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Abstract

It has been argued that concave modelsexhibit less “endogeneity of
growth” thanmodelswith increasingreturnsto scale. Herewe studya sim-
ple modelof factorsaving technological improvement in a concave frame-
work. Capitalcanbeusedeitherto reproduceitself, or, at someadditional
cost,to producea higher quality of capital, which requireslesslabor input.
If better quality capital canbeproducedquickly, we geta modelof exoge-
nousbalancedgrowth asa special caseof ours. If, however, better quality
capital canbeproducedslowly, we geta modelof “endogenousgrowth” in
which thegrowth rateof theeconomy andtherateof adoption of new tech-
nologies is determined by preferences, technology and initi al conditions.
Moreover, in the latter case, the process of growth is necessarily uneven,
exhibiting a natural cycle with alternatingperiodsof high andslow growth.
Growth paths andtechnological innovations alsoexhibit dependence upon
initial conditions. Themodelprovidesasteptowarda theoryof endogenous
innovation underconditions of perfectcompetition.
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1 Intr oduction

Wecontributeto thedebateontheendogeneityof aggregatetechnologicalprogress
by introducing a concave modelof innovationwith threeproperties.Technolog-
ical innovationsare: (a) factorsaving; (b) implementableonly in discretelumps;
(c) endogenous,dependingon people’s decisions. We find in suchcircumstances
thatgrowth canbepath-dependentandunevenover time.

In our model,technologicalprogresstakesplacethroughtheadoptionof new
activities that make useof new qualitiesof capital. Thereis a fixed factor, and
moreadvancedactivitiesaresuperiorin thesensethat they make lessuseof this
fixedfactor. Thismeansthattechnological progressis “biased”or “f actorsaving.”
For concreteness,we refer to thefixed factoraslabor. In this settinginvestment
provokesbothcapital widening, meaningthe total stockof capitalgrows larger,
andcapital deepening, meaningthat thequality of thecapitalstockis improved.
In fact,becauseof thefixedlaborsupply, capitaldeepeningisnecessaryfor capital
widening.

Without moving to higherqualitiesof capital that uselesslabor per unit of
output, thereis no reasonto build morecapital. Introducingnew capitalgoods
is costly because,for given inputs, the capitaldeepeningtechnologyyields less
units of output than the capitalwideningtechnology. Henceregardlessof how
long thecapitaldeepeningactivity hasbeenavailable, it will beusedonly when
relativepricesmake it profitableto do so;thatis, whenthelaborsupply becomes
abindingconstraint.In thissense,technologicalprogressis fully endogenous.

Our modelis oneof perfectcompetition with constantreturnsto scale.A va-
riety of argumentshave beenadvancedasto why growth modelswith increasing
returnsaresuperiorto thosewith diminishingor constantreturns.From a theo-
retical standpoint, theendogenousversusexogenous natureof economicgrowth
is the principal one. Romer[1994], for example,saysthat the fact that “tech-
nical advancecomesfrom thingsthat peopledo” andis not merely“a function
of elapsedcalendartime,” arguesagainstconcave modelsof “exogenous”tech-
nological change. In this interpretation,endogeneitymeansthat technological
innovationsshouldcomefrom “thingspeopledo”.

In our settingtechnicaladvanceclearly comesaboutbecauseit is profitable
for innovatorsto introducenew technologiesinto production.This shouldclarify
that growth can be as endogenousin a concave settingas it is when thereare
externalities,increasingreturns,monopoly powerandsoforth. To thebestof our
knowledge,this is thefirst timesucha resultis clearlyproven.
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Our equilibrium pathdistinguishesbetweengrowth dueto the accumulation
of factors,andtheintroductionof new factorsandactivities,whichwe referto as
technologicaladvance.To beconcrete,wewill proposethatthegrowth rateor the
rateof technologicaladvanceareendogenousif they areaffectedin a non-trivial
way by changesin therateof intertemporalsubstitution in consumption. Notice
that in the Solow growth model,neitherthe growth ratenor the rateof techno-
logicaladvanceareendogenousin thissense.In JonesandManuelli’s [1990]and
Rebelo’s [1991]AK model,thegrowth rateis endogenous, but therateof techno-
logical advanceis not. On theotherhand,in modelswith increasingreturnssuch
asthoseof Lucas[1988]or Romer[1990],notonly is thegrowth rateendogenous,
but sois therateof technological advance.

Theendogeneityof growth in this modeldependson how rapidly it is possi-
ble to producehigherqualitycapital. If capitalof higherquality canbeproduced
quickly, we get a model identical in essenceto the “exogenousgrowth” model
of Solow: A new quality of capitalis introducedevery period,andtheeconomy
growsat afixedrateindependentof thesubjectivediscountfactorandotherpref-
erenceor technologyparameters.If new quality capital can only be produced
slowly, thesituationchangesdrastically. Boththegrowth rateandtherateof tech-
nological advanceare fully endogenousanddependon the subjective discount
factorandotherparametersof preferences.

In this model,technicaladvancesclearlycomefrom thingsthatpeopledo. In
fact,contraryto modelswhereexternalitiescarrytheday, technological improve-
mentsherecomefrom thingsthatpeopleconsciously chooseto do. They intro-
ducenew technologiesin thoseperiodswhenthey areneededto relax the labor
constraint,andthey do not introducenew technologiesin periodsin which such
needis absent.Notethatwedonotattemptto modelthereasonthattechnologies
becomeavailable.Weassumethattechnologiesareavailableor becomeavailable
for reasonsexogenousto themodel.Our theoryof technologicalprogressis athe-
ory by whichthosetechnologiesareactuallyintroducedinto use.A theoryof why
new technologiesbecomeavailablein aconcaveworld is presentedin Boldrin and
Levine [2000].

As wementionedat theoutset,themoststriking featuresof thismodelis that
equilibria arepathdependentanddo not exhibit a constantgrowth rate. Growth
follows a naturalcycle in which gradualupward increasesin consumption are
interruptedby periodic“growth recessions”in which consumption remainsflat.
Theseperiodsof “creativedestruction”arethosein whichashift to anew techno-
logicalparadigmfirst takesplace.Theexistenceof growth cyclescanbeextended
to modelswith many goods,sectorsandfactorsof production, as long asnatu-
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ral resourcesareessentialin production andinnovation hasan impacton many
sectors.While it canbe arguedthat many innovationsarecumulative in nature,
sothat the introduction of a new technologyhasonly a slight effect on theecon-
omy, innumerableimportant innovationssuchasthe useof personalcomputers,
the introduction of electricalpower, or the advent of new businessmethods, are
of generalpurposeandcanbeexpectedto have a substantial impactacrossmany
sectors.In thepresenceof a sequenceof such“large” innovations,theprocessof
growth will beunevenwith spurtsof growth asthenew technologyis exploited,
andperiodsof relative stagnationwhile thenew capitalgoodis accumulatedfor
thenext growth “spurt.” Notethatduringgrowth recessionstheeconomyremains
at full employment;unemploymentoccursonly in thecaseof stagnationwhenthe
capitalstockbecomestoosmallto employ all existing labor.

