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Abstract

This paperarguesthatincompletenes of intertemporalfinancid markets
haslittle effect (on welfare, prices or consumptias)in aneconany with a
singleconsunptiongood,providedthattradersarelong-ivedandpatient,a
risklessbord is traded, shods aretransitory, andthereis no aggegaterisk.
In an ecoromy with aggreate risk, a similar conclusion holds, provided
trades sharethesameCRRA utility function andtheright assetaretraded.
Examplesdemongrate that theseconclusions neednot hold if the wrong
assetsaretradedor if theeconany hasmultiple consumption goods.

JEL Classificaion Numbers D41, D51

Keywords infinite horizon ecanomies,incompete markets, law of large
numbersconsmptionsmoothng, permarntincomehypottesis



1 Intr odudion

Doesmarket incompleenessnatter— for welfare, for prices,for consumgion?
If thetime horizonis short,marketincompktenesgenerallywill matterbecause
it entailsthe inability to insureagainstrisk. But whenthe time horizonis long,
intuition suggestshat market incompletenesmay not matterif traderscanself-
insure— borraving in badtimes, saving in goodtimes. This paperpresentsa
rigorous,theoreticallook at this intuition in a generalequilibrium setting. Our
focusis onwelfare,but our analysishasimplicationsfor pricesandconsumpgbn
aswell.

We frame our analysisin an infinite horizon exchangeeconomy populated
by infinitely-livedtraders! Intertemporatradein our modeleconomyis accom-
plishedthroughshort-lved real assets. Tradersmaximize discountedexpected
utility of their consumptn stream usinga commonsubjectve discountfactor?
We treattraders’comma discountfactorasa parameterandaskaboutthe wel-
farelossesof marketincompleenessasthe discour factortendsto 1. (Our em-
phasisonasymptdic behaior is in thespirit of the Folk Theorenfor infinitely re-
peatedyames.We shav in TheoremA thatmarketincompleteneswill notmatter
(in the sensahatwelfarelossegendto 0 asthe discountfactortendsto 1), pro-
videdshocksaretransitoryandpurelyidiosyncratic(sothereis noaggreaterisk),
andthatonly a singleconsumgion goodis traded. This conclusionis robustto
assumpbnsaboutconsumepreference (we assumenly thatutility is separable
over time andthatthefirst derivativesof periodutility functionsare corvex) and
to assumpbns aboutthe assetstructure(we assumeonly thatrisklessbondsare
tradedat eachdate-@ent; theassestructurds otherwisearbitrary)2 Ontheother

Lour conclusiors would bemuchthesamein afinite horizonworld, providedwe wereto treat
boththelengthof thehorizon andthediscownt factorof trades asparanetersitheinfinite horizan
framavork seemsamore naturalandis definitelymorecornvenient. Anotheralternatve would beto
conside aninfinite horizon world popuatedby overlappinggeneationsof finitely livedtraders.
Analysisof sucha modelwould be complicatedby the needto treatboththe discoun factorof
trades andthe lengthof their lifetimes as paraneters,but we believe the conclusios would be
similar to thoseobtanedhere.

2BecausePonzi schemesnustbe ruled out, the definition and existerce of equilibrium are
subtleissues.We rely hereon Levine andZame(19%); Magill andQuinzii (1994) provide an
equivalentformuation.

3Much of the literatureassumes specificassetstructue; typicaly risklessbonds only, or
equityonly, or risklesshords plusequityonly. Thefactthatwe allow for arbitrary assestructues
seemsmportarn to us,sinceaddingassetsnaybe Paretoworsenim.



hand, this conclusionis fragile to eachof the otherassumptios. In particular
we shawv in Examplesl and2 thatmarketincompletenessmay matterwhenthere
is aggreyaterisk (even when other stringentconditionsare met), and we shov
in Example3 that market incompktenessnay matterwhenthereis morethan
oneconsumptio good. (ConstantiniésandDuffie (1996)have shavn thatmar
ketincompktenessnay matterif shocksarepermanent.Marketincompleteness
mattersin Examplesl and2 becauseggreaterisk affectsprices;in particular
it drivesup therisklessinterestrate, makingborraoving constraintgighter. Mar-
ket incompktenessnattersin Example3 becauseelative price effects provide
anadditioral, untradedsourceof risk.* Finally, we provide in TheoremB some
(strong)sufficient conditionson preferencesgndavmentsandthe assettructure
in orderthatmarketincompletenessot matterin a one-goodexchangesconomy
with bothidiosyncraticandaggreaterisk; a crucial condition is thatthe market
for aggreyaterisk is complete.

Of coursetheideathatpatientconsumerganself-insureis notanew one. A
familiar partial equilibrium expressim of thisideais dueto Yaari(1976). Yaari
analyzesheoptimal lifetime consumgion patternof aperfectlypatienttraderwho
livesalong (finite) lifetime, facesani.i.d. endavmentstreamandcanborrov and
saverisklesslyataO interestrate. Yaarishavsthat,asthetraderslifetime tendsto
infinity, theoptimalconsumpbn plancorvergesto constantverageconsumgbn
andthe (perperiodaverage)utility of the optimalconsumgion plancornvergesto
the utility of constantaverageconsumptn. Our TheoremA parallelsYaari's
work (andrests,in a similar way, on the Law of Large Numbers) put therearea
numberof importantdifferences First,andmostimportanty, Yaaritreatsa one-
consumepptimizationproblem,while we treatanequilibrium problem.Second,
Yaari allows consunption to be negaive, while we require consunption to be
non-n@aive. ThusYaari's consunersdo not faceborroving constrains, while
oursdo. As we shall see,theseborroving constraintglay animportantrole in
our analysis> Third, Yaari assumeshat the risklessinterestrateis 0, while we
derivetherisklessinterestrate. In our context, therisklessinterestratecannotbe
muchabove 0, but mightbe muchbelow 0. This hasimportantconsequencesr
the form of the alternatve planswe useto provide lower boundson equilibrium
utilities. Becauseanterestratesaredifferentfrom 0, theseplansmustmaintaina

4To insureagainspricerisk in suchasetting,it would appeathattrades would requre access
to assetsvhosedividerds depem on prices

5The possibility of negative consunption is crucialto Yaari's conclusionthatthe consumes
optimd consumgion plancorvergesto constantverage consumption.



delicatebalancebetweerconsumgpion smoothimg andthegrowth of debt.Because
interestratesmight be negative, theseplanscall for consumergo borrov when
necessanand repaywhen possible— but not to save. (Keepin mind that we
arediscustg alternatve feasibleplans,not equilibrium plans.At equilibrium, of
course market clearingmeanghatwhensometradersborronv othersmustsave.)

Theimplications of marketincompktenesfiave beenthe subjectof muchin-
terestin the macroeconomics/finandierature,but the focustherehasbeenon
prices,ratherthanon welfare. Much of the motivationfor this literaturehascome
from the obsenation, following MehraandPrescot{1985),thatthe standard_u-
cas(1978)assepricing modelhasa greatdealof troubleexplainingtheobsened
high ratesof returnon equities(the “equity premiumpuzzle”) andthe low rates
of returnonrisklesssecuritieqthe “risklessrate puzzle”). Most of this literature,
of which Telmer(1993),Lucas(1994),and Heatonand Lucas(1996)arerepre-
sentatve, providesnumericalsoluions to modelscalibratedto obsered param-
eters. (Kocherlalota (1996) providesan excellentandintuitive discussio of the
numericalfindings.) This literaturegenerallyconcludeghat market incompkete-
nessaloneis not sufficient to explain the quantitatve featuresof the data.Heaton
andLucas(1996),in particular argue that explaining the datarequiressubsan-
tial tradingfrictions, persistencef idiosyrcratic shocks,or correlationbetween
idiosyncraticandaggregyateshocks— in additionto marketincompktenessBe-
causewe focuson exchangeeconomiespn welfare,andon the asymptott limit
as the discountfactor tendsto 1, our work is not preciselycomparableo the
macroeconomics/finandierature,but it is probablyfair to saythat our results
pointin a differentdirection. In particular we find that, in the presenceof ag-
gregaterisk, marketincompetenesslonemay have substanal effects.We stress
thatwe provide theoremsnot numericalsolutions; on the otherhand,we do not
provide quantititive results.

Calvet (1997)andWillen (1999) have examinedsomesimilar questimsin a
particularincompgete marketsframewnork (onegood,exponenial utility, normally
distributed assetreturns,negative consumptbn allowed). Calvet shavs thatin-
completenesmattersa greatdeal— in particular volatility of assetpricesmay
be extremelyhigh— if consumersrequiteimpatient Willen, onthe otherhand,
shavsthatincompktenessnattersvery littl e if consumersrereasonablyatient.

Ourresultgporovide atheoreticakchoto theempiricalconclusios of Townsend
(1992)concerningvillage economiesa greatdealof risk sharingmaytake place
evenin theabsenc®f a complicatedstructureof financialinstruments



The questims we raiseherearereminiscenof what Friedman(1957)called
thepermanenincomehypothesisthattradersbehae soasto maintaina constant
maiginal utility of income. Friedmans discussia of the permanentncomehy-
pothesiswasinformal; he did not offer ary specificformalization. Yaari (1976)
establiskedthevalidity in his settingof a one-consumeformalization:*. .. asthe
numberof planningperiodsbecomesrery large, optimal consunption tendsto
permanenincome...” SinceYaari's resultsandour TheoremA leadto thesame
conclusios aboututility, we hereestablisithe validity, in the settingof Theorem
A, of an equilibriumformalization: as consuner discountfactorstendto 1, the
utility of equilibriumconsumptio tendsto theutility of permanenincome.In the
settingof TheoremB, however, the utility of equilibrium consumpbn doesnot
tendto theutility of permanenincome butratherto theutility of permanenshare.
In ourvariousexampledor which marketincompletenessiattersconsumpbnis
not perfectlysmootled,andagainthe utility of equilibriumconsumpton doesnot
tendto theutility of permanenincome.Bewley (1977)providesaratherdifferent
formalizationof the permanentncomehypotesis. Bewley’'s framework is dif-
ferentfrom Yaari'sin thatBewley treatsan equilibrium formulation ratherthana
one-consumeformulation, anddifferentfrom oursin thatBewley’s modelecon-
omy is populatedoy a continuumof traderswho areex anteidenticalbut subject
to idiosyrcratic shocks,while our modeleconomiesare populatedoy heteroge-
neoudraders.It is probablyfair to saythatour work suggestshatthe permanent
incomehypohesis,in thetraditionalsenseis notlikely to hold, exceptin aworld
thatcanbe approximatedy a one-goodvorld with no aggreaterisk

Despitea superficialsimilarity, our work is quite differentfrom the body of
work in the financeliteratureshowving that, wheninformationis revealedgradu-
ally, frequenttrading of long-lived assetanay leadto dynamicallycompletefi-
nancialmarketsandhenceto efficiengy. (SeeKreps(1981)andDuffie andHuang
(1987) for instance.) In our framework, informatian is not revealedgradually
only short-lived assetsare traded, trading is not frequent,and markets are not
dynamicallycomplete.



