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Abstract

Thispaperarguesthatincompletenessof intertemporalfinancial markets
haslittle effect (on welfare,prices, or consumptions) in aneconomy with a
singleconsumptiongood,providedthattradersarelong-livedandpatient,a
risklessbond is traded,shocks aretransitory, andthereis no aggregaterisk.
In an economy with aggregate risk, a similar conclusion holds, provided
traderssharethesameCRRAutilit y functionandtheright assetsaretraded.
Examplesdemonstrate that theseconclusions neednot hold if the wrong
assetsaretradedor if theeconomy hasmultiple consumption goods.

JEL Classification NumbersD41,D51

Keywords infinite horizon economies,incomplete markets, law of large
numbers, consumptionsmoothing,permanentincomehypothesis



1 Intr oduction

Doesmarket incompletenessmatter— for welfare,for prices,for consumption?
If thetime horizonis short,market incompletenessgenerallywill matterbecause
it entailsthe inability to insureagainstrisk. But whenthe time horizonis long,
intuition suggeststhatmarket incompletenessmaynot matterif traderscanself-
insure— borrowing in badtimes,saving in goodtimes. This paperpresentsa
rigorous,theoreticallook at this intuition in a generalequilibrium setting. Our
focusis on welfare,but our analysishasimplicationsfor pricesandconsumption
aswell.

We frameour analysisin an infinite horizonexchangeeconomy, populated
by infinitely-livedtraders.1 Intertemporaltradein our modeleconomyis accom-
plishedthroughshort-lived real assets.Tradersmaximizediscountedexpected
utili ty of their consumption stream,usinga commonsubjective discountfactor.2

We treattraders’common discountfactorasa parameter, andaskaboutthewel-
farelossesof market incompletenessasthediscount factortendsto 1. (Our em-
phasisonasymptotic behavior is in thespirit of theFolk Theoremfor infinitely re-
peatedgames.)Weshow in TheoremA thatmarketincompletenesswill notmatter
(in thesensethatwelfarelossestendto 0 asthediscountfactortendsto 1), pro-
videdshocksaretransitoryandpurelyidiosyncratic(sothereis noaggregaterisk),
andthat only a singleconsumption goodis traded. This conclusionis robust to
assumptionsaboutconsumerpreferences(weassumeonly thatutility is separable
over time andthat thefirst derivativesof periodutili ty functionsareconvex) and
to assumptionsabouttheassetstructure(we assumeonly that risklessbondsare
tradedateachdate-event;theassetstructureis otherwisearbitrary).3 Ontheother

1Ourconclusions wouldbemuchthesamein afinite horizonworld, providedwewereto treat
boththelengthof thehorizonandthediscount factorof traders asparameters;theinfinite horizon
framework seemsmorenaturalandis definitelymoreconvenient.Anotheralternativewouldbeto
consider an infinite horizon world populatedby overlappinggenerationsof finitely livedtraders.
Analysisof sucha modelwould becomplicatedby theneedto treatboth the discount factorof
traders andthe lengthof their lifetimes asparameters,but we believe the conclusions would be
similar to thoseobtainedhere.

2BecausePonzi schemesmust be ruled out, the definition andexistence of equilibrium are
subtleissues.We rely hereon Levine andZame(1996); Magill andQuinzii (1994) provide an
equivalentformulation.

3Much of the literatureassumesa specificassetstructure; typically risklessbonds only, or
equityonly, or risklessbondsplusequityonly. Thefactthatweallow for arbitraryassetstructures
seemsimportant to us,sinceaddingassetsmaybeParetoworsening.
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hand,this conclusionis fragile to eachof the otherassumptions. In particular,
weshow in Examples1 and2 thatmarket incompletenessmaymatterwhenthere
is aggregaterisk (even whenotherstringentconditionsare met), andwe show
in Example3 that market incompletenessmay matterwhen thereis more than
oneconsumption good. (ConstantinidesandDuffie (1996)have shown thatmar-
ket incompletenessmaymatterif shocksarepermanent.)Market incompleteness
mattersin Examples1 and2 becauseaggregaterisk affectsprices;in particular,
it drivesup therisklessinterestrate,makingborrowing constraintstighter. Mar-
ket incompletenessmattersin Example3 becauserelative price effectsprovide
anadditional, untradedsourceof risk.4 Finally, we provide in TheoremB some
(strong)sufficient conditionson preferences,endowmentsandtheassetstructure
in orderthatmarket incompletenessnot matterin a one-goodexchangeeconomy
with both idiosyncraticandaggregaterisk; a crucial condition is that themarket
for aggregaterisk is complete.

Of course,theideathatpatientconsumerscanself-insureis nota new one.A
familiar partial equilibriumexpression of this ideais dueto Yaari (1976). Yaari
analyzestheoptimal lifetimeconsumptionpatternof aperfectlypatienttraderwho
livesalong(finite) lifetime, facesani.i.d. endowmentstream,andcanborrow and
saverisklesslyata0 interestrate.Yaarishowsthat,asthetrader’slifetime tendsto
infinity, theoptimalconsumption planconvergesto constantaverageconsumption
andthe(perperiodaverage)utility of theoptimalconsumption planconvergesto
the utili ty of constantaverageconsumption. Our TheoremA parallelsYaari’s
work (andrests,in a similar way, on theLaw of LargeNumbers),but therearea
numberof importantdifferences.First, andmostimportantly, Yaari treatsa one-
consumeroptimizationproblem,while we treatanequilibrium problem.Second,
Yaari allows consumption to be negative, while we requireconsumption to be
non-negative. ThusYaari’s consumersdo not faceborrowing constraints, while
oursdo. As we shall see,theseborrowing constraintsplay an importantrole in
our analysis.5 Third, Yaari assumesthat the risklessinterestrateis 0, while we
derivetherisklessinterestrate. In our context, therisklessinterestratecannotbe
muchabove0, but might bemuchbelow 0. This hasimportantconsequencesfor
the form of thealternative planswe useto provide lower boundson equilibrium
utili ties. Becauseinterestratesaredifferentfrom 0, theseplansmustmaintaina

4To insureagainstpricerisk in suchasetting,it wouldappearthattraderswouldrequire access
to assetswhosedividendsdepend onprices.

5Thepossibilityof negative consumption is crucial to Yaari’s conclusionthat theconsumer’s
optimal consumption planconvergesto constantaverage consumption.
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delicatebalancebetweenconsumptionsmoothingandthegrowthof debt.Because
interestratesmight be negative, theseplanscall for consumersto borrow when
necessaryandrepaywhenpossible— but not to save. (Keepin mind that we
arediscussing alternativefeasibleplans,notequilibriumplans.At equilibrium, of
course,marketclearingmeansthatwhensometradersborrow othersmustsave.)

Theimplicationsof market incompletenesshavebeenthesubjectof muchin-
terestin the macroeconomics/financeliterature,but the focustherehasbeenon
prices,ratherthanonwelfare.Muchof themotivationfor this literaturehascome
from theobservation,following MehraandPrescott(1985),thatthestandardLu-
cas(1978)assetpricingmodelhasagreatdealof troubleexplainingtheobserved
high ratesof returnon equities(the “equity premiumpuzzle”) andthe low rates
of returnon risklesssecurities(the“risklessratepuzzle”).Most of this literature,
of which Telmer(1993),Lucas(1994),andHeatonandLucas(1996)arerepre-
sentative, providesnumericalsolutions to modelscalibratedto observed param-
eters.(Kocherlakota (1996)providesanexcellentandintuitive discussion of the
numericalfindings.) This literaturegenerallyconcludesthatmarket incomplete-
nessaloneis notsufficient to explain thequantitative featuresof thedata.Heaton
andLucas(1996),in particular, arguethat explaining the datarequiressubstan-
tial tradingfrictions, persistenceof idiosyncratic shocks,or correlationbetween
idiosyncraticandaggregateshocks— in additionto market incompleteness.Be-
causewe focuson exchangeeconomies,on welfare,andon theasymptotic limit
as the discountfactor tendsto 1, our work is not preciselycomparableto the
macroeconomics/financeliterature,but it is probablyfair to saythat our results
point in a differentdirection. In particular, we find that, in the presenceof ag-
gregaterisk, market incompletenessalonemayhavesubstantial effects.Westress
thatwe provide theorems,not numericalsolutions;on theotherhand,we do not
provide quantitative results.

Calvet (1997)andWillen (1999)have examinedsomesimilar questions in a
particularincompletemarketsframework (onegood,exponential utility, normally
distributedassetreturns,negative consumption allowed). Calvet shows that in-
completenessmattersa greatdeal— in particular, volatility of assetpricesmay
beextremelyhigh— if consumersarequiteimpatient. Willen, on theotherhand,
showsthatincompletenessmattersvery littl e if consumersarereasonablypatient.

Ourresultsprovideatheoreticalechoto theempiricalconclusionsof Townsend
(1992)concerningvillageeconomies:a greatdealof risk sharingmaytake place
evenin theabsenceof acomplicatedstructureof financialinstruments.
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The questions we raiseherearereminiscentof whatFriedman(1957)called
thepermanentincomehypothesis: thattradersbehavesoasto maintainaconstant
marginal utility of income. Friedman’s discussion of the permanentincomehy-
pothesiswasinformal; he did not offer any specificformalization. Yaari (1976)
establishedthevalidity in his settingof a one-consumerformalization:“. . .asthe
numberof planningperiodsbecomesvery large, optimal consumption tendsto
permanentincome. . . ” SinceYaari’s resultsandourTheoremA leadto thesame
conclusions aboututility, wehereestablishthevalidity, in thesettingof Theorem
A, of an equilibrium formalization: asconsumer discountfactorstendto 1, the
utili ty of equilibriumconsumption tendsto theutili ty of permanentincome.In the
settingof TheoremB, however, the utility of equilibriumconsumption doesnot
tendto theutility of permanentincome,but ratherto theutility of permanentshare.
In ourvariousexamplesfor whichmarketincompletenessmatters,consumption is
notperfectlysmoothed,andagaintheutility of equilibriumconsumptiondoesnot
tendto theutility of permanentincome.Bewley (1977)providesaratherdifferent
formalizationof the permanentincomehypothesis. Bewley’s framework is dif-
ferentfrom Yaari’s in thatBewley treatsanequilibrium formulation ratherthana
one-consumerformulation,anddifferentfrom oursin thatBewley’s modelecon-
omy is populatedby a continuumof traderswho areex anteidenticalbut subject
to idiosyncratic shocks,while our modeleconomiesarepopulatedby heteroge-
neoustraders.It is probablyfair to saythatourwork suggeststhatthepermanent
incomehypothesis,in thetraditionalsense,is not likely to hold,exceptin aworld
thatcanbeapproximatedby aone-goodworld with noaggregaterisk

Despitea superficialsimilarity, our work is quite differentfrom the body of
work in thefinanceliteratureshowing that,wheninformationis revealedgradu-
ally, frequenttradingof long-lived assetsmay leadto dynamicallycompletefi-
nancialmarketsandhenceto efficiency. (SeeKreps(1981)andDuffie andHuang
(1987) for instance.) In our framework, information is not revealedgradually,
only short-lived assetsare traded,trading is not frequent,and markets are not
dynamicallycomplete.
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2 The Economy

2.1 Time and Uncertainty

Time anduncertaintyarerepresentedby a countablyinfinite treeS. Eachnode
on the treerepresentsa date-event. The initial date-event (theroot of thetree)is
denotedby 0 � S. For date-eventss� s� � S, wewrite s � s

�
to meanthats

�
follows

s (and s precedess
�
). For eachdate-event s � S other than0, we write s� for

the(unique)date-eventthat immediatelyprecedess, s� for thesetof date-events
thatimmediatelyfollow s, s� 2 �
	 s���
� for thesetof date-eventsthatfollow date-
eventsthatimmediatelyfollow s, andsoforth.

Eachs � S is afinite history of exogenousevents;wedenotethelengthof that
historyby t 	 s� . Thust 	 0� � 0 andt 	 s� � � t 	 s��� 1. A completepaththroughthe
treeS is a completehistory of exogenousevents;write � for thesetof all such
infinite histories.Givenafinite historys � Swith t 	 s��� t (respectively, aninfinite
history h ��� ) anda datet, write st (respectively, ht) for the history up to and
including time t. Thusst � Sandt 	 st � � t (respectively, ht � Sandt 	 ht � � t).