In additionto endogenousgrowth anda naturalgrowth cycle, our economy
exhibits pathdependencemeaningthat the long run growth rateof theeconomy
candependon theinitial stockof capital.Indeed,a smallchangein initial capital
canmake the differencebetweenlong-runinnovation andgrowth, andlong-run
stagnationanddecline.In particular, it is possiblefor theeconomyto grow in the
short-run,introducing new technologiesandincreasingconsumption per capita,
yet in the long-runfall backinto stagnation with decliningconsumption, unem-
ployment andonly the worst possible technologyemployed. Again, andto the
bestof our knowledge,we arenot awareof any dynamicmodelexhibiting this
ratherfrequentlyobservedpattern.

2 The Model

We consideraninfinite horizoneconomy, t � 0 � 1 � 2 ������� with a continuumof ho-
mogeneousconsumers.Consumersvalueconsumption ct

� ℜ � . Theperiod util-
ity functionu

�
ct � is boundedbelow, continuously differentiable,strictly increas-

ing, andstrictly concave. It satisfiestheInadaconditionslimc	 0u
 � c� ��� ∞ and
limc	 � ∞ u
 � c� � 0. Total lifetime utility is givenby U

�
c� � ∑∞

t  0δtu
�
ct � , where

0 � δ � 1 is thecommonsubjectivediscountfactor. Letµ � sup���µ � ∑∞
t  0 δtu

� �µt � �
∞ � to bethesupremumof growth ratesfor whichutili ty remainsfinite. Noticethat
µ � 1� δ.

Consumption is producedby activities that uselabor andcapitalas inputs.
In addition, capitalis producedfrom capital,andlaborreproducesitself. Capital
comesin aninfinite sequenceof differentqualities,indexed by i � 0 � 1 ������� .
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Write aninputvectorasz � �
κ ��� � whereκ is aninfinitevectorof capitalstocks

of differentqualities,and � is a scalardenotinglabor. The periodinput spaceZ
consistsof thesetof sequences

�
z1 � z2 ��������� zn ������� � � 0 for whichzn

� 0 for all but
finitely many n. Notethatthetechnologyandinitial conditionaresuchthatin any
particularperiodit is not possible to have producedmorethana finite numberof
differentqualitiesof capital,so thereis no lossof generalityin this restriction.
We let thesymbol χi denotethevectorconsisting of oneunit of capitali andzero
unitsof all othercapitals.So,for example,

�
χ2 � 0� is aninputvectorwith 1 unit of

quality 2 capitalandzerounitsof everythingelse.Theperiodcommodity space
is Z � ℜ � .

Thesetof all possibleactivitiesa is denotedby � . An activity a � � maybe
written asa vectorconsisting of a triplet � z�

a� ;z� �
a� ;c �

a��� , wherez
�
a� � z� �

a� �
Z andc

�
a� � ℜ ��� Herez

�
a� � � κ �

a� � � �
a��� representsthe input requirementfor

activity a in periodt, z� �
a� � � κ � �

a� � � � �
a��� representstheoutputof periodt �

1 inputs producedby activity a, andc
�
a� representsconsumption producedby

activity a andavailable in periodt.
Our basicassumption is thatcapitalof quality i canbeusedto producecon-

sumption, capitalof thesamequalityor capitalof thenext higherquality. We as-
sumethatlaboris aninput (andalsoanoutput) in theproductionof consumption,
but not in theproductionof capital.While this is justasimplifying assumption,as
we discussin theconclusion,it is consistentwith theideathatthereis little labor
mobility betweensectors.In any case,aswediscussin theconclusion,evenif we
wereto allow labormobility, thegeneralnatureof our resultsdonotchange.

Specifically, thereis a sequenceof activitiesfor producingconsumption, one
for eachtypeof capital i. For quality i capital,theactivity is � χi � 1� γi;0 � 1� γi;1� ,
γ ! 1 � In otherwords,to producea unit of consumption requiresa unit of capital
(of any quality) anda numberof units of labor that is smallerthe higher is the
quality of thecapital.Theassumption γ ! 1 embodiesthenotionthat technolog-
ical progressis laborsaving. Noticethat laborappearsherebothasaninput and
asanoutput,so that labor that is usedin productiontodayremainsavailablefor
productiontomorrow.

Two sequencesof activitiescanproducecapital.They are � χi � 0;βχi � 0;0� , β !
1 and � χi � 0;ρχi � 1 � 0;0� , ρ ! 0. This meansthatthecurrentqualityof capitalmay
beusedeitherto produceβ unitsof thesamequalityof capital(capitalwidening)
or ρ units of the next quality of capital (capital deepening).We set β ! ρ, so
that introducingthenext quality of capitalgoodsinsteadof wideningthecurrent
oneis costlybecauseit requiresa sacrificeof currentconsumption. We assume
thatµ ! min � β � γ � somaximum utili ty over feasibleconsumption pathsis finite.
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We also assumethat there is free disposal,and an activity that producesnext
periodlabor by meansof currentperiodlabor � 0 � 1;0 � 1;0� . In conjunctionwith
theassumption thatlaboris anoutputof theactivity thatproducesconsumption, it
guaranteesthatlaborreproducesitself in eachperiod,henceit is alwaysavailable
in a constantamount. Onecanmake laborsupplygrow at someraten � β " 1 by
modifying theoutputvectorsof thesetwo activitiesappropriately. Resultswould
notchange.

Theendowmentz0
� �

κ0
0χ0 � 1� consistsof κ0

0 unitsof quality0 capitalandone
unit of labor.

2.1 Equilib rium

A λ � � � ∞
t  0ℜ # � � is calleda production plan, a c � � � ∞

t  0ℜ � � is calleda con-
sumption plan. Togetherthey determinean(intertemporal)allocation.

Definition 1. Theallocation λ � c is a feasible allocation for the initial condition
z0 if for all t � 0

1 � ∑
a $ # λ0

�
a� � � a�

κ0
0χ0 � ∑

a $ # λ0
�
a� κ �

a�
∑

a $ # λt
�
a� z� �

a� � ∑
a $ # λt � 1

�
a� z�

a�
Definition 2. Theallocation λ % , c% solves the social planner problem for initial
condition z0 if it solves

max
λ & c U

�
c�

subjectto feasibility of theallocation.

Noticethatin afeasibleproductionplanλt
�
a� � 0 if a usesasinputany quality

of capitalgreaterthant. Denoteby At the setof viable activities which useas
inputqualitiesof capitalnogreaterthant.

Let qi
t denotethepriceof quality i capitalat time t, let q't denotethepriceof

laborat time t, andlet pt denotethepriceof consumptionat time t. Wedenoteby
qt thevectorof all inputpricesat time t, andlet q andp denote,respectively, the
infinite sequenceof pricesof the two inputsandconsumption startingin period
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0. Pricesq � p anda feasibleallocationλ � c area competitive equilibrium if c
maximizesU

�
c� subjectto thebudgetconstraint

∞

∑
t  0

ptct � q0
0κ0

0
� q'0 �

andactivitiessatisfythezero profit condition

qt � 1 (*) κ � �
a� � � � �

a��+ � ptc
�
a� " qt ( � κ �

a� �,� �
a��� � 0 ��- a � At � t � 0 � 1 �������

with equalityif λt
�
a� ! 0.

In theappendixweprove therelevantversionof theFirstandSecondWelfare
Theorems:

Theorem 1. Supposethat λ %.� c% is a feasible allocation for the initial condition
z0. Thenλ % � c% solvesthesocialplannerproblemif andonly if wecanfindprices
q � p such thatq � p � λ % � c% area competitiveequilibrium.