2 The Econony

2.1 Time and Uncertainty

Time and uncertaintyare representedby a countablyinfinite treeS. Eachnode
onthetreerepresenta date-eent. Theinitial date-eent(theroot of thetree)is
denotedby O € S. For date-eentss, s’ € S, we write s < § to meanthats' follows
s (ands precedess). For eachdate-@ents € S otherthan0, we write s~ for
the (unigue)date-@entthatimmedately precedes, s* for the setof date-eents
thatimmedatelyfollow s, st2 = (st) T for the setof date-eentsthatfollow date-
eventsthatimmediatelyfollow s, andsoforth.

Eachs € Sis afinite histay of exogenousvents;we denotethelengthof that
historyby t(s). Thust(0) =0 andt(s ) =t(s) — 1. A completepaththroughthe
treeSis a completehistay of exogenousevents;write 4 for the setof all such
infinite histories.Givenafinite historys € Swith t(s) >t (respectiely, aninfinite
historyh € #) anda datet, write s (respectiely, h;) for the history up to and
including timet. Thuss; € Sandt(s) =t (respectiely, hy € Sandt(h) =t).

We assumethat exogenouseventsfollow a finite Markov chainwith state
spaceQ and strictly positive transition probabilties® That s, thereis a map
S W : S— Q which is a bijection on the sets™ of immediatesuccessorsf
everynodese€ S For se Sando € s*, T(0ls) = T(wg|ws) is the conditional
probability thatdate-&ento occurs giventhats hasoccured Because¢he under
lying Markov chainis finite andhasstrictly positive transitionprobabilties,these
conditional probabilties 1i(a|s) arestrictly positve anduniformly boundedaway
fromOandl. Notethaty 5+ TI(0|S) = 1. For se S, write 11 for theunconditonal
probabiliyy thatthe date-&ents is reached.Becausesomedate-@entis reached
atevery date,zt(s):t s = 1 for everyt > 0.

2.2 Commodities

ThereareL > 1 commodiies availablefor consumgion at eachdate-&ent. The
commodityspaceis the space/®(S)- of boundedfunctionsx : S — RL. For
x € £*(S)t, we write xs € R- for the bundle specifiedat dateevents. A con-

61t would sufiice that the underlying Markov chainbe recurent. We assumestrictly positive
transitionprokabilitiesfor convenierce.



sumpton plan is an elementof £°(S)4; thatis, a boundedfunctionx : S— R}.

Commodiiesaretradedonly onspotmarkets(thereareno marketsfor contingent
commodties), sospotpricesare(not necessarilypounded¥unctionsp : S— Ri.

Given a spotprice p, we write ps € R for the spotpricesat date-ents. It is

cornvenientto take the first goodasnumeraire andto normalizeso thatthe spot
price of thenumerairegoodis 1 ateachdate-@entse S,

2.3 Securities

Intertemporaltradetakes placethroughthe exchangeof securities(assets).For

simpicity, we assumehatJ securitiesaareavailableat eachdate-@ent,thatsecu-
rity returnsaredenomiratedin units of the numerairecommodiy, andthateach
securityis short-ived, yielding returnsonly at the immedate successonodes.
SecurityA; tradedat the date-@entsyields Aj (o) unitsof the numerairegoodat
thedate-eento € st; theportfolio 8 € RY of securitiesat date-eents yieldsdiv-

idendsof divs0 = ¥ ; 8jA; (o) unitsof thenumerairecommodty atthedate-eent
o € s™. (Notethatdivy : R? — R is alinearoperaton We assumehatfor eachs
thereis aportfolio Y suchthatdivsp > 0 for eacho € s™; thiswill certainlybethe
caseif arisklessbondis tradedat eachdate-@ent. Securitypricesarefunctions
q: S— R’; wewrite gs € R? for securitypricesat date-eents.

2.4 Utilities

Thereare N infinitely lived tradersi = 1,...,N, having utility functionsU' :
(9% - R. We assuméradersmaximizethediscounédsumof expectedutility,
accordingto a stationaryperiodutility functionu'. Thus

Ui = (1-3) % o 3 i)

We assumehatu' is a smooh (C?) strictly concae, strictly increasingunction.”
We write Ué in orderto emphasiz¢hedependencenthediscountfactord, which
we think of asa parameter The leadingfactor (1 — 8) normalizesso that the
discouned utility of the constanttonsumptin streamc is u'(c), independenof
thediscountfactord.

’Notethatutility fundionsareboundedbelow.
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2.5 Endowments

We assumeendavmentsare Markov (i.e., the endavmentel, of traderi at date-
events dependsonly on the statews of the underlyingMarkov chainat s) and
boundedaway from O (i.e., thereis a constanim > 0 suchthatel > (m,...,m) for
eachi,s).

2.6 Budget Setsand Debt Constraints

Given spotprices p and securitypricesq, traderi choosesa consump®n plan
X:S— Ri anda portfolio tradingplan®' : S— R’. At eachdate-eents, trader
i facesa spotbudgetconstraintvhich maybewritten:

Ps- X+ Qs- 6 < ps- €+ divsBl 1)

Thatis, expenditureto purchaseeonsumpbn andto purchasesecuritiesdoesnot
exceedincomefrom saleof endavmentandfrom dividendson securitiesacquired
atthe previous date-@ent. (Reall thatsecuritiesaredenomiratedin unitsof the
numerairecommality, whosepriceis normalizedo 1.)

In our infinite horizonsetting thesespotconstraintsare not sufficient to rule
out Ponzischemegdoubling stratgies)andhenceunlimited amountsof borrow-
ing. Aswe shaw in Levine andZame(1996),theadditionalconstraintsiecessary
to rule out Ponzischemesnaybeformalizedin ary of anumberof ways,eachof
which leadsto an equivalent notion of equilibrium.8 Herewe find it corvenient
to formalizethe constraintdy requiringthatit shouldbe possibleto repayalmost
all thedebtin finite time.

To formalizethis idea, fix pricesp,q anda portfolio tradingplan 6. Define
debtatdate-&ents asthevalue(in unitsof account)f the obligationto repayon
securitiesheld enteringdate-&ents. Becausesecuritiesaredenominatdin units
of thenumerairecommodity andthe price of the numerairecommodiy is 1, debt
atdate-eentsis:

ds = —divsBs-

If thisquantityis positive, atraderfollowing the portfolio tradingplan® is in debt
enteringdate-@ents. To meetthis debt, the tradermustraiseincomefrom the
saleof endavmentand/orsecuritiegsellingsecuritieds borrowing).

8SeealsoMaygill andQuinzii (199%).




We constrairdebtat date-&ents by prescribinga positive upperboundon ds.?
(Prescribinga negative upperboundwould requiretradersto sare.) We saythat
the debtds > 0 canberepaidin finite time froms if thereare consumpbn and
portfolio plansy, ¢ andatime horizonT suchthat:

® Ps-Ys+0Os- Gs+ds < ps- €

e Vg, satisfythe spotbudgetconstraint(1) atevery date-e@entc > s

e if 0 >sandt(o) —t(s) > T thend; <0
Thatis, the plansmeetthe liability ds at the date-@ents, meetthe spotbudget
constraintat every date-eentfollowing thedate-@ents andleave no debtat any

date-@ent following s by T or more periods. Define the finitely effective debt
constrints as:

DL = sup{d : d canberepaidin finite timefrom s }
Finally, definethe budget setfor traderh at pricesp, g as:
B'(p,q) = {x‘, 8 : foreachs:
Ps- X5+ 0s- 65 < ps- €5+ diVSGL__,
ds = —div6, < DL foreveryo e s+}

Note that we constraintradesat dateevent s by limiting debtat all dateevents
thatimmediatelyfollow s. (No debtconstraintis necessargnteringthe initial
date-&ent0 becausenitial holdings of securitiesare0.)

2.7 Equilib rium

An equilibrium consiss of spotpricesp, securitypricesq, consunption plans(x')
andportfolio plans(8') suchthat

o for eachs: . .
2%=2 8
1 1

9Thereaderfamiliar with Levine andZame(1996) will notethatwe useherethe oppaitesign
corventionfor debtanddebtcorstraints.




e for eachs:

S 8,=0

|
e for eachi:
(X,8") € B(pq) and
(v,9") €B'(p,a) = U'(X)>U'(Y)
Thatis, commodiy marketsclear securitymarketsclear tradersoptimizein

their budgetsets. Levine and Zame(1996) shav that (with assumpbns wealer
thanthosemadehere)anequilibrium exists 1011

10existenceof equilibrium depemls on the assumptiorthat assetsare denoninatedin a nu-
meraie good withoutthatassumptia, only pseudeequilibria needexist.
IAs KublerandSchmeders(1999 show, Markov equilibrianeednot exist.

9



3 Idiosyncratic Risk

In this sectionandthe next we addres®negoodeconomiesWe begin by consid-
eringeconomiesn whichrisk is purelyidiosyncratic.

AssumptionAl L =1 (onegood).

Assumption A2 The socialendavmente = §; e, is independenbf s S (no
aggreaterisk).

Becausdhe socialendavmentis constanandthe numberof tradersss finite,
endavmentsmustnecessarilype correlatedacrossndividuals. However, thisnec-
essarycorrelationis purely anartifact of thefinitenessof our model. An obvious
alternatve would be to considera modelwith a continuumof traders,in which
caseindependencef individual riskswould be consistentvith absencef aggre-
gaterisk. A resultsimilar to our TheoremA below could be establified about
sucha model. We preferherethe modelwith afinite numberof tradersbecause
LevineandZame(1996)guaranteethatanequilibriumexists to ourknowledge,
no comparablexistencetheoremsareknown for the modelwith a continuumof
traderst?

In additionto the previous assumptnsaboututility functions,we assumehe
following.

Assumption A3 For eachi, Du' is (weakly)corvex.

If utility functionsareC?2, Assunption A3 will besatisfiedf third derivatives
are non-n@ative (so Assumpion A3 is relatedto a precautionarydemandfor
saving in the senseof Leland (1968)), which will in turn be the caseif absolué
risk aversionis non-increasingSeeLemmal below for theimportof Assumpion
A3 in our context.

Finally, we make oneassumptia aboutthe assestructure.

