWRU�LV�SLFNHG�DW�UDQGRP�IURP�WKH�SRRO�RI��HOLJLEOH�

PLGGOH�DJHG�LQYHVWRUV��DQG�DOO�\RXQJ�LQYHVWRUV�JLYH�KLP�WKHLU�LQYHVWPHQW�LQSXW���7KH�OXFN\

GHVLJQHH�WKHQ�SURGXFHV�DQG�FRQVXPHV�DOO�WKH�RXWSXW�KLPVHOI���<RXQJ�LQYHVWRUV�DJUHH�WR�SDUWLFLSDWH

LQ�WKLV�VFKHPH�EHFDXVH�LI�WKH\�GR�QRW�WKH\�DUH�QRW��HOLJLEOH��ZKHQ�WKH\�EHFRPH�PLGGOH�DJHG��

8QGHU�RXU�H[WUHPH�DVVXPSWLRQ�RI�ULVN�QHXWUDOLW\��WKLV�VFKHPH�DFWXDOO\�LPSOHPHQWV�WKH�ILUVW�EHVW�

2QFH�ULVN�DYHUVLRQ�LV�LQWURGXFHG�D�ORWWHU\�VFKHPH�RI�WKLV�W\SH�EHFRPHV�OHVV�GHVLUHDEOH���,I

WKH�LQGLYLVLELOLWLHV�DUH�ODUJH��WKH�LQHIILFLHQF\�LV�ODUJH�DV�ZHOO���,PDJLQH�FRPSHQVDWLQJ�HPSOR\HHV�DW

*HQHUDO�0RWRUV�E\�D�VPDOO�FKDQFH�DW�DOO�RI�*HQHUDO�0RWRUV�SURILWV�IRU�D�\HDU���&RQVHTXHQWO\��ZKLOH

FDSLWDOLVWV�DUH�QRW�QHFHVVDU\�IRU�SURGXFWLRQ�LQ�WKLV�PRUH�JHQHUDO�VHWXS��WKH\�ZLOO�KDYH�D�UROH�WR

SOD\�LI�LQGLYLVLELOLWLHV�DQG�ULVN�DYHUVLRQ�DUH�ODUJH�FRPSDUHG�WR�WKH�ORVVHV�FDXVHG�E\�WKH�FDSLWDOLVWV


PRUDO�KD]DUG�
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�7KH�5ROH�RI�5HSXWDWLRQ���7KH�DQDO\VLV�VR�IDU�KDV�EHHQ�LQ�WHUPV�RI�D�UHSHDWHG�JDPH���7KH