Thefollowingexistenceanduniquenessresultis alsoprovedin theappendix.

Theorem 2. For givenz0, a competitiveequilibrium exists,andthere is a unique
competitiveequilibrium consumption planc % �

Wecannow usethefirst orderconditionsto givearelatively simplecharacter-
izationof equilibriumconsumption paths.First we begin by calculatingtheleast
amountof initial capitalneededto producea given consumption in a particular
period.Given aparticularvalueof ct observe thateitherct � 1 or, for somei ! 0 �
γi / 1 � ct � γi . In the former casedefineη

�
ct � � 0, in the latter η

�
ct � � i. In

this way η
�
c� indexes thehighestquality of capitalneededto afford a per-capita

consumption level equalto c. Define

κ0
0
�
ct � �10 β / tct η

�
ct � � 0

β / t 2 β
ρ 3 η 4 ct 5 γct / γη 6 ct 7

γ / 1
� β / t 2 β

ρ 3 η 4 ct 5 / 1 γη 6 ct 7 / ct
γ / 1 η

�
ct � ! 0 �

Thelatterexpressionrepresents“the amountof initial capitalrequiredto produce
ct whenit is producedusingonly qualitiesη

�
ct � andη

�
ct � " 1 capital”. Usingthis

wedefinealsothe“initial capitalrequirementto producetheconsumption planc”

κ0
0
�
c� � ∞

∑
t  0

κ0
0
�
ct � �
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Next we definea correspondencethat capturesthe first orderconditionsfor
anoptimal path.Our basicstrategy is to find anoptimalpathfor a givenpriceof
initial capitalq0

0, thenbackout theinitial condition. Firstwedefinetheconstants

ζ0
� 1

ζi
� �

β � ρ � i / 1 � � βγ � ρ � " 1� � �
γ " 1� �

For q0
0 � 0 andt � 0 � 1 �8����� , weusetheseconstantsto definetheacorrespondence

c
t � Ct
�
ct � q0

0 � from ct
� � 0 � γt � into ℜ �

u
 � c
t � � �
βδ � / t q0

0ζη 4 ct 5 if ct � γη 4 ct 5 � η
�
ct � � t�

βδ � / t q0
0ζη 4 ct 5 � u
 � c
t � � �

βδ � / t q0
0ζη 4 ct 5 � 1 if ct

� γη 4 ct 5 � η
�
ct � � t�

βδ � / t q0
0ζη 4 ct 5 � u
 � c
t � if ct

� γη 4 ct 5 � η �
ct � � t

Thiscorrespondenceconsistsof horizontalandverticalline segmentsforming
thestepsof a “descending”stairasshown in Figure1.

C3

C2

ct

c’t

1 γ γ γ2 3

Figure1 - StairstepCorrespondence

Becauseof its stairstepnature,thecorrespondenceis upper-hemi-continuous,
convex valuedandnon-increasing.It is immediateto seethat, for givenq0

0 and
t, it hasonly onefixedpoint c %t � �

0 � γt � . Noticethatthelocationof thestairsteps
is alwaysat γi � i � 0 � 1 �����8� . The stair is always truncatedat γt sinceno type of
capitalgreaterthani � t canbeused.For this reasonast increasestheendof the
stairstepalwaysmovesto theright. Whethertheverticesmove up or down with
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t dependson βδ. Notice that u
 � (9� is a decreasingfunctionandβδ is raisedto a
negative power of t. So, if βδ ! 1 the stairsget higher; if βδ � 1 the stairsget
lower. ThefigureshowsC2 � C3 in thecasein whichβδ ! 1. We will exploit these
basicobservationsbelow in analyzingequilibrium consumption paths.

The ideabehindtheC correspondenceis to considerthat ct determinesthe
price of consumption throughδtu
 � ct � . Given the price of consumption andthe
initial price of capitalq0

0 we cancalculatein periodt how profitableit is to use
eachdifferentviablequalityof capitalto produceconsumption. Inspectionof the
profit conditions show that they areconcave asa function of the index i. This
meansthatat mosttwo activitiescanyield zeroprofitswhenall othersyield non-
negative profits. We thenplug the pricesδtu
 � ct � , q0

0 into the two activities that
earnzeroprofits. Observe that usingthesetwo (or one)activities togetherwith
full employmentyieldsexactlyc
t unitsof consumption. Consequently, thecorre-
spondenceis definedby thecondition thattheamountof consumptiongiving rise
to thepricesshouldequaltheamountof consumptiongeneratedfrom theproduc-
tion technologywhenthezeroprofit conditionsaresatisfied.In otherwords,the
key propertyof thecorrespondenceC is thatits fixedpointscapturethefirst order
conditionsfor anoptimal path.In theappendixwe formally prove:

Theorem 3. For givenz0 the feasibleconsumption plan c % is an optimumif and
only if thereexistsa q0

0 such that

κ0
0 � κ0

0
�
c% � with equality unlessq0

0
� 0

c%t � Ct
�
c%t � q0

0 �
Moreover, equilibriumpricesaregivenby thefollowing

qi
t
� β / t : β

ρ ; i

q0
0 �

wt
� γη 4 c<t 5 ) δtu
 � c%t � " βt � β � ρ � ηtq0

0 +
and

q'T � ∞

∑
t  T

wt �
Theequilibriumproductionplan is anyfeasibleplan that producesc %t usingonly
quality η

�
c%t � and η

�
c%t � " 1 quality capital, and hasfull employmentwhenever

η
�
c%t � ! 0.
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3 Solow, Growth Cyclesand Stagnation

Herewefocusonthelong-runbehavior of theeconomy. Weshow that,depending
on parametricconfigurationsandinitial conditions therearethreepossiblelong-
runoutcomes.

In thefirst, a new quality of capitalis introducedevery periodandtheecon-
omy grows at therateγ, independentlyfrom preferences andothertechnological
parameters.We referto this astheSolow growth path.For thetechnologywhich
is beingconsideredhere,theSolow pathprovidesthehighestattainablelevel of
consumption in eachsingle period. At the oppositeextreme,only the poorest
qualityof capitalis usedandthecapitalstockeitherdeclinesor remainsthesame
forever. We refer to this secondoutcomeasthe stagnation steadystate. While
possible in principle,boththeSolow growth pathandstagnationareveryunlikely
outcomesrequiringextremeconfigurationsof the parametervalues.Finally, the
economymayenteranirregulargrowth cycle, in which two differentqualitiesof
capitalareusedfor aperiodof time,thenthelowerquality capitalis droppedand
anew qualityof capitalis introducedfor thefirst time,andsoon. Wereferto this
asthegrowth cycle. This is themainfocusof our interest.

We first studytheSolow balancedgrowth path,which is theeasiestandnext
thegrowth cycle,whichis themostinteresting.Weconcludewith thespecialcase
of stagnation.