2Modelswith acontiruumof identicd trades wereintroducedandanalyzedy Bewley (1986),
but we allow herefor hetergeneityacrasstrades.
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Assumption A4 At eachdate-@ents, arisklessreal bond,yielding oneunit of
consumpibn ateachdate-eento € sT, is availablefor trade.

Notethatwe allow for the possibiity thatotherassetarealsotradedandthat
differentassetaretradedat differentdate-eents.

We areinterestedn the natureof equilibrium for discountfactorsd closeto 1.
We thereforefix securitiesendavmentsandperiodutility functionsu’. For each
discountfactord < 1, write ‘E5 for the economy(with the given securitiesen-
dowmentsandperiodutility functions)in whichtradersusethecommondiscount
factord, andwrite EQg for the setof equilibriaof E5. Becauseve normalizethe
spotprice of consumptio to beidentically 1, we henceforttrsuppresspotprices.

An equilibrium{ € EQ; is thereforeatriple { = (qz, (xiz), (eiz)), of assefprices
0z, consumgbn plans(xiz) andportfolio pIans(GiZ). Givenanequilibrium¢ and
adateevents € S, we write gz, XiZs’ G‘ZS (ratherthan(q;)s andsoforth) for prices,

consumpbn and portfolio choice of the i-th consumerat s. Whenthereis no
dangerof confusionwe suppresshe subscript.

Becausendividual endavment dependonly on the stateof the underlying
Markov chain,they eachhave alongrunaveragewrite € for thelongrunaverage
of €.

Assumpions Al andA2, togethemwith our previousassumpons,imply that,
for every 9, the Paretooptimalallocationsof ‘E5 coincidewith (N-tuplesof) fixed
sharesof the constantsocialendavment. In particular for every 9, the perfect
risk-sharingallocationé = (€',...,eN) at which eachtraderconsumeshis long
run averageendavment, is Paretooptimal.

Ouir first result assertghat when 8 is sufficiently closeto 1 (thatis, when
tradersaresufficiently patient),every equilibriumis closeto perfectrisk sharing,
in thesenseahat(i) equilibriumutilitiesarecloseto the utilities of the perfectrisk
sharingallocation (ii) thetime-disountedorobabilitythatequilibriumconsump
tionsdeviatefrom the perfectrisk sharingallocationby morethanagiven amount
is small, (iii) thetime-disountedprobabilty thatequilibriumassefpricesdeviate
from risk neutralpricing by morethana givenamountis small 13

13Becausdeasibleconsunptions are bourded by the social endavment, (i) implies thatthe
time discourted expecteddeviation of consunptionsfrom perfed risk sharingis small. However,
equilibrium assetprices neednot be bounded, so (iii) does not imply that the time discouned
expecteddeviation of assepricesfrom risk neural pricingis small.

11



To measurehedeviation from perfectrisk sharingfix adiscountfactord and
anequilibrium { = <an (%), (eiz)) . Fore > 0, write

S50 = {se S: Jtraderi, |xiZS—ér| > s}

Thisis thesetof dateeventsatwhichtheequilibrium consumgion of sometrader
differsfrom hislong run averageconsumpgbn by morethane.

To measurehe deviation from risk neutralpricing, fix a discountfactord and
an equilibrium ¢ = (qz, (xiz), (eiz)). If sis ary dateeventand¢ is a portfolio
tradedat s, then Eg(divg$) is the expectedpayof of ¢, and dEs(divsd) is the
discounédexpectedpayof of ¢, which by definitionis therisk neutralprice. The
deviation from risk neutralpricing canthereforebe measuredy the amountby
whichtheratio of theequilibriumpriceto therisk neutralpricediffersfrom unity.
For e > 0, write

(50 = {se S: 3 portfolio ¢,

QZS' (I)
SEs(dVad) 1‘ > 8}

Thisis the setof dateeventsat which risk neutralpricing of someportfolio fails
by morethane.

Theorem A If AssumpbnsAl-Adare satisfedthen:

(i) for everytraderi:

lim sup ‘Ué(xiz)—ui(é'r)‘:o

o—1 L€EQ;
(i) foreate>0:
lim sup (1—29) 3 = 0
61 ZcEQs <30
(i) foreade:
lim sup (1-9) 3y =0
o—1 Z€EQs 3

12



The proof (deferredto Appendix1) providesa lower boundon equilibrium
utility by constructig a budgetfeasibleplan whoseutility is almostthatof con-
stantaverageconsumptio. Fromthis estirmate,the natureof the Paretosetallows
usto infer (i), andthe remainingconclusiondollow easily A crucial stepin the
argumentis establishig that the price of the risklessbondis not muchbelowv 1
atevery date-@ent. (Equivalently: therisklessinterestrateis not muchabove 0.)
Thiswill beimportantbecausehe budgetfeasibleplanwe constructs financed
by borrawing, anda high price (low interestrate)makesborroning easy

Theprice(interestrate)estimatene needis containedn thefollowinglemma,
whichrepresents particularformalizationof anintuition commonin thefinance
literature (but not, asfar aswe canfind, establisked rigorouslyin arny context
similar to ours)that a precautionarydemandfor savzing drives down the interest
rate. The elegantproof below is a small adaptatiorof an argumentin Haraand
Kajii (2000);our originalagumentwasmuchmorecumbersome.

Lemma 1 AssumeA1-Adhold. Fix a subjectivediscountfactord. If g, (x'), (6')is

an equilibrium for the economyEg and gt is the price of the risklessbond, then
ot > dateverydate-eents € S. (Thatis, theprice of therisklessbondis bounded
below by the subjectivediscountfactor & at every date-event; equivalently the

risklessinterestrateis no greaterthanthe subjectivediscountrate % —latevery
date-event.)

Proof Fix a date-@ents < S, andwrite g2 for the price of the risklessbond at
s. For eachtraderi, an applicationof the first order conditionsfor equilibrium
togethemwith cornvexity of periodutility functionsyields

@) > 5y mol9Du(x)

5 DU ( S n(c\s)xic)
oest

DU (S et T(0[9)4y)
DU ()

Theassumpbn of no aggreaterisk entailsthat

5SS o= Snolsg=e=e=3Yx%

I oest oest | 1

Vv

Hence

1

0s =9 (2)
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Hencethereis atleastonetraderj for whom

Y molsgxb <
oest

Becauseeriodutility functionsareconcae, Du! is decreasingso

Dul ( S n(0|S)x<’}> > Dul (x))

ocst

Combinirg theinequalites (2) and(3) we concludethat

DU ( 3 ges (019

— >0
Dul (x})

g > 5

whichis thedesiredresult.m
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4 Aggregéde Risk

As we shallseein Appendix1, the proof of TheoremA dependn the estimate
establisked in Lemmal, that the equilibrium risklessinterestrate is bounded
above by the subjectve discountrate, and so is small whentradersare patient.
Whenthereis aggreaterisk, however, this boundneednot obtain;whenthe ag-
gregateendavmentis low, mary traderswill wantto borrav, andthis demandor
loansmay drive up the risklessinterestrate. A high risklessinterestrate inter-
fereswith risk sharingbecauset makesborrowing difficult. The two examples
below formalizethis intuition, shaving thataggreyaterisk caninterferewith the
sharingof individualrisk, evenunderratherstringentassumptnson preferences,
endavmentsandthe assestructure.ln TheoremB, which follows the examples,
we shawv thattradability of aggreyaterisk is key to almostperfectrisk sharing.

Ourfirst two assumptinsparallelthoseof the previoussection.
AssumptionB1 L =1 (onegood).

AssumptionB2 For eachi, theindividual shareprocess! = €. /e is independent
of theaggreyateendavmentprocesss. 1

We assumehatperiodutility functionsareidenticalacrossagentsanddisplay
constantelative risk aversionl®

Assumption B3 Utility functionsu' displayconstantelative risk aversiony > 0.
Thatis

| i y#£1
u'(x) =
logx if y=1

We assumeasbeforethatarisklessbondis tradedat eachdate-eent.

14seethecommaitsin Section3 abaut correlationacrosdraders.

5Wheny > 1, prefeencesover infinite horizan consumgion streamsgyeneatedby CRRA pe-
riod utility functions do not satisfy our standingassumptias from Section2; hencewe are not
guaanteedhatanequilibiium existsin this case.
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Assumption B4 At eachdate-&ents, arisklessrealbondB yielding oneunit of
consumpibn ateachdate-eento € s™, is availablefor trade.

As in Section3, we areinterestedn the natureof equilibrium for discount
factorsd closeto 1. As before,we fix securities,endavmentsand period util-
ity functionsu'. As before,normalizeso that the spotprice of consumptia is
identically 1. For eachdiscountfactord < 1, write Eg for the economywith the
given securitiesendavmentsandperiodutility functions,in whichtradersusethe
commondiscountfactord, andwrite EQg for the setof equilibriaof £s. Because
endavmentsareMarkov, bothendavmentsandindividualendavmentsharegos-
sesdong run averageswrite € for thelong run averageof € and f' for thelong
run averageof f'.

Assumpions B1-B3, togethemwith our previous assumptias, imply that, for
every d, thesetof Paretooptimalallocationsof £ coincideswith the setof fixed
sharesof the varying socialendavment In particulay the perfectrisk-sharing
allocationé = (fle,..., fNe) atwhich eachtraderconsumesis long run average
share of thevaryingsocialendavment,is Paretooptimal (for eachd).

However, eventhesevery strongassumpbnsarenotenougho guarante¢hat
marketincompletenesdoesnot matter

Example 1 We describean economysatisfyingthe assumpons B1-B4 above,
andin which only therisklessbondis traded,andshav thatalmostperfectrisk-
sharingdoesnot obtain.

The underlyingMarkov processhas4 states:the processs i.i.d. with tran-
sition probabilites1/4; theinitial stateis statel. Thereis a singleconsumgbn
good,anda singleassetarisklessbond. Thereare 2 traderswith CRRA period
utility functionu(x) = x1Y/(1—vy),0 < y< 1. In statesl, 3 thesocialendavment
isL (low), in states?, 4 the socialendavmentis H (high); H > L > 1. Traderl
(henceforvardreferred to asthelargetrader)hasendavmentsharel — € in states
1,2 and1—ke in states3, 4; trader2 (henceforvardreferredto asthesmalltrader)
hasendavmentsharee in statesl, 2 andke in states3,4. Wetakek > 3;€ > Qisa
smallparameterto be choserbelov. Note thatindividual endavmentsharesare
independentf thesocialendavment,asassumedn B2.

As before we areinterestedn thebehaior of equilibriumfor discountfactors
0 closeto 1. We asserthatfor & closeto 1, no equilibriumis closeto perfectrisk
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sharing.