We assumethat exogenousevents follow a finite Markov chain with state
spaceΩ and strictly positive transition probabilities.6 That is, there is a map
s �� ωs : S � Ω which is a bijection on the sets� of immediatesuccessorsof
every nodes � S. For s � S and σ � s� , π 	 σ � s� � π 	 ωσ �ωs� is the conditional
probability thatdate-eventσ occurs,giventhatshasoccured.Becausetheunder-
lying Markov chainis finite andhasstrictly positive transitionprobabilities,these
conditional probabilitiesπ 	 σ � s� arestrictly positiveanduniformly boundedaway
from 0 and1. Notethat∑σ � s� π 	 σ � s� � 1. For s � S, write πs for theunconditional
probability that thedate-events is reached.Becausesomedate-event is reached
at everydate,∑t � s��� t πs

� 1 for every t � 0.

2.2 Commodities

ThereareL � 1 commoditiesavailablefor consumption at eachdate-event. The
commodityspaceis the space� ∞ 	 S� L of boundedfunctions x : S � RL. For
x ��� ∞ 	 S� L, we write xs � RL for the bundlespecifiedat dateevent s. A con-

6It would suffice that theunderlying Markov chainbe recurrent. We assumestrictly positive
transitionprobabilitiesfor convenience.
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sumption plan is an elementof � ∞ 	 S� L� ; that is, a boundedfunctionx : S � RL� .
Commoditiesaretradedonly onspotmarkets(therearenomarketsfor contingent
commodities),sospotpricesare(notnecessarilybounded)functionsp : S � RL� .
Given a spotprice p, we write ps � RL for the spotpricesat date-event s. It is
convenientto take thefirst goodasnumeraire,andto normalizeso that the spot
priceof thenumerairegoodis 1 at eachdate-events � S.

2.3 Securities

Intertemporaltradetakesplacethroughthe exchangeof securities(assets).For
simplicity, we assumethatJ securitiesareavailableat eachdate-event,thatsecu-
rity returnsaredenominatedin unitsof thenumerairecommodity, andthateach
securityis short-lived, yielding returnsonly at the immediate successornodes.
SecurityA j tradedat thedate-events yieldsA j

	 σ � unitsof thenumerairegoodat
thedate-eventσ � s� ; theportfolio θ � RJ of securitiesatdate-eventsyieldsdiv-
idendsof divσθ � ∑ j θ jA j

	 σ � unitsof thenumerairecommodity at thedate-event
σ � s� . (Notethatdivσ : RJ � R is a linearoperator.) We assumethatfor eachs
thereis aportfolio ψ suchthatdivσψ � 0 for eachσ � s� ; thiswill certainlybethe
caseif a risklessbondis tradedat eachdate-event. Securitypricesarefunctions
q : S � RJ; we write qs � RJ for securitypricesat date-events.

2.4 Utilities

There are N infinitely lived tradersi � 1 �! ! 
 "� N, having utility functionsU i :� ∞ 	 S� L� � R. Weassumetradersmaximizethediscountedsumof expectedutility,
accordingto astationaryperiodutility functionui . Thus

U i
δ
	 x� �#	 1 � δ � ∞

∑
t � 0

δt ∑
t � s��� t

πsu
i 	 xs�  

We assumethatui is a smooth (C2) strictly concave,strictly increasingfunction.7

WewriteU i
δ in orderto emphasizethedependenceonthediscountfactorδ, which

we think of as a parameter. The leadingfactor 	 1 � δ � normalizesso that the
discounted utility of the constantconsumption streamc is ui 	 c� , independentof
thediscountfactorδ.

7Notethatutility functionsareboundedbelow.
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2.5 Endowments

We assumeendowmentsareMarkov (i.e., the endowmentei
s of traderi at date-

event s dependsonly on the stateωs of the underlyingMarkov chainat s) and
boundedaway from 0 (i.e., thereis aconstantm � 0 suchthatei

s � 	 m�
 " ! 
� m� for
eachi � s).
2.6 BudgetSetsand Debt Constraints

Given spotprices p andsecuritypricesq, trader i choosesa consumption plan
xi : S � RL� anda portfolio tradingplanθi : S � RJ. At eachdate-events, trader
i facesaspotbudgetconstraintwhichmaybewritten:

ps $ xi
s % qs $ θi

s � ps $ ei
s % divsθi

s& (1)

Thatis, expenditureto purchaseconsumption andto purchasesecuritiesdoesnot
exceedincomefrom saleof endowmentandfrom dividendsonsecuritiesacquired
at theprevious date-event. (Recall thatsecuritiesaredenominatedin unitsof the
numerairecommodity, whosepriceis normalizedto 1.)

In our infinite horizonsetting, thesespotconstraintsarenot sufficient to rule
outPonzischemes(doublingstrategies)andhenceunlimitedamountsof borrow-
ing. As weshow in LevineandZame(1996),theadditionalconstraintsnecessary
to ruleoutPonzischemesmaybeformalizedin any of anumberof ways,eachof
which leadsto an equivalent notion of equilibrium.8 Herewe find it convenient
to formalizetheconstraintsby requiringthatit shouldbepossibleto repayalmost
all thedebtin finite time.

To formalizethis idea,fix pricesp � q anda portfolio tradingplan θ. Define
debtatdate-eventsasthevalue(in unitsof account)of theobligationto repayon
securitiesheldenteringdate-events. Becausesecuritiesaredenominatedin units
of thenumerairecommodity, andthepriceof thenumerairecommodity is 1, debt
at date-events is:

ds
� � divsθs&

If thisquantityis positive,a traderfollowing theportfolio tradingplanθ is in debt
enteringdate-event s. To meetthis debt,the tradermustraiseincomefrom the
saleof endowmentand/orsecurities(sellingsecuritiesis borrowing).

8SeealsoMagill andQuinzii (1994).
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Weconstraindebtatdate-eventsby prescribingapositiveupperboundonds.9

(Prescribinga negative upperboundwould requiretradersto save.) We saythat
the debtds � 0 canbe repaidin finite time from s if thereareconsumption and
portfolio plansy� ϕ anda timehorizonT suchthat:' ps $ ys % qs $ ϕs % ds � ps $ ei

s' yσ � ϕσ satisfythespotbudgetconstraint(1) ateverydate-eventσ � s' if σ � s andt 	 σ �(� t 	 s�)� T thendσ � 0

That is, the plansmeetthe liability ds at the date-event s, meetthe spotbudget
constraintsateverydate-eventfollowing thedate-eventsandleavenodebtatany
date-event following s by T or moreperiods. Define the finitely effectivedebt
constraintsas:

Di
s
� sup* d : d canberepaidin finite time from s +

Finally, definethebudgetsetfor traderh at pricesp � q as:

Bi 	 p � q� � , xi � θi : for eachs:

ps $ xi
s % qs $ θi

s � ps $ ei
s % divsθi

s& �
dσ
� � divσθi

s � Di
σ for every σ � s�.-

Note that we constraintradesat dateevent s by limiting debtat all dateevents
that immediatelyfollow s. (No debtconstraintis necessaryenteringthe initial
date-event0 becauseinitial holdings of securitiesare0.)

2.7 Equilib rium

An equilibrium consistsof spotpricesp, securitypricesq, consumptionplans 	 xi �
andportfolio plans 	 θi � suchthat' for eachs:

∑
i

xi
s
� ∑

i
ei

s

9Thereaderfamiliarwith LevineandZame(1996)will notethatweuseheretheoppositesign
conventionfor debtanddebtconstraints.
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' for eachs:

∑
i

θi
s
� 0' for eachi: 	 xi � θi � � Bi 	 p � q� and	 yi � ϕi � � Bi 	 p � q�0/ U i 	 xi �)� U i 	 yi �

That is, commodity marketsclear, securitymarketsclear, tradersoptimizein
their budgetsets.Levine andZame(1996)show that (with assumptionsweaker
thanthosemadehere)anequilibrium exists.10 1 11

10Existenceof equilibrium depends on the assumptionthat assetsare denominatedin a nu-
meraire good; without thatassumption, only pseudo-equilibria needexist.

11As KublerandSchmedders(1999) show, Markov equilibrianeednotexist.
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3 Idiosyncratic Risk

In thissectionandthenext weaddressonegoodeconomies.Webegin by consid-
eringeconomiesin which risk is purelyidiosyncratic.

AssumptionA1 L � 1 (onegood).

Assumption A2 The social endowment e � ∑i e
i
s is independentof s � S (no

aggregaterisk).

Becausethesocialendowmentis constantandthenumberof tradersis finite,
endowmentsmustnecessarilybecorrelatedacrossindividuals.However, thisnec-
essarycorrelationis purelyanartifactof thefinitenessof our model.An obvious
alternative would be to considera modelwith a continuumof traders,in which
caseindependenceof individual riskswouldbeconsistentwith absenceof aggre-
gaterisk. A resultsimilar to our TheoremA below could be establishedabout
sucha model. We preferherethemodelwith a finite numberof tradersbecause
LevineandZame(1996)guaranteesthatanequilibriumexists; to ourknowledge,
no comparableexistencetheoremsareknown for themodelwith a continuumof
traders.12

In additionto thepreviousassumptionsaboututili ty functions,weassumethe
following.

AssumptionA3 For eachi, Dui is (weakly)convex.

If utility functionsareC3, AssumptionA3 will besatisfiedif third derivatives
are non-negative (so Assumption A3 is relatedto a precautionarydemandfor
saving in the senseof Leland(1968)),which will in turn be the caseif absolute
risk aversionis non-increasing.SeeLemma1 below for theimportof Assumption
A3 in ourcontext.

Finally, wemakeoneassumption abouttheassetstructure.
12Modelswith acontinuumof identical traderswereintroducedandanalyzedbyBewley (1986),

but we allow herefor heterogeneityacrosstraders.
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Assumption A4 At eachdate-events, a risklessrealbond,yielding oneunit of
consumption at eachdate-eventσ � s� , is availablefor trade.

Notethatweallow for thepossibility thatotherassetsarealsotraded,andthat
differentassetsaretradedat differentdate-events.

Weareinterestedin thenatureof equilibrium for discountfactorsδ closeto 1.
We thereforefix securities,endowmentsandperiodutili ty functionsui . For each
discountfactorδ 2 1, write 3 δ for the economy(with the given securities,en-
dowmentsandperiodutility functions)in which tradersusethecommondiscount
factorδ, andwrite EQδ for thesetof equilibriaof 3 δ. Becausewe normalizethe
spotpriceof consumption to beidentically1, wehenceforthsuppressspotprices.

An equilibriumζ � EQδ is thereforea triple ζ �54 qζ � 	 xi
ζ � � 	 θi

ζ �
6 , of assetprices

qζ, consumption plans 	 xi
ζ � andportfolio plans 	 θi

ζ � . Givenanequilibriumζ and

a dateevents � S, we write qζs � xi
ζs � θi

ζs (ratherthan 	 qζ � s andsoforth) for prices,
consumption andportfolio choiceof the i-th consumerat s. When thereis no
dangerof confusion,wesuppressthesubscriptζ.

Becauseindividual endowments dependonly on the stateof the underlying
Markov chain,they eachhavealongrunaverage;write ēi for thelongrunaverage
of ei .

AssumptionsA1 andA2, togetherwith ourpreviousassumptions,imply that,
for everyδ, theParetooptimalallocationsof 3 δ coincidewith (N-tuplesof) fixed
sharesof the constantsocialendowment. In particular, for every δ, the perfect
risk-sharingallocationê �7	 ē1 �! ! 8 !� ēN � at which eachtraderconsumeshis long
runaverageendowment,is Paretooptimal.