3.1 The Solow BalancedGrowth Path

Improving thequalityof capitaldoesnotchangetheamountof outputthatcanbe
producedfrom thatcapital,but it doesreducethe labor requirementfor oneunit
of output.Sincethereis a fixedsupplyof labor, theeconomycangrow, but only
by continuallymoving to moreadvancedqualitiesof capitalthatmake it possible
to produceincreasedamountsof outputfrom the existing stockof labor. When
the innovation occurs,ρ units of new capitalareproducedfor eachunit of old
capitalinvested,generatinganadditionaldemandof ρ � γ " 1 unitsof labor input.
If ρ ! γ the latter quantity is positive and, in eachperiod, it is possible to shift
the entirestockof capital from onequality to the next without causinglabor to
be unemployed. If, at a certainpoint in time, thereis enoughcapitalto employ
all availablelaborand,from thatperiodonward,a new qualityof capitalis intro-
ducedeachperiod,thecapitalstockcangrow fastenoughthatall labor remains
employedon capitalof thenewestquality. In this casethe rateof technological
progressis independentof preferencesand,alsoindependentof preferences,con-
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sumption growsatthefixedrateγ. Wereferto thisastheSolow growth path,since
thisis thesameresultasin theSolow growth modelwith exogenoustechnological
progress.

If ρ ! γ andthe initial capitalstockis largeenough,thentheuniqueequilib-
rium is this Solow growth pathbeginning with consuminga unit in periodone.
Noticethatif thispathis feasibleit mustbeoptimal, sinceit is notpossibleby any
planto havehigherconsumption in any period.

Recallthatκ0
0 is theinitial stockandlet κi

t denotesthecapitalstockof quality
i at time t � Along a Solow growth path,at t only κt

t is positive. Supposethatκ0
0

is largeror equalto theleastcapitalstockneededfor theSolow growth pathto be
feasible.Thenwe musthave κ1

1
� γκ0

0. In additiona unit of capitalmustbeused
to produceconsumptionof 1 in period0, soκ1

1
� ρ = κ0

0 " 1> . Solving,wefind that
aninitial stockof capitalequal,at least,to

κ0
0

� ρ
ρ " γ

is neededto make theSolow pathfeasible.Wesummarizeby

Theorem 4. If ρ ! γ and κ0
0 � ρ � �

ρ " γ � , the uniqueequilibrium is a balanced
growthpath in which a new technology is introducedeveryperiod,consumption
in periodt is γt , capitalalsogrowsat therateγ andthere is full employmentin all
periods.

Next welook atthebehavior of prices,factorsharesandobservableTFPalong
the Solow path. Notice first that alonga Solow path ηt

� t all t. Further, for
c% � � γt � ∞

t  0 the initially requiredcapitalstockis κ0
0

�
c% � � ρ

ρ / γ . Hencewe can

take q0
0

� 0 if κ0
0 ! ρ

ρ / γ . In fact, in this Solow case,we maytake theinitial price

of capitalq0
0

� 0, alsofor κ0
0

� ρ
ρ / γ sinceutili ty doesnot increasewith increases

in the capital stock. This implies also that the pricesof all qualitiesof capital
in all periodsis zero. Normalizing the marginal utility of incomeψ � 1, the
consumption pricesare

pt
� δtu
 � γt � �

Wagesare
wt

� γt pt

andtherealwagew̃t
� wt � pt

� γt � sorealwagesgrow exponentially over time.
Noticethat,independently from our normalizationof theinitial priceof capi-

tal, outputgrowsataconstantandexogenous rateγ andfactorsharesareconstant
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atthelevel determinedin thefirst period.Thecapital/laborratio is alsogrowing at
theconstantrateγ. Similarly for “effective” or, aswe call it here,enhancedlabor
with theproductivity of physicallaborgrowing attheexogenousrateγ. Henceour
goldenageis observationally equivalent to the traditional Solow growth model,
with aCobb-Douglasproductionfunctionandexogenoustechnological progress.

3.2 The Growth Cycle

Whencircumstancesarenotsolucky, thatis wheneitherγ � ρ or theinitial stock
of capital κ0

0 � ρ � �
ρ " γ � is too low to make the Solow path immediately ac-

cessible,the long run behavior of bothconsumption andthe introduction of new
technologieswill generallydependuponpreferences,andin particularonthesub-
jective discountfactorδ. Therearetwo cases,dependingon whetherδβ ! 1, or
δβ � 1. If therewasnolaborconstraintandnoendogenousinnovation,thiswould
correspondto thecasein whichtheequilibriumexhibitssustainedgrowth through
capitalaccumulation, or stagnation,with consumption eventually boundedor de-
creasing.As we shallsee,this remainsthecasewith a laborconstraint.We take
thecaseof agrowing economy, thatis δβ ! 1, first.

3.2.1 The GeneralCase

We begin by establishing thatδβ ! 1 doescorrespondto sustainedgrowth in per
capitaconsumption andin thequality of capital. First we observe thatconsump-
tion is non-decreasing:

Lemma 1. Supposethatδβ ! 1. Thenc %t � 1 � c%t .

Proof. ThecorrespondenceC is astairstepwith vertices2 γi � ) u
 + / 1 = � βδ � / t q0
0
�
β � ρ � i / 1 � � βγ � ρ � " 1� � �

γ " 1� > 3 �
Increasingδβ increasestheheightof thevertex for eachγi . In addition,theupper
boundon the domainof the correspondence,γt , grows larger with t aswell. It
follows thatthefixedpointc %t mustbenon-decreasing.

An immediateimplicationis that thetechnologiesusedto produceconsump-
tion mustbeimproving over time for, with full employment, consumption would
otherwisehaveto decrease.It is alsothecasethatasymptotically thereis noupper
boundon thequalityof capitalusedto produceconsumption.

12



Lemma 2. Suppose thatδβ ! 1. Thenthere is noupperboundon thequalitiesof
capitalusedto produceconsumption.

Proof. Observe thatfor fixed i ast ? ∞,�
βδ � / t q0

0

�
β � ρ � i / 1 � � βγ � ρ � " 1��

γ " 1� ? 0 �
Hence,for any giveni, for largeenought thefixedpointof C mustlie to theright
of γi � meaningthata betterquality capitalthani is usedto produceconsumption
(seeFigure1).

For δβ ! 1 the generalpicture is thereforethis. As t grows larger, the cor-
respondenceC moves up andto the right. Observe thatC hasonly horizontal
andverticalsegments. If thecorrespondencemovesupwardssufficiently slowly
(which, for given utili ty function, is more likely the closerδβ is to 1) thenthe
fixedpoint will generallylie on thesamehorizontalsegmentfor severalconsec-
utive periods. This length of time will determinethe rate at which new tech-
nologiesareintroducedandthespeedof capitalwidening. Theexactmechanics
canbe appreciatedby noticing that thesystembehavesdifferentlyon horizontal
andvertical segments. On horizontalsegments, two typesof capitalareusedto
produceconsumption, oneof them(thehighestin quality) is beingaccumulated
while theotheris beingphasedout. During theseperiodsconsumption grows at
a ratedeterminedby thespeedof accumulationof thehighestqualitycapital,and
the correspondenceC shifts upwards. We refer to this asa boom. On vertical
segments, only onetypeof capitalis usedto produceconsumption, while a new
quality of capitalis beingintroducedby meansof theρ technology. Becausethe
stockof capitalusedto produceconsumption is not increasing,consumption re-
mainsconstantasthecorrespondenceC shiftsupwardswith time. Wereferto this
periodasagrowth recession.In otherwordstheeconomyexhibitsanendogenous
cycle in technologicalinnovationand,therefore,in thegrowth rateof TotalFactor
Productivity.