The intuition is simple. Imaginefirst thate = 0, sothatthis is a onetrader
economy In thatcase bondpricesaredeterminedy the large traders maginal
utilities at his endavment (which, because = 0, coincideswith the aggreate
endavment). Thusbondpricesare

HY+LY - HY4LY

2L-Y 2Ly
H-Y+LY HY4+LY

2HY ~ " 2H Y
BecauseH > L, if dis sufficiently closeto 1 bondpricessatisfy

g =03<1 4)
G=0>1 (5)

Now imagine thate > 0 but infinitesimal, so that the small traderhasno effect
on prices. Thenthe bond price contintesto satisfy (4) whenthe aggreyateen-
dowmentis L andd is sufficiently closeto 1, whencethe risklessinterestrate
is positve andboundedaway from 0 whenthe socialendavmentis L. Saythe
risklessinterestrateis at leastp > 0 whenthe socialendavmentis L. Because
the equilibrium conditions requirethat the small traderbe ableto almostrepay
debtat every date-@ent, this entailsthat the debtof the small tradercannever
be solarge thathis endavmentwill not cover the intereston his debt. Thus,the
debtof the small tradercannever exceedkeL /p, independendf the subjectve
discountfactord. Ontheotherhand,consumgpion smoothimg requiresthe small
traderto borrov whenhis endavmentshareis small,andin particular wheneer
the Markov processs in statel. Hence,alongary histay in which the Markov
proces®ntersstatel andthenremainsn statel for alongtime, the smalltrader
will beunableto perfectlysmooh consumptn (becauseloingsowould eventu
ally raisehis debtabove kel /p). For & closeto 1, the utility lossfrom thefailure
to smoothperfectlyalongsuchhistorieswill be non-ngjligible. Thus,anabsolué
upperboundon the debtof the smalltraderimplies an absoluteupperboundon
theability of thesmalltraderto smooh consumpgbn, andsorulesout perfectrisk
sharing.

Q=03=29

PB=0q;=29

Unfortunately two complicatons make turning this intuition into rigorous
analysisratherdifficult. The first complication is thatif € is small but not in-
finitesimal, equilibrium bond pricesmay not satisfy (4) whenthe aggreateen-
dowmentis L. Indeed,bondpricesmayfail this estimateby a greatdealat a few
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date-@ents If bondpricesareoccasionallyery high (sothatinterestratesareoc-
casionallyvery negative), the smalltraderwill be ableto repaya very large debt.
Thesecondcomplicatonis thatwhetheror notequilibriumbondpricessatisfy(4)
and(5), theinterestratewill certainlybepositive in somedate-@ens. Thisleaves
openthe possiblity thatthe smalltradercanbuild alarge buffer stockof saving.

Our formal analysisof Examplel follows the intuition above to establish
boundsntheequilibriumdebtandsaving of thesmalltraderthatareindependent
of the discountfactor 8. Suchboundsimply alimit on equilibriumconsumpbn
smoohing of the smalltraderandhencerule out almostperfectrisk sharing.Be-
causetheargumentis quiteinvolved,we deferthe detailsto Appendix2. ¢

In treatinga framework in which thereis aggr@aterisk, but only riskless
bondsare traded,Examplel parallelsTelmer (1993), but reacheghe opposie
conclusion Much of the macroeconomics/finandeerature (seeLucas(1994)
andHeatonandLucas(1996)for instance) however, treatsa framework in both
bondsand equity aretraded. It seemsaturalto view the socialendavment as
the analogof equityin our exchangeframavork, andthusto malke the following
assumpbon.

Assumption B4’ At eachdate-@ents, thereareavailablefor trade:

(a) arisky assetA yielding oneunit of the socialendavment ey at eachdate-
evento € s*

(b) arisklessbondB yieldingoneunit of consumptnateachdate-eento € s*

In Examplel, thereare only two aggreatestates,so if risklessbondsand
the socialendavmentare both tradedthenthe market for aggreaterisk is com-
plete.As TheoremB belov demongtates thisis enoughto guarante¢hatalmost
perfectrisk sharingagainobtains If thereare at least3 aggreyatestateshow-
ever, tradability of risklessbondsandthe socialendavmentis compatiblewith
incompktenes®f the marlket for aggrgaterisk. Example2 belov suggestshat,
in suchasetting,almostperfectrisk sharingagainneednotobtain. Unfortunately
a rigorousanalysis— which would necessariljpe muchmore complicatedthan
the rigorousanalysisof Examplel presentedn Appendix2 — is beyond our
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presentapabilities sowe contentourseheswith presentinghe (very suggestie)
intuition.

Example 2 We describean economysatisfying the assumptins B1-B3, B4’
above, and presentthe intuition that almostperfectrisk-sharingshouldnot ob-
tain.

The underlyingMarkov processhas6 states.The processs i.i.d.; for 1> 0
to bespecifiedbelaw, | = 1,2, 3,4 the probability of transitirg into statej is 1%",
for j = 5,6 theprobability of transitinginto statej is 7; theinitial stateis statel.
If sis adate-@ent,write w(s) for the stateof the Markov processats. Thereis a
singleconsumptbn good. Thesocialendavmentis H in statesl, 3, M in state<,
4 andL in states, 6. To simpify computatimwetakeH =9,M =4,L =1. There
aretwo traders.Traderl (thelargetrader)hasendavmentsharel — € in statesl,
2,5and1— 3¢in states3, 4, 6; trader2 (the smalltrader)hasendavmentsharee
in statesl, 2, 5 and3e in states3, 4, 6. Theendavmentpatternsare sumnarized
in thefollowing table.

state| el e

1 9(1-¢) | %

2 4(1—¢) | 4e

3 9(1-3¢) | 9(3)
4 4(1—3¢) | 4(3¢)
5 1—¢ €

6 1-3¢ 3e

TraderssharehesameCRRA periodutility function;to simplify compuation
we take risk aversiony = 1/2 sou(x) = 2x%/2,

Two assetareavailableat eachdate-&ents. arisky asseth, yielding the so-
cial endavmentin eachdate-@ento € s*, andarisklessbondB yielding oneunit
of consumgion in eachdate-eento € s*. The probability tandsharee arepa-
rameterschosenbelov. Notethatindividual endavmentsharesareindependent
of thesocialendavment,asassumedhn B2.

As before we areinterestedn thebehaior of equilibriumfor discountfactors
0 closeto 1; we suggesthatif 1t € aresmallthenno equilibriumis closeto perfect
risk sharing(independenof d).
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To understandheintuition, supposesin Examplel thate werepositive but
infinitesimal, so that assetpricesare determinedby the large traders maiginal
utilities at his endavment (which coincides,up to an infinitesimal, with the ag-
gregateendavment). Thus, assetprices,indexed by the aggrgateendavment,
would be

R ]
@ = 61-[1;"-% 1;“-%+n 1}
R A
¢ = 6;’-[1;"-3+ 24T 1]
o = 6-1-[1;n-3+12 -2+n-1}
o = 6-%-[1;”-3+1;”-2+n-1}

Fix a date-@ents for which w(s) = 5, soaggregateendavmentis L = 1 and
the shareof the smalltraderis €. We asserthat, independentlyf the discount
factor 9, it is not possble for the small traderto repaya debtds = 1 in finite
time (andhencenot possiblefor the smalltraderto repayary largerdebtin finite
time). As in Examplel, thiswill rule out perfectrisk sharing,becausehe small
tradermustborrov whenhisendavmentshareas small,andin particularwhenthe
Markov processs in statel. Thus,alonghistoriesin which the Markov process
entersstatel andthenremainsin statel for alongtime, the smalltradercannot
perfectlysmodh consumgion (becauseloing sowould eventually raisehis debt
above 1). For d closeto 1, the utility lossfrom failure to smoothperfectlyalong
suchhistaieswill be non-ngligible. Thus,asin Examplel, an absoluteupper
boundon the debt of the small traderimplies an absoluteupperboundon his
ability to smoothconsumpbn, and so rules out perfectrisk sharing. (Keepin
mind thatthis assumethepricing relationshipsbove andrepresentanintuition,
notarigorousargument.)

To seethatit is not possiblefor the smalltraderto repaya debtds = 1 in finite
time, independenthof &, supposehereis a planwhich repaysthedebtds = 1in
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finite time. Amongall suchplans,we consideronewhich repaysfastestsaythat
repayments completganddebtis 0) by datet(s) + T (thatis, T datesafters). The
crucial propertyof ary suchplanis thatif ' > s, w(s') =5, andt(s') —t(s) < T,
thendebtats' cannotbelessthanl — elsewe couldshifttheplanfrom s’ to begin
atsandrepaythedebtin fewerthanT dates.

Wereachacontradictiorby consideringlebtat statess’ thatfollow sfor which
w(s) = 2 or 5. In particulay let 1t € s* bethedate-eentfor whichw(t}) = 5,and
let 13 € st bethe date-eentfor which w(13) = 2. For eacht > 1 let 15" € 4"

bethe date-@entfor which w(rt2+ 1) = 2. Write ay, By for therequiredpurchases
of theasset®\, B atthedate-&entv.

First considerthe situaton atthedate-@ents. Budgetbalancerequires
alds+aeBs+e> 1

Becausew(r%) =5, the crucial propertyof our plan guaranteeshat debtis no
greatetthanl attg, so

as+PBs<1

By definition, w(Té) = 2, so acquiringthe portfolio asA + 3B at s leaves debt
dT% =405+ Bs atT%.

Now considerthesituation atthe date-eentt3. Budgetbalanceat 1 requires
thatthedebtdr% = 405+ s berepaidfrom endavmentandfurtherportfolio trades
So

0N Ol + OBy + € > dy

Lett2 e 13" bethedate-@entfor whichw(t2) = 5. Becausen(t2) = 5, thecrucial
propertyof our plan guaranteeEhath% <1,s0

CXT%—FBT% <1

Becausew(13) = 2, acquiringthe portfolio a3 A+ BB at 3 leavesdebtd,; =
2
401+ By atTs.
Continuinginductively, we seethatdrt2+1 = 4ats, + BTE fort=1,...,T.