Our first result assertsthat when δ is sufficiently closeto 1 (that is, when
tradersaresufficiently patient),every equilibriumis closeto perfectrisk sharing,
in thesensethat(i) equilibriumutiliti esarecloseto theutilit iesof theperfectrisk
sharingallocation,(ii) thetime-discountedprobabilitythatequilibriumconsump-
tionsdeviatefrom theperfectrisk sharingallocationby morethanagiven amount
is small,(iii) thetime-discountedprobability thatequilibriumassetpricesdeviate
from risk neutralpricingby morethanagivenamountis small.13

13Becausefeasibleconsumptionsareboundedby the socialendowment, (ii) implies that the
time discountedexpecteddeviation of consumptionsfrom perfect risk sharingis small. However,
equilibrium assetprices neednot be bounded,so (iii) does not imply that the time discounted
expecteddeviationof assetpricesfrom risk neutral pricing is small.
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To measurethedeviation from perfectrisk sharing,fix adiscountfactorδ and

anequilibrium ζ �94 qζ � 	 xi
ζ � � 	 θi

ζ �
6 . For ε � 0, write

Sc
ε
	 δ;ζ � � , s � S: : traderi, � xi

ζs � ēi �;� ε -
This is thesetof dateeventsatwhichtheequilibrium consumption of sometrader
differsfrom his longrunaverageconsumption by morethanε.

To measurethedeviation from risk neutralpricing,fix a discountfactorδ and

an equilibrium ζ �<4 qζ � 	 xi
ζ � � 	 θi

ζ �
6 . If s is any dateevent and ϕ is a portfolio

tradedat s, then Es
	 divσϕ � is the expectedpayoff of ϕ, and δEs

	 divσϕ � is the
discountedexpectedpayoff of ϕ, whichby definitionis therisk neutralprice.The
deviation from risk neutralpricing canthereforebe measuredby the amountby
whichtheratioof theequilibriumpriceto therisk neutralpricediffersfrom unity.
For ε � 0, write

Sp
ε
	 δ;ζ � �>= s � S: : portfolio ϕ, ???? qζs $ ϕ

δEs
	 divσϕ � � 1 ???? � ε @

This is thesetof dateeventsat which risk neutralpricing of someportfolio fails
by morethanε.

Theorem A If AssumptionsA1-A4aresatisfiedthen:

(i) for everytraderi:

lim
δ A 1

sup
ζ � EQδ

???U i
δ
	 xi

ζ �(� ui 	 ēi � ??? � 0

(ii) for each ε � 0:

lim
δ A 1

sup
ζ � EQδ

	 1 � δ � ∑
s� Sc

ε � δ;ζ � δt � s� πs
� 0

(iii) for each ε:
lim
δ A 1

sup
ζ � EQδ

	 1 � δ � ∑
s� Sp

ε � δ;ζ � δt � s� πs
� 0
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The proof (deferredto Appendix1) providesa lower boundon equilibrium
utili ty by constructing a budgetfeasibleplanwhoseutility is almostthatof con-
stantaverageconsumption. Fromthisestimate,thenatureof theParetosetallows
usto infer (i), andtheremainingconclusionsfollow easily. A crucialstepin the
argumentis establishing that the price of the risklessbondis not muchbelow 1
at everydate-event. (Equivalently: therisklessinterestrateis not muchabove0.)
This will be importantbecausethebudgetfeasibleplanwe constructis financed
by borrowing, anda highprice(low interestrate)makesborrowing easy.

Theprice(interestrate)estimateweneedis containedin thefollowinglemma,
which representsaparticularformalizationof anintuition commonin thefinance
literature(but not, as far as we can find, established rigorously in any context
similar to ours)that a precautionarydemandfor saving drives down the interest
rate. The elegantproof below is a small adaptationof an argumentin Haraand
Kajii (2000);ouroriginalargumentwasmuchmorecumbersome.

Lemma 1 AssumeA1-A4hold. Fix a subjectivediscountfactorδ. If q � 	 xi � � 	 θi � is
an equilibrium for theeconomy3 δ andq1 is theprice of therisklessbond,then
q1

s � δ at everydate-events � S. (Thatis, thepriceof therisklessbondis bounded
belowby the subjectivediscountfactor δ at every date-event; equivalently, the
risklessinterestrateis nogreaterthanthesubjectivediscountrate 1

δ � 1 at every
date-event.)

Proof Fix a date-event s � S, andwrite q1
s for the price of the risklessbondat

s. For eachtraderi, an applicationof the first orderconditions for equilibrium
togetherwith convexity of periodutility functionsyields

q1
sDui 	 xi

s� � δ ∑
σ � s� π 	 σ � s� Dui 	 xi

σ �� δ Dui B ∑
σ � s� π 	 σ � s� xi

σ C
Hence

q1
s � δ

Dui D ∑σ � s� π 	 σ � s� xi
σ E

Dui 	 xi
s � (2)

Theassumptionof noaggregaterisk entailsthat

∑
i

∑
σ � s� π 	 σ � s� xi

σ
� ∑

σ � s� ∑i
π 	 σ � s� xi

σ
� eσ

� es
� ∑

i
xi

s

13



Hencethereis at leastonetrader j for whom

∑
σ � s� π 	 σ � s� x j

σ � x j
s

Becauseperiodutility functionsareconcave,Du j is decreasing,so

Du j B ∑
σ � s� π 	 σ � s� x j

σ C � Du j 	 x j
s � (3)

Combining theinequalities(2) and(3) weconcludethat

q1
s � δ

Du j 4 ∑σ � s� π 	 σ � s� x j
σ 6

Du j 	 x j
s � � δ

which is thedesiredresult.
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4 Aggregate Risk

As we shallseein Appendix1, theproof of TheoremA dependson theestimate
established in Lemma1, that the equilibrium risklessinterestrate is bounded
above by the subjective discountrate,andso is small whentradersarepatient.
Whenthereis aggregaterisk, however, this boundneednot obtain;whentheag-
gregateendowmentis low, many traderswill wantto borrow, andthisdemandfor
loansmay drive up the risklessinterestrate. A high risklessinterestrate inter-
fereswith risk sharingbecauseit makesborrowing difficult. The two examples
below formalizethis intuition, showing thataggregaterisk caninterferewith the
sharingof individualrisk,evenunderratherstringentassumptionsonpreferences,
endowmentsandtheassetstructure.In TheoremB, which follows theexamples,
weshow thattradabilityof aggregaterisk is key to almostperfectrisk sharing.

Our first two assumptionsparallelthoseof theprevioussection.

AssumptionB1 L � 1 (onegood).

AssumptionB2 For eachi, theindividualshareprocessf i
s
� ei

s F es is independent
of theaggregateendowmentprocesses.14

Weassumethatperiodutility functionsareidenticalacrossagentsanddisplay
constantrelativerisk aversion.15

AssumptionB3 Utility functionsui displayconstantrelative risk aversionγ � 0.
Thatis

ui 	 x� � GHJI x1 & γ

1 � γ if γ K� 1

logx if γ � 1

Weassumeasbeforethata risklessbondis tradedat eachdate-event.
14Seethecommentsin Section3 about correlationacrosstraders.
15Whenγ L 1, preferencesover infinite horizon consumption streamsgeneratedby CRRA pe-

riod utility functions do not satisfyour standingassumptions from Section2; hencewe arenot
guaranteedthatanequilibrium existsin this case.
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Assumption B4 At eachdate-events, a risklessrealbondB yieldingoneunit of
consumption at eachdate-eventσ � s� , is availablefor trade.

As in Section3, we are interestedin the natureof equilibrium for discount
factorsδ closeto 1. As before,we fix securities,endowmentsandperiodutil-
ity functionsui . As before,normalizeso that the spotprice of consumption is
identically1. For eachdiscountfactorδ 2 1, write 3 δ for theeconomywith the
given securities,endowmentsandperiodutili ty functions,in whichtradersusethe
commondiscountfactorδ, andwrite EQδ for thesetof equilibriaof 3 δ. Because
endowmentsareMarkov, bothendowmentsandindividualendowmentsharespos-
sesslong run averages;write ēi for thelong run averageof ei and f̄ i for the long
runaverageof f i .

AssumptionsB1-B3, togetherwith our previousassumptions, imply that, for
every δ, thesetof Paretooptimalallocationsof 3 δ coincideswith thesetof fixed
sharesof the varying social endowment. In particular, the perfectrisk-sharing
allocationê �#	 f̄ 1e�! 
 ! 
� f̄ Ne� at whicheachtraderconsumeshis long runaverage
shareof thevaryingsocialendowment,is Paretooptimal(for eachδ).

However, eventheseverystrongassumptionsarenotenoughto guaranteethat
market incompletenessdoesnotmatter.

Example 1 We describean economysatisfyingthe assumptions B1-B4 above,
andin which only therisklessbondis traded,andshow thatalmostperfectrisk-
sharingdoesnotobtain.

The underlyingMarkov processhas4 states:the processis i.i.d. with tran-
sition probabilities1/4; the initial stateis state1. Thereis a singleconsumption
good,anda singleasset,a risklessbond.Thereare2 traders,with CRRA period
utili ty functionu 	 x� � x1 � γ F 	 1 � γ � � 0 2 γ 2 1. In states1, 3 thesocialendowment
is L (low), in states2, 4 thesocialendowmentis H (high); H � L � 1. Trader1
(henceforwardreferred to asthelargetrader)hasendowmentshare1 � ε in states
1,2 and1 � kε in states3,4; trader2 (henceforwardreferredto asthesmalltrader)
hasendowmentshareε in states1, 2 andkε in states3,4.Wetakek � 3; ε � 0 is a
smallparameter, to bechosenbelow. Notethat individual endowmentsharesare
independentof thesocialendowment,asassumedin B2.

As before,weareinterestedin thebehavior of equilibriumfor discountfactors
δ closeto 1. We assertthatfor δ closeto 1, noequilibriumis closeto perfectrisk
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sharing.

The intuition is simple. Imaginefirst that ε � 0, so that this is a onetrader
economy. In thatcase,bondpricesaredeterminedby the large trader’s marginal
utili ties at his endowment (which, becauseε � 0, coincideswith the aggregate
endowment).Thusbondpricesare

qM1 � qM3 � δ
H � γ % L � γ

2L � γ 2 H � γ % L � γ

2L � γ

qM2 � qM4 � δ
H � γ % L � γ

2H � γ � H � γ % L � γ

2H � γ

BecauseH � L, if δ is sufficiently closeto 1 bondpricessatisfy

qM1 � qM3 2 1 (4)

qM2 � qM4 � 1 (5)

Now imagine that ε � 0 but infinitesimal,so that the small traderhasno effect
on prices. Thenthe bondprice continuesto satisfy(4) whenthe aggregateen-
dowment is L and δ is sufficiently closeto 1, whencethe risklessinterestrate
is positive andboundedaway from 0 whenthe socialendowment is L. Saythe
risklessinterestrateis at leastρ � 0 whenthe socialendowmentis L. Because
the equilibrium conditions requirethat the small traderbe able to almostrepay
debtat every date-event, this entailsthat the debtof the small tradercannever
beso large thathis endowmentwill not cover the intereston his debt. Thus,the
debtof the small tradercannever exceedkεL F ρ, independentof the subjective
discountfactorδ. On theotherhand,consumption smoothing requiresthesmall
traderto borrow whenhis endowmentshareis small,andin particular, whenever
theMarkov processis in state1. Hence,alongany history in which theMarkov
processentersstate1 andthenremainsin state1 for a long time, thesmalltrader
will beunableto perfectlysmooth consumption (becausedoingsowouldeventu-
ally raisehis debtabove kεL F ρ). For δ closeto 1, theutility lossfrom thefailure
to smoothperfectlyalongsuchhistorieswill benon-negligible. Thus,anabsolute
upperboundon thedebtof thesmall traderimpliesanabsoluteupperboundon
theability of thesmalltraderto smooth consumption, andsorulesoutperfectrisk
sharing.

Unfortunately, two complications make turning this intuition into rigorous
analysisratherdifficult. The first complication is that if ε is small but not in-
finitesimal,equilibrium bondpricesmay not satisfy(4) whenthe aggregateen-
dowment is L. Indeed,bondpricesmayfail this estimateby a greatdealat a few
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date-events. If bondpricesareoccasionallyveryhigh(sothatinterestratesareoc-
casionallyvery negative), thesmalltraderwill beableto repaya very largedebt.
Thesecondcomplication is thatwhetheror notequilibriumbondpricessatisfy(4)
and(5), theinterestratewill certainlybepositive in somedate-events. This leaves
openthepossibility thatthesmalltradercanbuild a largebuffer stockof saving.