Onestriking fact is thatduringa growth recession(which correspondsto pe-
riodsof technologicalinnovation)therealwageincreasestogetherwith theshare
of laborin nationalincome.Specifically, duringa recession,consumption is con-
stant,so its presentvalueprice declinesby a factor δ. On the otherhand,the
presentvaluepriceof eachqualityof capitaldeclinesat1� β � δ, andin particular
the real price of capital falls. Sinceonly one activity is usedto producecon-
sumption, zeroprofits for this activity implies therealwagemustincrease.This
changein relativepricesmakeseconomicsense.Duringarecession,therealprice
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of “higher” quality capitaldeclines,andtherealwageincreases,until it becomes
profitableto introducethenext higherquality of capitalin theproductionof con-
sumption to saveon labor. In thissense,technologicalprogressis “biased”in this
modelas it takesplaceto conserve a particularfactorwhenits relative price is
highenoughto make theinnovationprofitable.

Onepoint to emphasizeis the endogeneityof technologicalprogressin this
type of equilibrium. Although the fact that the bestquality of capital that can
be usedto produceconsumption in period t is exogenouslygiven, it is not this
exogenousconstraintthat determineswhich technologyis actuallyusedin that
period. Ratherthe quality of capital i usedto produceconsumption in period t
is generallylower thanthe bestexogenously available, that is i � t. The exact
qualityof capitalusedin eachperiodis determinedby pricesandaprofit andloss
calculation.Technologiesarewillingl y introducedwhenit becomesprofitableto
dosofor rationaleconomicagents.

3.3 The ContinuousTime Limit

We canget a moreaccuratepictureof the cycle by studying a specialcase.We
continueto assumeδβ ! 1 andsuppose that the effective amountof time ∆ be-
tweenperiodsis small.Sothatthecycledoesnotdependon time,assumethat,at
leastfor consumption exceedinga minimum amount,preferenceshave the CES
form

u
�
ct � � " �

1� θ � � ct � / θ �
This assumption, togetherwith thefact thatnew technologiesimprove geometri-
cally givesrisewhen∆ is smallto acycle lengththatis essentially independentof
time. Let us take δ � e/ r∆, β � eb∆, so that theassumption δβ ! 1 corresponds
to b ! r. Wealsoassumethatinnovationsarediscrete,sothattheextentto which
machinei saveson laborrelative to machinei " 1 is independentof thetime be-
tweenperiods.Henceγ ! 1 independently of ∆. We alsohave ρ � ρ̃ed∆ � Since
innovationsarecostly, weassumethatb ! d andthat ρ̃ � 1. As we areinterested
only in smallvaluesof ∆, wemayalsoassumethatρ � ρ̃ed∆ � γ for ∆ in therange
consideredhere.Wealsodenotecalendartimeby τ � t∆.

Supposeatsomeparticulartime thatc %t � γi / 1 � Then

u
 � c%t � � �
βδ � / t q0

0
�
β � ρ � i / 1 � � βγ � ρ � " 1� � �

γ " 1� �
This correspondsto the beginning of a horizontalsegmentor a boom. In our
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specialcase,wemaywrite thisas

c%t � @ACB 2 e4 b / r 5 ∆ 3 / τ D ∆
q0

0 EFHG e4 b / d 5 ∆
ρ̃ I i / 1

γe4 b / d 5 ∆ " ρ̃
ρ̃
�
γ " 1� JKMLCNO / 1D�4 θ � 15 �

As τ increases,so doesc%t until eventuallyc %t � γi � at which point the recession
occurs.We cancalculatea goodapproximation to this lengthof time by taking
thecontinuoustime limit when∆ ? 0

c%t �QP e4 r / b5 τq0
0
�
1� ρ̃ � i / 1

�
γ � ρ̃ � " 1

γ " 1 R / 1DS4 θ � 15 �
In otherwords,during the growth periodconsumption is simply growing at the
rate

�
b " r � � �

θ � 1� . The length of theboomτb is determinedby theamountof
timerequiredfor consumption to grow by a factorof γ, or

τb
� θ � 1

b " r
lnγ �

Therecession,on theotherhand,lastsfrom t to t � τr � ∆ where�
βδ � / t q0

0
�
β � ρ � i / 1 � � βγ � ρ � " 1� � �

γ " 1� �� �
βδ � 4 t � τr D ∆ 5 q0

0
�
β � ρ � i � � βγ � ρ � " 1� � �

γ " 1� �
Thecontinuous timeapproximation gives,

e4 r / b5 τr
e4 b / d 5 ∆

ρ̃
� 1 �

Takingthelimit for ∆ ? 0 andsolvingfor τr

τr
� " ln �ρ

b " r
�

Considernext thelengthτc
� τb

� τr of thewholecycle. This is

τc
� 1

b " r
P ln � γ1� θ

ρ̃ � R �
which is increasingin γ, θ andr anddecreasingin b andρ̃. Theshorterthecycle,
themorequickly new technologiesareintroduced,sowe find that the frequency
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of innovationsrespondnegatively to thequalityof theinnovation γ, thepreference
parameterθ, andthe subjective degreeof impatiencer. The mostinterestingof
theseis thequality of the innovationγ. Higherquality innovations in this model
leadto lessinnovation, becausethey make it possible to grow for a longerperiod
of time withouthitting thelaborconstraint.On theotherhand,we find thatthere
is moreinnovation if thecostof producingcapital,asmeasuredby theinverseof
eitherb or ρ̃ � goesdown.

Therelative lengthof thetwo phases,boomsandrecessions,is

τb

τr

� " �
1 � θ � lnγ

ln ρ̃
�

Interestinglyenough,neithertheproductivity of thecapitalwideningtechnol-
ogy, nor the degreeof impatienceaffect the relative lengthof boomsandreces-
sions.Economieswherepeopleexhibit low willingnessto substituteconsumption
overtime(highvaluesof θ) havelonger(but “lessrampant”)boomsfor agivenre-
cessionlength.As wenotedabove,improvedqualityof innovation(highγ) makes
it possibleto grow for a longerperiodof timewithouthitting thelaborconstraint.
This increasesthelengthof booms, but not of recessions.Finally, a largecostof
innovationis boundto increasetherelativeamountof timespentin recession.

Theaveragegrowth rateof consumption overanentirecycle is thevalueof g
solving

γ � exp P g ( 1
b " r

ln : γ1� θ

ρ̃ ;TR �
which is

g � b " r
1 � θ " ln ρ̃ � lnγ

�
Hence,economieswherepeoplearemorewilli ng to substitute consumption over
timegrow fasteronaverage,asdoeconomiesableto implementmoresubstantial
innovations.

We alreadynotedabove that the real wagegrows during recession.In fact,
wehave somehow arguedthatour growth recessionsarebroughtaboutby thein-
creasein therealwagerelative to thepriceof new capital. To save on expensive
laborby introducingtherelativecheapernew machines,resourcesmusttemporar-
ily be shifted to the labor saving innovation, which reducesthe growth rate of
consumption. As we have constructedour modelin sucha way that thereis al-
waysfull employment,this impliesacountercyclical movementin thelaborshare
of nationalincome.Over theentirecycle,productivity of laborgrows of a factor
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γ, thesamefor the real wage. As consumption is constantduring recessions,its
price relative to both old andnew capitalmustbe increasingthen. Overall, the
priceof amachineof quality i decreasesover timerelativeto thatof consumption
andtherateof decreaseis uniformacrossqualities.