Now we estimatethesevariousdebts. The debth% is boundedbelow by the
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solution di(t €, 8) to thelinearprogram:

Choosen, 3 to
Minimize 40(+B (6)
Subjectto gfa+gPB+e = 1
a+p < 1

Thedebthg is boundedoelow by thesolutiond%(n, €,0) to thelinearprogram:

Choosen, 3 to
Minimize 4o+ 7
Subjectto gya+aiB+e > di(Te,d) (7)
a+p < 1

And by inductian, for eacht < T — 1, the debt th2+1 is boundedbelow by the
solution ds™ (1 €, ) to thelinearprogram:

Choosen, 3 to
Minimize 4o+ 8
Subjectto  ghya+dSB+e > di(me,d) (8)
a+p < 1

Simplebut messycalculationshav that

46 2046
d3(0,0,1) = 5 d3(0,0,1) = 655

The soluionsto the linear programs(6) (8) are continuousfunctionsof the pa-

rametersit e, 8. Since 25 > 28 it follows thatfor € sufficiently smallandd

sufficiently closeto 1 we have

45
dz(1ee,8) > o , d5(1Le,8) > d*(Le, )

Ourinductive constructiorthenguaranteethat

d] (e, 8) > d) (e, 8) > ... > di(m e, 8) > >

Sinced@ > dg(rr, €,0), it follows in particularthatd@ > 0. But this contradicts
our assumpbn thatthe planrepaysdebtin T datesfrom s. We concludethata
debtds = 1 or greatercannotberepaidin finite time from date-eents.
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As in Exampe 1, this suggestghat formal analysiswill shov that almost
perfectrisk sharingcannotbe achiered.

As theseexampks suggestwhenthereis aggreaterisk, almostperfectrisk
sharingrequiresthatthe “right” securitiegor portfolios) be traded.Which secu-
rities arethe “right” oneswill dependon utility functions,but we canguarantee
thatthe“right” securitiesaretradedif we requirethatall derivativeson the social
endavmentaretraded sothatthe marketfor aggreyaterisk is complete.

Write Y for the setof possilke valuesof the socialendavmente. Because
endavmentsareMarkov, Y is afinite set!® The following assumptn is thatall
derivatives on the socialendavmentare tradedat every dateevent!’ As Ross
(1976)shaws, thisis implied by theassumptin thatoptionson the socialendav-
mentaretradedat every date-@ent.

AssumptionB4" For eachdate-@ents andfor eachu € Y, thereis a portfolio 2
of securitiessuchthat

: 1 ifes=v
d""’(rg):{o ifgss;éu

TheoremB, parallelingTheoremA of the previoussection,assertghatwhen
tradersaresufficiently patientevery equilibriumis closeto perfectrisk sharingjn
the sensethat (i) equilibrium utilities are closeto the utilities of the perfectrisk
sharingallocation,(ii) thetime-disountedprobabilitythatequilibriumconsump
tionsdeviatefrom the perfectrisk sharingallocationby morethana given amount
is small, (iii) thetime-disountedprobabilty thatequilibriumassefpricesdeviate
from maginal ratesof substitition at the perfectrisk sharingallocationby more
thana givenamountis small. (In the absencef aggreyaterisk, this reduceso
risk neutralpricing, asin TheoremA.) As before,fix a discountfactord andan

181f Y ands* have the samecardirality, availability of all derivativeson the socialendavment
is equivalentto complet@essof intertempaoal markets. In the typical case however, Y is much
smallerthans™.

"In fact,the proof requilesonly thatcertainvery particuar derivativesaretraded.
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equilibriumZ = (qz, (%), (eiz)) . As before for eache > 0 we define:
S0 = {se S: dtraderi, \Xizs— fleg| > e}

qu‘¢
SE- [(%)Vdivoﬂ

Thefirst setis the setof dateeventsat which someconsumes equilibrium con-
sumpton differs from his perfectrisk sharingconsumptia by morethang; the
secondasetis the setof dateeventsat which risk neutralpricing of someportfolio
fails by morethane.

£(5;7) = <{seS:3Iportfolio ¢, —1>¢

Theorem B If AssumptioaB1-B3andB4" are satidied,then:

(i) for everytraderi,

lim sup |UL(X) —Ui(f'es)| =0
6_>1Z€EQ6

(i) foreate>0:

lim sup (1-29) stz 5m = 0
61 7eEQs e,

(i) foreade> 0:

lim sup (1-29) 3 = 0
o—1 Z€EQ; «$&0)

As with TheoremA, the proof restson a price estimate.Recallthat Y is the
rangeof the social endavment process. For s€ Su € Y, write s™(v) for the
setof date-@entso € st at which e; = v, andwrite Ti(v|s) for the conditional
probability thatthesocialendavmentis v following the date-@ents. Assumpion
B4” guaranteeshat a portfolio 2 promisng one unit of consumgion in date-
eventso € st (v) and0 otherwiseis traded;the following result(which relieson
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theassumptia of CRRA utilities) providesa boundonits equilibriumprice. The
proof parallelscloselythe proof of Lemmal.

Lemma 2 AssumeB1-B3and B4” hold. Fix a subjectivediscountfactor &. If
g, (x'), (0") is anequilibrium for theeconomyEs, then

V] v o
&2z omuls) (3 )

ateverydate-eents€ S.

Proof Differentiation shovsthatif uis a CRRAutility functionwith risk aversion
ythenD3u(x) = y?x~¥=2, whichis strictly posiive. In particular Du is corvex, So
we canfollow the sameplanasin the proof of Lemmal. Fix adate-eentse S
anda consunption level v € Y. For eachtraderi, anapplicationof thefirst order
conditions for equilibrium, togethemwith corvexity of the periodutility function
yields

(0 TDU(X) > 8 T(0($)Dul (%)

oest(v)

> 0Orm(u|s)
oest(v)

> 6n(u|s)Dui( S n(cr\s)xio)

oest(v)

We canwrite traderi’s consumpgbn as sharesof the socialconsumgbn: XL =
Ks€s, Xy = K565 = K5U. Substituthg gives:

(G- FS)DU (o) > 5n<u|s)ou‘( 2 EEZ’E?KU)

Equialently

Du (Zces+(u) EESB KioU)
Dui(kies)

Gs-T's > dM(u|s) 9)

25



Notethat

Kh = 1
IZS

S ks = 1 foreacho
|

(ols)

GESZ-(U) m(uls)
Hence 1(0]S) ki T[(G‘S)Ki IR
" oesr(w) TVIS) G_GESZ(L,).Z oy o= tT 2k

It follows thatthereis atleastonetraderj for whom

LGERP

Z(U) T(v|s) Ko =

oest

Becausel is concare, Dul is decreasingo

Du/ (CE;U) 253"3 K!,U) > Dul (klv) (10)

Combinirg theinequalites (9) and(10) we find that

()
o 6n(u|s)M
Dul (kes)

BecauseDul = x Y, we obtain

gs-Fy > Omuls)




whichis thedesiredresult.m

We have assumedherethat individual sharesare independentf the social
endavment. The polar opposie assumptia would be thatindividual sharesare
perfectly correlatedwith the socialendavment. In that case therewould be no
idiosyncraticrisk, and derivatves on the social endavmentwould provide per
fectrisk sharingat every date-eent. In particular the conclusionf TheoremB
would obtainin this casetoo. We conjecturethatthe conclusionf TheoremB
obtainin theintermediatecaseslso,withoutany assumptia of independencer
correlation.
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5 Two Goods

We presentherea simpe exampleto demonstratehat whentherearetwo con-
sumpton goods,market incompletenesmay mattera greatdealevenif thereis
no aggreaterisk — indeed evenif thereis no (fundamentalyisk at all.

Example 3 Fix arny static 2 trader/2commodiy economywith the following
properties:

e utility functionsu?, u? aresmoothandstrictly concae

o endavmentsw!, w? arestrictly positive andw! +w? = (1,1)

° therearethreeWaIrasianequilibria
Po, (X5,YB): (%, ¥5): Pms (X Yin)» OaYan)s Pu OG5 Y5)s 05, ¥5)

equilibrium consunptionsarestrictly positive andxd < xiy < %

equilibrium mamginal utilities satisfy:

out 1 [out out
2 i) = é[mxlo,yawﬁ(xa,ya)]

W(XM’ M) = > 0x2 Da D) 0x2XU u)

The underlyirg Markov chainhastwo states{U,D}; transiton probabilties
areidentically1/2 (sotheprocesssi.i.d.). TheinformationtreeSfor thedynamc
economythereforehas2 branchesat every node. If s€ Sis ary node,we can
write st = {sy,5p} wherew(sy) = U,w(sp) = D (i.e., the underlyingMarkov
processs in stateU atthenodesy andin stateD atthenodeD); the conditional
probabilifesarem(sy|s) = 1(sp|s) = 1/2, independentf s. In thisnotation,0" =
{0u,0p} is the setof nodesthatfollow theinitial node0. Write U for the setof
nodeghatfollow Oy and® for the setof nodeshatfollow Op.

Therearetwo consumpgibn goods.For i = 1,2, endavmens arewl = w' and,
whenthe subjectve discountfactoris &. Utility functionsare:

U =0-9338 3 (5) e
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Thatis, we simply replicatethe static economyat eachdate-&ent; thereis no
fundamentalincertainty— but theunderlyingMarkov chainprovidesa sourceof
sunspat.

Fix a discountfactord < 1. The dynamiceconomyhasmary equilibria, in-
cluding sunspo equilibriain which the underlyirg Markov chainsenesasa co-
ordinationdevice. Onesuchequilibrummaybedescribedasfollows:

e attheinitial date-eent0, spotpricesare pv, consumpwn of traderi is
(Xm,Ym), the bond price is equalto the subjectve discountfactor d, the
bondis nottraded,;

e atdate-eentsse 1, spotpricesarep" , consumpibn of traderi is (X{J,y{J),
the bondprice is equalto the subjectve discountfactord, the bondis not
traded;

e atdate-@entsse D, spotpricesarep®, consumgion of traderi is (xiD,yiD),
the bondprice is equalto the subjectve discountfactord, the bondis not
traded.

Weleaveto thereadeithesimple taskof usingthepropertieof thestaticeconomy
to verify thatthis is anequilibrium of theinfinite horizoneconomy

For this equilibrium, consumpinsin every date-&entare Paretooptimalin
the staticeconomy but consumptnsat date-eentsin U differ from consump
tions at date-eentsin D, Becausautility functionsarestrictly concae, equilib-
rium consumptns are certainly not Paretooptimal. Becauseequilibrium con-
sumptons are independenbf o, equilibrium utilities certainly do not approach
Paretooptimal utilitiesasd — 1.
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6 Conclusion

We have aguedherethat, in a one-goodeconomypopulaed by infinitely-lived,
patienttradersmarketincompktenessill not matterif shocksaretransientand
risk is purelyidiosyncratic. However, marketincompleteneswill matterif there
is aggregaterisk andthe “wrong” assetsaretraded,or if thereis morethanone
good. Aggregaterisk mattersbecauset affectsassetprices. Multiple consump

tion goodsmatterbecause&ommodty pricesprovide anothersourceof untraded
risk. As Example3 demonstrateslearly, the absencef somefinancialmarkets
wealensthe connectionbetweenspot pricesat various date-&ents and there-
fore expandstherole of expectations— eventhoughexpectatims are correctin

equilibrium. Thework of Farmer(1997)on multiple equilibria givesa different
perspectie.