Our formal analysisof Example1 follows the intuition above to establish
boundsontheequilibriumdebtandsaving of thesmalltraderthatareindependent
of thediscountfactor δ. Suchboundsimply a limit on equilibriumconsumption
smoothing of thesmall traderandhencerule outalmostperfectrisk sharing.Be-
causetheargumentis quiteinvolved,wedeferthedetailsto Appendix2. N

In treatinga framework in which there is aggregaterisk, but only riskless
bondsare traded,Example1 parallelsTelmer (1993), but reachesthe opposite
conclusion. Much of the macroeconomics/financeliterature(seeLucas(1994)
andHeatonandLucas(1996)for instance),however, treatsa framework in both
bondsandequity are traded. It seemsnaturalto view the socialendowment as
theanalogof equity in our exchangeframework, andthusto make thefollowing
assumption.

AssumptionB4
�

At eachdate-events, thereareavailablefor trade:

(a) a risky assetA yielding oneunit of thesocialendowmenteσ at eachdate-
eventσ � s�

(b) arisklessbondB yieldingoneunit of consumptionateachdate-eventσ � s�
In Example1, thereare only two aggregatestates,so if risklessbondsand

thesocialendowmentarebothtradedthenthemarket for aggregaterisk is com-
plete.As TheoremB below demonstrates,this is enoughto guaranteethatalmost
perfectrisk sharingagainobtains. If thereareat least3 aggregatestates,how-
ever, tradability of risklessbondsandthe socialendowment is compatiblewith
incompletenessof themarket for aggregaterisk. Example2 below suggeststhat,
in suchasetting,almostperfectrisk sharingagainneednotobtain.Unfortunately,
a rigorousanalysis— which would necessarilybemuchmorecomplicatedthan
the rigorousanalysisof Example1 presentedin Appendix2 — is beyond our
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presentcapabilities,sowecontentourselveswith presentingthe(verysuggestive)
intuition.

Example 2 We describean economysatisfying the assumptions B1-B3, B4
�

above, andpresentthe intuition that almostperfectrisk-sharingshouldnot ob-
tain.

The underlyingMarkov processhas6 states.The processis i.i.d.; for π � 0
to bespecifiedbelow, j � 1 � 2 � 3 � 4 theprobabilityof transiting into statej is 1 � π

4 ,
for j � 5 � 6 theprobability of transitinginto statej is π

2; theinitial stateis state1.
If s is a date-event,write ω 	 s� for thestateof theMarkov processat s. Thereis a
singleconsumptiongood.Thesocialendowmentis H in states1, 3, M in states2,
4 andL in states5,6. To simplify computation wetakeH � 9 � M � 4 � L � 1. There
aretwo traders.Trader1 (thelargetrader)hasendowmentshare1 � ε in states1,
2, 5 and1 � 3ε in states3, 4, 6; trader2 (thesmalltrader)hasendowmentshareε
in states1, 2, 5 and3ε in states3, 4, 6. Theendowmentpatternsaresummarized
in thefollowing table.

state e1 e2

1 9 	 1 � ε � 9ε
2 4 	 1 � ε � 4ε
3 9 	 1 � 3ε � 9 	 3ε �
4 4 	 1 � 3ε � 4 	 3ε �
5 1 � ε ε
6 1 � 3ε 3ε

TraderssharethesameCRRA periodutility function;to simplify computation
we take risk aversionγ � 1F 2 sou 	 x� � 2x1O 2.

Two assetsareavailableat eachdate-events: a risky assetA, yielding theso-
cial endowmentin eachdate-eventσ � s� , andarisklessbondB yieldingoneunit
of consumption in eachdate-eventσ � s� . Theprobabilityπ andshareε arepa-
rameters,chosenbelow. Notethat individual endowmentsharesareindependent
of thesocialendowment,asassumedin B2.

As before,weareinterestedin thebehavior of equilibriumfor discountfactors
δ closeto 1; wesuggestthatif π � ε aresmallthennoequilibriumis closeto perfect
risk sharing(independentof δ).
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To understandtheintuition, supposeasin Example1 thatε werepositive but
infinitesimal, so that assetpricesare determinedby the large trader’s marginal
utili ties at his endowment (which coincides,up to an infinitesimal, with the ag-
gregateendowment). Thus,assetprices,indexed by the aggregateendowment,
wouldbe

qA
H

� δ $ 32 $QP 1 � π
2 $ 13 % 1 � π

2 $ 12 % π $ 1R
qA

M
� δ $ 1 $�P 1 � π

2 $ 13 % 1 � π
2 $ 12 % π $ 1R

qA
L
� δ $ 12 $ P 1 � π

2 $ 13 % 1 � π
2 $ 12 % π $ 1R

qB
H

� δ $ 32 $ P 1 � π
2 $ 3 % 1 � π

2 $ 2 % π $ 1R
qA

M
� δ $ 1 $�P 1 � π

2 $ 3 % 1 � π
2 $ 2 % π $ 1R

qA
L
� δ $ 12 $QP 1 � π

2 $ 3 % 1 � π
2 $ 2 % π $ 1R

Fix a date-events for which ω 	 s� � 5, soaggregateendowmentis L � 1 and
the shareof the small traderis ε. We assertthat, independentlyof the discount
factor δ, it is not possible for the small traderto repaya debt ds

� 1 in finite
time (andhencenotpossiblefor thesmalltraderto repayany largerdebtin finite
time). As in Example1, this will rule out perfectrisk sharing,becausethesmall
tradermustborrow whenhisendowmentshareis small,andin particularwhenthe
Markov processis in state1. Thus,alonghistoriesin which theMarkov process
entersstate1 andthenremainsin state1 for a long time, thesmall tradercannot
perfectlysmooth consumption (becausedoingsowould eventually raisehis debt
above 1). For δ closeto 1, theutility lossfrom failure to smoothperfectlyalong
suchhistories will be non-negligible. Thus,asin Example1, an absoluteupper
boundon the debt of the small trader implies an absoluteupperboundon his
ability to smoothconsumption, andso rulesout perfectrisk sharing. (Keepin
mindthatthisassumesthepricingrelationshipsaboveandrepresentsanintuition,
nota rigorousargument.)

To seethatit is notpossiblefor thesmalltraderto repayadebtds
� 1 in finite

time, independentlyof δ, supposethereis a planwhich repaysthedebtds
� 1 in
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finite time. Amongall suchplans,we consideronewhich repaysfastest;saythat
repaymentis complete(anddebtis 0)by datet 	 s� % T (thatis,T datesafters). The
crucialpropertyof any suchplanis that if s

� � s, ω 	 s� � � 5, andt 	 s� �S� t 	 s� � T,
thendebtats

�
cannotbelessthan1 — elsewecouldshift theplanfrom s

�
to begin

at sandrepaythedebtin fewer thanT dates.

Wereachacontradictionby consideringdebtatstatess
�
thatfollow sfor which

ω 	 s� � � 2 or 5. In particular, let τ1
5 � s� bethedate-eventfor whichω 	 τ1

5 � � 5,and
let τ1

2 � s� bethedate-event for which ω 	 τ1
2 � � 2. For eacht � 1 let τt � 1

2 � τt
2 �

bethedate-eventfor which ω 	 τt � 1
2 � � 2. Write αν � βν for therequiredpurchases

of theassetsA � B at thedate-eventν.

First considerthesituationat thedate-events. Budgetbalancerequires

qA
Lαs % qB

Lβs % ε � 1

Becauseω 	 τ1
5 � � 5, the crucial propertyof our plan guaranteesthat debt is no

greaterthan1 at τ1
5, so

αs % βs � 1

By definition, ω 	 τ1
2 � � 2, so acquiringthe portfolio αsA % βsB at s leavesdebt

dτ1
2

� 4αs % βs at τ1
2.

Now considerthesituation at thedate-eventτ1
2. Budgetbalanceat τ1

2 requires
thatthedebtdτ1

2

� 4αs % βs berepaidfrom endowmentandfurtherportfolio trades
so

qA
Mατ1

2 % qB
Mβτ1

2 % ε � dτ1
2

Let τ2
5 � τ1

2
� bethedate-eventfor whichω 	 τ2

5 � � 5. Becauseω 	 τ2
5 � � 5, thecrucial

propertyof ourplanguaranteesthatdτ2
5
� 1, so

ατ1
2 % βτ1

2
� 1

Becauseω 	 τ2
2 � � 2, acquiringthe portfolio ατ1

2
A % βτ1

2
B at τ1

2 leavesdebtdτ2
2

�
4ατ1

2 % βτ1
2

at τ2
2.

Continuinginductively, weseethatdτt � 1
2

� 4ατt
2 % βτt

2
for t � 1 �! ! 8 !� T.

Now we estimatethesevariousdebts.Thedebtdτ1
2

is boundedbelow by the
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solutiond1
2
	 π � ε � δ � to thelinearprogram:

Chooseα � β to
Minimize 4α % β
Subjectto qA

Lα % qB
Lβ % ε � 1
α % β � 1

(6)

Thedebtdτ2
2

is boundedbelow by thesolutiond2
2
	 π � ε � δ � to thelinearprogram:

Chooseα � β to
Minimize 4α % β
Subjectto qA

Mα % qB
Mβ % ε � d1

2
	 π � ε � δ �

α % β � 1

(7)

And by induction, for eacht � T � 1, the debt dτt � 1
2

is boundedbelow by the

solutiondt � 1
2
	 π � ε � δ � to thelinearprogram:

Chooseα � β to
Minimize 4α % β
Subjectto qA

Mα % qB
Mβ % ε � dt

2
	 π � ε � δ �

α % β � 1

(8)

Simplebut messycalculationsshow that

d1
2
	 0 � 0 � 1� � 46

25
� d2

2
	 0 � 0 � 1� � 2046

625

The solutions to the linear programs(6)-(8) arecontinuousfunctionsof the pa-
rametersπ � ε � δ. Since 2046

625 � 46
25, it follows that for π � ε sufficiently small andδ

sufficiently closeto 1 wehave

d1
2
	 π � ε � δ � � 45

25
� d2

2
	 π � ε � δ �)� d1 	 π � ε � δ �

Our inductiveconstructionthenguaranteesthat

dT
2
	 π � ε � δ �)� dT � 1

2
	 π � ε � δ �T�  ! 
 � d1

2
	 π � ε � δ � � 45

25

SincedτT
2
� dT

2
	 π � ε � δ � , it follows in particularthatdτT

2
� 0. But this contradicts

our assumption that the plan repaysdebtin T datesfrom s. We concludethata
debtds

� 1 or greatercannotberepaidin finite time from date-events.
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As in Example 1, this suggeststhat formal analysiswill show that almost
perfectrisk sharingcannotbeachieved. N

As theseexamplessuggest, whenthereis aggregaterisk, almostperfectrisk
sharingrequiresthat the“right” securities(or portfolios) betraded.Which secu-
rities arethe “right” oneswill dependon utility functions,but we canguarantee
thatthe“right” securitiesaretradedif we requirethatall derivativeson thesocial
endowmentaretraded,sothatthemarket for aggregaterisk is complete.

Write ϒ for the setof possible valuesof the socialendowmente. Because
endowmentsareMarkov, ϒ is a finite set.16 Thefollowing assumption is thatall
derivativeson the socialendowmentare tradedat every dateevent.17 As Ross
(1976)shows, this is impliedby theassumption thatoptionson thesocialendow-
mentaretradedat everydate-event.

AssumptionB4
�U�

For eachdate-eventsandfor eachυ � ϒ, thereis aportfolio Γυ
s

of securitiessuchthat

divσ
	 Γυ

s � � = 1 if es
� υ

0 if es K� υ

TheoremB, parallelingTheoremA of theprevioussection,assertsthatwhen
tradersaresufficiently patienteveryequilibriumis closeto perfectrisk sharing,in
the sensethat (i) equilibrium utilit ies arecloseto the utilit ies of the perfectrisk
sharingallocation,(ii) thetime-discountedprobabilitythatequilibriumconsump-
tionsdeviatefrom theperfectrisk sharingallocationby morethanagiven amount
is small,(iii) thetime-discountedprobability thatequilibriumassetpricesdeviate
from marginal ratesof substitution at theperfectrisk sharingallocationby more
thana given amountis small. (In the absenceof aggregaterisk, this reducesto
risk neutralpricing, asin TheoremA.) As before,fix a discountfactorδ andan

16If ϒ andsV have thesamecardinality, availability of all derivativeson thesocialendowment
is equivalentto completenessof intertemporal markets. In the typical case,however, ϒ is much
smallerthansV .