3.4 Stagnation

Finally we turn to thecasein which δβ � 1. In theabsenceof a laborconstraint,
this would imply that the economyremainsstagnant,eitherwith constantcon-
sumption if δβ � 1 � or decliningconsumption if δβ � 1. With thelaborconstraint,
if ρ ! γ andκ0

0 � ρ � �
ρ " γ � we have alreadyindicatedthattheequilibriumis the

Solow pathof exogenoussustainedgrowth regardlessof whetherδβ � 1. In this
case,introducing a labor constraintand the possibility of factor saving techno-
logicalprogress,changesastagnanteconomyin whichconsumption nevergrows
into anexpandingeconomyin which consumption grows forever, andnew tech-
nologiesareintroducedeveryperiod.Whenlaborsaving innovationsarefeasible,
the additionof a labor constraintcanbe seenas the incentive toward adopting
technological innovationsthatleadto higherconsumption.

On theotherhand,thenext theoremshows that if eithertheSolow pathdoes
not exist becauseρ � γ, or thereis insufficient initial capital,thenthe pictureis
indeedoneof a stagnanteconomyin thelong run. Thereis anupperlimit on the
highestquality of capitalever produced,andultimatelyconsumption eitherstops
growing (δβ � 1) or declines(δβ � 1).

Theorem 5. Supposeeither ρ � γ or κ0
0 � ρ � �

ρ " γ � . If δβ � 1 there existsa
technology I such that no quality of capital greaterthanI is ever produced,and
a periodT such that for all t � TU If δβ � 1 � c%t � c%TU If δβ � 1 � c%t � 1 � c%t � 1 �U Only theworstqualitycapital is usedto produceconsumption.

Proof. Undertheconditionsgiven, it followsthatq0
0 ! 0. As i ? ∞, theInada

condition for c ? ∞ implies
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� u
 � / 1 = � δβ � / tq0
0
�
β � ρ � i / 1 � � βγ � ρ � " 1� � �

γ " 1� >��� u
 � / 1 = q0
0
�
β � ρ � i / 1 � � βγ � ρ � " 1� � �

γ " 1� >V? 0 �
It follows thatthereis sometechnologyI for which, for all t,� u
 � / 1 = � δβ � / tq0

0
�
β � ρ � I / 1 � � βγ � ρ � " 1� � �

γ " 1� > � γI �
Consequently, no technologyi � I is usedto produceconsumption. It follows
that the optimal consumption plan doesnot ever produceany capitalof quality
i � I .

For δβ � 1 thecorrespondenceC doesnoteitherincreaseor decrease,it simply
shifts to the right; oncet � I it follows that thereis a uniqueandtime indepen-
dentfixed point of C. For δβ � 1 � ast ? ∞ we have � u
 � / 1 = � δβ � / tq0

0 > ? 0, so
eventually thefixedpoint of C mustlie below 1. Since � u
 � / 1 = � δβ � / tq0

0 > is also
strictly decreasing,sois c %t � Sincethefixedpointof C is goingto zero,it mustbe
thateventually it falls below 1, with the implicationthatonly theworstpossible
technologyis usedto produceconsumption.

Thistheoremalsodemonstratesanotherimportantpossibility in thiseconomy:
pathdependence.That is, supposethatδβ � 1 andρ ! γ. Thenif initial capital
exceedsthelevel κ0

0 � ρ � �
ρ " γ � neededfor theSolow path,thelongrun is oneof

technological innovationandsustainedgrowth. On theotherhand,if initial capi-
tal fallsabit shortof thethreshold, sothatκ0

0 � ρ � �
ρ " γ � in thelong-runonly the

lowestpossiblequality capitalis used,thereis unemployment,andconsumption
continually falls. In particular, if we wereto comparetwo economieswith differ-
entinitial capitalendowments, oneaboveandonebelow thethreshold,we would
discover thatthey donot “converge” to thesamelong-rungrowth path.

Finally, wepointouta furtherinterestingpropertyof oureconomy:consump-
tion and growth pathsthat, dependingupon initial conditions, may be strictly
non-monotone. More precisely, evenwhenκ0

0 � ρ � �
ρ " γ � theeconomymayin-

novate andgrow for someperiodof time,beforefalling backinto stagnation.For
economiesof thiskind, relatively rich at thebeginningbut highly impatientor not
very efficient at reproducingalreadyexisting capital,consumption will grow at
a rateγ ! 1 for a while andthendeclineforever. As the declineis governedby
thestairstepcorrespondenceC thedeclineis unevenuntil only theworstpossible
quality of capitalis employed at which time (in theCEScase)consumption de-
clinesgeometrically. It is as if the airplanegetsoff the runway, thenfalls back
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to theground.Figure2 illustratesthreedifferentcases,associatedwith different
initial stocksof capitalandρ ! γ. Theblackmonotoneupwardslopingcurvede-
scribesthe consumption pathassociatedto the Solow case.The combinationof
thefirst portionof theSolow consumption pathwith eitheroneof thedownward
sloping curvesrepresentdifferentcasesof transientgrowth followed by decline
andeventual stagnation.Obviously, in boththe lattercasesthe initial capitalhas
to be lower thanρ � �

ρ " γ � because,whenρ ! γ, if initial capital is sufficiently
high theeconomyreachestheSolow growth pathandremainsthere.

t

ct

Solow

high
initial
capital

low
initial
capital

Figure2 - StagnationConsumptionPaths

4 Conclusion

We have examineda model in which an essentialinput cannotbe increasedat
the samespeedas other inputs. Hence,growth in per capitaconsumption can
take placeif andonly if factorsaving innovationsarepossible. An innovation,
new machine,is factorsaving whenit reducestheinput requirementof somefac-
tor perunit of output. Machineswhich, for givenoutputlevels, needlessinputs
thanothermachinesmustbe moreexpensive. Hence,factorsaving innovations
necessarilyinducea non-trivial trade-off betweencapital widening and capital
deepening.Capitalwideningis lesscostly, but eventuallyhits a factorconstraint
(labor in our example)forcing growth throughcapitaldeepening.Consequently,
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therateat which new technologiesareintroducedbecomesendogenous,depend-
ing amongotherthingson therateof intertemporal substitution in consumption,
on thetechnologyandon theeconomy’s initial conditions. As in othermodelsof
endogenousgrowth, therateof growth of consumption is alsoendogenousin the
samesense.

At leastsinceHicks (1932)seminalwritings,economistshave beendebating
aboutfactorsaving innovationsthat are“biased”. The latter term indicatesthat
technological progressaugmentsproductivity for somefactor(s)more than for
othersandit doessobecauseof relativepriceincentives.We havebuilt a general
equilibrium model capturingthis intuition and looked at its implications. Our
mainfinding is that,in thesecircumstances,technological adoptionis likely to be
endogenousand,indeed,affectedby relativepricesandinitial conditions.Further,
wehaveprovedthatwhentechnologicalprogressis factorsaving it mustcomein
cyclesunlessveryspecialcircumstancesoccur.