Perhapshe mostimportantimplicationof our work is thatthe effectsof mar
ket structuremay be muchdifferentin a dynamicsettingthanin a static(or short
horizon)setting.In particular theincentives for financialinnovationmaybequite
differentwhendynamicbehaior is takeninto account.

Two limitationsof our work areworth noting Thefirst is thatwe treatonly
exchangeeconomieswith perishablegoods;interestingextensionswould incor-
porateproduction,durablegoods,humancapitalandgrowth. The seconds that
we do not provide numericalestimatesr ratesof corvergence.In particular we
do not estimatehe utility consequencesf marketincompletenestr givensub-
jective discountfactors.Our methodscould certainlybe adaptedo provide such
estimatesput the estimatesobtainedwould not be very good. We suspecthat
sharpemethods— andperhapsnorestringentassumptiaos— will benecessary
to providetruly usefulestimatesFor someestimatesn ourframework, seeKubler
and Schmedder$2000); for someestimatesn a ratherdifferentframework, see
Willen (1998).
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Appendix 1: Proofs

An ovenview of the proofsmay help guidethereader To prove TheoremA, we
fix adiscountfactorandanequilibrium For eachtrader we constructanalterna-
tive plan of consumptn andportfolio trades. Before a specifiedstopping time,

definedin termsof a debtlimit, this alternatve plan callsfor consumingslightly

lessthantheperfectrisk sharingquantity borroving whennecessargndrepaying
the debtwhenpossilbe; after the stoppng time, it calls for consumpbn slighly

lessthantheendavmentandrepayingthe debt. A probabilstic estimatgLemma
4) shaws that, if the discountfactoris sufficiently closeto 1, it is very likely

thatthe stoppng time is not reachedor mary periods.If follows, therefore that
thealternatve planyieldsalmostthe utility of the perfectrisk sharingallocation.
Becauseequilibrium plansare optimal, the equilibrium plan mustyield at least
this muchutility. Becausehis conclusionobtainsfor every trader the natureof

the Paretoset(implied by strict concavity of utility functions)guaranteeghatno

tradercanobtainutility muchgreaterthanperfectrisk sharing.Combiningthese
two inequalitiesyields(i). Thefirst orderconditiors thenyield (ii), (iii).

Becausehe alternatve plan describedabove is financedby tradingthe risk-
lessbond, this agumentrequiresan estimatefor the price of the risklessbond.
Lemmal providestheestimateve need:atevery date-&ent,the priceof therisk-
lessbondis notmuchbelow 1 (equialently, therisklessinterestrateis notbelow
0). Thisone-sidecestimates goodenough pecausehe alternatve planrequires
borrowing but not saving; a high price (low interestrate),makesborroving easy
As Examplel demonstrateghis lower boundfor the price dependsn the ab-
senceof aggreaterisk. Whenthereis aggreaterisk, theinterestratedepend®n
therealizationof the socialendavment: whenthe socialendavmentis low mary
tradersvantto borrov andthedemandor loansdrives uptheinterestrate. A high
interestratemalesit difficult to borrow, andhenceto financea consumgion plan
thatis closeto the perfectrisk sharingconsumptn plan. However, with the as-
sumptonsof TheoremB, sucha consumptnplancanbefinancedy tradingin a
particularderivative of the socialendavment carefullychoserto matchmaiginal
utilitiesandprices;the price estimag for this derivatve follows from Lemmaz2.

Becausehe proofsof TheoremdA andB aresosimilar, we have arrangedhe
following discussia to avoid redundang. Our first taskis to establisha proba-
bilistic estimate;for this we needa versionof thecentralimit theoremfor func-
tions of a finite Markov chain. Lemma3 below, which is Theorem(3), p.83in

31



Freedman(1983), is just what we need*®1° Following comma mathematal
usagewe write [x| for the greatestntegernot exceedingx.

Lemma 3 Considera recurrentMarkov chain with finite spaceQ. LetF : Q —
R be a real-valuedfunctionon Q whoselong-runaverage is 0. Let Q® bethe
spaceof all infinite sequencesf elementf Q. Fix a state§ € Q andlet 1t be
its stationary probability. For each o € Q% and ead integer t, let k(t),£(t) be
(respectively}het-th andt + 1-st occurrencesof the state¢ in the sequence;
definetherandomvariable Y; on Q” by

Y(o)= Y F(on)
k(t)<n</(t)

(If & doesnotoccurat leastt timesin the sequence, thenthe sumdefiningy; is
emptysoY; = 0.) Then

L T [T
T* 2max

Flo)— Y %:0<T<LT*
]Zo(]) ;t <T<

} — 0in probahlity
asT* — oo,
Thefollowing lemmaprovidesthe probabilisic estimatewe require.

Lemma4 Fix adiscountfactord < 1, realnumbesC,g > 0, andatraderi. Let
f' bethelongrun average of the shae processfs = €./es . Define

zszi(f*'—%)%, 7=

A 4

Let T*(3) bethegreatestnteger notexceeding(1— 8) %2 andlet
H*(8) = {h e :|ZT(h)| < % forl<T< T*(ES)}

Then

18Freedmanfollowing anideaof Chung(1960), allows for a Markov chainwith a countaly
infinite statespace.n thatmoregeneracontet, heimposesexpectationandvariancecondtions
thatareautomaticlly satisfiedwhenthe statespacds finite.

1we thankAndrew Postlavaite andananorymousrefereefor directingusto Freedman

32



(i) limg,,8" @ =0

(i) limg_,1 Prog#H*(d)] =1

Proof Part (i) follows immediatelyfrom L’'Hospital’s rule andthe definition of
T*(3).

To seepart (ii), notethat by definition T*(8) < 1+ (1— 8)~%/2, so #*(d)
containghe setof historiesfor which

ZT(h)] . ] C
max{m.léTST(é) <W

Forw e Q, letse Sbeary nodefor whichthecorrespondingtatels w anddefine
F(w) = zs. Becausdghe endavmentprocesss Markov andthelong-runaverage
of z5is 0, Lemma3 entailsthat

L [T
Z'—>M"
2

By constructiontherandonvariablesy; arei.i.d.; keepingn mindthatT *(8) — oo
asd — 1, therate of corvergencein the usualstronglaw of large numbers(or
centrallimit theorem)yields

T*(5)"1/? max{ 1<T< T*(6)} — 0in probabilty

[T
&Y

asd — 1. Thedesiredresult(ii) now follows from thetriangleinequaliy. m

T*(3) /2 max{

1<T< T*(ES)} — 0in probability

We are now readyto begin the proof of TheoremsA andB. In orderto give
a unified agument,we abstractthe commonelementsof the two setting. We
take asgivena parameteg andafamily {As: s € S} of portfolios satisfyingtwo
properties:

(i) foreveryse Sando e s,
1-g
. €o
divgAs= | —
oo ()
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(i) for everyequilibrium of £5 andeveryse S

Os-As> 0

To obtainTheoremA from theargumenigiven,take g = 1 andfor eachstake Agto
consistof oneunit of therisklessbond. To obtainTheoremB from the argument
given, take g = 1 —y andfor eachstake

1-g
e (3)
ve es

In either case,property (i) follows immediatelyand property(ii) follows from
Lemmal or 2, asappropriate.

Proof of Theorems A and B Fix an equilibrium We provide lower bounds
on equilibrium utilities by constructng alternatve planswhich are feasibleand
approximateperfectrisk sharing.

Write .
m=mine, ,M = maxes
i,s s

Fix atraderi andarealnumbem > 0. Choosee > 0 sosmallthat

m—eM 9 > 0
u(m—emM=9) > ui(m)—%
Becausal is concare, thelatterinequaliy impliesthat

n

ui(c—c’)>ui(c)—4

(11)

wheneverc > mandcd < eM1-9,

In whatfollows, we areinterestedn thelimit asd — 1, sothereis nolossin
assumig throughouthat

€
2(1-9)

m=9>M-m (12)

Thealternatve plany, ¢ callsfor consumpbn of atargetquantityuntil acer
tain stoppingtime, which occurswhena givendebtlimit hasbeenreached:
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thetargetconsumpbn ats € Sis cs = fles— _e:sL_g

thedebtlimit is d* = Z(%&ml—g

thestoppingtimeis thefirst date-eentatwhich ds > d*
Defineys, ¢ in thefollowing way:

o If dy < d* for everyo < sandé,/e; < fi, set
Ys = Gs

1 .
= - ds+Cs— €)A
bs qS'As( s+ Cs els) s
Thatis, if debthasalwaysbeenbelov the debtlimit andthe endavment
shareis lessthanthe long run average,consumethe target consumpbn,
borrowing to do so.

e If dy < d* for everyo < sandé;/es > f_' set
Ys = Gs
1 .
= - ds+cs—€)TA
s qS-As( s+ Cs—€5) T As
Thatis, if debthasalwaysbeenbelov the debtlimit andthe endavment
shareis equalto or greaterthanthe long run average,consumethe tamget

consumpion, repaysomeof the debtandroll overtheremainder— but do
notsave 20

e |f dy > d* for someo < sset

Ys = eis_s—eé—g
1 _
= - ds—ees 9)TA
bs = — 5 (G 0)"As
Thatis, if debthasever reachedhe debtlimit, consune slighty lessthan
the endavment, usingthe differenceto pay off someof the debt,androll

overtheremainingdebt— but do notsave 2°

200f courseit is notoptimalfor traderi notto save whenpossible— buty', ' is notintendel to

beanoptimalplan,only analternatve we useto provide alower bound on equilibrium utility. We
canestimateaccumiation of debtbecauseave have alower boundon assefrices,but we cannot
estimateaccumiation of savzing becauseve do not have anupperbound on asseprices.We find
it simpler therefoe, to avoid saving entirely.
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We will shav belawv thaty, ¢ is a feasibleplanandthatit yields consumgion cs
at “most” dateevents If € is small thencs is only slightly lessthan f'es, and

u'(cs) is only slightly lessthanu' ( f'es), soy, ¢ yieldsutility almostaslargeasthe
perfectrisk sharingconsumpbn.

Two preliminary calculationswill beuseful.