HTXLOLEULXP�LQYROYHV��UHSXWDWLRQ��LQ�WKH�ORRVH�VHQVH�WKDW�FDSLWDOLVWV�UHSD\�ORDQV�VR�WKDW�WKH\�ZLOO

EH�DOORZHG�WR�ERUURZ�LQ�WKH�IXWXUH���+RZHYHU��UHSXWDWLRQ�KHUH�LV�SXUHO\�DQ�HTXLOLEULXP

SKHQRPHQRQ��LQ�WKH�VHQVH�WKDW�UHSD\PHQW�RI�D�ORDQ�QHHG�QRW�QHFHVVDULO\�VLJQDO�D�IXWXUH

ZLOOLQJQHVV�WR�UHSD\���.UHSV�DQG�:LOVRQ�>����@�DQG�0LOJURP�DQG�5REHUWV�>����@�KDYH�LQWURGXFHG�D

PRUH�H[SOLFLW�VRUW�RI�UHSXWDWLRQ���,I�WKH�LQYHVWRUV�D�SULRUL�VXVSHFW�WKDW�WKHUH�LV�D�SRVVLELOLW\�WKDW�WKH

FDSLWDOLVWV�ZLOO�FKRRVH�WR�UHSD\�UHJDUGOHVV�RI�IXWXUH�FRQVHTXHQFHV��WKHQ�FDSLWDOLVWV�FDQ�PDLQWDLQ

WKLV�EHOLHI�E\�UHSD\LQJ���)XGHQEHUJ�DQG�/HYLQH�>����E@�KDYH�VKRZQ�WKDW�W\SLFDOO\�ZLWK�D�VLQJOH

SDWLHQW�FDSLWDOLVW��WKLV�W\SH�RI�H[SOLFLW�UHSXWDWLRQ�OHDGV�KLP�WR�GR�DV�ZHOO�DV�KH�FRXOG�WKURXJK

SUHFRPPLWPHQW��VR�ORQJ�DV�WKH�VWDJH�JDPH�KDV�VLPXOWDQHRXV�PRYHV�

+RZHYHU��ZKHQ�WKH�VWDJH�JDPH�KDV�VHTXHQWLDO�PRYHV��ZH�REWDLQ�D�ORZHU�ERXQG�RQ�WKH

SRZHU�RI�UHSXWDWLRQ�HIIHFWV�WKDW�FDQ�EH�ORZHU�WKDQ�WKH�FRPPLWPHQW�SD\RII���,Q�H[DPSOHV�ZLWK

VHTXHQWLDO�PRYHV�EXW�QR�PRUDO�KD]DUG��ZH�FDQ�VKRZ�WKDW�WKLV�ORZHU�ERXQG�LV�LQ�IDFW�WLJKW�E\

FRQVWUXFWLQJ�HTXLOLEULD�WKDW�KROG�WKH�ORQJ�UXQ�SOD\HU�WR�WKH�ORZHU�ERXQG��EXW�ZKHWKHU�WKH�ORZHU

ERXQG�LV�WLJKW�LQ�JDPHV�ZLWK�VHTXHQWLDO�PRYHV�DQG�PRUDO�KD]DUG�LV�VWLOO�DQ�RSHQ�TXHVWLRQ�

7R�VHH�ZK\��ZH�FRQVWUXFW�DQ�HTXLOLEULXP�LQ�WKH�LQYHVWPHQW�JDPH�WKDW�KROGV�WKH�FDSLWDOLVW�WR

SD\RII�]HUR�HYHQ�ZKHQ�H[SOLFLW�UHSXWDWLRQ�LV�FRQVLGHUHG��IRU�WKH�FDVH�ZKHUH��S� ����VR�WKHUH�LV�QR

PRUDO�KD]DUG���7KH�EHVW�HTXLOLEULXP�SD\RII�ZLWK�UHSXWDWLRQ�HIIHFWV�KHUH�LV��[v>I��@���DQG�WKLV�FDQ�EH

REWDLQHG�HYHQ�ZLWKRXW�UHSXWDWLRQ�ZLWK�WKH�LQYHVWRU�VWUDWHJLHV�RI�QHYHU�LQYHVWLQJ�ZLWK�D�FDSLWDOLVW

ZKR�GHIDXOWV���1RZ�VXSSRVH�WKDW�WKHUH�LV�DQRWKHU�W\SH�RI�FDSLWDOLVW��WKH��VWURQJ��FDSLWDOLVW�ZKR

DOZD\V�SD\V����I���&RQVLGHU�WKH�IROORZLQJ�VWUDWHJ\�SURILOH���WKH�RULJLQDO�FDSLWDOLVW�GRHV�QRW�UHSD\�WKH

ILUVW�ORDQ�KH�UHFHLYHV��DQG�QR�LQYHVWRU�HYHU�LQYHVWV���,I�VRPH�LQYHVWRU�GRHV�LQYHVW�DQG�WKHQ

UHJDUGOHVV�RI�ZKDW�WKH�FDSLWDOLVW�GRHV��VZLWFK�WR�WKH�HTXLOLEULXP�LQ�ZKLFK�WKH�LQYHVWRUV�DOZD\V

LQYHVWV�DQG�WKH�FDSLWDOLVW�DOZD\V�UHSD\V���7KLV�PHDQV�WKDW�WKHUH�LV�QR�DGYDQWDJH�LQ�LPLWDWLQJ�WKH

VWURQJ�FDSLWDOLVW�

7KLV�FRQVWUXFWLRQ�UHOLHV�RQ�WKH�IDFW�WKDW�ZLWKRXW�PRUDO�KD]DUG�WKH�FRPPLWPHQW�SD\RII�LV

DWWDLQDEOH�DV�DQ�HTXLOLEULXP�HYHQ�ZLWKRXW�UHSXWDWLRQ��VR�WKDW�ZH�FDQ�FRQVWUXFW�DQ�HTXLOLEULXP�LQ
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ZKLFK�DQ�LQLWLDO�GHIDXOW�KDV�QR�FRVW���:KHQ�WKHUH�LV�PRUDO�KD]DUG��DQ�LQLWLDO�GHIDXOW�PD\�KDYH�D