We have chosento modelthefactorconstraintasbinding in theconsumption
sectoronly, andto concentrateon thecaseof just onefixedfactor. However, the
basicmessageremainsthesameregardlessof suchsimplifying restrictions.Ob-
viously, whenthe scarcefactorcangrow at a raten, the whole analysiscanbe
replicatedfor β ! 1 � n. Whenmorethanonescarcefactorexists, factorsaving
innovationscan take placealong different directions. While this may compli-
catethe modeland its equilibrium dynamics,providing an interestingtopic of
futureextensions,thebasicmessageabouttheoscillatorynatureof factorsaving
technological innovation would only bestrengthened.Finally, thebasicmessage
doesnot dependuponthesectorin which theconstraintbinds,or whetherlabor
is perfectlymobile betweenthe two sectors.Indeed,we workedout preliminary
versionsof the caseof perfectlabor mobility betweenthe two sectors,without
qualitatively differentresults.Notice, incidentally, thatour example doesnot re-
quirethattherebenolaborusedin theproduction of capital,justthatthereis labor
immobility betweenthetwo sectors,andthatthelaborconstraintbindsfirst in the
consumption sector. This particularexample is a useful startingpoint because
of its simplicity andthestarkresultsit delivers. In addition we do not think the
assumption of perfectlabormobility betweenthe two sectorsis especiallymore
plausible thancompleteimmobility betweenthetwo sectors.
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Appendix

Lemma A. A consumption plan c, with ct ! 0 for all t, maximizesU
�
c� subject

to thebudgetconstraint if andonly if for someψ � 0

pt
� ψδtu
 � ct �

∞

∑
t  0

ptct
� q0

0κ0
0
� q'0

Proof. This is standard.

Theorem 1. Supposethat λ %.� c% is a feasible allocation for the initial condition
z0. Thenλ % � c% solvesthesocialplannerproblemif andonly if wecanfindprices
q � p such thatq � p � λ % � c% area competitiveequilibrium.�

Proof. Thata competitive equilibrium solves thesocialplannerproblemis a
standardfirst welfaretheoremproof. To prove thesecond,we needto show that
wecanfind pricesthatsupportasolution to thesocialplannerproblem.

Supposethat λ, c% is a solution to the plannerproblemfor the initial condi-
tion z0. Let z% be the correspondinginputs. Let zT � 1 denotea vectorof labor
andcapital of quality i � T � 1. Let VT � 1 �

zT � 1 � denotethe maximumutility,
discounted at t � 0, of beginning with theendowmentzT � 1 in periodT � 1 and
continuing forward. Let UT �

c� � ∑T
t  0δtu

�
ct � . Observe that λ % , c% solves the

problemsof maximizingU T �
c� � VT � 1 �

zT � 1 � subjectto socialfeasibility. This is
a finite dimensional problem.By standardfinite dimensional arguments,we can
find finite dimensional pricevectorsqT � pT sothat thezeroprofit conditionsare
satisfiedfor viable activities up to T � 1. By the samestandardarguments,the
vectorc%t � t � 0 ���8����� T andthescalarz%T � 1 areoptimalfor theconsumerunderthe
budgetconstraint∑T

t  0 pT
t ct

� qT
T � 1zT � 1

� qκT
0 κ0

0
� q' T0 �

Now we maynormalizepricessothat pt
� δtu
 � c%t � � Let QT denotethesetof

all (non-negative) infinite dimensional price sequencesfor which the projection

onℜT� � ℜ2 WX4 T � 15� is asupporting pricevectorfor thefinite dimensionalproblem
above. Observe thatQT Y QT � 1 andthat theseareclosedspaces.It follows that
Q �[Z

T 	 ∞QT is closed,althoughpossiblyempty.
Next observe that qT

t � 1 is a supergradientof V t � 1 �
zt � 1 � at z%t � 1. Notice that

qT
t � 1 is boundedbelow by zeroandabove by somefinite two dimensionalvector

as qT
t � 1z%t � 1

� Vt � 1 �
0� � Vt � 1 �

z%t � 1 � and the latter is finite. It follows that the
intersectionQ is nonempty.
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Let q be in Q. By constructionq and p (which is uniquelydefinedfrom the
first ordercondition) satisfyzeroprofits.Fromtheconsumerbudgetconstraintin
the truncatedproblems, we have ∑T

t  0 ptc%t � qT � 1z%T � 1
� qκ

0κ0
0
� q'0 � Sinceqt � 1

is a gradientof V t � 1 �
zt � 1 � at z%t � 1 � we have qT � 1z%T � 1

� VT � 1 �
0� � VT � 1 �

z%t � 1 � .
Also VT � 1 �

0� � δT � 1u
�
0� � �

1 " δ � and VT � 1 �
z%T � 1 � � ∑∞

t  T � 2 δtu
�
c%t � . Since

∑∞
t  0δtu

�
c%t � � ∞ it followsthatlimT 	 ∞VT � 1 �

z%T � 1 � ? 0 � and soqT � 1z%T � 1 ? 0,
whichgives∑∞

t  0 ptc%t � q0
0κ0

0
� q'0

Theorem 2. For givenz0, a competitiveequilibrium exists,and there is unique
competitiveequilibrium consumption planc %

Proof. SinceU
�
c� is boundedaboveon thefeasiblesetof feasibleconsump-

tion paths,it is continuous in theproducttopology. Sincethis setis compactin
theproducttopology, anoptimum exists; it is uniquesinceU is strictly concave.

Definea simpleplan to bea pair of sequencesof integers
�
ν � η � � �

ν0 � η0 & ν1 �
η1 �����8� � whereνt

� � 1 � 2 �\� ν0
� 1; t � ηt � 0 � andηt ! 0 if νt

� 2. A production
plan

�
λ � k � is consistentwith thesimpleplan

�
ν � η � if

1. exactly νt differentqualitiesof capitalareemployedin periodt to produce
consumption

2. whenνt
� 1 thequalityof capitalemployedto produceconsumption is ηt ,

and

3. whenνt
� 2 the two qualitiesof capitalusedto produceconsumption are

ηt � ηt " 1.

We saythata productionplanexhibits full employmentif thereis unemployment
only in periodswhereno quality of capitalotherthan0 is usedto producecon-
sumption. We saythata simple plan

�
ν � η � anda consumption streamc arecon-

sistentif there is a full employment production plan
�
λ � k � consistentwith the

simple planthatyieldstheoutputc. If νt
� 1 andηt

� 0 then
�
λ � k � usesexactly

κηt
t

� ct � 1 unitsof quality 0 capital. If νt
� 1 andηt ! 0 thenit usesκηt

t
� γηt

unitsof quality ηt capitalfor full employment, soct
� γηt . If νt

� 2 thenwe it
usesexactlyκηt

t unitsof qualityηt capitalandexactlyκηt / 1
t unitsof qualityηt " 1

capital, wheretheseare the uniquesolutionof κηt
t � γηt � κηt / 1

t � γηt / 1 � 1 � and
κηt

t
� κηt / 1

t
� ct � For convenience,wenow replicatethedefinitionsfrom thetext.
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For any given valueof ct observethateitherct � 1or for somei ! 0 � γi / 1 � ct � γi .
In theformercasedefineη