17In fact,theproof requiresonly thatcertainvery particular derivativesaretraded.

23



equilibrium ζ � 4 qζ � 	 xi
ζ � � 	 θi

ζ � 6 . As before,for eachε � 0 wedefine:

Sc
ε
	 δ;ζ � � , s � S: : traderi, � xi

ζs � f̄ ies �W� ε -
Sp

ε
	 δ;ζ � � GXH XI s � S: : portfolio ϕ,

???????
qζs $ ϕ

δEs Y 4 es
eσ
6 γ

divσϕ Z � 1
??????? � ε [ X\X]

Thefirst setis thesetof dateeventsat which someconsumer’s equilibriumcon-
sumption differs from his perfectrisk sharingconsumption by morethanε; the
secondsetis thesetof dateeventsat which risk neutralpricingof someportfolio
failsby morethanε.

Theorem B If Assumptions B1-B3andB4
�J�

aresatisfied,then:

(i) for everytraderi,

lim
δ A 1

sup
ζ � EQδ

??U i
δ
	 xi ��� U i

δ
	 f̄ ies � ?? � 0

(ii) for each ε � 0:

lim
δ A 1

sup
ζ � EQδ

	 1 � δ � ∑
s� Sc

ε � δ;ζ � δt � s� πs
� 0

(iii) for each ε � 0:

lim
δ A 1

sup
ζ � EQδ

	 1 � δ � ∑
s� Sp

ε � δ;ζ � δt � s� πs
� 0

As with TheoremA, theproof restson a price estimate.Recall that ϒ is the
rangeof the social endowment process. For s � S� υ � ϒ, write s� 	 υ � for the
setof date-eventsσ � s� at which eσ

� υ, andwrite π 	 υ � s� for the conditional
probability thatthesocialendowmentis υ following thedate-events. Assumption
B4
�J�

guaranteesthat a portfolio Γυ
s promising oneunit of consumption in date-

eventsσ � s� 	 υ � and0 otherwiseis traded;thefollowing result(which relieson
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theassumption of CRRA utili ties)providesaboundon its equilibriumprice.The
proofparallelscloselytheproofof Lemma1.

Lemma 2 AssumeB1-B3and B4
�J�

hold. Fix a subjectivediscountfactor δ. If
q � 	 xi � � 	 θi � is anequilibrium for theeconomy3 δ, then

qs $ Γυ
s � δπ 	 υ � s�_^ υ

es ` � γ

at everydate-events � S.

Proof Differentiation showsthatif u is aCRRAutility functionwith risk aversion
γ thenD3u 	 x� � γ2x � γ � 2, which is strictly positive. In particular, Du is convex, so
we canfollow thesameplanasin theproof of Lemma1. Fix a date-events � S
anda consumption level υ � ϒ. For eachtraderi, anapplicationof thefirst order
conditions for equilibrium, togetherwith convexity of theperiodutili ty function
yields 	 qs $ Γυ

s � Dui 	 xi
s�a� δ ∑

σ � s� � υ � π 	 σ � s� Dui 	 xi
σ �� δπ 	 υ � s� ∑

σ � s�b� υ � π 	 σ � s�π 	 υ � s� Dui 	 xi
σ �� δπ 	 υ � s� Dui B ∑

σ � s� � υ � π 	 σ � s�π 	 υ � s� xi
σ C

We canwrite traderi’s consumption assharesof the socialconsumption: xi
s
�

κi
ses, xi

σ
� κi

σeσ
� κi

συ. Substitutinggives:	 qs $ Γυ
s � Dui 	 κi

ses � � δπ 	 υ � s� Dui B ∑
σ � s�c� υ � π 	 σ � s�π 	 υ � s� κi

συ C
Equivalently

qs $ Γυ
s � δπ 	 υ � s� Dui 4 ∑σ � s� � υ � π � σ d s�

π � υ d s� κi
συ 6

Dui 	 κi
ses � (9)
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Notethat

∑
i

κi
s
� 1

∑
i

κi
σ
� 1 for eachσ

∑
σ � s� � υ � π 	 σ � s�π 	 υ � s� � 1

Hence

∑
i

∑
σ � s�e� υ � π 	 σ � s�π 	 υ � s� κi

σ
� ∑

σ � s�c� υ � ∑i

π 	 σ � s�
π 	 υ � s� κi

σ
� 1 � ∑

i
κi

s

It follows thatthereis at leastonetrader j for whom

∑
σ � s�e� υ � π 	 σ � s�π 	 υ � s� κ j

σ � κ j
s

Becauseuj is concave,Du j is decreasingso

Du j B ∑
σ � s�e� υ � π 	 σ � s�π 	 υ � s� κ j

συ C � Du j 	 κ j
sυ � (10)

Combining theinequalities(9) and(10)wefind that

qs $ Γυ
s � δπ 	 υ � s� Du j 	 κ j

sυ �
Du j 	 κ j

ses �
BecauseDuj � x� γ, weobtain

qs $ Γυ
s � δπ 	 υ � s� Du j 	 κ j

sυ �
Du j 	 κ j

ses �� δπ 	 υ � s� 	 κ j
sυ � � γ	 κ j
ses � � γ� δπ 	 υ � s� υ � γ

e� γ
s� δπ 	 υ � s� ^ υ
es ` � γ
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which is thedesiredresult.

We have assumedherethat individual sharesare independentof the social
endowment. The polar opposite assumption would be that individual sharesare
perfectlycorrelatedwith the socialendowment. In that case,therewould be no
idiosyncratic risk, andderivativeson the socialendowmentwould provide per-
fect risk sharingat every date-event. In particular, theconclusionsof TheoremB
would obtainin this casetoo. We conjecturethat theconclusionsof TheoremB
obtainin theintermediatecasesalso,withoutany assumption of independenceor
correlation.
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5 Two Goods

We presentherea simple exampleto demonstratethat whentherearetwo con-
sumption goods,market incompletenessmaymattera greatdealeven if thereis
noaggregaterisk — indeed,evenif thereis no (fundamental)risk at all.

Example 3 Fix any static 2 trader/2commodity economywith the following
properties:' utili ty functionsu1 � u2 aresmoothandstrictly concave' endowmentsw1 � w2 arestrictly positiveandw1 % w2 �f	 1 � 1�' therearethreeWalrasianequilibria:

pD, 	 x1
D � y1

D � , 	 x2
D � y2

D � ; pM, 	 x1
M � y1

M � , 	 x2
My2

M � ; pU , 	 x1
U � y1

U � , 	 x2
U � y2

U �' equilibrium consumptionsarestrictly positiveandx1
D 2 x1

M 2 x1
U' equilibrium marginalutili tiessatisfy:

∂u1

∂x1
	 x1

M � y1
M � � 1

2 P ∂u1

∂x1
	 x1

D � y1
D � % ∂u1

∂x1
	 x1

U � y1
U � R

∂u2

∂x2
	 x2

M � y2
M � � 1

2 P ∂u2

∂x2
	 x2

D � y2
D � % ∂u2

∂x2
	 x2

U � y2
U � R

The underlying Markov chainhastwo states* U � D + ; transition probabilities
areidentically1/2(sotheprocessis i.i.d.). TheinformationtreeSfor thedynamic
economythereforehas2 branchesat every node. If s � S is any node,we can
write s� � * sU � sD + whereω 	 sU � � U � ω 	 sD � � D (i.e., the underlyingMarkov
processis in stateU at thenodesU andin stateD at thenodeD); theconditional
probabilitiesareπ 	 sU � s� � π 	 sD � s� � 1F 2, independentof s. In thisnotation,0 � �* 0U � 0D + is thesetof nodesthat follow the initial node0. Write g for thesetof
nodesthatfollow 0U and h for thesetof nodesthatfollow 0D.

Therearetwo consumption goods.For i � 1 � 2, endowments arewi
s
� wi and,

whenthesubjectivediscountfactoris δ. Utility functionsare:

U i 	 x � y� �f	 1 � δ � ∞

∑
t � 0

δt ∑
t � s��� t

^ 1
2 ` t

ui 	 xs � ys�
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That is, we simply replicatethe staticeconomyat eachdate-event; thereis no
fundamentaluncertainty— but theunderlyingMarkov chainprovidesasourceof
sunspots.

Fix a discountfactorδ 2 1. The dynamiceconomyhasmany equilibria, in-
cludingsunspot equilibria in which theunderlying Markov chainservesasa co-
ordinationdevice. Onesuchequilibrummaybedescribedasfollows:' at the initial date-event 0, spotpricesare pM, consumption of trader i is	 xi

M � yi
M � , the bond price is equal to the subjective discountfactor δ, the

bondis not traded;' atdate-eventss �ig , spotpricesarepU , consumption of traderi is 	 xi
U � yi

U � ,
thebondprice is equalto the subjective discountfactorδ, the bondis not
traded;' atdate-eventss �jh , spotpricesarepD, consumption of traderi is 	 xi

D � yi
D � ,

thebondprice is equalto the subjective discountfactorδ, the bondis not
traded.

Weleaveto thereaderthesimpletaskof usingthepropertiesof thestaticeconomy
to verify thatthis is anequilibrium of theinfinite horizoneconomy.

For this equilibrium, consumptionsin every date-eventareParetooptimal in
the staticeconomy, but consumptionsat date-eventsin g differ from consump-
tionsat date-eventsin h , Becauseutility functionsarestrictly concave, equilib-
rium consumptionsarecertainlynot Paretooptimal. Becauseequilibrium con-
sumptions are independentof δ, equilibrium utilit ies certainlydo not approach
Paretooptimal utilit iesasδ � 1.
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6 Conclusion

We have arguedherethat, in a one-goodeconomypopulated by infinitely-lived,
patienttraders,market incompletenesswill not matterif shocksaretransientand
risk is purely idiosyncratic.However, market incompletenesswill matterif there
is aggregaterisk andthe “wrong” assetsaretraded,or if thereis morethanone
good. Aggregaterisk mattersbecauseit affectsassetprices. Multiple consump-
tion goodsmatterbecausecommodity pricesprovide anothersourceof untraded
risk. As Example3 demonstratesclearly, theabsenceof somefinancialmarkets
weakensthe connectionbetweenspot pricesat variousdate-events, and there-
fore expandsthe role of expectations— eventhoughexpectationsarecorrectin
equilibrium. Thework of Farmer(1997)on multiple equilibria givesa different
perspective.

Perhapsthemostimportantimplicationof ourwork is thattheeffectsof mar-
ket structuremaybemuchdifferentin a dynamicsettingthanin a static(or short
horizon)setting.In particular, theincentives for financialinnovationmaybequite
differentwhendynamicbehavior is takeninto account.

Two limitationsof our work areworth noting. Thefirst is thatwe treatonly
exchangeeconomieswith perishablegoods;interestingextensionswould incor-
porateproduction,durablegoods,humancapitalandgrowth. Thesecondis that
we do not provide numericalestimatesor ratesof convergence.In particular, we
do not estimatetheutility consequencesof market incompletenessfor givensub-
jective discountfactors.Our methodscouldcertainlybeadaptedto providesuch
estimates,but the estimatesobtainedwould not be very good. We suspectthat
sharpermethods— andperhapsmorestringentassumptions— will benecessary
toprovidetruly usefulestimates.Forsomeestimatesin ourframework,seeKubler
andSchmedders(2000); for someestimatesin a ratherdifferentframework, see
Willen (1998).

30



Appendix 1: Proofs

An overview of theproofsmayhelpguidethe reader. To prove TheoremA, we
fix adiscountfactorandanequilibrium. For eachtrader, we constructanalterna-
tive planof consumption andportfolio trades.Beforea specifiedstopping time,
definedin termsof a debtlimit, this alternative plancalls for consumingslightly
lessthantheperfectrisksharingquantity, borrowingwhennecessaryandrepaying
the debtwhenpossible; after the stopping time, it calls for consumption slighly
lessthantheendowmentandrepayingthedebt.A probabilistic estimate(Lemma
4) shows that, if the discountfactor is sufficiently closeto 1, it is very likely
that thestopping time is not reachedfor many periods.If follows, therefore,that
thealternative planyieldsalmosttheutility of theperfectrisk sharingallocation.
Becauseequilibrium plansareoptimal, the equilibrium plan mustyield at least
this muchutility. Becausethis conclusionobtainsfor every trader, thenatureof
theParetoset(impliedby strict concavity of utility functions)guaranteesthatno
tradercanobtainutili ty muchgreaterthanperfectrisk sharing.Combiningthese
two inequalitiesyields(i). Thefirst orderconditions thenyield (ii), (iii).