FRVW�EHFDXVH�LW�UHYHDOV�WKDW�WKH�FDSLWDOLVW�LV�QRW��VWURQJ��WKHUHIRUH�UHVWULFWLQJ�KLP�WR�WKH�PRVW�KH

FDQ�JHW�ZLWKRXW�UHSXWDWLRQ���([DFWO\�ZKDW�WKH�EHVW�DQG�ZRUVW�HTXLOLEULXP�DUH�LQ�WKLV�PRGHO�LV�DV

\HW�XQNQRZQ�
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5()(5(1&(6

$EUHX��'���'��3HDUFH�DQG�(��6WDFFKHWWL�>����@���2SWLPDO�&DUWHO�0RQLWRULQJ�ZLWK�,PSHUIHFW

,QIRUPDWLRQ���-RXUQDO�RI�(FRQRPLF�7KHRU\�������������

$EUHX��'���'��3HDUFH�DQG�(��6WDFFKHWWL����������7RZDUG�D�7KHRU\�RI�'LVFRXQWHG�5HSHDWHG�*DPHV

:LWK�,PSHUIHFW�0RQLWRULQJ���(FRQRPHWULFD��������������

$WNHVRQ��$��>����@���,QWHUQDWLRQDO�OHQGLQJ�ZLWK�PRUDO�KD]DUG�DQG�ULVN�RI�UHSXGLDWLRQ���)HGHUDO

5HVHUYH�%DQN�RI�0LQQHDSROLV�:3������

$XVDEHO��/��DQG��5��'HQHFNHUH�>����@���5HSXWDWLRQ�LQ�%DUJDLQLQJ�DQG�'XUDEOH�*RRGV�0RQRSRO\��

(FRQRPHWULFD�������������

%XORZ��-��DQG�.��5RJRII�>����@���6RYHUHLJQ�'HEW���,V�WR�)RUJLYH�WR�)RUJHW���$PHULFDQ�(FRQRPLF

5HYLHZ���0DUFK��

)ULHGPDQ��-��>����@���$�QRQ�FRRSHUDWLYH�HTXLOLEULXP�IRU�VXSHUJDPHV���5HYLHZ�RI�(FRQRPLF�6WXGLHV�

���������

)XGHQEHUJ��'���'��.UHSV�DQG�(��0DVNLQ����������5HSHDWHG�*DPHV�:LWK�/RQJ�5XQ�DQG�6KRUW�5XQ

3OD\HUV���5HYLHZ�RI�(FRQRPLF�6WXGLHV�������������

)XGHQEHUJ��'��DQG�'��/HYLQH�>����@���6XEJDPH�3HUIHFW�(TXLOLEULD�RI�)LQLWH�DQG�,QILQLWH�+RUL]RQ

*DPHV���-RXUQDO�RI�(FRQRPLF�7KHRU\�������������

)XGHQEHUJ��'��DQG�'��/HYLQH�>����@���5HSXWDWLRQ�DQG�(TXLOLEULXP�6HOHFWLRQ�LQ�*DPHV�ZLWK�D



��

3DWLHQW�3OD\HU���(FRQRPHWULFD��������������

)XGHQEHUJ��'���DQG�'��/HYLQH������D����$Q�$SSUR[LPDWH�)RON�7KHRUHP�LQ�5HSHDWHG�*DPHV�:LWK

,PSHUIHFW�3ULYDWH�,QIRUPDWLRQ���-RXUQDO�RI�(FRQRPLF�7KHRU\������������

)XGHQEHUJ��'��DQG�'��/HYLQH�>����E@���0DLQWDLQLQJ�D�5HSXWDWLRQ�ZKHQ�6WUDWHJLHV�DUH�,PSHUIHFWO\