1) Fix 0 € ST € o". Supposdraderi holdsdebtds enteringo, consumes,
andtradesonly theportfolio Ag. If dg+c— €; < Othenall debtis repaidand
debtat succeedinglate-@entsis 0. If dy 4 c— €; > 0 thenthe spotbudget
constraintat o entailsthattraderi mustsell[1/(qs - Ag)][ds + ¢ — €5] units
of theportfolio Ag. Thusdebtatt € o™ is givenby the evolution equation

1—
de = (dg+c— ei(;)+ <%) : (13)

Jo - Ag

2) Considerary date-@entc atwhichdg < [¢/(1— 6)]e(1{g. Supposeraderi
repaysees ¢ of thedebtato andconsumes, — geg 9. Write

_ & g9

Applying the evolution equation(13) andrecallingthatqg - Ag > & we find
thatfor everyt € o*:

do= () (g)l_g

1—
st (2)"
8

1/e\1 9
1-g
< — —— | —

With thesecalculationsin hand, we show thaty,¢ is a feasibleplan. Our
constructiorguaranteethaty, ¢ satisfiegdhespotbudgetconstraintsTo shawv that
satisfiesghe debtconstraintsfix a date-@ents. If dy < d* for everys' <'s, then
in particulards < d* < [e/(1— 6)]e§_9. Calculation2) above shavsthatrepaying
get 9 andconsumingg, — et 9 atevery o > swill repaythis debtin finite time.
Ontheotherhand,if dy > d* for somes' < s, lets” bethefirst suchdate-eent,and

IN
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let '~ bethedate-@entimmedately precedings”. By assumptiondg- < d* so
theevolution equationfogethemith theinequality(12), shavsthatdgy < [e/(1—
6)]e§_9. Theplany, ¢ callsfor repaymento begin ats” andcontinueforever, so
calculation2) above shaws that the specifiedplan ds repaysthe debtds in finite
time. We concludethaty, ¢ is afeasibleplan.

SetC = %Eml_g. As in Lemma4, let T*(d) bethe greatesinteger lessthan
(1—3)"%2+1. Let #4, C A bethesetof historiesfor which the stoppig time
doesnot occurbeforet = T*(9) (i.e., the setof historiesfor which debtdoesnot
exeedd* beforetimet =T*(9)). To estimateJé(y), we estimatautility conditional
on goodhistories(thosebelongng to #;) andthenconditional on bad histories
(thosenotbelongngto #1), andestimatethe probabilitiesthatthehistoryis good
or bad.

For h € #H;, consunption is ﬁes_— ges 9 whent < T*(d) andat leastm—
eM1-9 whent > T*(3). Theutility Ul(good conditionalon sucha goodhistory
his atleast

T*(3)—1

Ugood > (1-8) 3 Sul(fley —&e)
t=

+(1-3) Y Ju(m-em9
t=T*(3)

> (1-9) iétu‘<ﬁ%—€e;‘g>
—(1-9) % Stu'(M)
t=T7(3)

+(1-3) Y Fu(m-em'Y
t=T*(3)

> (1-9) ;ﬁu‘(ﬁ% — &g, )
t=
— 37O (M) — U (m—eM19)]
= Ul(fle—get™9) — 3" O[u'(M) — u'(m—eM¥9)]
Forh¢ #;, consumptinis atleastm— eM*~9 atevery date-e@ent. Hencethe
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utility Ul(bad conditionalon suchabadhistay is atleast

Uz(bad > (1-9) iétui(m— eM19) = u' (m—eM19)

Combiningthesewo estimategandkeepingin mindthatutility couldbeneg-
ative), we concludethat

Ui(y) > Prok(#4)U}(good
+[1— Prob(#4)]Us(bad

> Prob(ﬂl){ug(f“'e—e‘el—g)— 6T*<5>[ui(|v|)—ui(m-s‘Ml—g)]}
+ [1— Prok( #4)]u' (m—eM179)
> Prol#)U}(fle—gel~9)

— 3" O[U(M) — U (m—em1~9)]
— [1—Prob(#4)] |u'(m—gM1~9)| (14)

To estimateProb( #;), define#{ (d) beasin Lemma4. We claimthat #/(3) C
7. To seethis, fix ahistay h € #(8) andadateT < T*(d). For every date-eent
S, our assumptiaos guaranteg¢hatgs- As > 0 andthatif the plany, ¢ is followed
thendebtis never greaterthan2d*. Justasin calculation2) above, this implies
thatfor everyt <T:

th < [ch+ 5o —é@r (%)19 (15)

Write 1
m - -1
2= fen—eh |
Multiply bothsidesof (15) by eﬁ:, andkeepin mind thatdebtis non-ngdiveto
obtain

1 -
0 < dn,, €, <[dnen® ' +2]"
Set

Y = {t<T:dnen9 +2z, <0}
maxpn if W#0
-1 if w=0
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Notethatdy .., = 0 so,recallingthe definitionsof C and# () wefind

T
th < Z Z
t=n*"41

T n*
RSP
€ _ € _
<" Taaam
€ _
- 2(1—5)”‘1 ’

Henceh € #;. Sincehis arbitrary it followsthat #(8) C #4, asasserted.

Combiningthefactthat #(d) C #; with theestimatg14), we obtain
Ul(y) > Prof#(8)JUi(f'e—ee'9)
— 3" O (M) — U (m—eM19)]
— {1—Prod#(3)]} |u'(m—&M¥9)|

In view of the estimate(11), we obtaina lower boundon the utility of the con-
sumpton plan fie— ge*~9

Ui(fle—ze) zug(ﬁe)—%

HenceLemma4 guaranteethat,for & sufficiently closeto 1 we have

Pro#(3)|Ui(fle—get™9) > UL(f e)_%
6T*(5)[ui(|v|)_ui(m_ngfg)] < %
{1 Prof#6(T*(8))]} [ (m—eM*9)] < 3

whence . o
Us(y) > Ug(f'e)—n
Thisis thedesiredower boundon equilibriumutilities.
To establisranupperboundon equilibrium utiliti es,set

o = minDu'(es) , B = maxDu'(f'es)
i,s i,s
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Supposehereis atraderk for whom

UW%)>UWF%y+N(§)n

For eachA with 0 < A < 1 defineZ € £=(S) by

A [ % i X< e
Tl MK (L) e if XK > fkeg

Thereis a uniqueX* for which UX(2") = U¥( fke) +1. SetXX = 2", For each
j # k, defineX! by:

Xs! _ Xé o f XK < fI‘eS
] A E=XE) i x> ke
By definition, UK(XX) = UX(fke) + 1. Our construcin and the lower bound
obtainedprevioudy guarante¢hatfor j #Kk,

. . . 1 o
INava i (v = (* KKy _11keyk
Uiy > uied)+ g () (k0 -ukexs)
> Ul(fle)—n+n
= Ul(fie)
Hencetheallocation(X') Paretodominatesheallocation( fie). Aswehavenoted
previoudy, the allocation( f'e) is Paretooptimal, sothis is a contradiction. We
concludethat

UW%)gUWF%}+N<§)n
for eachtraderk. Thisis thedesiredupperboundon utilities.

Combiningour lower andupperboundswe concludethat, if & is sufficiently
closeto 1 then

u%F@-n<umagu%F@+N(§)n

for eachi. Sincen > 0 is arbitary thisyields ().

To prove(ii), fix € > 0. Paretooptimality of ( il e) impliestherearestrictly pos-
itive welfareweights(A'), sumning to 1, for which ( f'e) maximizegheweighted
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sumy AU (y') of utilities. Our assumgbns guaranteghat ( f'es) is Paretoopti-
mal for eachdate-@ents andhencemaximizestheweightedsumy Alu' (yL) with
the sameweights. Strict concaity of periodutility functionsimpliesthat ( f'es)
is the uniqueallocationmaximzing this weightedsum. It follows from conti-
nuity of the weightedsum and finitenessof the rangeof the socialendavment
map that thereis an € > 0 with the propertythat if (xy) is ary feasiblealloca-
tion and | f'es— X,| > ¢ for somei,stheny MU' (fies) > T AU (X)) 4 €. Henceif
(= (qz, (%), (9%)) € EQz we obtain

AU(fle =S AU () > (1-9) £8 g
s€X(0,0)
= g(1-9) 8 (16)
seX(6;0)

In view of (i), thefirst expressiorof (16) tendsto 0 asd tendsto 1; hencethelast
expressionalsotendsto 0 asd tendsto 1. Becausee dependsonly on € andis
independenof d. thisimplies(ii).

To prove (iii), fix € > 0. Becausethe rangeof the endavmentmappingis
finite, we canchoosecg* > 0 sufficiently smallthat for every traderi andevery
date-e@ents € S if consumgionsats andat all date-eentso € s™ arewithin &*
of perfectrisk sharing thenmaiginal utilitiesarewithin € of themarginal utilities
atperfectrisk sharing.Formally: if s€ S/ if [xs— fie5| < ¢* andif x5 — fieo| <g*
for everyo € s then B

Du'(xy) _ Du'(f'es) | _ .

Du'(xs) Dui(fleg)| ™
Now fix anequilibrium € EQs. Thefirst orderconditionsfor equilibriumimply
thatif s€ $(8;) theneither(i) se §.(5;2), or (i) 0 € S.(8;) for someo € st.
Hence
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&t (s) K < 6t(s) T
seg(a;z) s€S4(8,0)

+ 6t(0_ ) Ty-
0S4 (8,0)
< 8
SES (6:0)
1

T
+ = 3@
6065;61) T(ols)

< &g
s 162)

1
L1 8O
dming TI(a]s) Gesg(a;z)

Multiplying by 1 — & andapplying(ii) yields(iii). =

As we have commengd earlier our resultis drivenby the ability of individu-
alsto borrav andnotby their ability to save. Thedistinctionis importantbecause
thereis anasymmetryin our ability to estimatethe pricesof risklessor risky as-
sets.In orderto borraw, individualsmustsell bonds,soindividualswho smooth
consumgpbn by borrowing desirehigh assefprices(low interestrates);Lemmas
1 and?2 provide the boundswe need.In orderto save, however, individualsmust
buy bonds,so individuals who smooh consumpton by saving desirelow asset
prices(highinterestrates).Unfortunately we do notknow how to obtaina priori
upperboundson asseprices(lower boundson interestrates).Indeed,evenwhen
thereis noaggreyaterisk, it seemgpossble thatequilibriuminterestratescouldbe
arbitrarily negaive at somedate-@ents.(Ourassumpbnson preferenceanden-
dowmentsguaranteg¢hatequilibriuminterestratesmustequalsubjectve interest
rateswhenmarketsarecomplete but do not rule out negative interestrateswhen
— ashere— marketsareincomplee.)