Becausethe alternative plan describedabove is financedby tradingthe risk-
lessbond,this argumentrequiresan estimatefor the price of the risklessbond.
Lemma1 providestheestimateweneed:ateverydate-event,thepriceof therisk-
lessbondis notmuchbelow 1 (equivalently, therisklessinterestrateis notbelow
0). This one-sidedestimateis goodenough,becausethealternative planrequires
borrowing but not saving; a high price(low interestrate),makesborrowing easy.
As Example1 demonstrates,this lower boundfor the price dependson the ab-
senceof aggregaterisk. Whenthereis aggregaterisk, theinterestratedependson
therealizationof thesocialendowment: whenthesocialendowmentis low many
traderswantto borrow andthedemandfor loansdrivesuptheinterestrate.A high
interestratemakesit difficult to borrow, andhenceto financeaconsumption plan
that is closeto theperfectrisk sharingconsumption plan. However, with theas-
sumptionsof TheoremB, suchaconsumptionplancanbefinancedby tradingin a
particularderivativeof thesocialendowment, carefullychosento matchmarginal
utili tiesandprices;thepriceestimate for thisderivative followsfrom Lemma2.

Becausetheproofsof TheoremsA andB aresosimilar, wehavearrangedthe
following discussion to avoid redundancy. Our first taskis to establisha proba-
bilistic estimate;for this we needa versionof thecentrallimit theoremfor func-
tions of a finite Markov chain. Lemma3 below, which is Theorem(3), p.83 in
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Freedman(1983), is just what we need.18 1 19 Following common mathematical
usage,we write k xl for thegreatestintegernotexceedingx.

Lemma 3 Considera recurrentMarkov chain with finite spaceΩ. Let F : Ω �
R be a real-valuedfunctionon Ω whoselong-run average is 0. Let Ω∞ be the
spaceof all infinite sequencesof elementsof Ω. Fix a stateξ � Ω and let π be
its stationary probability. For each σ � Ω∞ and each integer t, let k 	 t � �m� 	 t � be
(respectively)the t-th andt % 1-st occurrencesof the stateξ in the sequenceσ;
definetherandomvariableYt on Ω∞ by

Yt
	 σ � � ∑

k � t �on n peq8� t � F 	 σn �
(If ξ doesnot occurat leastt timesin thesequenceσ, thenthesumdefiningYt is
empty, soYt

� 0.) Then

T M � 1
2 max r ????? T

∑
j � 0

F 	 σ j ���isTπ t
∑
i � t

Yt : 0 � T � T M ?????
u � 0 in probability

asT M � ∞.

Thefollowing lemmaprovidestheprobabilistic estimatewe require.

Lemma 4 Fix a discountfactorδ 2 1, real numbersC � g � 0, anda trader i. Let
f̄ i bethelongrun averageof theshareprocessf i

s
� ei

s F es . Define

zs
� 1

δ
^ f̄ i � ei

s

es ` eg
s � ZT 	 h� � T

∑
t � 1

zht

LetT M 	 δ � bethegreatestinteger notexceeding	 1 � δ � � 3O 2 andlet�fM 	 δ � �>= h �v� : ?? ZT 	 h� ?? 2 C
1 � δ

for 1 � T 2 T M 	 δ � @
Then

18Freedman, following an ideaof Chung(1960), allows for a Markov chainwith a countably
infinite statespace.In thatmoregeneral context, heimposesexpectationandvarianceconditions
thatareautomatically satisfiedwhenthestatespaceis finite.

19We thankAndrew Postlewaiteandananonymousrefereefor directingusto Freedman.
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(i) limδ A 1δT w8� δ � � 0

(ii) limδ A 1Probk � M 	 δ � l � 1

Proof Part (i) follows immediatelyfrom L’Hospital’s rule andthe definition of
T M 	 δ � .

To seepart (ii), note that by definition T M 	 δ � � 1 % 	 1 � δ � � 3O 2, so � M 	 δ �
containsthesetof historiesfor which

max r ?? ZT 	 h� ??T M 	 δ �(� 1
: 1 � T � T M 	 δ � u 2 C	 T M 	 δ ��� 1� 1O 3

For ω � Ω, let s � Sbeany nodefor whichthecorrespondingstateis ω anddefine
F 	 ω � � zs. Becausetheendowmentprocessis Markov andthelong-runaverage
of zs is 0, Lemma3 entailsthat

T M 	 δ � � 1O 2max r ????? ZT � sTπ t
∑
t � 1

Yt
????? : 1 � T � T M 	 δ � u � 0 in probability

By construction,therandomvariablesYt arei.i.d.; keepingin mindthatT M 	 δ � � ∞
asδ � 1, the rateof convergencein the usualstronglaw of large numbers(or
centrallimit theorem)yields

T M 	 δ � � 1O 2max r ????? sTπ t
∑
t � 1

Yt
????? : 1 � T � T M 	 δ � u � 0 in probability

asδ � 1. Thedesiredresult(ii) now follows from thetriangleinequality.

We arenow readyto begin theproof of TheoremsA andB. In orderto give
a unified argument,we abstractthe commonelementsof the two settings. We
take asgivena parameterg anda family * ∆s : s � S+ of portfolios satisfyingtwo
properties:

(i) for everys � Sandσ � s� ,

divσ∆s
� ^ eσ

es ` 1 � g

33



(ii) for everyequilibrium of 3 δ andeverys � S

qs $ ∆s � δ

To obtainTheoremA from theargumentgiven,takeg � 1 andfor eachs take∆s to
consistof oneunit of therisklessbond.To obtainTheoremB from theargument
given, takeg � 1 � γ andfor eachs take

∆s
� ∑

υ � ϒ
^ eυ

es ` 1 � g

Γυ
s

In either case,property(i) follows immediatelyand property(ii) follows from
Lemma1 or 2, asappropriate.

Proof of Theorems A and B Fix an equilibrium. We provide lower bounds
on equilibrium utili ties by constructing alternative planswhich are feasibleand
approximateperfectrisk sharing.

Write
m � min

i 1 s ei
s � M � max

s
es

Fix a traderi anda realnumberη � 0. Choosēε � 0 sosmallthat

m � ε̄M1 � g � 0

ui 	 m � ε̄M1 � g � � ui 	 m�(� η
4

Becauseui is concave,thelatterinequality impliesthat

ui 	 c � c
� � � ui 	 c��� η

4
(11)

wheneverc � m andc
� � ε̄M1 � g.

In whatfollows, we areinterestedin thelimit asδ � 1, sothereis no lossin
assuming throughoutthat

ε̄
2 	 1 � δ � m1 � g � M � m (12)

Thealternativeplany� ϕ callsfor consumption of a targetquantityuntil a cer-
tainstoppingtime,whichoccurswhenagivendebtlimit hasbeenreached:
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thetarget consumption ats � S is cs
� f̄ ies � ε̄e1 � g

s

thedebtlimit is d M � ε̄
2 � 1 � δ � m1 � g

thestoppingtime is thefirst date-eventat whichds � d M
Defineys � ϕs in thefollowingway:' If dσ 2 d M for everyσ � s andei

s F es 2 f̄ i , set

ys
� cs

ϕs
� � 1

qs $ ∆s

	 ds % cs � ei
s � ∆s

That is, if debthasalwaysbeenbelow the debt limit andthe endowment
shareis lessthan the long run average,consumethe target consumption,
borrowing to doso.' If dσ 2 d M for everyσ � s andei

s F es � f̄ i , set

ys
� cs

ϕs
� � 1

qs $ ∆s

	 ds % cs � ei
s � � ∆s

That is, if debthasalwaysbeenbelow the debt limit andthe endowment
shareis equalto or greaterthanthe long run average,consumethe target
consumption, repaysomeof thedebtandroll over theremainder— but do
notsave.20' If dσ � d M for someσ � s set

ys
� ei

s � ε̄e1 � g
s

ϕs
� � 1

qs $ ∆s

	 ds � ε̄e1 � g
s � � ∆s

That is, if debthasever reachedthedebtlimit, consume slightly lessthan
the endowment,usingthe differenceto pay off someof the debt,androll
over theremainingdebt— but donotsave.20

20Of courseit is notoptimalfor traderi not to savewhenpossible— but y i x ϕi is not intended to
beanoptimalplan,only analternativeweuseto providea lowerboundonequilibrium utility. We
canestimateaccumulation of debtbecausewe have a lower boundon assetprices,but we cannot
estimateaccumulation of saving becausewe donot haveanupperbound onassetprices.We find
it simpler, therefore, to avoid saving entirely.
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We will show below thaty� ϕ is a feasibleplanandthat it yieldsconsumption cs

at “most” dateevents. If ε̄ is small, thencs is only slightly lessthan f̄ ies, and
ui 	 cs� is only slightly lessthanui 	 f̄ ies � , soy� ϕ yieldsutility almostaslargeasthe
perfectrisk sharingconsumption.

Two preliminarycalculationswill beuseful.

1) Fix σ � S� τ � σ � . Supposetraderi holdsdebtdσ enteringσ, consumesc,
andtradesonly theportfolio ∆σ. If dσ % c � ei

σ 2 0 thenall debtis repaidand
debtat succeedingdate-eventsis 0. If dσ % c � ei

σ � 0 thenthespotbudget
constraintat σ entailsthattraderi mustsell k 1F 	 qσ $ ∆σ � lyk dσ % c � ei

σ l units
of theportfolio ∆σ. Thusdebtat τ � σ � is givenby theevolutionequation:

dτ
� 1

qσ $ ∆σ
	 dσ % c � ei

σ � � ^ eτ
eσ ` 1 � g

(13)

2) Considerany date-eventσ at which dσ 2
k ε̄ F 	 1 � δ � l e1 � g
σ . Supposetraderi

repays̄εe1 � g
σ of thedebtat σ andconsumesei

σ � ε̄e1 � g
σ . Write

β � ε̄
1 � δ

e1 � g
σ � dσ

Applying theevolution equation(13) andrecallingthatqσ $ ∆σ � δ we find
thatfor everyτ � σ � :

dτ
� 1

qσ $ ∆σ
	 dσ � ε̄e1 � g

σ �_^ eτ
eσ ` 1 � g

� 1
δ
^ ε̄

1 � δ
e1 � g

σ � β � ε̄e1 � g
σ ` ^ eτ

eσ ` 1 � g

� ε̄
1 � δ

e1 � g
τ � 1

δ
^ eτ

eσ ` 1 � g

β

With thesecalculationsin hand,we show that y� ϕ is a feasibleplan. Our
constructionguaranteesthaty� ϕ satisfiesthespotbudgetconstraints. To show that
satisfiesthedebtconstraints,fix a date-events. If dsz 2 d M for every s

� � s, then
in particulards 2 d M �{k ε̄ F 	 1 � δ � l e1 � g

s . Calculation2) aboveshowsthatrepaying
ε̄e1 � g

σ andconsumingei
σ � ε̄e1 � g

σ at everyσ � swill repaythisdebtin finite time.
Ontheotherhand,if dsz � d M for somes

� � s, lets
�J�

bethefirst suchdate-event,and
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let s
�J� � bethedate-eventimmediatelyprecedings

�J�
. By assumption, dsz z & 2 d M so

theevolution equation,togetherwith theinequality(12),showsthatdsz z 2{k ε̄ F 	 1 �
δ � l e1 � g

s . Theplany� ϕ calls for repaymentto begin at s
�J�

andcontinueforever, so
calculation2) above shows that the specifiedplands repaysthe debtds in finite
time. Weconcludethaty� ϕ is a feasibleplan.

SetC � 1
4ε̄m1 � g. As in Lemma4, let T M 	 δ � be the greatestinteger lessthan	 1 � δ � � 3O 2 % 1. Let � 1 | � be thesetof historiesfor which thestopping time

doesnot occurbeforet � T M 	 δ � (i.e., thesetof historiesfor which debtdoesnot
exeedd M beforetimet � T M 	 δ � ). ToestimateU i

δ
	 y� , weestimateutility conditional

on goodhistories(thosebelonging to � 1) andthenconditional on badhistories
(thosenotbelonging to � 1), andestimatetheprobabilitiesthatthehistoryis good
or bad.