2EVHUYHG���IRUWKFRPLQJ��5HYLHZ�RI�(FRQRPLF�6WXGLHV�

)XGHQEHUJ��'���'��/HYLQH��DQG�(��0DVNLQ����������7KH�)RON�7KHRUHP�LQ�'LVFRXQWHG�5HSHDWHG

*DPHV�:LWK�,PSHUIHFW�3XEOLF�,QIRUPDWLRQ���PLPHR�

)XGHQEHUJ��'���DQG�(��0DVNLQ����������7KH�)RON�7KHRUHP�LQ�5HSHDWHG�*DPHV�ZLWK�'LVFRXQWLQJ�RU

ZLWK�,QFRPSOHWH�,QIRUPDWLRQ���(FRQRPHWULFD������ �������

)XGHQEHUJ��'��DQG�(��0DVNLQ�>����@���2Q�WKH�'LVSHQVDELOLW\�RI�3XEOLF�5DQGRPL]DWLRQ���-RXUQDO�RI

(FRQRPLF�7KHRU\�������������

*UHHQ��(���DQG�5��3RUWHU�>����@���1RQ�&RRSHUDWLYH�&ROOXVLRQJ�8QGHU�,PSHUIHFW�3ULFH�,QIRUPDWLRQ��

(FRQRPHWULFD�������������

*XO��)��>����@���7ZR�(VVD\V�RQ�WKH�%DUJDLQLQJ�)RXQGDWLRQV�RI�9DOXH�7KHRU\���3K�'��GLVVHUWDWLRQ�

3ULQFHWRQ�8QLYHUVLW\�

+DQVHQ��*��>����@���,QGLYLVLEOH�/DERU�DQG�WKH�%XVLQHVV�&\FOH���-RXUQDO�RI�0RQHWDU\�(FRQRPLFV�

�����������

.UHSV��'��DQG�5��:LOVRQ�>����@���5HSXWDWLRQ�DQG�,PSHUIHFW�,QIRUPDWLRQ���-RXUQDO�RI�(FRQRPLF



��

7KHRU\�������������

/HKUHU��(��>����@���1DVK�(TXLOLEULD�RI�Q�3OD\HU�5HSHDWHG�*DPHV�:LWK�6HPL�6WDQGDUG

,QIRUPDWLRQ���PLPHR��1RUWKZHVWHUQ�

0DULPRQ��5��>����@���:HDOWK�$FFXPXODWLRQ�ZLWK�0RUDO�+D]DUG���PLPHR�

0DWVXVKLPD��+��>����@���(IILFLHQF\�LQ�5HSHDWHG�*DPHV�ZLWK�,PSHUIHFW�0RQLWRULQJ���-RXUQDO�RI

(FRQRPLF�7KHRU\��������������

0LOJURP�3��DQG�-��5REHUWV�>����@���3UHGDWLRQ��5HSXWDWLRQ�DQG�(QWU\�'HWHUUHQFH���(FRQRPHWULFD�

�����������

3UHVFRWW��(��DQG�5��7RZQVHQG�>����@��3DUHWR�2SWLPD�DQG�&RPSHWLWLYH�(TXLOLEULD�ZLWK�$GYHUVH

6HOHFWLRQ�DQG�0RUDO�+D]DUG���(FRQRPHWULFD����

������

5DGQHU��5���5��0\HUVRQ�DQG�(��0DVNLQ�>����@���$Q�H[DPSOH�RI�D�UHSHDWHG�SDUWQHUVKLS�JDPH�ZLWK

GLVFRXQWLQJ�DQG�ZLWK�XQLIRUPO\�LQHIILFLHQW�HTXLOLEULD���5HYLHZ�RI�(FRQRPLF�6WXGLHV������������

5RJHUVRQ��5��>����@���,QGLYLVLEOH�/DERU��/RWWHULHV�DQG�(TXLOLEULXP���PLPHR�

6HOWHQ��5��>����@���7KH�&KDLQ�6WRUH�3DUDGR[���7KHRU\�DQG�'HFLVLRQ����� �������

6RULQ��6��>����@���2Q�5HSHDWHG�*DPHV�ZLWK�&RPSOHWH�,QIRUPDWLRQ���0DWKHPDWLFV�RI�2SHUDWLRQV

5HVHDUFK�������������
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$33(1',;���&KDUDFWHUL]LQJ�(TXLOLEULD�ZLWK�+DOIVSDFHV

$EUHX��3HDUFH�DQG�6WDFKHWWL�>����@�LQWURGXFHG�WKH�QRWLRQ�RI�D�VHOI�JHQHUDWHG�VHW�RI�SD\RIIV

IRU�JDPHV�ZLWK�RQO\�ORQJ�UXQ�SOD\HUV��DQG�VKRZHG�WKDW�D�VXIILFLHQW�FRQGLWLRQ�IRU�D�VHW�RI�SD\RIIV�WR

EH�LQ��(� ���LV�WKDW�LW�EH�VHOI�JHQHUDWHG���)XGHQEHUJ��/HYLQH�DQG�0DVNLQ�>����@�XVHG�D�ORFDO�YHUVLRQ

RI�WKLV�UHVXOW��DQG�ZH�SURYH�7KHRUHP�����XVLQJ�D�VLPLODU�WHFKQLTXH���7KH�SURRI�PDNHV�XVH�RI�WZR

GHILQLWLRQV�

'HILQLWLRQ�$�����,I�IRU�D�JLYHQ��Y��:���DQG�� ��DQ�� ��H[LVWV�VR�WKDW��� �Y���LV�HQIRUFHDEOH�ZLWK�UHVSHFW

WR��:��DQG�� ���ZH�VD\�WKDW��Y��LV�JHQHUDWHG�E\��:���3� �:���LV�WKH�VHW�RI�DOO�SRLQWV�JHQHUDWHG�E\��:�

'HILQLWLRQ�$�����$�VXEVHW��:�⊂�5/��LV�VPRRWK  �LI�LW�LV�FORVHG��KDV�QRQ�HPSW\�LQWHULRU�ZLWK�UHVSHFW�WR

�5/���DQG�WKH�ERXQGDU\�RI��:��LV��&���VXEPDQLIROG�RI��5/�

7KHRUHP��������L���)RU�DOO�� ���(� ��⊂�4�  
�LL���,I�WKH�GLPHQVLRQV�RI��4�⊂�5/��LV��/���WKHQ��OLP

→��(�
�� �4�

3URRI�RI��L����:H�ZLOO�VKRZ�PRUH�VWURQJO\�WKDW��(� ����WKH�FRQYH[�KXOO�RI��(� ����LV�FRQWDLQHG�LQ��4���,I

QRW��ZH�PD\�ILQG�D�KDOIVSDFH��+� �N���DQG�D�SRLQW��Y�∈�(� ���VXFK�WKDW�� �•�Y� �N�!�N� ���DQG�� �•�Y�≤

N��IRU�DOO�

Y
�∈�(� ����7KHQ��Y��PXVW�EH�HQIRUFHDEOH�ZLWK�FRQWLQXDWLRQ�SD\RIIV�LQ�

(� ��⊂�+� �N���FRQWUDGLFWLQJ�WKH�GHILQLWLRQ�RI��N� ��  

3URRI�RI��LL����6LQFH�DQ\�FRPSDFW�FRQYH[�VHW�ZLWK�QRQ�HPSW\�LQWHULRU��4��FDQ�EH�DSSUR[LPDWHG
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