We have assumedherethattradersareequallypatient(thatis, shareacommon
discountfactor);it is not entirely clearwhat conclusionsvould obtainif traders
are unequallypatient. The problemis that the lower boundfor the equilibrium
utility of the mostpatienttraderdependson the estimatedstoppirg time of the
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alternatve plan, this estimatedstoppingtime dependson the lower boundfor
equilibrium prices,andthis lower bounddependsn turn onthediscountfactorof
the leastpatienttrader If the mostpatienttraderis muchmore patientthanthe
leastpatienttrader utility accumulatedbeforethis stoppirg time might represent
an insignificant portion of the lifetime utility of the mostpatienttrader Thus
the agumentgiven doesnot generalizeunlessdiscountfactorsare sufficiently
similar. On the otherhand,it seemsaturalto supposdhat, at equilibrium, the
leastpatienttradersconsumemorein early date-@entsandless(or nothing in
laterdate-&ents which suggestshatsharpeiprice estimaésmight be available.
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Appendix 2

Choose > 0 sufficiently smallthat

C1f .,y LMY H
V=35 [H ~ ke >0 and (1_2k8)f >1
We shaw thatfor € atleastthis small,andd sufficiently closeto 1, no equilibrium
is closeto perfectrisk sharing.Indeed we provide anexplicit boundon the utility
losscomparedo perfectrisk sharing.

Theargumentdepend®ntwo bounds:anabsolutaupperbound(independent
of the discountfactor) on the equilibrium debtof the small traderat arny date-
event, and an absoluteupperbound(independenbf the discountfactor) on the
equilibrium savings of the smalltraderon a setof date-e@entsof posiive time-
discounédprobabilty. Partsl andll below derive theseboundsandPart Il uses
theseboundgo providethedesiredestimateof theutility losscomparedo perfect
risk sharing.

Part |I: Debt

Fix a discountfactord andan equilibrium of £5. For eachdate-&ents, write
1— fg, fs for the endavment sharesof the large and smalltraders(respectiely),
sothat (1 — fs)es, fses arethe endavmentsof the large and small traders. Write
Xs, ¥s for theequilibrium consumptiasof thelargeandsmalltraders Write ds for
thedebtof thesmalltrader sothat—ds is the savingsof the smalltrader

Choosen sothat

1 <a< w
andchooseV sufiiciently large that
a¥—1 Lke oy
aY+ [L(1—ke)]Y

We asserthat,independenyl of thediscountfactord, the debtof thesmalltrader
never exceeds/HY + ke. Theargumentis in severalsteps.
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Step 1 Although we wish to boundds, which is debtat the beginning of date-
events, it is corvenientto work with Dg = ds+ ys — fses, whichis debtattheend
of date-&ents andW; = Dsxs ’, which mightbe though of aspotentialdebt. We
shav thatpotentialdebtis boundedindependentiyof the discountfactord); this
will yield aboundon debt.

Step2 Notethatxs > O at every date-@ents. For, if not, the consumgbn plan
X definedby x, = txs+ (1 —t)(1— fs)es would be feasiblefor every t with 0 <
t < 1 andwould give greaterutility thanthe equilibrium consumptn planx for
t sufliciently closeto 1. Hencethe equilbriumbondprice is determinedby the
mauginal utilities of thelarge trader Writing s™ = {A, B,C,D}, this meanghat

X' +xg" +xY + %"

=90
% 45 Y

Step3 We now describeheevolution of debt.Fix s€ S. Thesmalltraderenterss
with debtds, consumegys, andfinancesis planby sellingendavmentandbuying
or sellingtherisklesssecurity His debtenteringary succeedinglate-eento € s*
is therefore

1
do = —[ds+Ys— fse]
Os
Keepingin mindthatxs + ys = es andthedefinitionof Dy, Ds yields
Do = do+Yo— fols
1
= q—[ds+YS— fses] + Yo — fols
S

1

= —Ds+ (65 —X5) — fo&s
Js
1

= —Ds+[(1- fo)es —Xd]

S

SinceDs = xWs andDg = x}Ws, we obtain
455 Y

X+ x5+ x +%p"

1
XoWg = SX‘é\Ns +[(1— fg)es —Xo]

SO
1 4
Wy = SW.
? T8+ (Y (Y (D)

j+ = fo)ar—x
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Step4 We establisithefollowing claim:
Claim If W5 >V then3o € s™ suchthatWg —Ws > V.

To seethis, recallfirst that, by constructionthe socialendavmentis smallin
two date-@entsin s andlargein two; sayea = ec = L,eg = ep = H. Without
loss,assumexa < Xc andxg < Xp. Then

2 1
CAREIAE S
A B

2 1
W > Wsew——sgy + v (11— fe)es —Xg]
G+ (2 g ®

WA EWS

andhence
Wa — WL >Wi§_g)y+i[(1_ fa)€a — Xa]
We — W >wi§_§)y+i[(1— fg)es — Xg]
LG

If Xa/Xg > @, thenWg —Ws > v. Assumethereforethatxa /xg < a. Noticethat
1-Go)Y_ 1-(a)
X - X
1+ (2)Y 1+(38)Y
Keepingthisin mind,andmakinguseof our choiceof a andthe assumpbn that
Xa/Xs < 0, alittle algebraeadsto thefollowing inequalities:

(&)Y Lke
— > B” _
ATV = ey T ke &
1-(2)Y  (1-ke)H-oL
— > - B
Adding (17) and(18)yields
B B (1-ke)H—aL Lke
LY
-y _
> ke {H - ks)V}
> 2V



In particular eitherWa —Ws > v orWs —W; > v, asdesired.

Step5 We asserthatpotentialdebtis boundedby V. To seethis, supposeot. In

view of Step4, thereis asequencef successie date-eentsalongwhich potential
debttendsto infinity. Henceeitherthereis a sequenc®f successie date-eents
alongwhich consumpbn of thelargetradertendsto O anddebtof thesmalltrader
is non-n@atie, or thereis a sequencef (not necessarilyjsuccessie) date-eents
alongwhich endof perioddebtof thesmalltradertendsto infinity. Thefirst alter

native is untenableif consumptn of thelargetraderis smallatdate-e@entsthen
maiginal utility for consumpbn is large. Sincethedebtof thesmalltraderis pos-
itive, the savings of the large tradermustalsobe posiive. Hence for sufficiently
smallA > 0, thelargetraderwouldfind it feasibleandpreferableo alterhis con-
sumpton planatsandall succeedinglateeventsto (Axs+ (1 —A)(1— fs)es); this
would contradictoptimality. Onthe otherhand,the secondalternatve is alsoun-
tenablesinceendavmensareboundedif endof perioddebttendsto infinity then
beginning of perioddebtmustalsotendto infinity. But Levine andZame(1994)
shaw that,atary equilibrium, debtis bounded?* We concludethatpotentialdebt
is boundedoy V.

Step 6 It followsimmediatey from the definition of potental debtthat debtof
the smalltraderis boundedy VHY + ke. This completesPart|.

Part Il: Savings

We choosev < 1 andshaw thatsavings of the smalltrader—ds are boundedoy
keH/(1—v) atasetof date-&entsof time-discomtedprobability boundedaway
from O (independentlyf d). Again,theamgumentis in severalsteps.

Stepl Write
H-Y4+L™Y
A
_ 6H VLY
o= oo

21n gereral, the bownd on debtestablishedy Levine and Zame (19%) will depenl on the
discoun factord. The preseh argumentis subtlebecausewne requre a bourd on debtthatis
independenif thediscountfactor
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Arguing exactly asin the proof of Lemmad4, we seethatthe price of theriskless
bondsatisfies: .
a If &=L

NotethatgLgy > 1if dis sufficiently closeto 1. We maythereforechooseandfix
realnumbersy,v < 1 suchthat

k
->X

1
k ~f :
quH > Vk+€ if /

for all & sufficiently closeto 1.
Step2 As notedearlier the evolution equationfor the debtof the smalltraderis
1
do = —[ds— fses+ V4]
Os

for any o € s™. Becauseaheinitial debtandsaving are0, we canboundsavings
atlaterdate-eents for every dateT andevery date-eentswith t(s) =T + 1 we

have . ;
1
“’Sft;(fse&ﬂtq:)

In view of the price estimatg(19),

T 1

q::(t’) qﬁ(t')

| N

1
A as,

wherek(t) is the numberof timesin the specifiedrangethates = H and/(t) =
T —t isthenumberof timesthates = L. Thus,if k(t)/£(t) > x then

T 1
t'=t qSt'

Henceif k(t)/£4(t) > x for everyt < T then

1
—ds < % (keHV™™) <k£Hﬁ
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Step3 For eachT, considerthesetG(T) of date-eentss with t(s) = T + 1 for
which k(t)/4(t) > x for everyt < T, andwrite G for the setof date-@entss for
whichs e G(t(s) + 1). BecauseheunderlyingMarkov processs i.i.d. with tran-
sition probabiliiesequalto 1/4,the usualcoin-tossingnequalitiesguaranteehat
we canchoosearealnumberp > 0 independentf T suchthatPro(G(T)) > B.
It follows thatthetime-discountegbrobability of G alsoexceedd3, independently
of thediscountfactord.

Part Ill: Utility

Let K beanintegersufficiently largethat

keH
Ks—le— >VHY+ke

Write P for the set of date-eent s for which bond pricesin the date-eents
s,st,st2,...,stK arebelav 1 whenever the socialendavmentis low. Arguing
exactlyasin theproofof TheorenB, we seethatif & is sufficiently closeto 1, then
thetime-discountegrobability of P exceedsl — %[3. Becausehetime-discounted
probability of G exceeds, it followsthatthetime-dicountedorobabilityof PN G
exceedsip.

Forse PNG, sets;=s letsy € sf be the uniquedate-&entin which social
endavmentandsmalltraderendavmentarebothsmall,let sz € sg betheunique
date-e&entin whichsocialendavmentandsmalltraderendavmentarebothsmall,
andsoforth. Thesequencef date-&entss;, S, ... Sk+1 hastheseproperties:

(i) —ds, <

(i) ateachs, the underlyingMarkov processs in statel (low socialendav-
ment,smallsharefor smalltrader)

(iif) ateachs bondpricesareboundediy 1: g5 <1

Supposehatys — €L > € for eachk < K 4 1. It follows from (ii) thatthe
smalltraderdissaes by at leastthe fixedamounte at eachdate-eentsy. In view
of (iii), debtmustgrow by atleastthefixedamount ateachdate-&entsy. Hence,
makinguseof (i) yields

keH
o > Ke+ds, > Ke— > VHY+ke
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However, we have shavn thatthedebtof thesmalltrademeverexceedd/HY + ke,
sothisis a contradiction

We concludethat for eachs € PN G thereis a dateevent o > s suchthat
t(o) —t(s) < K andys — €L < €. Perfectrisk sharingrequiresthe small trader
to consumeat Ieast"%lsL > 2¢L in every date-@ent, so this representsn (un-
weighted)utility loss(comparedo perfectrisk sharing)of atleasteL][Du?(2eL)].
Becausd® N G is a setof date-eentsof time-discountegrobability atleastp/2,
takinginto accountthe possillity of countirg somedate-@entsmorethanonce,
it follows that the total utility loss comparecdto perfectrisk sharingis at least
[ B3] [eL][Du?(2¢L)].
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