For h �}� 1, consumption is f̄ ies � ε̄e1 � g
s when t 2 T M 	 δ � and at leastm �

ε̄M1 � g whent � T M 	 δ � . Theutility U i
δ
	 good� conditionalon sucha goodhistory

h is at least

U i
δ
	 good�~� 	 1 � δ � T w�� δ � � 1

∑
t � 0

δtui 	 f̄ ieht � ε̄e1 � g
ht

�% 	 1 � δ � ∞

∑
t � T w � δ � δtui 	 m � ε̄M1 � g �� 	 1 � δ � ∞

∑
t � 0

δtui 	 f̄ ieht � ε̄e1 � g
ht

�� 	 1 � δ � ∞

∑
t � T w � δ � δtui 	 M �

% 	 1 � δ � ∞

∑
t � T w � δ � δtui 	 m � ε̄M1 � g �� 	 1 � δ � ∞

∑
t � 0

δtui 	 f̄ ieht � ε̄e1 � g
ht

�� δT w � δ � k ui 	 M ��� ui 	 m � ε̄M1 � g � l� U i
δ
	 f̄ ie � ε̄e1 � g ��� δT w � δ � k ui 	 M �(� ui 	 m � ε̄M1 � g � l

For h F��� 1, consumption is at leastm � ε̄M1 � g ateverydate-event.Hencethe
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utili ty U i
δ
	 bad� conditionalonsuchabadhistory is at least

U i
δ
	 bad�)� 	 1 � δ � ∞

∑
t � 0

δtui 	 m � ε̄M1 � g � � ui 	 m � ε̄M1 � g �
Combiningthesetwo estimates(andkeepingin mindthatutili ty couldbeneg-

ative), we concludethat

U i
δ
	 y�~� Prob	 � 1 � U i

δ
	 good�% k 1 � Prob	 � 1 � lU i

δ
	 bad�� Prob	 � 1 � , U i

δ
	 f̄ ie � ε̄e1 � g ��� δT w � δ � k ui 	 M ��� ui 	 m � ε̄M1 � g � l -% k 1 � Prob	 � 1 � l ui 	 m � ε̄M1 � g �� Prob	 � 1 � U i

δ
	 f̄ ie � ε̄e1 � g �� δT w � δ � k ui 	 M �(� ui 	 m � ε̄M1 � g � l� k 1 � Prob	 � 1 � l��ui 	 m � ε̄M1 � g � � (14)

To estimateProb	 � 1 � , define� 	 δ � beasin Lemma4. Weclaimthat � 	 δ � |� 1. To seethis,fix ahistory h ��� 	 δ � andadateT � T M 	 δ � . For everydate-event
s, our assumptionsguaranteethatqs $ ∆s � δ andthat if theplany� ϕ is followed
thendebtis never greaterthan2d M . Justasin calculation2) above, this implies
thatfor every t � T:

dht � 1 � P dht % 1
δ
	 f̄ ieht � ei

ht
� R � ^ eht � 1

eht ` 1 � g

(15)

Write

zht
� 1

δ Y f̄ ieht � ei
ht
Z eg � 1

ht

Multiply bothsidesof (15)by eg � 1
ht � 1

, andkeepin mindthatdebtis non-negative to
obtain

0 � dht � 1e
g � 1
ht � 1

�{k dht eht
g � 1 % zht l �

Set

Ψ � * t 2 T : dht eht
g � 1 % zht 2 0 +

nM � maxΨ n if Ψ K� /0� 1 if Ψ � /0
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Notethatdhn w � 1
� 0 so,recallingthedefinitionsof C and� 	 δ � wefind

dhT � T

∑
t � nw � 1

zt� T

∑
t � 0

zt � nw
∑
t � 0

zt2 ε̄
4 	 1 � δ � m1 � g % ε̄

4 	 1 � δ � m1 � g� ε̄
2 	 1 � δ � m1 � g

Henceh ��� 1. Sinceh is arbitrary, it followsthat � 	 δ � | � 1, asasserted.

Combiningthefactthat � 	 δ � | � 1 with theestimate(14),weobtain

U i
δ
	 y� � Probk � 	 δ � lU i

δ
	 f̄ ie � ε̄e1 � g �� δT w8� δ � k ui 	 M ��� ui 	 m � ε̄M1 � g � l� * 1 � Probk � 	 δ � l�+v�ui 	 m � ε̄M1 � g � �

In view of the estimate(11), we obtaina lower boundon the utility of the con-
sumption plan f̄ ie � ε̄e1 � g

U i
δ
	 f̄ ie � ε̄e��� U i

δ
	 f̄ ie�(� η

4

HenceLemma4 guaranteesthat,for δ sufficiently closeto 1 wehave

Probk � 	 δ � l U i
δ
	 f̄ ie � ε̄e1 � g � � U i

δ
	 f̄ ie��� η

3

δT w8� δ � k ui 	 M ��� ui 	 m � ε̄M1 � g � l�� η
3* 1 � Probk � 0

	 T M 	 δ �
� l�+��ui 	 m � ε̄M1 � g � ��� η
3

whence
U i

δ
	 y�T� U i

δ
	 f̄ ie��� η

This is thedesiredlowerboundonequilibriumutilit ies.

To establishanupperboundonequilibriumutiliti es,set

α � min
i 1 s Dui 	 es � � β � max

i 1 s Dui 	 f̄ ies �
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Supposethereis a traderk for whom

Uk 	 xk � � Uk 	 f̄ ke� % N ^ β
α ` η

For eachλ with 0 2 λ 2 1 definezλ ��� ∞ 	 S� by

zλ
s
� = xk

s if xk � f̄ kes

λxk
s % 	 1 � λ � f̄ kes if xk � f̄ kes

Thereis a uniqueλ M for which Uk 	 zλ w � � Uk 	 f̄ ke� % η. SetXk � zλ w , For each
j K� k, defineX j by:

X j
s
� r x j

s if xk � f̄ kes
1
N
D xk

s � Xk
s E�% x j

s if xk � f̄ kes

By definition, Uk 	 Xk � � Uk 	 f̄ ke� % η. Our construction and the lower bound
obtainedpreviously guaranteethatfor j K� k,

U j 	 X j �~� U j 	 x j � % 1
N
^ α

β ` 4 Uk 	 xk ��� Uk 	 Xk � 6� U j 	 f̄ je��� η % η� U j 	 f̄ je�
Hencetheallocation 	 X i � Paretodominatestheallocation 	 f̄ ie� . As wehavenoted
previously, the allocation 	 f̄ ie� is Paretooptimal, so this is a contradiction.We
concludethat

Uk 	 xk � � Uk 	 f̄ ke� % N ^ β
α ` η

for eachtraderk. This is thedesiredupperboundonutilit ies.

Combiningour lower andupperbounds,we concludethat,if δ is sufficiently
closeto 1 then

U i 	 f̄ ie��� η 2 U i 	 xi � � U i 	 f̄ ie� % N ^ β
α ` η

for eachi. Sinceη � 0 is arbitary, thisyields(i).

To prove(ii), fix ε � 0. Paretooptimality of 	 f̄ ie� impliestherearestrictlypos-
itivewelfareweights 	 λi � , summing to 1, for which 	 f̄ ie� maximizestheweighted
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sum∑λiU i 	 yi � of utili ties. Our assumptionsguaranteethat 	 f̄ ies � is Paretoopti-
mal for eachdate-events andhencemaximizestheweightedsum∑λiui 	 yi

s� with
thesameweights. Strict concavity of periodutility functionsimplies that 	 f̄ ies �
is the uniqueallocationmaximizing this weightedsum. It follows from conti-
nuity of the weightedsumandfinitenessof the rangeof the socialendowment
mapthat thereis an ε̄ � 0 with the propertythat if 	 xi

s� is any feasiblealloca-
tion and � f̄ ies � xi

s ��� ε for somei � s then∑λiui 	 f̄ ies � � ∑λiui 	 xi
s� % ε̄. Henceif

ζ ��4 qζ � 	 xi
ζ � � 	 θi

ζ �
6 � EQδ weobtain

∑λiU i 	 f̄ ie��� ∑λiU i 	 xi
ζ � � 	 1 � δ � ∑

s� Sc
ε � δ;ζ � ε̄ δt � s� πs� ε̄ 	 1 � δ � ∑

s� Sc
ε � δ;ζ � δt � s� πs (16)

In view of (i), thefirst expressionof (16) tendsto 0 asδ tendsto 1; hencethelast
expressionalsotendsto 0 asδ tendsto 1. Becausēε dependsonly on ε andis
independentof δ. this implies(ii).

To prove (iii), fix ε � 0. Becausethe rangeof the endowmentmappingis
finite, we canchooseε M � 0 sufficiently small that for every trader i andevery
date-events � S, if consumptionsat s andat all date-eventsσ � s� arewithin ε M
of perfectrisk sharing,thenmarginalutili tiesarewithin ε of themarginalutili ties
atperfectrisk sharing.Formally: if s � S, if � xs � f̄ ies ��� ε M andif � xσ � f̄ ieσ ��� ε M
for everyσ � s� then ???? Dui 	 xs�

Dui 	 xσ � � Dui 	 f̄ ies�
Dui 	 f̄ ieσ � ???? � ε

Now fix anequilibrium ζ � EQδ. Thefirst orderconditionsfor equilibriumimply
thatif s � Sp

ε
	 δ;ζ � theneither(i) s � Sc

ε w 	 δ;ζ � , or (ii) σ � Sc
ε w 	 δ;ζ � for someσ � s� .

Hence
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∑
s� Sp

ε � δ;ζ � δt � s� πs � ∑
s� Sc

ε w � δ;ζ � δt � s� πs% ∑
σ � Sc

ε w � δ;ζ � δt � σ & � πσ &� ∑
s� Sc

ε w � δ;ζ � δt � s� πs% 1
δ ∑

σ � Sc
ε w � δ;ζ � δt � σ � πσ

π 	 σ � s�� ∑
s� Sc

ε w � δ;ζ � δt � s� πs% 1
δmins1 σ π 	 σ � s� ∑

σ � Sc
ε w � δ;ζ � δt � σ � πσ

Multiplying by 1 � δ andapplying(ii) yields(iii).

As we have commentedearlier, our resultis drivenby theability of individu-
alsto borrow andnotby theirability to save. Thedistinction is importantbecause
thereis anasymmetryin our ability to estimatethepricesof risklessor risky as-
sets.In orderto borrow, individualsmustsell bonds,so individualswho smooth
consumption by borrowing desirehigh assetprices(low interestrates);Lemmas
1 and2 provide theboundswe need.In orderto save,however, individualsmust
buy bonds,so individualswho smooth consumption by saving desirelow asset
prices(high interestrates).Unfortunately, wedonotknow how to obtaina priori
upperboundsonassetprices(lowerboundson interestrates).Indeed,evenwhen
thereis noaggregaterisk, it seemspossiblethatequilibriuminterestratescouldbe
arbitrarilynegativeatsomedate-events.(Ourassumptionsonpreferencesanden-
dowmentsguaranteethatequilibriuminterestratesmustequalsubjective interest
rateswhenmarketsarecomplete,but do not rule outnegative interestrateswhen
— ashere— marketsareincomplete.)

Wehaveassumedherethattradersareequallypatient(thatis, shareacommon
discountfactor); it is not entirelyclearwhatconclusionswould obtainif traders
areunequallypatient. The problemis that the lower boundfor the equilibrium
utili ty of the mostpatienttraderdependson the estimatedstopping time of the

42



alternative plan, this estimatedstoppingtime dependson the lower boundfor
equilibriumprices,andthis lowerbounddependsin turnonthediscountfactorof
the leastpatienttrader. If the mostpatienttraderis muchmorepatientthanthe
leastpatienttrader, utility accumulatedbeforethis stopping time might represent
an insignificant portion of the lifetime utili ty of the most patienttrader. Thus
the argumentgiven doesnot generalizeunlessdiscountfactorsare sufficiently
similar. On the otherhand,it seemsnaturalto supposethat, at equilibrium, the
leastpatienttradersconsumemore in early date-eventsandless(or nothing) in
laterdate-events, whichsuggeststhatsharperpriceestimatesmightbeavailable.
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Appendix 2

Chooseε � 0 sufficiently smallthat

v � 1
2 P H1 � γ � L1 � γ	 1 � kε � γ R � 0 and 	 1 � 2kε � H

L
� 1

Weshow thatfor ε at leastthissmall,andδ sufficiently closeto 1, noequilibrium
is closeto perfectrisk sharing.Indeed,weprovideanexplicit boundontheutility
losscomparedto perfectrisk sharing.