�
ct � � 0, in thelatterη

�
ct � � i. Let

κ0
0
�
ct � � 0 β / tct η

�
ct � � 0

β / t 2 β
ρ 3 η 4 ct 5 γct / γη 6 ct 7

γ / 1
� β / t 2 β

ρ 3 η 4 ct 5 / 1 γη 6 ct 7 / ct
γ / 1 η

�
ct � ! 0

and

κ0
0
�
c� � ∞

∑
t  0

κ0
0
�
ct � �

Set

ζ0
� 1

ζi
� �

β � ρ � i / 1 � � βγ � ρ � " 1� � �
γ " 1� �

Definethecorrespondencec
t � Ct
�
ct � q0

0 � by

u
 � c
t � � �
βδ � / t q0

0ζη 4 ct 5 if ct � γη 4 ct 5 � η
�
ct � � t�

βδ � / t q0
0ζη 4 ct 5 � u
 � c
t � � �

βδ � / t q0
0ζη 4 ct 5 � 1 if ct

� γη 4 ct 5 � η
�
ct � � t�

βδ � / t q0
0ζη 4 ct 5 � u
 � c
t � if ct

� γη 4 ct 5 � η
�
ct � � t

Thiscorrespondenceisupper-hemi-continuous,convex valuedandnon-increasing.

Theorem 3. For givenz0 the feasibleconsumption plan c % is an optimumif and
only if thereexistsa q0

0 such that

κ0
0 � κ0

0
�
c% � with equalityunlessq0

0
� 0 �

and
c%t � Ct

�
c%t � q0

0 �
Moreover, equilibrium pricesaregivenby

qi
t
� β / t : β

ρ ; i

q0
0 �

wt
� γη 4 c<t 5 ) δtu
 � c%t � " βt � β � ρ � ηtq0

0 +
and

q'T � ∞

∑
t  T

wt �
Theequilibriumproductionplan is anyfeasibleplan that producesc %t usingonly
quality η

�
c%t � and η

�
c%t � " 1 quality capital, and hasfull employmentwhenever

η
�
c%t � ! 0.
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Proof. For given z0 suppose thefeasibleconsumption planc % is anoptimum.
We first claim that thereis an initial priceof capitalq0

0, a non-negative sequence
of wagesw � �

w0 � w1 ���8��� � anda simple plan
�
ν � η � consistentwith c % suchthat

thefollowing conditionshold
1) δtu
 � c%t � " β / t � β � ρ � ηt q0

0 " wt � γηt � 0;
2) if νt

� 2 thenδtu
 � c%t � " β / t � β � ρ � ηt / 1q0
0 " wt � γηt / 1 � 0;

3) if νt
� 1 andηt � t thenδtu
 � c%t � " β / t � β � ρ � ηt � 1q0

0 " wt � γηt � 1 � 0;
4) if νt

� 1 andηt ! 0 thenδtu
 � c%t � " β / t � β � ρ � ηt / 1q0
0 " wt � γηt / 1 � 0;

5) wt
� 0 if thereis unemploymentat t.

First observe that if capitalof quality i ! 0 is usedto produceconsumption
for periodt andthereis unemployment,strictly greaterconsumption in that pe-
riod canbehadby replacingquality i capitalin periodt with quality 0. Thefull
employmentcondition is consequentlynecessaryfor anoptimum alongany path
thatusescapitalof qualityotherthani � 0.

We now apply the zeroprofit conditions for competitive equilibrium. Let qi
t

denotethe price of quality i capital in period t, and let q't denotethe price of
labor. Beginningwith oneunit of quality 0 capitalin period0, i qualityupgrades
producingρ unitsof capitaleachandt " i periodsproducingβ unitsof capitalare
requiredto getfrom quality0 at time 0 to quality i at time t, for all possible i � t.
The order in which the ρ andβ phasescome,doesnot matter. It follows then,
from thezeroprofit conditionappliedto thecapitalproducingactivitiesonly, that
if i � t then

qi
t
� q0

0

ρiβt / i
� β / t : β

ρ ; i

q0
0 �

Fromthefactthatlaborcanalwaysreproduceitself, we have

q't � q't � 1

with equalityif thereis unemploymentin periodt. So we may definethe wage
rate

wt
� q't " q't � 1 � 0 �

Wemaythenwrite theprofitsfromtheactivity thatattimet producesconsumption
ct � 1 from quality i capitalas

πi
t
� δtu
 � ct � " β / t � β � ρ � iq0

0 " wt � γi �
Recallthatin equilibriumprofitsmustbenon-positive. Observe thatthis function
is strictly concave asa functionof i for fixed valuesof ct � q0

0 � wt . It follows that
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if this is non-positive for all i � t it is zero for at mosttwo activities, in which
caseis strictly negative for all otheractivities,or if it is zerofor oneactivity, it
is sufficient that it be non-positive for the next highestandnext lowestonesto
benon-positive for all activities.Sosincein equilibrium pt

� δtu
 � c%t � conditions
1)-5)areindeednecessary.

Next we observe thatc%t � Ct
�
c%t � q0

0 � if andonly if (1)-(4) hold. In casect �
γη 4 ct 5 full employmentrequiresthatct beproducedusingqualitiesγη 4 ct 5 � γη 4 ct 5 / 1

of capital. Then vt
� 2 and (1) and (2) must hold. Solving yields u 
 � c%t � ��

βδ � / t q0
0ζη 4 c<t 5 and

wt
� β / t ] � β � ρ � η 4 c<t 5 " �

β � ρ � η 4 c<t 5 / 1 ^ q0
0

1� γη 4 c<t 5 / 1 " 1� γη 4 c<t 5
which is non-negativesinceβ � ρ � 1 and1� γ � 1.

Turningto ct
� γη 4 ct 5 , wehave (1), (3) and(4)

δtu
 � c%t � " β / t � β � ρ � η 4 c<t 5 q0
0 " wt � γη 4 c<t 5 � 0

δtu
 � c%t � " β / t � β � ρ � η 4 c<t 5 � 1q0
0 " wt � γη 4 c<t 5 � 1 � 0

δtu
 � c%t � " β / t � β � ρ � η 4 c<t 5 / 1q0
0 " wt � γη 4 c<t 5 / 1 � 0

We cansolve thefirst equationfor wt � Substituting into thesecondinequality,
weseethatit is satisfiedif any only if u
 � c% � � �

βδ � / t q0
0ζη 4 ct 5 , andthefirst if and

only if
�
βδ � / t q0

0ζη 4 ct 5 / 1 � u
 � c% � . It is easyto checkthat thesetwo inequalities
alsoimply thatwt � 0.

Finally observe thatκ0
0 � κ0

0

�
c% � with equalityunlessq0

0
� 0 sinceotherwise

it wouldbepossible to producec % with lessthantheinitial capitalstock.
This provesthat the conditions of the Theoremarenecessaryfor an equilib-

rium. To show thatthey arealsosufficient,observe thattheInadaconditionsim-
ply thatu
 � (_� maps� 0 � ∞ � ontoitself,hence,for everyq0

0 ! 0, thereisaκ0
0 for which

q0
0 is the equilibriumprice of capital. Let c % be the correspondingoptimal con-

sumption. This satisfiesthenecessarycondition c %t � Ct
�
c%t � q0

0 � andκ0
0

� κ0
0

�
c% � .

Sincec%t � Ct
�
c%t � q0

0 � hasa uniquesolution, it follows that theseconditionsare
sufficientaswell.
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