Theargumentdependson two bounds:anabsoluteupperbound(independent
of the discountfactor)on the equilibrium debtof the small traderat any date-
event, andan absoluteupperbound(independentof the discountfactor)on the
equilibrium savings of the small traderon a setof date-eventsof positive time-
discountedprobability. PartsI andII below derive thesebounds,andPart III uses
theseboundsto providethedesiredestimateof theutili ty losscomparedto perfect
risk sharing.

Part I: Debt

Fix a discountfactor δ andan equilibrium of 3 δ. For eachdate-event s, write
1 � fs � fs for theendowmentsharesof the largeandsmall traders(respectively),
so that 	 1 � fs� es � fses arethe endowmentsof the large andsmall traders.Write
xs � ys for theequilibrium consumptionsof thelargeandsmalltraders.Write ds for
thedebtof thesmalltrader, sothat � ds is thesavingsof thesmalltrader.

Chooseα sothat

1 2 α 2 	 1 � 2kε � H
L

andchooseV sufficiently largethatP αγ � 1
αγ % R V � Lkεk L 	 1 � kε � l γ � v

Weassertthat,independently of thediscountfactorδ, thedebtof thesmalltrader
neverexceedsVHγ % kε. Theargumentis in severalsteps.
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Step 1 Although we wish to boundds, which is debtat the beginning of date-
events, it is convenientto work with Ds

� ds % ys � fses, which is debtat theend
of date-events andWs

� Dsx � γ
s , which mightbethought of aspotentialdebt.We

show thatpotentialdebtis bounded(independentlyof thediscountfactorδ); this
will yield aboundondebt.

Step2 Note thatxs � 0 at every date-events. For, if not, theconsumption plan
x
�
definedby x

�
s
� txs % 	 1 � t � 	 1 � fs� es would be feasiblefor every t with 0 2

t 2 1 andwould give greaterutility thantheequilibrium consumption planx for
t sufficiently closeto 1. Hencethe equilbriumbondprice is determinedby the
marginalutilit iesof thelargetrader. Writing s� � * A � B � C � D + , thismeansthat

qs
� δ

x� γ
A % x � γ

B % x� γ
C % x � γ

D

4x � γ
s

Step3 Wenow describetheevolution of debt.Fix s � S. Thesmalltraderenterss
with debtds, consumesys, andfinanceshisplanby sellingendowmentandbuying
or sellingtherisklesssecurity. His debtenteringany succeedingdate-eventσ � s�
is therefore

dσ
� 1

qs
k ds % ys � fsesl

Keepingin mind thatxs % ys
� es andthedefinitionof Dσ � Ds yields

Dσ
� dσ % yσ � fσeσ� 1

qs
k ds % ys � fsesl % yσ � fσeσ� 1

qs
Ds % 	 eσ � xσ ��� fσeσ� 1

qs
Ds % k 	 1 � fσ � eσ � xσ l

SinceDs
� xγ

sWs andDσ
� xγ

σWσ, weobtain

xγ
σWσ

� 1
δ

xγ
sWs

4x � γ
s

x� γ
A % x � γ

B % x� γ
C % x � γ

D
% k 	 1 � fσ � eσ � xσ l

so

Wσ
� 1

δ
Ws

4	 xσ
xA
� γ % 	 xσ

xB
� γ % 	 xσ

xC
� γ % 	 xσ

xD
� γ % 1

xγ
σ
k 	 1 � fσ � eσ � xσ l
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Step4 Weestablishthefollowingclaim:

Claim If Ws � V then : σ � s� suchthatWσ � Ws � v.

To seethis, recallfirst that,by construction,thesocialendowmentis small in
two date-eventsin s� andlarge in two; sayeA

� eC
� L � eB

� eD
� H. Without

loss,assumexA � xC andxB � xD. Then

WA � Ws
2	 xA

xA
� γ % 	 xA

xB
� γ % 1

xγ
A

k 	 1 � fA � eA � xA l
WB � Ws

2	 xB
xA
� γ % 	 xB

xB
� γ % 1

xγ
B

k 	 1 � fB � eB � xB l
andhence

WA � Ws � Ws
1 � 	 xA

xB
� γ

1 % 	 xA
xB
� γ % 1

xγ
A

k 	 1 � fA � eA � xA l
WB � Ws � Ws

1 � 	 xB
xA
� γ

1 % 	 xB
xA
� γ % 1

xγ
B

k 	 1 � fB � eB � xB l
If xA F xB � α, thenWB � Ws � v. AssumethereforethatxA F xB 2 α. Noticethat

1 � 	 xB
xA
� γ

1 % 	 xB
xA
� γ � � 1 � 	 xA

xB
� γ

1 % 	 xA
xB
� γ

Keepingthis in mind,andmakinguseof our choiceof α andtheassumption that
xA F xB 2 α, a little algebraleadsto thefollowing inequalities:

WA � Ws � % Ws
1 � 	 xA

xB
� γ

1 % 	 xA
xB
� γ � Lkεk L 	 1 � kε � l γ (17)

WB � Ws � � Ws
1 � 	 xA

xB
� γ

1 % 	 xA
xB
� γ % 	 1 � kε � H � αL

Hγ (18)

Adding (17)and(18)yields	 WB � Ws� % 	 WA � Ws �~� 	 1 � kε � H � αL
Hγ � Lkεk L 	 1 � kε � l γ� kε P H1 � γ � L1 � γ	 1 � kε � γ R� 2v
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In particular, eitherWA � Ws � v or WB � Ws � v, asdesired.

Step5 Weassertthatpotentialdebtis boundedbyV. To seethis,supposenot. In
view of Step4, thereis asequenceof successivedate-eventsalongwhichpotential
debttendsto infinity. Henceeitherthereis a sequenceof successive date-events
alongwhichconsumption of thelargetradertendsto 0 anddebtof thesmalltrader
is non-negative,or thereis a sequenceof (not necessarilysuccessive)date-events
alongwhichendof perioddebtof thesmalltradertendsto infinity. Thefirst alter-
nativeis untenable:If consumptionof thelargetraderis smallatdate-events then
marginalutili ty for consumption is large.Sincethedebtof thesmalltraderis pos-
itive, thesavingsof thelargetradermustalsobepositive. Hence,for sufficiently
smallλ � 0, thelargetraderwouldfind it feasibleandpreferableto alterhis con-
sumption planatsandall succeedingdateeventsto 	 λxs % 	 1 � λ � 	 1 � fs� es � ; this
wouldcontradictoptimality. On theotherhand,thesecondalternative is alsoun-
tenable:sinceendowmentsarebounded,if endof perioddebttendsto infinity then
beginning of perioddebtmustalsotendto infinity. But Levine andZame(1994)
show that,at any equilibrium,debtis bounded.21 Weconcludethatpotentialdebt
is boundedby V.

Step 6 It follows immediately from the definitionof potential debtthat debtof
thesmalltraderis boundedbyVH γ % kε. ThiscompletesPart I.

Part II: Savings

We chooseν 2 1 andshow thatsavingsof the small trader � ds areboundedby
kεH F 	 1 � ν � at a setof date-eventsof time-discountedprobabilityboundedaway
from 0 (independentlyof δ). Again, theargumentis in severalsteps.

Step1 Write

qL
� δ

H � γ % L � γ

2L � γ

qH
� δ

H � γ % L � γ

2H � γ
21In general, the bound on debtestablishedby Levine andZame(1994) will depend on the

discount factor δ. The present argument is subtlebecausewe require a bound on debt that is
independentof thediscountfactor.
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Arguingexactly asin theproof of Lemma4, we seethat thepriceof theriskless
bondsatisfies:

qs � = qL if es
� L

qH if es
� H

(19)

NotethatqLqH � 1 if δ is sufficiently closeto 1. Wemaythereforechooseandfix
realnumbersχ � ν 2 1 suchthat

qk
LqqH � 1

νk � q if
k� � χ

for all δ sufficiently closeto 1.

Step2 As notedearlier, theevolution equationfor thedebtof thesmalltraderis

dσ
� 1

qs
k ds � fses % ysl

for any σ � s� . Becausethe initial debtandsaving are0, we canboundsavings
at laterdate-events: for every dateT andeverydate-events with t 	 s� � T % 1 we
have � ds � T

∑
t � 0

B fst est

T

∏
t zU� t

1
qst z C

In view of thepriceestimate(19),

T

∏
t z � t

1
qst z � 1

qk � t z �
H qq"� t z �L

wherek 	 t � is the numberof timesin the specifiedrangethat es
� H and � 	 t � �

T � t is thenumberof timesthates
� L. Thus,if k 	 t � F � 	 t � � χ then

T

∏
t z � t

1
qst z � νT � t

Henceif k 	 t � F � 	 t � � χ for every t � T then� ds � T

∑
t � 0

D kεHνT � t E � kεH
1

1 � ν
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Step3 For eachT, considerthesetG 	 T � of date-eventss with t 	 s� � T % 1 for
which k 	 t � F � 	 t � � χ for every t � T, andwrite G for thesetof date-eventss for
whichs � G 	 t 	 s� % 1� . BecausetheunderlyingMarkov processis i.i.d. with tran-
sition probabilitiesequalto 1/4, theusualcoin-tossinginequalitiesguaranteethat
we canchoosea realnumberβ � 0 independentof T suchthatProb	 G 	 T �!� � β.
It followsthatthetime-discountedprobability of G alsoexceedsβ, independently
of thediscountfactorδ.

Part III: Utility

Let K beanintegersufficiently largethat

Kε � kεH
1 � ν

� VHγ % kε

Write P for the set of date-events s for which bond prices in the date-events
s� s��� s� 2 �! 
 ! 
� s� K arebelow 1 whenever the socialendowment is low. Arguing
exactlyasin theproofof TheoremB, weseethatif δ is sufficiently closeto 1, then
thetime-discountedprobability of P exceeds1 � 1

2β. Becausethetime-discounted
probability of G exceedsβ, it followsthatthetime-discountedprobabilityof P � G
exceeds1

2β.

For s � P � G, sets1
� s; let s2 � s�1 betheuniquedate-eventin which social

endowmentandsmalltraderendowmentarebothsmall,let s3 � s�2 betheunique
date-eventin whichsocialendowmentandsmalltraderendowmentarebothsmall,
andsoforth. Thesequenceof date-eventss1 � s2 �! ! ! sK � 1 hastheseproperties:

(i) � ds1 � kεH
1 � ν

(ii) at eachsk the underlyingMarkov processis in state1 (low socialendow-
ment,smallsharefor smalltrader)

(iii) ateachsk bondpricesareboundedby 1: qsk � 1

Supposethat ysk � εL � ε for eachk � K % 1. It follows from (ii) that the
smalltraderdissaves by at leastthefixedamountε at eachdate-eventsk. In view
of (iii), debtmustgrow by at leastthefixedamountε ateachdate-eventsk. Hence,
makinguseof (i) yields

dsK � 1 � Kε % ds1 � Kε � kεH
1 � ν

� VHγ % kε
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However, wehaveshown thatthedebtof thesmalltraderneverexceedsVH γ % kε,
sothis is a contradiction.

We concludethat for eachs � P � G thereis a dateevent σ � s suchthat
t 	 σ ��� t 	 s� � K andyσ � εL 2 ε. Perfectrisk sharingrequiresthe small trader
to consumeat least k� 1

2 εL � 2εL in every date-event, so this representsan (un-
weighted)utility loss(comparedto perfectrisk sharing)of at least k εL l�kDu2 	 2εL � l .
BecauseP � G is a setof date-eventsof time-discountedprobability at leastβ F 2,
takinginto accountthepossibility of counting somedate-eventsmorethanonce,
it follows that the total utility loss comparedto perfectrisk sharingis at leastk 1
2K βδK l�k εL l�kDu2 	 2εL � l .
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